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Abstract: This paper addresses the unclear bearing force of an RV reducer shaft by estab-
lishing a transmission model and analyzing the force situation of each component. Three
force models for the crank support bearing, swivel arm bearing, and main bearing are
developed. The force variations under different working conditions and the impact of
structural parameters on shaft bearing forces are analyzed. Structural optimization is
performed using Kriging-NSGA-II to minimize bearing forces. The results show similar
load patterns for the bearings, with the force magnitude being ranked in the following
order: rotating arm > crank support > main bearing. After optimization, the bearing forces
are reduced by 8.26% for the crank support shaft, 10.35% for the rotating arm shaft, and
5.15% for the main shaft.
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1. Introduction
RV reducers stand out as important joints for industrial robots in the era of the slow

popularization of industrial automation because of their small size, large transmission ratio,
high load-bearing capacity, high motion accuracy, and high transmission efficiency [1,2].
However, due to its complex structure, the internal bearing capacity of the shaft, which is
the main moving part, is ambiguous, so research on the bearing capacity of RV reducers is
imminent [3].

Great resources have been invested in both RV reducers and their bearings. Peng
et al. [4] classified the performance indexes from the perspective of the characterization
of three physical quantities, namely, the angle, torque, and speed, and they analyzed the
influence of system structure error and test principle error on the measurement of basic
physical quantities, such as angle and torque, in a bench-type test system; a parametric char-
acterization model for testing the performance indexes of precision reducer transmission
was proposed. Yang et al. [5] conducted a study on the nonlinear dynamic characteristics
of Cycloid Ball Planetary Transmission (CBPT) under tooth-root-cutting conditions. The
results indicate that damping, the rolling radius, and a short amplitude coefficient signif-
icantly affect the system’s stability, and parameter optimization is required to suppress
chaotic vibrations. Wang et al. [6] studied the dynamic characteristics of transmission
errors in RV reducers. The results show that clearance and contact deformation are the
main sources of errors, and the mathematical model closely matches the experimental
data within the error range. Tie et al. [7] conducted a force analysis on the transmission
torque, crankshaft, output shaft, and cycloid wheel of an RV reducer. The number of teeth
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engaged between the cycloid wheel and the needle wheel was determined, and the contact
deformation and meshing force of each tooth during the engagement of the modified tooth
profile of the cycloid wheel and needle wheel were calculated. The results indicate that
preloading installation ensures the reliability of the support. Olejarczyk et al. [8] conducted
a comparative study on the efficiency of different types of bearings in cycloid gearboxes.
Huang et al. [9] incorporated the roller convexity parameter into the optimization design of
RV bearings for the first time, addressing the edge stress concentration issue of traditional
flat-headed rollers. He and Shan [10] developed a transmission error dynamics model
and mathematical equations for RV reducers for robots using a dynamical substructure ap-
proach. Wu et al. [11] proposed a force calculation method based on multi-body dynamics
and used it to study the law of the influence of input speed and load on the bearing force of
a rotating arm shaft. Xu and Yang [12] considered the kinetic characteristics of a cylindrical
roller bearing in a swivel arm, proposed an analytical method for multi-tooth meshing
contact dynamics in a cycloid pinwheel transmission, and established a kinetic model for
that cycloid pinwheel transmission. Olejarczyk et al. [8] conducted a comparative study
of the efficiency of different types of bearings in a cycloid pinwheel transmission, and the
experimental results under different operating conditions showed that the efficiency of
needle roller bearings was significantly higher than that of sleeve bearings. Sun et al. [13]
analyzed the effect of working clearance on the contact load and contact deformation of
deep-groove ball bearings by performing rigidity analysis and flexibility analysis on the
constructed model.

The structure of an RV reducer is complex, and research on the structural optimization
thereof is ongoing. Guan and Zhang [14] proposed the concept of the “anti-bow profile”
for cycloid and needle wheels to improve the force condition of the tooth surface, and they
used the combination of “positive equidistant + negative shift” to construct the anti-bow
profile. Yu and Xu [15] used MATLAB2016a to optimize the design of a cycloid needle
wheel drive. The results showed that after optimization, the volume was reduced by 26.8%
while significantly improving the structural compactness and ensuring the performance in
terms of contact strength, bending strength, and other factors. Liang et al. [16] optimized
a cycloid pinwheel planetary reducer with a genetic algorithm and with volume and
transmission efficiency as the objectives, and they performed simulation analysis based on
the finite element method. Wang et al. [17] optimized the cycloid needle wheel planetary
reducer using an improved genetic algorithm, with the objectives of minimizing the volume,
crankshaft bearing stress, and maximum bending stress of the pins, and they obtained a
near-optimal solution.

Although the above-mentioned scholars have studied various components of RV re-
ducers, few have discussed the bearings, which play the main load-bearing role. It is worth
emphasizing that the safety of the bearing, as an important component for transmitting
force and motion in the whole reducer, is directly related to the reliability of the whole
machine, and statistics show that 50% of mechanical failures in RV reducers are caused by
the failure of rolling bearings [18]. Therefore, the study of load force and its variations, the
main factor leading to bearing failure, has become a problem that cannot be ignored.

Therefore, this study accurately calculates the shaft bearing force of an RV reducer
shaft and the trend of changes under operating conditions, and it optimizes the structure of
the reducer. On this basis, a more accurate study of the bearing temperature rise, vibration,
and life of a reducer can also be carried out, thus facilitating the study of high-precision RV
reducers. Unfortunately, this work did not make other significant progress due to limited
funding. In addition, the scope of this study was narrow, and it may not have taken into
account the interactions between certain structural parameters. More embarrassingly, this
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research may already be a solved problem for some countries at the forefront of reducer
development (e.g., Japan, Germany).

This paper focuses on how to calculate the shaft bearing forces inside a reducer, how
to study the influence of some structural parameters of the reducer on the shaft bearing
forces, and how to optimize the structural parameters of the reducer based on this. Firstly,
the mechanical equilibrium equations of the transmission of each part of the reducer
(such as cycloid and planetary wheels) are established, and the theoretical forces of the
three bearings are found out jointly to extract the theoretical load spectrum. Secondly,
the forces on the bearings of the RV reducer during actual operation are analyzed, and
the theoretically calculated values are compared with the simulation results to verify the
simulation using the finite element method for the forces on the RV reducer shaft. Finally,
the influence of the structural parameters of the RV reducer on the shaft bearing force is
studied, and based on this, the structural optimization of the reducer is carried out using
Kriging-NSGA-II with the goal of achieving a small bearing force for the reducer.

2. Analysis of RV Reducer Shaft Bearing Force
An RV reducer is generally composed of two stages: the front stage is a planetary wheel

drive, and the rear stage is a cycloid pinwheel drive. The primary planetary wheel drive
mechanism mainly includes a sun wheel and three planetary wheels, and the secondary
cycloid pinwheel drive mechanism’s main components are a cycloid wheel, crankshaft,
pinwheel, planetary frame, and pinwheel shell (a structural sketch and a transmission
structure sketch of an RV reducer are shown in Figures 1 and 2, respectively). Therefore,
force analysis between the components in the transmission process is complicated [19].
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To facilitate the calculation, we established a force analysis coordinate system, as
shown in Figure 3.

The figure shows a coordinate system with the Y-axis passing through the center of a
planetary wheel in the positive upward direction; the X-axis is in the positive rightward
direction, and the Z-axis is in the positive outward direction perpendicular to the paper’s
surface, using the center of the RV reducer Ob as the coordinate origin.
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2.1. Analysis of Input Shaft Force

The center wheel at one end of the input shaft transmits the load by meshing with n
(n > 1) planetary wheels, and the planetary wheels 2i (i = 1, 2, . . . , n) share the load of the
input shaft equally between them, with an angle of 120◦ between them. The specific force
transfer structure (let there be a total of 3 planetary wheels) is shown in Figure 4.

Combining this with Figure 3, the meshing points of the sun wheel 1 and the planetary
wheel 2i rotate with the planetary wheel 2i in a certain time t(s) while the planetary frame
5 is rotating via self-propagation. Then, the force analysis of the input shaft center Ob is
carried out, and the vector expression for the force of the planetary wheel on input axis 1
can be written as follows:

F2i−1 = Ft
2i−1 + Fr

2i−1 (1)
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2.2. Analysis of Planetary Wheel Forces

As shown in Figure 4, planetary wheel 2i is not only subjected to force from input
shaft 1 but also receives force from crankshaft 3i. For the force analysis of the center of
planetary wheel 2i, the forces and moments are in the same plane.

From the structure of the reducer and Figure 4, it can be seen that the force on planetary
wheel 2i from crankshaft 3i rotates with the crankshaft’s rotation, that is, with the rotation
of planetary frame 5, and then the vector expression of the force on planetary wheel 2i from
crankshaft 3i can be given as follows:

F3i−2i = Ft
3i−2i + Fr

3i−2i + Fg
3i−2i (2)

2.3. Analysis of Cycloid Wheel Force

Cycloid wheel 4 is in contact with swivel arm bearing 8 and the pinwheel. The specific
force transfer diagrams between cycloid wheel 4, swivel arm bearing 8, and the pinwheel
were shown in the following figures.

The force on the pinwheel on cycloid 4A points to node PA, and the force on cycloid
4B points to node PB (the combined force of multiple pinwheels is simplified). Since the
positions of the two cycloid wheels are conjugately distributed, the forces are equal in
magnitude and opposite in direction, as shown in Figure 5a,b.
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The force analysis of cycloid wheels 4A and 4B was performed using the following:

Ft
6−4A = Ft

6−4B = F6−4A · cos(α4)

Ft
8Ai−4A = Ft

8Bi−4B =
Ft

6−4At ·R4
n2·R3

F f
8Ai−4A = − F6−4A

n2

F f
8Bi−4B = − F6−4B

n2

Fg
8Ai−4A = −G4

n2

Fg
8Bi−4B = −G4

n2

(3)

In Equation (3), α4 is the shift wheel pressure angle, n2 is the number of planetary
wheels, and G4 is the gravity in part 4.

Therefore, the force expression of rotating arm bearing 8Ai on cycloid wheel 4A can be
written as follows [6]:

F8Ai−4A = F f
8Ai−4A + Ft

8Ai−4A + Fg
8Ai−4A (4)

The force expression of rotating arm bearing 8Bi on cycloid wheel 4B can be given as
follows:

F8Bi−4B = F f
8Bi−4B + Ft

8Bi−4B + Fg
8Bi−4B (5)

2.4. Analysis of the Needle Tooth Shell Force

The pinwheel is composed of a needle tooth case and needle teeth. Its main force
comes from cycloid wheel 4 and the outer ring bearing (reducer main bearing). The specific
force diagram is shown Figure 6.
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According to the schematic diagram of the X-Ob-Y plane (a), the force analysis is
performed at the center Ob of the pinwheel; according to the schematic diagram of the
Y-Ob-Z plane (b) and the X-Ob-Z plane (c), the force analysis is performed at the centers
O9A and O9B of the main bearings 9A and 9B, respectively, to obtain the following:{

Fr
7A−6 = Fr

7B−6 = L4
L7

· Fr
4A−6 = L4

L7
· F4A−6 · sin(α4)

Ft
7A−6 = Ft

7B−6 = L4
L7

· Ft
4A−6 = L4

L7
· F4A−6 · cos(α4)

(6)

The force of the main bearings 7A and 7B on the needle tooth housing can be written
as follows:

F7A−6 = Ft
7A−6 + Fr

7A−6 + Fg
7A−6 (7)

2.5. Analysis of the Crankshaft Force

Crankshaft 3i is mainly subjected to forces from three main components, namely,
planetary wheel 2i, support bearing 9i, and swivel arm bearing 8i, as shown in the following
diagram.

By projecting Figure 7 onto the X-Y plane, the crankshaft is projected onto the X-O3i-Y
plane by the forces of the swivel arm bearings 8Ai and 8Bi, as shown in Figure 8.
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According to Figure 8, the following is obtained [9]:

T3 + F f
8Ai−3i · cos(α4) · a + F f

8Bi−3i · cos(α4) · a + Ft
8Ai−3i · a + Ft

8Bi−3i · a = 0 (8)

In the equation, “a” represents the eccentricity distance.
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Figure 8 is then projected onto the Y-Z plane to obtain a force schematic of the
crankshaft in the Y-Ob-Z plane (divided into three parts for ease of observation), as shown
in Figure 9.
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Force analysis at points O8Ai, O8Bi:
Radial bending moment balance:
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8Ai−3i · (L9 − L8) + F f r

8Bi−3i · (L9 + L8) = 0 (9)

Fr
2i−3i · (L8 + L2)− Fr

8Ai−3i · 2 · L9 + F f r
8Ai−3i · (L9 + L8) + F f r

8Bi−3i · (L9 − L8) = 0 (10)

Tangential moment balance [10,14]:

Ft
2i−3i · (L2 − L9)− Ft

9Bi−3i · 2 · L9 − Ft
8Ai−3i · (L9 − L8)− Ft

8Bi−3i · (L9 + L8)− F f t
8Ai−3i · (L9 − L8) + F f t

8Bi−3i · (L9 + L8) = 0 (11)

Ft
2i−3i · (L9 + L2)− Ft

9Ai−3i · 2 · L9 + Ft
8Ai−3i · (L9 + L8) + Ft

8Bi−3i · (L9 − L8) + F f t
8Ai−3i · (L9 + L8) + F f t

8Bi−3i · (L9 − L8) = 0 (12)

Vertical moment balance:

Fg
9Bi−3i · 2L9 + Fg

2i−3i · (L2 − L9)− Fg
8Ai−3i · (L9 − L8)− Fg

8Ai−3i · (L9 + L8) = 0 (13)

Fg
9Ai−3i · 2L9 − Fg

2i−3i · (L2 + L9)− Fg
8Ai−3i · (L9 + L8)− Fg

8Bi−3i · (L9 − L8) = 0 (14)

In Equations (13) and (14), LX is the Z-direction distance from the center of Part X to
the coordinate origin.

2.6. Analysis of Planetary Frame Forces

The input and output flanges together form planetary frame 5, which is mainly
subjected to forces from the crank support bearings 8Ai and 8Bi and the main bearings 9A
and 9B. A diagram of the forces is shown in Figure 10.

Balance of vertical moment at point O9A:

Fg
7B−5 · 2L7 + Fg

9A−5 · (L9 − L7)− Fg
9B−5 · (L9 + L7)− G5 · L7 = 0 (15)

Balance of vertical moment at point O9B:

Fg
7A−5 · 2L7 + Fg

9B−5 · (L9 − L7)− Fg
9A−5 · (L9 + L7)− G5 · L7 = 0 (16)
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Figure 10. Schematic diagram of the force of the planetary frame.

2.7. Theoretical Visualization

Some parameters of the speed reducer and three typical working conditions are shown
in Tables 1 and 2.

Table 1. Parameters of an RV reducer.

Number Parameters Value

1 Output rated shaft speed/rpm 15
2 Input rated torque/N·mm 3136
3 Number of teeth of the cycloid wheel/pc 59
4 Number of crankshafts/pc 3
5 Cycloid pressure angle/◦ 20
6 Cycloid wheel eccentricity/mm 2.2
7 Needle block circle diameter/mm 168

8 Number of sun rotation teeth/pc 81

9 Crank support bearing dimensions
(ID × OD × assembly height)/mm 22 × 47 × 21

10 Swivel arm bearing dimensions (ID × OD ×
assembly height)/mm 36 × 52 × 20

11 Main bearing (ID × OD × assembly height)/mm 320 × 383 × 30

Table 2. Load spectrum of an RV reducer.

Number Name of Working Condition Torque/N·mm Output Speed/rpm

1 Working condition 1 2690 25
2 Working condition 2 (rated) 3136 15
3 Working condition 3 4360 5

By visualizing the model and introducing the rated working conditions (output speed:
15 rpm, torque: 3136 N·mm) and reducer structure parameters, the theoretical load spectra
of three types of bearings were obtained.

In Figure 11a–e, it can be seen that the load spectra of the three bearings of the RV
reducer are approximately sinusoidal, and the force on the swivel arm shaft is the largest
among the three bearings, followed by that of the crank support bearing, with that of the
main bearing being the smallest.
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Figure 11. Bearing load in A360 RV reducer type III.

For the crank support bearing, after a week in a relative rotation state, as shown in
Figure 11a,b, its force sinusoidal curve changes, and the bearing force on the same side
of the shaft has a phase difference of 120. Both sides of the bearing force are basically the
same; the average force is about 9000 N, the change amplitude is about 2200 N, and the
maximum value is about 10,200 N.

The force state of the swivel arm bearing when it is rotated for one week is shown in
Figure 11c,d. The force state is the same as that of the crank support bearing, the average
force is about 12,300 N, the variation is about 6600 N, and the maximum value is about
15,700 N.

Two main bearings in a state of relative rotation of the force for a week are shown in
Figure 11e; the sinusoidal curve of the bearing force changes, the two sides of the spindle
bearing force change in the opposite way, and the average force is about 3700 N, but in
consideration of the influence of gravity, the two spindle bearing force change amplitudes
are different. Near the planetary wheel side of the main bearing, the change amplitude
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is about 1500 N, and the maximum value is about 4400 N. Near the side of the support
flange of the main bearing, the change amplitude is about 1300 N, and the maximum value
is about 4300 N.

3. Simulation Experiments with Three Types of Shaft Bearing Forces
In combination with a finite element analysis software, the calculations in the theoreti-

cal analysis are verified, and the changes in the shaft bearing force under different working
conditions are analyzed.

3.1. Load Spectra of Three Types of Bearings Under Three Working Conditions

The reducer is loaded according to the working conditions given in Table 2; the load
spectra of the three bearings under the three working conditions are obtained, and the
change trend under the three working conditions when the corresponding output shaft
rotation angle is 0 is summarized, as shown in Figures 12 and 13, respectively.
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Figure 12. Bearing load spectrum of A360 RV reducer type III under the three working conditions. Figure 12. Bearing load spectrum of A360 RV reducer type III under the three working conditions.

The following points are shown in Figures 12 and 13:
1⃝ The three types of bearing loads are cyclic, which is consistent with the theoretical

calculations, thus indicating the validity of the simulation model.
2⃝ The rotating arm shaft is subjected to the largest force (5.14% smaller than the

theoretical calculated value), the crank support bearing is subjected to the second largest
(12.60% larger than the theoretically calculated value), and the main bearing is subjected to
the smallest (8.40% larger than the theoretically calculated value); specific pair ratios are
shown in Figure 14.
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3⃝ The main bearing’s axial load does not vary much.
4⃝ The radial load cycle of the main bearing varies with a large amplitude of load

change.
5⃝ With the increase in torque, the forces on these bearings all increase.

3.2. Influence of a Short Amplitude Factor on the Three Kinds of Shaft Bearing Forces Under the
Rated Working Conditions

The short amplitude coefficient is an important parameter of the planetary transmis-
sion of a cycloid pinwheel. When the radius of the pinwheel distribution circle and the
number of pinwheel teeth are certain, the main parameter that affects the profile of the
cycloid teeth and the bearing capacity is the short amplitude coefficient, which can be
chosen in the design process in order to obtain the best transmission performance, and
whether its value is appropriate also directly affects the value of other design parameters,
which, in turn, affects the performance of the reducer [20,21]. Therefore, it is of great
engineering significance to investigate the influence of the short amplitude factor on the
bearing load carrying capacity.

In combination with a method of determining the short amplitude factor, this study
was carried out by varying the number of pinwheels and the radius of the knuckle circle
of the cycloid wheel. The resulting load variations for the three types of bearings with
different short amplitude factors are shown in Figure 15.
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Figure 15. Effect of the short amplitude coefficient on shaft bearing force (when the output shaft
angle is 0 degrees).

In Figure 15, it can be seen that when the short amplitude coefficient δ is larger, the
crank support bearing and the swivel arm bearing first decrease and then increase, and
the main shaft bearing capacity first decreases and then tends to be constant. When the
short amplitude coefficient δ is 0.786, the bearing capacity of the three shafts is the smallest,
which means that the bearing has better bearing capacity than the RV reducer at this time.

When the short amplitude coefficient is increased from 0.733 to 0.786, the number of
instantaneous contact points between the cycloid wheel and the needle teeth transitions
from double-tooth contact to single-tooth contact. This contact stress concentration leads to
an increase in the bearing radial force. However, at δ = 0.786, a unique contact distribution
of “three peaks” is formed, which creates a dynamic balance between the load at the crank
support bearing and the swivel arm bearing. At this point, the system’s stiffness matrix
exhibits a singularity, and the bearing capacity reaches its minimum value. The rate of
change of the axial bearing capacity of the main bearing approaches zero when the short
amplitude coefficient exceeds 0.812, which aligns with the nonlinear relationship between
the crankshaft phase lag angle θ and the findings in [22].

θ = arcsin
[
[(δ − 0.8)]

0.12

]1.5
(17)

When δ ≥ 0.812, θ enters the saturation region, causing the axial force to stabilize.

3.3. Influence of Cycloid Wheel Eccentricity on the Bearing Force of Three Shafts Under the Rated
Working Conditions

The cycloid wheel eccentricity has a critical influence on the maximum contact stiffness
between the cycloid and the pinwheel, which can be directly related to the load carrying
capacity of the mechanism [22,23]. Therefore, in order to investigate the force state of
the bearing, it is essential to study the influence of the cycloid wheel eccentricity on it.
According to the structure of the reducer, the analysis was carried out using cycloid wheel
eccentricities between 1.8 and 2.6 mm, and finally, the load spectrum and load variation
of the three types of bearings under different cycloid wheel eccentricities are shown in
Figure 16.



Lubricants 2025, 13, 182 14 of 25

Lubricants 2025, 13, x FOR PEER REVIEW 15 of 28 
 

 

The cycloid wheel eccentricity has a critical influence on the maximum contact stiff-

ness between the cycloid and the pinwheel, which can be directly related to the load car-

rying capacity of the mechanism [22,23]. Therefore, in order to investigate the force state 

of the bearing, it is essential to study the influence of the cycloid wheel eccentricity on it. 

According to the structure of the reducer, the analysis was carried out using cycloid wheel 

eccentricities between 1.8 and 2.6 mm, and finally, the load spectrum and load variation 

of the three types of bearings under different cycloid wheel eccentricities are shown in 

Figure 16. 

 

Figure 16. Effect of cycloid wheel eccentricity on the shaft bearing force (when the output shaft angle 

is 0 degrees). 

In Figure 16, it can be seen that as the cycloid wheel eccentricity increases from 1.8 

mm to 2.6 mm, increasing by 44.40%, the forces on the crank support bearing, the swivel 

arm bearing, and the main shaft bearing decrease by 30.70%, 40.80%, and 24.10%, respec-

tively, and they approximate a linear relationship. It can be seen that the increase in ec-

centric distance is beneficial to the forces on these bearings. An increase in eccentric dis-

tance significantly alters the engagement phase between the cycloid wheel and the needle 

teeth. A larger eccentric distance causes the cycloid wheel to generate more simultaneous 

contact points with the needle teeth during its motion, thereby distributing the load across 

more needle teeth. This multi-tooth contact effect reduces the instantaneous peak load on 

the individual bearings. However, the precise and compact structure of the reducer makes 

it so that the eccentric distance cannot be too large, so the law can only be used for refer-

ence when designing a reducer. 

3.4. Influence of the Planetary Wheel Pressure Angle on the Three Shaft Forces Under the Rated 

Operating Conditions 

The pressure angle is an indicator for evaluating mechanism dynamics [24], and its 

influence on the gearbox transmission is not small, so it is also essential to study the influ-

ence of the planetary wheel pressure angle on the bearing load spectrum. The variations 

in the three bearing loads for different pressure angles are shown in Figure 17. 

Figure 16. Effect of cycloid wheel eccentricity on the shaft bearing force (when the output shaft angle
is 0 degrees).

In Figure 16, it can be seen that as the cycloid wheel eccentricity increases from 1.8 mm
to 2.6 mm, increasing by 44.40%, the forces on the crank support bearing, the swivel arm
bearing, and the main shaft bearing decrease by 30.70%, 40.80%, and 24.10%, respectively,
and they approximate a linear relationship. It can be seen that the increase in eccentric
distance is beneficial to the forces on these bearings. An increase in eccentric distance
significantly alters the engagement phase between the cycloid wheel and the needle teeth.
A larger eccentric distance causes the cycloid wheel to generate more simultaneous contact
points with the needle teeth during its motion, thereby distributing the load across more
needle teeth. This multi-tooth contact effect reduces the instantaneous peak load on the
individual bearings. However, the precise and compact structure of the reducer makes it so
that the eccentric distance cannot be too large, so the law can only be used for reference
when designing a reducer.

3.4. Influence of the Planetary Wheel Pressure Angle on the Three Shaft Forces Under the Rated
Operating Conditions

The pressure angle is an indicator for evaluating mechanism dynamics [24], and
its influence on the gearbox transmission is not small, so it is also essential to study
the influence of the planetary wheel pressure angle on the bearing load spectrum. The
variations in the three bearing loads for different pressure angles are shown in Figure 17.
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In Figure 17, it can be seen that as the planetary wheel pressure angle increases from
17 mm to 21 mm, the radial forces of the crank support bearing, swivel arm bearing, and
main bearing remain essentially unchanged. It can be observed that the impact of the
planetary wheel pressure angle on the bearing forces is minimal. The RV reducer employs
a two-stage enclosed transmission structure, with the planetary wheel system serving
as the first-stage reduction mechanism. Its power is transmitted through the crankshaft
to the second-stage cycloid pinwheel mechanism. Most of the radial force generated by
the planetary wheel meshing is transmitted directly to the reducer housing through the
planetary carrier, with only a small portion of residual fluctuations being transmitted to
the crankshaft system. This layered structural design creates effective mechanical isolation,
causing changes in the planetary wheel pressure angle to primarily affect the contact stress
distribution in the planetary wheel–sun wheel meshing area, with limited impact on the
radial force transmission path of the internal crankshaft support bearings. Therefore, the
impact on the internal bearings of the reducer is much smaller.

3.5. Influence of the Needle Tooth Coefficient on the Three Kinds of Shaft Bearing Force Under the
Rated Working Condition

The needle tooth coefficient E is the ratio of the distance between the centers of two
adjacent needle teeth to the diameter of the needle teeth in the end plane of the pinwheel [25].
The force variations of the three types of bearings with different needle tooth coefficients
are shown in Figure 18.
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Figure 18. Effect of the needle tooth coefficient on the shaft bearing force (when the output shaft
rotation angle is 0 degrees).

It can be seen in the figure that as the needle tooth coefficient increases from 1.0 to 1.5
(by 50%), the forces on all three types of bearings become larger in a linear fashion, with
the forces on the crank support bearing, the swivel arm bearing, and the main bearing
increasing by 17.90%, 23.70%, and 20.40%, respectively, thus demonstrating a strong cor-
relation. As the needle tooth coefficient increases, meaning that the needle tooth radius
decreases, the equivalent curvature radius of the cycloid wheel’s tooth profile and the
needle tooth’s curvature radius will decrease. If the meshing load remains unchanged,
the maximum stress in the contact area will significantly rise. To avoid exceeding the
contact stress limit, it is necessary to increase the contact area to reduce the stress. However,
the geometric constraints of the RV reducer cause the contact force to inevitably increase,
thereby transferring it to each bearing.
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3.6. Influence of the Planetary Wheel Ratio on the Three Shaft Forces Under the Rated
Operating Conditions

As the first-level transmission mechanism of the gearbox, the transmission perfor-
mance must have a significant impact on its overall force. The force variations of the three
types of bearings according to the planetary wheel ratio are shown in Figure 19.
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Figure 19. Effect of the transmission ratio on the shaft bearing force (when the rotation angle of the
output shaft is 0 degrees).

The figure shows that as the planetary wheel ratio increases from 1.7 to 1.9 (by 11.76%),
the forces on all three types of bearings decrease linearly, with the forces on the crank
support bearing, the swivel arm bearing, and the main bearing decreasing by 6.02%, 6.70%,
and 9.20%, respectively. The increase in the transmission ratio leads to a reduction in
the gear meshing force, which, in turn, reduces the torque applied to the crankshaft and,
ultimately, has an effect on the bearing forces.

3.7. Influence of the Width of the Cycloid on the Bearing Force of the Three Shafts Under the Rated
Working Conditions

The width of the cycloid is related to its contact performance when it engages with
the needle teeth during the cycloid drive [26]. The force variations of the three types of
bearings at different cycloid widths are shown in Figure 20.
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Figure 20. Effect of the cycloid wheel width on the shaft bearing force (when the rotation angle of the
output shaft is 0 degrees).

As can be seen in the diagram, as the cycloid wheel width increases from 12 mm to 22
mm, there is no significant change in the force experienced by the three types of bearings.
The contact force between the cycloid wheel and the needle teeth is primarily determined
by the torque transmitted by the system, rather than the contact area. According to Hertzian
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contact theory, the contact radius increases with the cycloid wheel width, and the increase
in contact area reduces the contact stress. However, the contact force is still dominated by
the external load (torque). Therefore, the width of the cycloid wheel has a minimal impact
on the bearing forces and a small effect on the contact force.

4. Structural Optimization and Design of an RV Reducer Based on
Kriging-NSGA-II

The findings in Sections 1 and 2 show that the structural parameters of a reducer have
a certain influence on the force on the bearings. Therefore, by performing a reasonable
structural optimization of a reducer, the load on the three types of bearings in operation can
be reduced, thus extending their service life. In this section, based on the above mechanical
model, the working load of the three types of bearings in an RV reducer during operation is
taken as the objective function, and the multi-objective optimization process is simplified by
establishing a Kriging agent model of the three types of bearing loads. The multi-objective
optimization model of the reducer bearings is solved by using the NSGA-II algorithm, and
the reducer bearing loads before and after optimization are compared and analyzed to
verify the optimization results.

4.1. Optimized Design Model for a Reducer
4.1.1. Objective Function

For the bearing of a reducer, low load is an important indicator that the reducer is not
easily damaged during long-term operation. Therefore, in this study, Tables 1 and 2 are
used as references for the structure and working parameters of the reducer, and the crank
support shaft bearing force, swivel arm shaft bearing force, and main shaft bearing force
are selected for the objective function of the optimized design as follows:

min f1(x) = F3−9

min f2(x) = F4−8

min f2(x) = F5−7

(18)

4.1.2. Design Variables and Constraints

The load during the operation of the three types of bearings is influenced by many
factors, such as the internal structural parameters of the reducer. The optimized design
in this study mainly focuses on the internal structural parameters of the reducer, without
considering the influence of changes in operating conditions and other factors on the
objective function.

From the above analysis, it can be seen that the crank support shaft bearing force, the
swivel arm shaft bearing force, and the main shaft bearing force can be expressed using
several main structural parameters of the reducer:

F3−9 = f1
(
e, E, α, K, i21, B

)
F4−8 = f2

(
e, E, α, K, i21, B

)
F5−7 = f3

(
e, E, α, K, i21, B

) (19)

(1) Constraints on the needle tooth coefficient E:
The values of the needle tooth coefficient E were chosen according to the literature [27],

and the specific range of values is shown in Table 3.
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Table 3. The range of values of the needle tooth coefficient E.

Z4 <12 12~24 24~36 36~60 60~88

E 3.85~2.85 2.80~2.00 2.00~1.25 1.60~1.00 1.50~0.99

(2) Constraints on the width B of the cycloid
The thickness of the cycloid wheel is generally taken within the range of 0.1 Ra~0.2 Ra.

The following are the constraints on the thickness of the cycloid wheel:{
0.1Ra − B < 0
B − 0.2Ra < 0

(20)

(3) Short amplitude factor K constraint
A reasonable range of values for the short amplitude factor is shown in Table 4.

Table 4. Range of values of the short amplitude factor.

Z4 <11 13~23 25~59 61~87

K 0.42~0.55 0.48~0.74 0.65~0.90 0.75~0.90

As shown in Table 4, if [a1,a2] is used to represent the range of values of the short
amplitude coefficients, the constraint equation can be expressed as follows:{

a1 − K ≤ 0
a2 − K ≥ 0

(21)

(4) Constraints on the cycloid wheel eccentricity e
Because the cycloid wheel eccentricity is e = K

Z4/Ra
, it can be treated as a process

variable when performing optimization.
(5) Constraints on the planetary wheel pressure angle α

The conditions for gears not to produce root cut are

Z2 ≥ 2ha∗/ sin α (22)

Then, the range of the pressure angle is

α ≥ arcsin
√

2ha∗/Z2 (23)

(6) Constraints on the planetary wheel ratio
Due to the size constraint on the reducer, the transmission ratio of the planetary wheel

cannot be too large, so the range of the transmission ratio is 1.65–1.85.
The original design values and the ranges of values of the variables to be optimized

for the internal structural parameters of the reducer are shown in Table 5.

Table 5. The original design values and value ranges of the variables to be optimized.

Number Name of Parameters Original Design Value Output Speed/rpm

1 Cycloid wheel eccentricity e/mm 2 1.6–2.2
2 Needle tooth coefficient E 1.2 1.0–1.5
3 Planetary wheel pressure angle α/◦ 20 17–22
4 Cycloid wheel short amplitude factor K 0.75 0.69–0.92
5 Planetary wheel ratio i 1.75 1.65–1.85
6 Cycloid wheel width B/mm 16 12–19
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4.2. Optimization Methods and Optimization Models
4.2.1. Principle of the Kriging Agent Model

The Kriging proxy model is a semi-parametric interpolation technique that is used to
perform linear regression analysis on sample points. It has the characteristics of not being
restricted by the form of the state function and being good at solving strong nonlinear
problems with a short time consumption [28].

Since the calculation of the three types of shaft forces in the reducer involves finding
the equilibrium equations between each component, the intermediate process is complex,
strongly nonlinear, and time-consuming. Therefore, Kriging proxy models for each of
the three types of shaft forces are developed separately to reduce the time required for
multi-objective optimization [29]. The Kriging model assumes that the response value
x = (x1, x2, · · · xn)

T of the system and the design variable y = (y1, y2, · · · yn)
T can be

represented by the following equation:

y(x) = f T(x)β + z(x) (24)

Z(x) is a stochastic process function whose statistical characteristics can be expressed
as 

E[z(x)] = 0
Var[z(x)] = σ2

z
Cov

[
z(xi), z

(
xj
)]

= σ2
z
[
Rij
(
xi, xj

)] (25)

Here, Rij =
(

xi, xj
)

is the correlation function of the sample points, and the Gaussian
correlation equation is usually chosen to express the following:

Rij
(
xi, xj

)
= exp

(
−

n

∑
k=1

θk

∣∣∣xi
k − xj

k

∣∣∣2) (26)

The prediction model at sample point x can be expressed as follows:
ỹ(x) = β̂ + rT R−1(Y − f β̂

)
R =

[
R(x1, x1) . . . R(x1, xn)

R(xn, x1) . . . R(xn, xn)

]
β̂ =

(
FT R−1F

)−1FT R−1y

(27)

Sample data play a crucial role in the accuracy of Kriging models, and the construction
of Kriging models requires that the sample data used feed back as much information as
possible about the local space. In general, the number of sample points required for Latin
hypercube sampling is 5–10 times the number of variables to be optimized [30]. The Kriging
model is built using the dace toolbox, and the complex correlation coefficient and root
mean square error are commonly used as measures to evaluate the fitting accuracy of the
Kriging proxy models. Their expressions are as follows:

R2 = 1 −

n
∑

i=1
(yi − ỹi)

2

n
∑

i=1
(yi − yi)

2

RSME =

√
1
n

n
∑

i=1
(yi − ỹi)

2

(28)
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4.2.2. NSGA-II Multi-Objective Optimization Algorithm

NSGA-II is an algorithm proposed by Deb [31] for solving multi-objective optimiza-
tion problems. The algorithm adds non-dominated sorting and crowding calculation to
the traditional genetic algorithm, and it performs non-dominated sorting and genetic op-
erations on the initialized population to generate the next-generation population, then
merges the initial child population with the parent population, repeats the above operations
until the end of the cycle, and obtains the Pareto frontier set composed of non-dominated
solutions [32,33]; a specific flowchart thereof is shown in Figure 21.
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From the above analysis, it can be seen that a set of non-dominated optimized solutions
is obtained after optimization by NSGA-II. In order to compare the degree of change in
the objective function before and after optimization, it is necessary to define an evaluation
function to assess the relative merits of the optimized solutions in the Pareto frontier set.

The optimization effect of each non-dominated solution of the Pareto frontier set is
evaluated synthetically using the following equation [34].

J = ϖ1

∣∣∣∣∣ F3−9 − F′
3−9

F′
3−9

∣∣∣∣∣+ ϖ2

∣∣∣∣∣ F4−8 − F′
4−8

F′
4−8

∣∣∣∣∣+ ϖ3

∣∣∣∣∣ F5−7 − F′
5−7

F′
5−7

∣∣∣∣∣ (29)

The equivalent physical model of the main transmission chain system, which is
constructed based on the spatial relationship between the main spindle bearing and various
transmission components, is illustrated in Figure 8.

4.2.3. Solution Process

Based on the above analysis, the sample points are firstly determined using Latin
hypercube sampling, and they are substituted into the mechanical model of the reducer
bearing to be solved iteratively; then, the agent model of the objective function is established
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using the Kriging method, and this is combined with the NSGA-II algorithm to generate
a set of Pareto frontier sets. Finally, the corresponding weights of the objective function
are defined and substituted into the evaluation function to filter the optimal solution. The
flowchart of the multi-objective optimization procedure for the crank support bearing,
rotating arm bearing, and spindle bearing force is shown in Figure 22.
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4.3. Optimization Results
4.3.1. Error Analysis of the Kriging Model

According to the operating parameters in Table 2 (using the rated operating conditions
and taking the data when the input shaft rotation angle is 0), 60 sample points were selected
through Latin hypercube sampling, and the complex correlation coefficient (R2) and root
mean square error (RMSE) of the Kriging approximation model for the three types of shaft
forces of the reducer are shown in Table 6; the fitting accuracy of the proxy model can be
considered to have met the requirements if a complex correlation coefficient of R2 ≥ 0.9 is
used. According to the results in Table 6, it can be seen that the established Kriging model
is very reliable.

Table 6. Error analysis of the Kriging model.

Number Objective Function Compound Correlation
Coefficient R2

Root Mean Square Error
RMSE

1 Crank support shaft load bearing force F3−9/N 0.927 0.383
2 Rotating arm shaft bearing force F4−8/N 0.943 0.262
3 Spindle bearing force F5−7/N 0.941 0.187

4.3.2. NSGA-II Algorithm Setup

For the NSGA-II algorithm, parameters such as population size, evolutionary gener-
ation, crossover rate, and variation rate have significant effects on the rationality of the
Pareto frontier set distribution and the reliability of the final results. After continuous



Lubricants 2025, 13, 182 22 of 25

attempts, the population size is finally set to 100, the maximum evolutionary generation is
set to 200, the variation rate is set to 0.1, and the crossover rate is set to 0.9.

According to the above study, it is found that the swivel arm shaft bearing force >
crank support shaft bearing force > main shaft bearing force in the RV reducer; considering
their different amplitudes, the bearing types, and the operating conditions, the Pareto
frontier set weights for the crank support bearing, swivel arm bearing, and main bearing
are finally taken as follows: ϖ1 = 0.25, ϖ2 = 0.45, and ϖ3 = 0.3. The partly non-inferior
dominated solution of the multi-objective optimization of the reducer shaft bearing force is
shown in Figure 23:
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The structural parameters of the wheel bearing before and after optimization are
obtained from the non-inferior dominated solutions in the figure, as shown in Table 7.

Table 7. The RV reducer before and after optimization.

Number Name of Parameter Original Values Optimized

1 Cycloid wheel eccentricity e/mm 2 2.2
2 Needle tooth coefficient E 1.2 1.15
3 Planetary wheel pressure angle α/◦ 20 21.5
4 Cycloid wheel short amplitude factor K 0.75 0.982
5 Planetary wheel ratio i1 1.75 1.81
6 Cycloid wheel width B/mm 16 14.6
7 Crank support shaft load bearing force F3−9/N 11,536 10,583
8 Rotating arm shaft bearing force F4−8/N 10,514 9426
9 Spindle bearing force F5−7/N 5731 5436

The table shows that the optimized crank support shaft load is reduced by 8.26%, the
rotating arm shaft load is reduced by 10.35%, and the main shaft load is reduced by 5.15%.
The optimization of the bearing load of the RV reducer is achieved.

5. Conclusions
This paper proposes a method for extracting the load spectra of RV reducers from

both theoretical and simulation perspectives. The force analysis of the components of
the RV reducer led to the derivation of force models for three shafts. By incorporating
structural parameters and operating conditions, theoretical load spectra for the three shafts
were calculated. Simulation analyses of the load spectra and structural parameters under
different operating conditions were conducted, followed by structural optimization of the
reducer, yielding the following results.
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(1) The loads on the crank support bearing, swivel arm bearing, and main bearing all
exhibit a sinusoidal trend. Among the three bearings, the swivel arm bearing experiences
the highest load, followed by the crank support bearing, while the main bearing experiences
the lowest load. The radial load on the main bearing varies periodically, with changes in
load amplitude, while the axial load remains almost constant.

(2) As the output shaft torque increases, the load on all three bearings increases linearly.
When the short amplitude coefficient increases, the loads on all three bearings initially
increase. For the A360 RV reducer studied in this paper, the forces on all three shafts
are minimized when the short amplitude coefficient is 0.786. As the eccentricity and
transmission ratio increase, the forces on all three shafts decrease. As the needle tooth
coefficient increases, the forces on all three shafts increase. The planetary wheel pressure
angle and cycloid wheel width have little impact on the results.

(3) The simulated and theoretical calculation error for Condition II (rated operating
condition) is 5.14%, with errors of 12.60% for the crank support bearing and 8.40% for
the main bearing, which are relatively small errors. Both the theoretical calculations and
simulation experiments verify the accuracy of the method in extracting the load spectra of
RV reducer bearings.

(4) After structural optimization of the reducer, the load on the crank support bearing
is reduced by 8.26%, the load on the swivel arm bearing is reduced by 10.35%, and the load
on the main bearing is reduced by 5.15%.

This study accurately calculates the bearing stresses on the shafts of RV reducers and
the response patterns and trends under different operating conditions. It also effectively
optimizes the structure of the reducer, providing significant theoretical support for the
high-precision and long-life design of internal bearings in high-precision RV reducers.
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Nomenclature

Parameter Name Parameters Name
a Eccentricity distance n2 Number of planetary wheels

n4 Number of cycloid wheels n6 Number of pinwheels

ωX Rotation speed of part X iH
MN

Transmission ratio of part M and part N with respect to
part H

FZ
M−N The force of part M on part N in the Z-direction Fr

M−N Force of part M on part N in the radial direction
Ft

M−N Force of part M on part N in the tangent direction Fg
M−N The force of part M on part N in the vertical direction

F f
M−N Force of part M on part N with the changing direction α Planetary wheel pressure angle
α4 Shift wheel pressure angle RX Part X degree circle radius
NO Cycloid pinwheel output speed Tl Output load torque
GX Gravity of part X ZX Number of teeth in part X
θX Running corner of part X TX Torque when the part X is running

F6
The external force in the center of gravity of the needle

and tooth shell
M6

The bending moment of the center of gravity outside
the needle shell

LX
The Z-direction distance from the center of the part X

to the coordinate origin
B Cycloid wheel width

ha∗ Tooth top height factor E Needle tooth coefficient
J Evaluation function F′ Pre-optimization forces

ϖ1 Weighting factor of the force on the crank support shaft ϖ2 Weighting factor of the force on the rotating arm shaft
ϖ3 Weighting factor of spindle bearing force β Regression coefficient

θk

A flexible parameter that varies with the variables and
can be obtained from the maximum likelihood

estimation

∣∣∣xi
k − xj

k

∣∣∣2 Denotes the distance between sample points xi and xj

for the kth variable

ỹ(x) Approximate value of prediction points R Correlation matrix
r Related vectors y Target value of the design point
F Matrix of basis functions of design points β̂ The generalized least square estimate of β

yi True value of sample points yi Predicted value of sample points
i Planetary wheel ratio K Cycloid wheel short amplitude factor
θ The crankshaft phase lag angle δ The short amplitude coefficient
e Cycloid wheel eccentricity
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