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Abstract: The increase in joint clearance and system vibration caused by joint wear are important
factors that may lead to the failure of the mechanism and a decrease in the motion accuracy of the
actuator. In this paper, to investigate the impact of different numbers of spherical joint clearances on
the dynamics performance of the mechanism and explore effective measures to reduce the vibration
of the mechanism caused by multiple joint clearances, on the basis of the previous research on the
mechanism dynamics when there is clearance in a single spherical joint, an improved contact force
model is used to study the effects of coating, no coating, and different clearance quantities on the
dynamics of a mechanism containing multiple spherical joint clearances. Moreover, the joint reaction
forces and contact-impact forces under different working conditions are calculated. In order to reduce
the difficulty of calculating the joint wear, an approximate calculation method for contact area is
proposed, and an improved Archard wear model is employed to calculate and analyze the changes
in wear amount under the influence of both spherical joint clearance and coating.

Keywords: spherical joint clearance; coating; contact force model; dynamics; wear

1. Introduction

When all dynamic pairs in the mechanism are considered non-ideal joints, the dynamic
calculation of the mechanism tends to become very difficult or even impossible [1]. There-
fore, in the early stages of analyzing and studying the dynamics of clearance mechanisms,
researchers often considered a single dynamic pair in a simple mechanism as a non-ideal
joint and analyzed the impact of clearance on the mechanism dynamics by changing the
parameter values in a single clearance joint. With the rapid development of computer
technology and the continuous optimization of numerical calculation methods, to make
the theoretical research on mechanisms with clearances more in line with practical working
conditions, many scholars have begun to study mechanisms with multiple clearances
and mixed clearances in recent years. For example, based on previous research on the
mechanism dynamics containing a single rotating pair with clearances [2] and spherical
joint clearance [3], Flores [4] proposed and discussed the modeling and analysis method
for the dynamics of a multibody system containing multiple rotating pairs with clearances.
With a typical planar crank slider mechanism as an example, Muvengei [5] investigated
the influence of frictionless rotational clearance joints at different positions on the overall
dynamic characteristics of a multibody system using the numerical method and analyzed
the dynamic responses of various components of the system, including rotational clearance
joints, under different clearance sizes and input speeds. On this basis, nine synchronous
motion modes at the two rotational clearance joints and their impact on system dynam-
ics performance were also thoroughly studied in this work [6]. With a planar four-bar
mechanism containing three rotating pairs with clearances as an example, Mojtaba [7],
Wang [8], and Geng [9] analyzed the dynamic characteristics of the planar mechanical
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system containing rotating joints with clearances. Tan [10] investigated the dynamic char-
acteristics of a crank slider mechanism containing single and double rotating joints with
clearance. The study showed that there is a significant intercoupling region between two
clearance joints, and the dynamic response of a mechanism with two clearance joints is not
a simple combination of the dynamic responses of two mechanisms with one clearance joint.
Therefore, all joints in a multibody system should be modeled as clearance joints. In order
to explore the effects of mixed clearances on the dynamic characteristics of the multibody
system, Wang [11] established a dynamics model of the multibody system that includes
both rotating pair clearances and sliding pair clearances and analyzed the influence of
mixed clearances on the dynamic characteristics of the crank slider mechanism. Yu [12]
conducted a comprehensive study on the dynamic model and performance of an overcon-
strained planar parallelogram mechanism with multiple clearances, and the results showed
that the clearance joints associated with redundant constraints have a significant impact on
computational efficiency. The redundant constraints can reduce the contact impact of the
system, thereby weakening its vibration. In [13], on the basis of variational inequalities,
Hamilton’s variational principle is employed to solve the dynamic characteristics of a
crank slider mechanism containing three rotating pairs with clearances, and their results
are compared with the Automatic Dynamic Analysis of Mechanical Systems (ADAMS)
calculation results to verify the correctness of the method proposed in this work. The above
works have conducted in-depth research on the dynamic performance of the mechanism
containing multiple clearances with joints and obtained the numerical calculation methods
for different numbers and types of dynamic pairs. However, it is not difficult to find that
most of the above research focuses on the clearance between rotating pairs; some of them
investigate the clearances between sliding pairs, and most of these methods are numerical
calculation methods based on a planar mechanism. At present, there are not many works
exploring the dynamics of the multi-clearance mechanism considering spherical joints,
and further research should be carried out to investigate the dynamics of the mechanism
containing spherical joint clearances.

Due to its low evaporation rate, wide range of operating temperatures, radiation
resistance, corrosion resistance, and other advantages, solid lubrication is effective for the
mechanism surface and joint clearance. Kou [14] prepared the ZrO2 coating on the surface
of a steel ball using plasma spraying and analyzed the original surface and worn surface of
samples using the 3D surface profiler and scanning electron microscope, and the results
proved that the coating could provide good wear reduction and wear resistance properties
to the surface of spherical hinges. By adopting the constitutive laws proposed by Ambrósio
and Veríssimo [15], Silva [16] tried to reduce the vibration and wear of the mechanism by
adding bushings. In this work, the dynamic results of the spherical hinge in various states
were analyzed and compared, including the ideal state, non-lubricated clearance, lubricated
clearance, and with bushings, and the performance of their method was verified by using
the space four-bar mechanism and automotive suspension as examples. By considering
the femur and acetabulum of the human hip joint as the ball and shell, Mohammed A. [17]
added the Polyvinyl Alcohol (PVA) coatings to the clearances between the artificial femur
and acetabulum caused by long-term wear layer by layer so as to reduce the wear at the
joint clearances. The experimental results proved that wear-resistant coatings can reduce
wear and vibration in the clearances, but this experiment has high requirements for the
preparation process of coatings. Li [18] employed the absolute node coordinate method to
establish a contact force model of the rotating pair considering both the flexibility of the bar
and the solid coating, analyzed in detail the effects of different solid coating materials and
recovery coefficients on the dynamics of the solar array system, and predicted the wear
of the rigid body system and the rigid-flexible coupling system. At present, there is little
dynamic research that considers both the mechanism clearance and the coating, and there
are few reports on wear prediction on this basis. To fill this clearance, this study mainly
investigates the dynamics of the mechanism containing spherical joint clearances under the
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coating lubrication without discussing the specific properties and preparation methods of
the coating material. The same coating materials used in [19] are also selected in this work.

Although the wear amount at the joint clearance of the mechanism can be measured
through experiments, the experimental methods used to obtain the wear amount are
often too expensive, or the experimental results cannot meet the actual requirements in
engineering. Therefore, numerical calculation methods considering the friction model have
been widely adopted in recent years. With a planar mechanism as an example, Zhuang [20]
proposed an efficient wear prediction method based on multibody dynamics, considering
irregular wear in rotating pairs under different driving conditions, mechanism dimensions,
and clearance sizes, and they also made a parameterized description of the clearance
boundary. Wang [21] predicted the impact of spherical joint clearance caused by wear on
the dynamic performance of space mechanisms by establishing an Archard wear model and
the multibody system motion equation. Zhuang [22] proposed a hybrid model based on the
Archard wear model for predicting individual rotational joints under the three lubrication
conditions of full film lubrication, boundary lubrication, and no lubrication, and this work
provides a research idea for calculating the wear amount under fluid lubrication. In [18,23],
with the solar cell array and the 3RSR parallel mechanism as examples, the Archard wear
model was used to calculate the wear amount at specific rotating pair and spherical joint
clearances. At present, most of the numerical calculation methods for wear amounts are
based on the Archard wear model. In order to reduce the difficulty of joint wear calculation,
an approximate calculation method of contact area is proposed in this paper. A differential
form of the Archard wear model is used to study the dynamic wear characteristics of the
mechanism containing spherical joint clearances and coating.

Based on previous research on the dynamics of mechanisms containing single clear-
ances, this work mainly investigates the dynamics and joint wear of space mechanisms
considering both coatings and multiple spherical joint clearances, analyzes the impact of
joint clearances on the dynamic performance of the mechanism in actual working condi-
tions, and verifies the effectiveness of coatings in reducing system vibration caused by
joint clearances and the wear reduction effect of coating lubrication characteristics on the
mechanism. The specific structure of this paper is as follows:

(i). The research background and significance of this work are introduced, mainly in-
cluding the current research on the dynamics of multi-clearance joint mechanisms,
the effects of solid lubrication coatings on vibration reduction and wear resistance of
mechanisms, as well as the common methods and improvement measures for wear
calculation;

(ii). The method for determining the contact state, including the spherical joint clearances,
is briefly described. The variable stiffness coefficient and viscous damping coefficient
of the coating are utilized to obtain the contact-impact force at various joint clearances,
and a dynamic model of the mechanism with multiple spherical joint clearances is
established;

(iii). On the basis of solving the dynamics of the mechanism containing multiple clearances,
in order to reduce the difficulty of calculating joint wear, an approximate calculation
method for the contact area is proposed. The improved Archard wear model is used
to calculate the joint wear of a mechanism containing multiple joint clearances;

(iv). With a space four-bar mechanism as the research object, the acceleration of the actuator
(slider) and the wear change of the clearance joint when there are multiple spherical
joint clearances in the mechanism are analyzed in detail. On this basis, the dynamics
and wear change of the mechanism before and after the addition of coating to the joint
clearances are compared, and the results demonstrate the feasibility of using coatings
to reduce vibration and wear of the mechanism;

(v). The main research contents and innovations of this paper are summarized, and the
solution for the dynamics of mechanisms considering spherical joint clearances and
the effectiveness of coatings in reducing the wear of spherical joint clearances are
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concluded. This study can provide a feasible strategy to reduce vibration and increase
the service life of the space deployable mechanism, considering joint clearances.

2. Dynamics of Mechanisms Containing Multiple Spherical Joint Clearances
2.1. Description: Spherical Joint Clearances

In this study on the dynamics of mechanisms containing clearances, the dynamic
characteristics of various components in the mechanism considering joint clearances are
analyzed, which can provide a theoretical basis for optimizing the structural parameters
of the mechanism according to practical working conditions and ensure the stable perfor-
mance, operation without fault, and long service life of the mechanism under set accuracy.
On the basis of solving the dynamics of the ideal mechanism, the key to the dynamics of the
mechanism considering spherical joint clearances is how to accurately describe the contact
collision process when the spherical joint is between the ball and the spherical shell. The
common structure of spherical joint clearance is shown in Figure 1. When considering the
clearance, the geometric centers of shell I and ball j in motion generally do not coincide.
O-XYZ, Oi- ξiηiζi, and Oj- ξjηjζj represent the coordinate systems of the mechanism, and
the local coordinate systems of shell i and ball j, respectively; Ri and Rj represent the
radiuses of shell i and ball j; Sp

i and Sp
j are the length vectors from the geometric centers

of shell i and ball j to the centroid of the component in the local coordinate system; rp
i

and rp
j represent the vector diameters of the geometric centers of shell i and ball j in the

global coordinate system; and ri and rj are the vector diameters of the centroids of the
two components of the spherical joint in the global coordinate system. According to the
geometric relationship in the figure, it is evident that:

rp
k = rk + AkSp

k (k = i, j) (1)

where Ak is the transformation matrix of the local coordinates Ok- ξkηkζk to the global
coordinates O-XYZ. Then, the eccentricity vector is:

e = rp
i − rp

j . (2)
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The collision direction vector between shell I and ball j can be obtained according to
eccentricity:

n =
e
|e| . (3)
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If the spherical joint clearance c is known, the depth of contact collision can be obtained
as follows:

δ = e− c. (4)

Equation (4) can be used as the standard for contact detection, and its criteria are as
follows: 

δ < 0 Uncontacted, Free motion
δ = 0 Critical contact
δ > 0 Contact and deformation

.

This study is carried out based on previous research on the dynamics of the mechanism
containing a single spherical joint clearance, and the Augmented Lagrangian Method is
used for dynamic calculation. The dynamic calculation of the multi-clearance mechanism
includes the following four steps [24]: (1) based on the position vector of the geometric
center of contact element, the actual eccentricity distance e between the ball and shell
of each spherical joint clearance is calculated, and the normal direction n and tangential
direction t of the contact position between the ball and shell are determined; (2) the contact
deformation δ is calculated according to the given clearance value c, which is used to
determine the contact state of the contact body; (3) the relative normal velocity vn and
tangential velocity vt between the clearance joints are obtained according to the contact
deformation δ, and then vn and vt are substituted into the contact force model to obtain
the contact forces of all spherical joint clearances at different moments of contact; and (4)
the geometric constraints at all contact joints are replaced with the contact forces, and a
dynamic model of the multi-clearance joint mechanism is established. The dynamic model
of the multi-clearance joint mechanism can be represented as [25]:

[
M CT

q
Cq 0

][ ..
q
λ

]
=

 Qe +
n

∑
i=1

F

γ− 2α
.

C− β2C

, (5)

where M is the mass matrix of rigid body; Cq is the Jacobian matrix of the mechanism;
..
q

is the acceleration vector of generalized coordinates; λ is the Lagrange multiplier vector
corresponding to the number of constraint equations; Qe is the generalized external force

vector; and
n

∑
i=1

F is the sum of force vectors after the collision force vectors at n clearance

hinges of the mechanism are converted to the centroid of the contact component when
the side effects of clearance movement are considered in the mechanism; i represents
the i-th clearance; and γ represents the quadratic term of velocity corresponding to the
generalized coordinates. In order to overcome the constraint violation in the equation, the
Baumgarte stabilization method [26] is employed, and good violation correction effects
can be achieved when the correction coefficients α and β are between 5 and 50. As for the
algorithms of variable stiffness coefficient and viscous damping coefficient affected by the
coating material and thickness in the contact force model, please refer to [19], which will
not be elaborated here. The expressions of the variable stiffness coefficient, the viscous
damping coefficient, and an improved contact force model are shown in Table 1.

Table 1. Contact force in joint clearance.

Contact Force Variable Stiffness Coefficient Viscous Damping Coefficient Expression

Fc kN = 4πE∗w R2
5

2δ∆R+δ2

(∆R+δ)2 χN =
20kN(1−cr)

13αcr
.
δ
(−) Fc = kNδn + χNδn

.
δ

In order to study the influence of coating material on the dynamic performance of
mechanisms containing spherical joints with clearance, the equivalent modulus of double
elastic layers was established by using the method of establishing a contact force model
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with double elastic layers based on the Winkler elastic foundation model and the hypothesis
of elliptic pressure distribution in Hertz theory. The improved variable stiffness coefficient
of contact force is expressed as:

kN =
4πE∗wR2

5
2δ∆R + δ2

(∆R + δ)2 ,

1
E∗w

=
1− v2

i
E∗i

+
1− v2

j

Ej
,

E∗i = E∗c E∗s /(E∗s lc + E∗c ls),

E∗c,s =
Ec,s(1− vc,s)

(1 + vc,s)(1− 2vc,s)
,

where R2 represents the inner radius of the spherical shell, E* w represents the equiva-
lent elastic modulus of the double elastic layer, E* c and E* s, respectively, represent the
equivalent elastic modulus of the coating and elastic modulus of the base, v* c and v* s,
respectively, represent Poisson’s ratio of the coating and base, and lc and ls, respectively,
represent the thickness of the coating and base in millimeters. The 3D physical model of
the spherical joint with clearance and coating is shown in Figure 2a, and the contact model
with a double elastic layer is shown in Figure 2b.
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2.2. Transformation of Contact force between Spherical Joints

After obtaining the contact force Fc of the spherical joint, it needs to be converted
into the system coordinate system before being substituted into the dynamic Equation (5)
for calculation. When the contact forces Fic =

[
fix, fiy, fiz

]T and Fjc =
[

f jx, f jy, f jz
]T of

contact elements i and j at the contact points Qi and Qj are moved to the centroids of
the corresponding components, the eccentricities are as shown in Figure 3. After the
contact force of the centroids of the two contact elements on the impact point of the shell is
converted to the centroid, the force/moment can be expressed as:{

Fi = Fc

Mi = Fi ×
(
rQi − ri

) . (6)
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The contact force acting on the ball and the contact force acting on the shell are
mutually action and reaction. Therefore, the force and moment at the contact point of the
ball after being converted to the centroid can be expressed as: Fj = −Fc

Mj = Fj ×
(

rQj − rj

) . (7)

In Equations (6) and (7), ri and rj represent the position vectors of the contact element
centroids in the global coordinate system, respectively; rQi and rQj represent the position
vectors of the contact impact points in the global coordinate system. Their scalar form can
be represented by Equation (8), and its form is shown in Figure 3. rQi =

[
xQi yQi zQi

]T
rQj =

[
xQj yQj zQj

]T . (8)

3. Wear of a Multi-Clearance Spherical Joint

Wear is the process of continuous damage to the surface materials caused by contacting
objects in relative motion, which is an inevitable result of friction. Wear is not only related to
the geometric characteristics of the contact body and the physical and chemical properties
of the material but also to the contact temperature of the contact body and the dynamic load
on the contact surface. However, since the experimental methods for obtaining the wear
amount often involve high costs, the numerical calculation method considering the friction
loss model has been adopted by scholars in recent years. For instance, Wang [21] predicted
the impact of the spherical joint clearances caused by wear on the dynamic performance of
the space multibody system based on the Archard wear model and the motion equation
of the multibody system. By considering the three lubrication conditions of full film
lubrication, boundary lubrication, and dry contact, Zhuang [22] proposed a hybrid model
based on the Archard wear model, which was used to predict the wear of a single rotating
joint under different lubrication conditions, thus providing an approach for predicting wear
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under fluid lubrication. In [18,23], the analysis method based on the Archard wear model is
also used, and with the solar cell arrays and 3RSR parallel mechanism as examples, the wear
amounts at the clearances between the rotating pair and the spherical joint are calculated.
At present, when the numerical calculation method is considered for the calculation of the
wear amount, the Archard wear model is usually employed. In order to explore the change
in wear amount with the contact-impact force, the differential form of the Archard wear
model is used to study the dynamic wear characteristics of the hybrid clearance mechanism
in this section.

3.1. Wear Model

The components of the mechanism experience friction and wear due to relative motion.
When considering the joint clearance, the wear of contact elements is intensified under the
contact-impact force. The commonly used Archard wear model is based on experimental
measurements, which are related to the wear coefficient, slip distance, contact force, and
material properties. Its specific expression is as follows [27]:

V = KW
FNS
H

, (9)

where V is the wear volume, KW is the wear coefficient, FN is the contact-impact force, S is
the relative slip distance of the contact surface, and H is the hardness of the contact material.
Generally, for the purpose of simplifying calculation, the wear depth is used to replace the
wear volume, so the above equation can be written as follows:

hW = KW
FNS
HA

=
kFNS

A
, (10)

where hW represents the depth of wear, A represents the contact area, and k is defined as
the linear wear coefficient, which can be found in [28]. It should be noted that this study
assumes that the surface roughness of the contact element is low and that the impact of
material wear on the surface roughness is not considered; therefore, abrasive wear is not
considered. According to the above equation, after obtaining the contact-impact force, the
key to calculating the wear depth is to calculate the slip distance and contact area. The
instantaneous state of collision between spherical joint elements is shown in Figure 4.

Lubricants 2023, 11, 310 9 of 29 
 

 

 

Figure 4. Contact collision model of a sphere joint. 

Where Oi and Oj represent the geometric centers of the shell and ball, respectively; Qi 

and Qj represent the contact-impact points of the shell and ball; δ
i j

Q Q= −  represents 

the collision depth; and points A and B are the contact boundary points. If the radii of the 

shell and ball are represented by Ri and Rj, according to the geometric relationship in the 

figure, we can obtain: 

( )
( )

δ
arccos

2 δ

i j j i

j i j

R R R R
β

R R R

 + − + −
 =
 + −
  

2
2 2

, (11) 

 and the contact depth can be obtained by: 

( )1 cos π
i j

h cQ R β = = − − 
. (12) 

At this point, the actual contact area is the spherical crown, with AB as the contact 

boundary. Because the actual collision depth is small, the surface area of the spherical 

crown is approximated using the cone QiAB, as shown in Figure 4, and the contact area is 

the circular area with Qi as the center and 
i

Q B  as the radius. The specific calculation is 

as follows: 

( )2 2 2π π
i

A Q B cB h= = +  (13) 

where ( )sin π
j

cB R β= − . The slip distance S can be represented by the arc length cor-

responding to the increment of the relative rotation angle between the two contact bodies, 

and the increment of the relative rotation angle can be approximated by the increment β 

in Figure 4. Therefore, the expression of slip distance can be obtained as follows: 

i
S R β =  . (14) 

Substituting Equations (13) and (14) into Equation (10), the increment of contact wear 

depth can be obtained: 

= N

W

kF S
h

A


 .

 
(15) 

According to the calculation of the increment of wear depth in the above equation, 

the numerical solution of the wear amount during the simulation period can be obtained 

through continuous superposition of the step sizes during the dynamic solution process 

and gradual accumulation of the wear depth. 

Figure 4. Contact collision model of a sphere joint.

Where Oi and Oj represent the geometric centers of the shell and ball, respectively; Qi
and Qj represent the contact-impact points of the shell and ball; δ =

∣∣Qi −Qj
∣∣ represents

the collision depth; and points A and B are the contact boundary points. If the radii of the
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shell and ball are represented by Ri and Rj, according to the geometric relationship in the
figure, we can obtain:

β = arccos

(δ+ Ri − Rj
)2

+ R2
j − R2

i

2Rj
(
δ+ Ri − Rj

)
, (11)

and the contact depth can be obtained by:

h = |cQi| = Rj[1− cos(π− β)]. (12)

At this point, the actual contact area is the spherical crown, with AB as the contact
boundary. Because the actual collision depth is small, the surface area of the spherical
crown is approximated using the cone QiAB, as shown in Figure 4, and the contact area is
the circular area with Qi as the center and |QiB| as the radius. The specific calculation is as
follows:

A = π|QiB|2 = π
(
|cB|2 + h2

)
(13)

where |cB| = Rj sin(π− β). The slip distance S can be represented by the arc length
corresponding to the increment of the relative rotation angle between the two contact bodies,
and the increment of the relative rotation angle can be approximated by the increment β in
Figure 4. Therefore, the expression of slip distance can be obtained as follows:

∆S = Ri∆β. (14)

Substituting Equations (13) and (14) into Equation (10), the increment of contact wear
depth can be obtained:

∆hW =
kFN∆S

A
. (15)

According to the calculation of the increment of wear depth in the above equation,
the numerical solution of the wear amount during the simulation period can be obtained
through continuous superposition of the step sizes during the dynamic solution process
and gradual accumulation of the wear depth.

The normal contact force can be separated into three contact force components along
the system coordinates, according to Figure 5:

FNx = FN sin θz cos θx

FNy = FN sin θz sin θx

FNz = FN cos θz

, (16)

where FN represents the normal contact force, and the azimuth angles θx, θy, and θz in the
normal direction of the system coordinates can be calculated according to the eccentricity
components ex, ey, and ez of the vector e in Equation (3), respectively:{

θx = arctan ey
ex

θz = arccos ez
e

. (17)

3.2. Prediction of Multi-Clearance Wear

In this paper, the wear resistance of the solid lubrication coating is discussed, mainly
considering that the selected material of the coating has a good self-lubricating performance,
which reduces friction on the surface of the contact element with the coating in the case
of contact collision. Without loss of generality, wear during contact collisions will be
significantly reduced due to the lower wear coefficient. In order to study the effects of
coating and clearance on joint wear of the mechanism, polytetrafluoroethylene (PTFE)
with excellent lubrication, wear resistance, and relative adhesion performance is selected
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as the coating material. Based on the preliminary analysis and study of the dynamics of
the mechanism containing spherical joint clearances, the wear amounts of the mechanism
considering spherical joint clearances at different positions and quantities, with coatings
and without coatings, are calculated.
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Figure 5. Contact force vector of spherical clearance joints.

In [19], a nonlinear stiffness coefficient expression and an improved viscous damping
coefficient expression considering the wear reduction properties of coatings were proposed
to obtain a conformal contact force model based on the analysis and comparison of the existing
common normal contact force models shown in Table 1. The derivation and verification of
the contact force model is the first part of the research considering spherical joint clearance
and coating. Therefore, this contact force model is still selected for the dynamic calculation of
multiple spherical joint clearances in this paper. At the initial stage of the dynamic analysis,
the geometric parameters are modified through the calculation of the wear depth. The
modified geometric model is substituted into the dynamic calculation process to determine
the contact state in the next step. This process repeats until the end of the simulation. The
specific analysis and calculation process is shown in the flow chart in Figure 6.
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4. Numerical Examples
4.1. Mechanism Dynamics

In order to verify the effectiveness and correctness of the contact force model pro-
posed in this section in solving the dynamic process of a space deployable mechanism
considering spherical joint clearance and coating, a space four-bar mechanism RSSP is
used as an example. The local coordinate system corresponding to each member bar li of
the mechanism is Oi − XiYiZi (i = 2, 3, 4), and the global coordinate system is O− XYZ.
The specific form and 3D structure of each coordinate system are shown in Figure 7. The
generalized coordinates of the mechanism are defined as follows:

q =
[
qT

2 , qT
3 , qT

4

]T
, qi =

[
rT

i ,ϕT
i

]T
(i = 2, 3, 4), (18)

where ri = [xi, yi, zi]
T represents the position vector of the local coordinates Oi − XiYiZi

relative to the global coordinate system O− XYZ.

Lubricants 2023, 11, 310 12 of 29 
 

 

 

Figure 7. Space four-bar mechanism. 

 
T

, ,i i i i=φ     is the rotation vector of the local coordinate system relative to a fixed 

coordinate system. The Z-Y-X type Euler angles are used to describe the motion of the 

local coordinate system relative to the fixed coordinate system. The transformation matrix 

of each component is R, and the expression is as follows: 

( ) ( ) ( ) ( ), ,i i i i i z i y i x i= =R R R R R      . (19) 

When there is a clearance between the spherical joint-1 and spherical joint-2 of the 

space four-bar mechanism, as shown in Figure 7, the constraint equation of the mechanism 

includes the following parts: 

(1) Constraint equation for an O-point ideal rotating pair: 

2 12 2 1 1 3 1o o o = + − − =C r R s r R s 0 , (20) 

the vectors in the above equation can be written as follows: 

 
T

2 2 2 2x y z=r ,
2

T

20 0
2

o

l 
=  
 

s ,  
T

1 0 0 0=r ,  
1

T
0 0 0o =s ,

1

1 0 0

0 1 0

0 0 1

 
 

=
 
  

R ;  

(2) Constraint equation for an A-point ideal spherical joint: 

3 23 3 2 2 3 1A A A = + − − =C r R s r R s 0 , (21) 

the vectors in the above equation can be written as follows: 

 
T

3 3 3 3x y z=r ，
3

T

3 0 0
2

A

l 
= − 
 

s ，
2

T

20 0
2

A

l 
= − 
 

s ;  

(3) Constraint equation for a B-point ideal spherical joint: 

4 34 4 3 3 3 1B B B = + − − =C r R s r R s 0 , (22) 

the vectors in the above equation can be written as follows: 

Figure 7. Space four-bar mechanism.

ϕi = [αi, βi, γi]
T is the rotation vector of the local coordinate system relative to a fixed

coordinate system. The Z-Y-X type Euler angles are used to describe the motion of the local
coordinate system relative to the fixed coordinate system. The transformation matrix of
each component is R, and the expression is as follows:

Ri = Ri(αi, βi, γi) = Rz(αi)Ry(βi)Rx(γi). (19)

When there is a clearance between the spherical joint-1 and spherical joint-2 of the
space four-bar mechanism, as shown in Figure 7, the constraint equation of the mechanism
includes the following parts:

(1) Constraint equation for an O-point ideal rotating pair:

Co = r2 + R2so2 − r1 −R1so1 = 03×1, (20)

the vectors in the above equation can be written as follows:

r2 =
[
x2 y2 z2

]T, so2 =
[
0 0 l2

2

]T
, r1 =

[
0 0 0

]T, so1 =
[
0 0 0

]T, R1 =

1 0 0
0 1 0
0 0 1

;

(2) Constraint equation for an A-point ideal spherical joint:
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CA = r3 + R3sA3 − r2 −R2sA2 = 03×1, (21)

the vectors in the above equation can be written as follows:

r3 =
[
x3 y3 z3

]T, sA3 =
[
− l3

2 0 0
]T

, sA2 =
[
0 0 − l2

2

]T
;

(3) Constraint equation for a B-point ideal spherical joint:

CB = r4 + R4sB4 − r3 −R3sB3 = 03×1, (22)

the vectors in the above equation can be written as follows:

r4 =
[
x4 0 z4

]T, sB4 =
[
0 0 0

]T, so1 =
[

l3
2 0 0

]T
, R4 =

1 0 0
0 1 0
0 0 1

;

(4) Constraint equation for sliding pairs:

Cs = r1 + R1ss1 − r4 −R4ss4 = 02×1, (23)

the vectors in the above equation can be written as follows:

ss1 =
[√

l2
3 − l2

2 sin2 γ2 − (z4 − l2 cos γ2)
2 0 −0.12

]T
, R4 =

1 0 0
0 1 0
0 0 1

, ss4 =
[
0 0 0

]T,

and the local degree of freedom as follows:

C′ = γ3 = 01×1. (24)

Therefore, without considering the mechanism clearance, the constraint equation of
the mechanism is:

C =



CT
o

CT
A

CT
B

CT
s

C′


= 012×1. (25)

4.2. Dynamic Model of Multi-Clearance Mechanism without Coating

Take the first time derivative and second time derivative of Equation (25), and obtain
the velocity and acceleration constraint equations of the space four-bar mechanism:

Cq
.
q = υ, (26)

Cq
..
q = γ, (27)

where Cq is the Jacobian matrix of the mechanism. υ and γ are the functions that include
velocity, displacement, and time. Substituting the above equation into Equation (5), use the
Baumgarte method to consider the problem of constraint violation, set α = β = 50 [18], and
the ideal joint dynamic equation of the four-bar mechanism can be obtained:[

M CT
q

Cq 0

]
24×24

[ ..
q
λ

]
24×1

=

[
Qe

γ− 2α
.

C− β2C

]
24×1

. (28)

When the mechanism considers the existence of clearance at spherical joint-1, the
ideal spherical joint constraint relationship between point A and point B is replaced by
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the contact-impact forces FA and FB, and the dynamic equation of spherical joint-1 with
clearance can be obtained:[

M CT
q

Cq 0

]
18×18

[ ..
q
λ

]
18×1

=

[
Qe + FA + FB

γ− 2α
.

C− β2C

]
18×1

. (29)

In order to investigate the effects of the number of spherical joint clearances and
coatings on the dynamics and joint wear of a space deployable mechanism, a space four-bar
mechanism consisting of one rotating pair, two spherical joints, and one sliding pair is
also selected as the research object. The structural diagram, geometric parameters, and
simulation parameters are shown in Figure 7 and Tables 2 and 3. The initial position of
the crank centroid is (0, 0, and −1), the crank speed is 60 r/min, and the positions of the
spherical joint clearances are marked.

1. Dynamics of multi-clearance mechanisms without coating

The RSSP mechanism consists of one rotating pair, two spherical joints, and one sliding
pair. The positions of the clearances of the two spherical joints are marked in Figure 7.
For convenience of description, they are named spherical joint-1 and spherical joint-2,
respectively. The fourth-order Runge–Kutta method is used to simulate the dynamics of
the clearances of two spherical joints with coating, with an initial step size of 10−5 and a
minimum step size of 10−7. The simulation parameters are listed in Table 3, and the specific
calculation process is demonstrated in Figure 8.

(i) The vector matrixes and joint constraint equations of various components in the global
coordinate system are determined according to the model parameters and structural
parameters of the mechanism considering joints with clearances, the coefficient ma-
trixes in Equation (25) are determined, and they are sorted in MATLAB;

(ii) For the solution of the dynamics of the mechanism, the velocity and acceleration of
the mechanism at time t are determined according to the initial position and driving
conditions of the mechanism. The obtained velocity and acceleration are taken as
the position and velocity terms at time t + ∆t. Then, the calculation result of δ in
Equation (4) is used to determine the contact states of the ball and shell in the spherical
joint at a given time t + ∆t;

(iii) When the contact collision depth is reached δ ≥ 0, the ball and shell are in contact or
collision state. By combining the variable stiffness coefficient considering coating in
Table 1 and the viscous damping term, the normal contact force Fn can be obtained,
and the tangential contact force Ft can be obtained according to the improved Coulomb
friction model. See [19] for a detailed calculation;

(iv) By converting the contact-impact force acting on the contact impact point to the
centroid of the component through Equations (6) and (7), the contact-impact force F at
the solution moment t + ∆t can be obtained;

(v) Substitute the contact-impact force into the dynamic Equation (29) considering the
spherical joint clearances, obtain the acceleration at moment t + 2∆t, and determine
the contact state between the ball and the shell at moment t + 2∆t;

(vi) Repeat the above steps (ii–v) until the end of the simulation.

In order to investigate the dynamic characteristics of the mechanism under the influ-
ence of multiple-clearance joints, the changes in the position, velocity, and acceleration of
the slider when the space four-bar mechanism contains one spherical joint clearance and
two spherical joint clearances are analyzed. Moreover, the obtained curves are compared
with the dynamic results of the space four-bar mechanism in the ideal state. The results are
shown in Figure 9.
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Table 2. The structure parameters of the mechanism.

Name Length (m) Mass (kg)
Moment of Inertia (kg·m2)

Ixx Iyy Izz

Crank 0.14 1.3 0.0001 0.0001 0.0001
Connecting rod 0.38 1.2 0.00001 0.00001 0.00001

Slider - 2.2 - - -

Table 3. Simulation parameters for the mechanism.

Parameters Name Value Parameters Name Value

Restitution coefficient cr 0.7 Actuating speed 60 r/min
Radius of socket 15 mm Radius of ball 14.75 mm
Linear wear coefficient [2] 8 × 10−14 Friction coefficient Steel 0.01
Thickness Coating 0.1 mm MoS2 0.05

Base 4.9 mm Lead 0.08
Timespan 1 s PTEE 0.167
Initial time step 1 × 10−5 s Correction coefficients α = β = 5
Poisson’s ratio Steel v = 0.3 Young’s modulus Steel 207 Gpa

MoS2 v = 0.29 MoS2 110 Gpa
Lead v = 0.42 Lead 16.5 Gpa
PTEE v = 0.4 PTEE 2.86 Gpa

According to the results in Figure 9, the single spherical joint clearance and the two
spherical joint clearances have almost no effect on the position change curve of the slider but
have a more significant impact on the trend of speed change. As the number of clearances
increases, the jumping frequency and amplitude of the slider speed increase, which is
closely related to the increase in contact frequency when the mechanism considers multiple
clearances. In comparison, the acceleration change curves of the slider present the greatest
differences. Without considering the influence of the initial singular configuration, the
maximum amplitude of the slider acceleration of the mechanism considering two spherical
joint clearances is increased to four times that of the mechanism considering one spherical
joint clearance. Obviously, this shows the same trend as the change in slider acceleration
after the increase in clearances or the driving speed discussed in Section 5, and more
frequent contact collisions will also exacerbate the vibration of the mechanism.

Combining the calculation methods for the joint reaction force or contact-impact
force of the spherical joint clearance in Sections 2 and 4 of this paper, the joint reaction
forces in the following three situations are compared: ideal spherical joint, spherical
joint clearance-1 + ideal spherical joint-2, and spherical joint clearance-1 + spherical joint
clearance-2. The contact-impact force Fc and its components Fcx, Fcy, and Fcz are as shown in
Figure 10, and the two spherical joints have the same parameters and clearance size. It can
be seen that as the number of clearances increases, the amplitude of the joint reaction force
at the spherical joint-1 increases significantly, the acceleration change in the initial stage
of motion becomes more obvious, and the frequency change trend is basically consistent.
According to the above information, it can be seen that under the same working conditions,
the number of joint clearances has a significant impact on the dynamic results of the actuator
of the mechanism, but it is not a linear superposition of the effects of the spherical joint
clearances. The calculation of the reaction force at the spherical joint-1 can provide data
support for the calculation of the wear amount of the spherical joint in the global coordinate
system in different directions.

2. Calculation of joint wear of the multi-clearance mechanism without coating
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Figure 10. Reaction force of sphere joints 1.

Based on the dynamics of multi-clearance mechanisms, the Archard model is em-
ployed to calculate the wear amount of the mechanism, considering a single spherical
joint clearance and two spherical joint clearances. The calculation results are shown in
Figure 11, in which the 3D gradient map represents the wear amounts in various vector
directions under the three normal components of the contact force within 0–1 s, and the
coordinate axes represent the angular displacement, time, and wear amount, respectively.
The distribution of wear amount within the rotation angle in various directions during the
entire rotation cycle of the mechanism is displayed by a polar coordinate diagram, and the
change curve shown in red represents the inner surface profile of the worn spherical shell.
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clearances x-direction; (c) one clearance y-direction; (d) two clearances y-direction; (e) one clearance
z-direction; and (f) two clearances z-direction.

The space four-bar mechanism containing one spherical joint clearance is compared
with that containing two spherical joint clearances, and the wear depth, maximum wear
angle, minimum wear angle, and wear range in different directions at the spherical joint-1
are compared. The specific results are listed in Table 4. When the mechanism involves
multiple clearances, with the increase of the clearance number, the clearance collision
becomes more severe, and the wear at the joint with clearance also intensifies. Figure 11a,c,e
show the change in wear amount in the x, y, and z directions when there is clearance at
the spherical joint clearance-1. The ball rotates around x nearly in the whole cycle, so the
clearance wear area is close to 2π, and the wear in the −150◦~50◦ area is the most severe,
which is mainly because when the crank is turned around 180◦, the mechanism is close to
the singular configuration. The wear in the y and z directions does not change significantly
except in the initial stage. Figure 11b,d,f show the change in wear amount in the x, y,
and z directions when the spherical joint clearance-1 and the spherical joint clearance-2
exist at the same time. Obviously, compared with the single clearance situation, the wear
amount in the half-cycle region has increased significantly in the x and y directions. With
the increase in the number of spherical joint clearances, the variable topology probability of
the mechanism motion increases, the motion uncertainty increases, the wear area changes
from full-cycle wear to local wear, and the maximum wear amount increases. The rotation
angle regions of wear in the y and z directions are basically unchanged. At the same time,
according to the results in Table 4, compared with the case containing only one spherical
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joint clearance, the wear amount in the z direction at spherical joint-1 does not increase with
the increase in clearances but decreases slightly, indicating that the contact frequency in the
z direction decreases with the increase in the number of spherical joint clearances, which
mainly depends on the structural characteristics of the mechanism. This result is consistent
with the change rule of wear amount concluded in different directions in [21,23,29].

Table 4. Wear prediction without coating.

Number of
Clearance

Wear
Direction Max Wear Depth (m) Max Wear Angle (deg) Min Wear Angle (deg) Wear Range (deg)

1 x 7.5000 × 10−9 179.9386 −179.9454 359.8840
1 y 7.2306 × 10−12 44.0792 −4.9569 49.0361
1 z 5.1508 × 10−11 24.1878 −21.4257 45.6135
2 x 8.3004 × 10−11 134.6607 0 134.6607
2 y 2.7420 × 10−11 46.7107 −5.427 52.1377
2 z 1.2251 × 10−10 27.7638 −22.6586 50.4224

4.3. Multi-Clearance Mechanism with Coating

1. Dynamic simulation of the multi-clearance mechanism with coating

In order to investigate the effect of coating on the vibration characteristics of the
multi-clearance mechanism, the dynamic results of the slider are calculated in the following
three situations: a single spherical joint clearance without coating, two spherical joint
clearances with one coating, and two spherical joint clearances with two coatings. Poly-
tetrafluoroethylene (PTFE) is used as the coating material, and the coating thickness and
substrate thickness are shown in Table 3. The contact force model considering the variable
stiffness coefficient of the coating material and the spherical joint in Table 1 is selected to
carry out dynamic simulation, and the results are shown in Figure 12.

Figure 12b shows an enlarged image of the left part. According to the simulation
results, with the increase in clearances in the mechanism, the contact collision frequency
of the mechanism is intensified, and the contact force or acceleration amplitude between
contact elements increases, which is consistent with the conclusion drawn in previous
works. At the same time, the addition of coating can significantly reduce the acceleration
amplitude, and in the mechanism with two clearances, the effect of coating is particularly
significant. The main reason is that the acceleration amplitude of the slider is relatively
large in the case of two clearances, and when the coating is added to the slider clearance,
the dynamic performance of the slider benefits the most. To analyze the effects of coating
quantity on the dynamics of the mechanism, the dynamic results of the slider when the
mechanism contains spherical joint clearances but with different numbers of coatings are
compared. Specifically, both spherical joint 1 and spherical joint 2 have clearances; the
results of applying coating to spherical joint 1, applying coating to spherical joint 2, and
applying coating to both spherical joints are discussed; and some rotation angle areas of
the crank are enlarged, as shown in Figure 13. The results are compared with situations
when both spherical joint clearances have coatings. When the space four-bar mechanism
contains two spherical joints 1 and 2 with clearances, different applications of coatings
have a significant different impact on the mechanism. When the clearance of spherical
joint 1 has a coating, the acceleration trend of the slider is basically the same as when the
clearances of both spherical joints have coatings, and the amplitude of the change is not
significantly different. However, when the clearance of spherical joint 2 has coating, but the
clearance of spherical joint 1 has no coating, the acceleration change of the slider increases
more significantly compared to when coating is considered for both spherical joints. The
difference is most significant at the initial stage and when the crank has turned to near
180◦, as shown in Figure 13b, which is mainly due to the structural characteristics of the
mechanism in series connection. Therefore, in a multi-clearance mechanism, when the
same material and parameters are chosen for each clearance, the coating in the clearance
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of the non-actuator has no significant influence on the dynamic results of the actuator. As
a result, in order to reduce processing costs and process flow and address the vibration
caused by clearance in the series space deployable mechanism, priority should be given to
adding solid lubricating coatings at the joints of the actuator.
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The reaction forces F, Fx, Fy, and Fz at the rotating pair joint and the contact-impact
forces Fc, Fcx, Fcy, and Fcz at the spherical joint-1 of the following three situations are
compared: ideal spherical joint, spherical joint with clearance-1 + ideal spherical joint-
2, and spherical joint with clearance-1 + spherical joint with clearance-2, as shown in
Figures 14 and 15. According to the simulation results, with the increase in clearance
number, the reaction forces at the rotating pair joint and the contact-impact forces at
spherical joint-1 grow significantly. The calculation of the contact-impact force and its
components after applying coatings to different spherical joint clearances can provide data
support for the calculation of joint wear considering clearance with coating.
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2. Calculation of joint wear of the multi-clearance mechanism with coating

By considering the impact of both coating and multiple clearances on the dynamics of
the mechanism, dynamic simulations are conducted in three cases: two clearances without
coating, two clearances with one coating, and two clearances with two coatings. According
to the distribution of wear amount at the rotation angles of the shell in various directions
during the full-cycle rotation, the wear depth changes of the spherical joint associated
with the slider under three working conditions are compared and analyzed using the 3D
diagram and polar coordinates of wear amount in different directions. The simulation
results are shown in Figure 16.
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Figure 16. Influence of clearance number on wear performance: (a) 2 clerances and no coating in
x-direction; (b) 2 clerances and 1coating in x-direction; (c) 2 clerances and 2 coating in x-direction; (d)
2 clerances and no coating in y-direction; (e) 2 clerances and 1 coating in y-direction; (f) 2 clerances
and 2 coating in y-direction; (g) 2 clerances and 2 coating in z-direction; (h) 2 clerances and 1coating
in z-direction; (i) 2 clerances and 2 coating in z-direction.

The effects of the number of clearances on the dynamic performance and wear amount
of the mechanism have been discussed above, so the case of one clearance is not compared
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with that of two clearances. At the same time, when considering coatings for two clearances,
in order to better carry out the damping effect of the coating, the coating should be applied
to the clearance of the actuator. If there is no clearance in the actuator, it should be applied
to the clearance joint near the actuator. Table 5 shows the wear depth, maximum wear
angle, minimum wear angle, and wear range of the mechanism containing two spherical
joint clearances and different numbers of coatings. Table 6 shows the changes in wear
depth and wear range of a spaced four-bar mechanism containing two spherical joint
clearances with different coating quantities and without coating. Combining Figure 16,
the numerical dynamics results of the mechanism with multi-clearance joints under the
influence of different coatings are compared and analyzed, and the results are as follows:
(i) from Figure 16a,d,g to Figure 16b,e,h, it can be seen that application of coating to the
clearance joint can significantly improve the wear condition at the clearance joints; the
wear amount in each rotation direction of the spherical joint decreases, with the most
significant decrease in the x direction, which is because the contact-impact force of the
slider in the x direction is the largest, so it is most affected by the coating; (ii) according to
Figure 16c,f,i and the previous discussion, the effect of coating quantity on the dynamics of
the mechanism is related to the characteristics of the mechanism. When the space four-bar
mechanism has coatings at the clearances of two spherical joints and only has coating at
spherical joint-1, the contact-impact force at the spherical joint-1 does not change much, so
the wear depth slightly decreases in the x direction for about 7.7 × 10−12, while the wear
amount in the y and z directions remains basically unchanged; and (iii) when the number
of clearances and the coating material and thickness remain unchanged, the wear ranges in
the x direction are compared in the three cases of one coating, two coatings, and no coating.
Compared with the situation of no coating, in which the wear range increases by 24.38◦,
after applying coating, the wear range decreases by 41.17◦, for a difference of 65.55◦. The
wear range is significantly reduced, while the wear range in the y and z directions remains
basically unchanged.

Table 5. Wear prediction with coating.

Number of
Coating

Wear
Direction Max Wear Depth (m) Max Wear

Angle (deg)
Min Wear

Angle (deg) Wear Range (deg)

1 x 2.0485 × 10−11 159.0376 0 159.0376
1 y 1.9297 × 10−12 46.7685 −6.1449 52.9134
1 z 1.9763 × 10−11 27.5031 −22.7086 50.2117
2 x 1.2828 × 10−11 93.3712 −0.1231 93.4943
2 y 2.6656 × 10−12 48.5997 −3.3626 51.9623
2 z 1.6656 × 10−11 28.0459 −24.0083 52.0542

Table 6. Comparison of wear prediction.

Number of
Coating Wear Direction Reduction of Max

Wear Depth (m)
Percentage of

Reduction
Reduction of

Wear Range (deg)
Percentage of

Increment

1 x 6.25 × 10−11 75.32% −24.38 −18.10%
1 y 2.55 × 10−11 92.96% −0.78 −1.49%
1 z 1.03 × 10−10 83.87% 0.21 0.42%
2 x 7.02 × 10−11 84.55% 41.17 30.57%
2 y 2.48 × 10−11 90.28% 0.18 0.34%
2 z 1.06 × 10−10 86.40% −1.63 −3.24%

5. Conclusions

On the basis of previous research on the dynamics of mechanisms considering coating
and single spherical joint clearance, this paper considers the influence of multiple clearances
on mechanism dynamics, the effectiveness of coating in reducing the vibration of the
multi-clearance mechanism, and the effects of solid lubricant in reducing the wear of
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mechanism joints. With the space bar mechanism containing coating and two spherical
joint clearances as examples, the study is carried out on the three aspects of the kinematics
of mechanisms containing clearances, the dynamics of mechanisms containing clearances,
and the calculation of joint clearance wear, and the results show that:

(1) After applying coatings to different spherical joint clearances, the acceleration am-
plitude of the slider decreases at different clearance sizes, and the reduction extent
in the acceleration amplitude of the actuator varies. However, the vibration of the
mechanism is alleviated, verifying the effectiveness of coating application in reducing
the vibration of the mechanism considering spherical joint clearances;

(2) By comparing the 3D gradient maps and polar coordinates of the wear depth, as well
as the changes in maximum wear amount and wear area in each vector direction,
it can be seen that after applying coating, the wear amount of the spherical joint
clearance in each vector direction is significantly reduced, and the rotation angle wear
area is slightly increased compared to when no coating is applied. This conclusion is
consistent with the results in [18];

(3) When the properties and geometric parameters of the coating materials used in the
joints of the system with a multi-clearance mechanism are unchanged, the effect of
coating on the dynamic results of the non-executing member is not obvious. In order
to reduce the cost and shorten the working cycle, it can be given priority to add a solid
lubrication coating at the joint of the actuator, which can provide ideas for the process
design, lubrication, and vibration reduction strategy of the mechanism system;

(4) The consideration of the effect of coating on the dynamics and wear calculation of
multi-clearance mechanisms provides ideas for the vibration reduction and wear
reduction of mechanisms under actual working conditions. Meanwhile, this research
on the dynamics of multi-clearance mechanisms has laid a solid theoretical foundation
for subsequent experiments on the dynamics of clearance mechanisms considering
coatings.
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