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Abstract: Dynamic coefficients of a bearing are basic elements of rotor dynamics analysis. At present,
there are still some issues in the calculation of the dynamic coefficient of air foil bearing. In this paper,
the dynamic coefficients of the air foil bearing are calculated by time-domain identification. This
method does not need to linearize the system equations, so it is generally applicable to different
models for air foil bearings. Using the established method, this paper verified the calculation
results using the foil model with axial uniform deformation for the first time, and the influence of
the foil model on the dynamic coefficients was studied. The calculation results of the foil models
with axial uniform deformation and axial independent deformation have significant differences.
Furthermore, the accuracy of the dynamic coefficient method for different disturbance amplitudes
was compared. The results indicate that the dynamic coefficient method has good accuracy over a
large disturbance range.

Keywords: air foil bearing; dynamic coefficients; perturbation analysis; time-domain identification

1. Introduction

The air foil bearing is a self-acting hydrodynamic bearing that uses ambient air as the
lubricant and has a flexible surface. It has the advantages of low power consumption, no
need for an additional lubrication system, good temperature resistance, and high-speed
performance [1–4]. Therefore, it is environmentally friendly and widely used in green
technology such as air cycle machines in aircraft, turboexpanders for cryogenic applications,
turbochargers, and micro gas turbine engines [3]. As the dynamic viscosity coefficient of air
is low, the air foil bearing provides limited damping under high-speed conditions and may
suffer from hydrodynamic instability; thus, dynamic design and analysis are necessary
for the safe operation of a rotor. Obtaining the dynamic characteristics of a bearing is a
prerequisite for rotor dynamic design [5,6]. The dynamic coefficient of a bearing is typically
used to describe the dynamic characteristics.

Lund [7] first proposed a numerical calculation method to determine the four stiffness
coefficients and four damping coefficients of the tilting pad bearings. The stiffness and
damping coefficients are collectively referred to as the dynamic coefficients of the bearing.
Then, Lund proposed a small perturbation method for calculating the dynamic coefficient
of gas bearings with rigid surfaces [8]. Based on the bearing dynamic coefficients, analysis
of rotor dynamic properties, such as unbalanced response, Campbell diagrams of modes,
and stability can be performed. In 1993, Peng and Carpino [9] applied Lund’s small
disturbance method to calculate the dynamic coefficient of air foil bearings. They simplified
the foil structure as a simple elastic foundation model (SEFM), and the foil deformation
equation can be directly combined with the Reynolds equation, and they derived the
small disturbance equation and then calculated the dynamic coefficient of the bearing.
Subsequently, many researchers [10–14] have studied the influence of the dynamic pressure
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gas-bearing design parameters on the stability of the rotor system based on the calculation
method of Peng and Carpino. The studies show that the geometric parameters of the
bearing and the design parameters of the foil (such as stiffness, distribution, and dissipation
damping) have a great influence on the stability of the system.

The bearing dynamic coefficients have a clear physical meaning, so they are widely
used in engineering practice [15,16]. However, there are still problems in the calculation
of dynamic coefficients of air foil bearings. Hoffmann et al. [17] compared the linear
stability prediction based on dynamic coefficients with the simulation results of time-
domain nonlinear dynamics and found that the differences between the two were 0.5%
and 7.2% under load and static load of 5 N and 30 N, respectively. Furthermore, Larsen
et al. [18] found that there is a significant difference between the rotor instability speed
predicted based on the dynamic coefficient of the bearing and the onset instability speed
obtained by time-domain nonlinear dynamics, and the difference increases with a decrease
in foil stiffness. Osmanski et al. [19] pointed out that the cause of divergence is that the
SEFM model with axially independent deformation is used in solving the disturbance
equation of the dynamic coefficient, while the axial uniform deformation SEFM model is
used in the time-domain simulation. Therefore, it is necessary to develop a bearing dynamic
coefficient calculation method that can be applied to different foil models. Gu et al. [20]
recently proposed a novel dynamic coefficient calculation method that can adopt different
linear foil structure models. This method enables the dynamic coefficient method to obtain
the onset instability speed results consistent with the time-domain method. Bonello and
Pourashraf [21] showed that the modal analysis of a rotor supported by an air foil bearing
using the bearing dynamic coefficient method has good accuracy in comparison with the
direct linearization method proposed in [22].

Accurate calculation of bearing dynamic coefficients is crucial for rotor dynamic
analysis [23]. However, at present, the calculation of the dynamic coefficient is mainly
obtained using the frequency-domain perturbation method, in which the system governing
the equation needs to be linearized. Linearization requires very complicated derivation
work, and even direct linearization cannot be performed for discontinuous behaviors such
as Coulomb friction.

Recently, the time-domain calculation method has been greatly developed. A fully
coupled method was proposed by Bonello and Pham [24]. In this method, all the variables
of the system are solved simultaneously, which significantly improves the calculation
efficiency. One important advantage of the time-domain simulation is that it can be ap-
plied to air foil bearings with different foil models. Therefore, the time-domain simulation
using the fully coupled method is general for different air foil bearing models. The ef-
ficient fully coupled integration method enables a fast time-domain calculation of the
dynamic coefficients.

This paper presents a time-domain identification method to calculate the dynamic
coefficient of the air foil bearing. This method can also be used to identify the dynamic
coefficient based on experimental data [25]. The calculation method is directly based on
the nonlinear simulation of the bearing, so it is generally applicable to different models
for air foil bearings. Using the established method, the influence of the foil model and the
disturbance amplitude on the dynamic coefficients are studied.

2. Modeling of the Bearing

This section presents the dynamic modeling of the air foil bearing, which is the basis
for the calculation of the bearing capacity coefficients. As the governing equations of the
bearing are partial differential equations, the finite difference method is used to obtain the
numerical solutions. The bump-type air foil bearing given in Figure 1 is used in this work
as it is widely used and studied.
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Figure 1. Configuration of an air bump foil bearing.

2.1. Governing Equation
2.1.1. Air Film

It is assumed that the air flow in the bearing is laminar, Newtonian, and has a com-
pressible thin film flow under isothermal conditions. Therefore, the variation in the hydro-
dynamic pressure across the film thickness is negligible, and the pressure p is considered
the only function of (θ, z) in the spatial domain, where θ ∈ [0, 2π] and z ∈

[
− L

2 , L
2

]
, with θ

being the angular coordinate along the direction of rotation of the journal, z being the axial
coordinate, and L being the bearing length. The film pressure is governed by the Reynolds
equation for a compressible perfect fluid [26]:

∂

R∂θ

(
ph3

12µ

∂p
R∂θ

)
+

∂

∂z

(
ph3

12µ

∂p
∂z

)
=

U
2

∂

R∂θ
(ph) +

∂(ph)
∂t

(1)

where µ is the viscosity of air, R is the radius of the journal, U = ΩR is the surface velocity
of the shaft, Ω is the rotational speed of the journal, and h is the film thickness.

For a uniform cylinder bearing shown in Figure 1, the height film thickness is calcu-
lated using the following equation:

h = C− xcosθ − ysinθ + w, (2)

where C is the radial clearance, x and y are the displacements of the shaft with respect to
the bearing center, and w is the radial deflection of the top foil.

The boundary conditions for the Reynolds Equation (1) are as follows:

p(θ = 0, z) = p(θ = 2π, z) = pa,
p
(

θ, z = − L
2

)
= p

(
θ, z = L

2

)
= pa,

(3)

where pa is the ambient pressure.
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The Reynolds Equation (1) can be formulated in terms of the state variable ψ = ph as
follows [26]:

∂

R∂θ

[
ψ

12µ

(
h

∂ψ

R∂θ
− ψ

∂h
R∂θ

)]
+

∂

∂z

[
ψ

12µ

(
h

∂ψ

∂z
− ψ

∂h
∂z

)]
=

U
2

∂ψ

R∂θ
+

∂ψ

∂t
. (4)

The reaction forces from the dynamic pressure air film acting on the rotor surface are
calculated as follows: [

Fx
Fy

]
= −

∫ L

0

∫ 2π

0
(p− pa)

[
cosθ
sinθ

]
Rdθdz. (5)

The contribution of the sub-ambient in the above integration is ignored to impose the
Gümbel condition, which is necessary when separations between the top foil and bump
foil are ignored.

2.1.2. Foil Structure

The foil structure is modeled as the commonly used SEFM [27]. It is a Winkler
foundation model that assumes that the foil deflections are only dependent on the local air
pressure. Furthermore, according to the authors of [28,29], the foil is assumed to deform
uniformly in the axial direction, which has been shown to be a reasonable assumption. The
governing equation of the SEFM with uniform deformation in the axial direction is written
as follows:

cb
.

w + kbw =
−
pg,θ , (6)

where cb and kb are the damping coefficient and stiffness coefficient per unit length of the

bump foil structure, respectively.
−
pg,θ is the mean net film pressure applied on the foil

along the axial direction, and is calculated by

−
pg,θ =

1
L

∫ L

0
(p(θ)− pa)dz. (7)

The structural damping of the foil is assumed to be viscous, quantified by the hysteretic
loss factor η as follows:

cb =
η

Ω
kb. (8)

2.2. Discretization and Solution

The finite difference method is adopted for the discretization of the system equation.
The air film is meshed using a two-dimensional (2D) grid with M× N points, as shown in
Figure 2. The foil structure is correspondingly meshed with a one-dimensional (1D) grid
with M points.

By applying a central difference scheme in the spatial domain [30], the partial deriva-
tives of the pressure are expressed as

∂ψ
∂θ =

ψi+1,j−ψi−1,j
2∆θ , ∂2ψ

∂θ2 =
ψi+1,j−2ψi,j+ψi−1,j

(∆θ)2 ,
∂ψ
∂z =

ψi,j+1−ψi,j−1
2∆z , ∂2ψ

∂z2 =
ψi,j+1−2ψi,j+ψi,j−1

(∆z)2 .
(9)

Similarly, the partial derivatives of the foil deformation can be expressed as

∂w
∂θ =

wi+1−wi−1
2∆θ , ∂2w

∂θ2 =
wi+1−2wi+wi−1

(∆θ)2 ,
∂w
∂z = 0, ∂2w

∂z2 = 0.
(10)

where ∆θ and ∆z refer to the step sizes in the θ and z directions, respectively. Note that these
numerical difference calculations are only applied to the inner points (i.e., i = 2, . . . , M− 1



Lubricants 2023, 11, 294 5 of 14

and j = 2, . . . , N − 1). For the boundary points, the boundary conditions are implemented
by applying ψ = pah and w = 0.
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Then, the governing equation of nodal ψi,j can be discretized as a nonlinear ODE
as follows: .

ψi,j = g
(
ψi,j, ψi−1,j, ψi+1,j, ψi,j−1, ψi,j+1, wi−1, wi, wi+1, x, y

)
. (11)

The governing equation for nodal pi,j is discretized as follows:

.
wi =

1
cb

(−
pθi
− kbwi

)
. (12)

where the axial average gauge pressure
−
pθi

is calculated as follows:

−
pθi

=
1
N ∑N

j=1

(
ψi,j

hi,j
− pa

)
. (13)

After the discretization, the governing equations of the system can be written as
.
ψ = g(ψ, w, xr),

.
w = 1

cb

(−
pθ − kbw

)
,

(14)

where ψ and w are the generalized coordinate vectors of the air film and the foil structure,
respectively, and xr =

[
x y

]T is the generalized coordinate vector of the rotor.
The system in Equation (11) is a system of nonlinear ordinary differential equations

(ODEs). By providing a motion xr for the journal, this system of ODEs can be integrated
into the time domain numerically. As this is a stiff system of ODEs, the ode23s function in
MATLAB [31], which is an implicit solution integrator, is used to obtain the response of
the bearing. It is worth noting that the analytical Jacobian matrix of the system can greatly
improve the solution efficiency. A detailed derivation of the analytical Jacobian can be
found in [32].
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3. Dynamic Coefficients
3.1. Definition

Rotor dynamics studies the dynamic behavior of the rotor around the equilibrium
position. The bearing reaction force can be decomposed into static and dynamic parts:[

fx(t)
fy(t)

]
=

[
fx,s
fy,s

]
+

[
∆ fx(t)
∆ fy(t)

]
, (15)

where fx,s and fy,s are the static components, and ∆ fx(t) and ∆ fy(t) are the dynamic
components.

For small journal motions, the changes in the film force components around the
equilibrium can be linearized for the displacement perturbations (denoted as ∆x(t) and
∆y(t)) and velocity perturbations (denoted as ∆

.
x(t) and ∆

.
y(t)). Using the Taylor series

expression and ignoring higher-order terms, the dynamic film force can be approximated
as follows [24]: [

∆ fx(t)
∆ fy(t)

]
∼=
[

kxx kxy
kyx kyy

][
∆x(t)
∆y(t)

]
+

[
cxx cxy
cyx cyy

][
∆

.
x(t)

∆
.
y(t)

]
, (16)

kαβ(α, β = x, y) is defined as the dynamic stiffness coefficient, and cαβ(α, β = x, y) is the
damping coefficient, as shown in Figure 3.
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3.2. Calculation

This subsection presents the calculation method of the bearing dynamic coefficients.
First, the equilibrium of the bearing is solved for a given external load

(
Wx, Wy

)
. The
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solution starts with a guess value of the rotor eccentricity, x(0)r,s =
(

x(0)s , y(0)s

)
. At iteration

step k, the following system of equations is solved using Newton’s method:g
(
ψ(k), w(k), x(k)r,s

)
= 0,

−
pθ − kbw(k) = 0.

(17)

Then, the bearing reaction forces f (k)x and f (k)y are calculated, and then the rotor
eccentricity is updated using the secant method as follows:

x(k+1)
s = x(k)s − f (k)x − f (k−1)

x

x(k)s −x(k−1)
s

(
Wx + f (k)x

)
,

y(k+1)
s = y(k)s −

f (k)y − f (k−1)
y

y(k)s −y(k−1)
s

(
Wy + f (k)y

)
.

(18)

When the bearing reaction force and the external load reach equilibrium, i.e.,
Wx + f (k)x = 0 and Wy + f (k)y = 0, the iterative solution ends.

Second, the dynamic reaction forces are calculated using the time-domain integration.
A simple harmonic motion around the equilibrium of the journal with a perturbation
frequency ω is applied to the journal:{

x(t) = xs + ∆x·sin(ωt),
y(t) = ys + ∆y·cos(ωt).

(19)

where ∆x and ∆y are the amplitudes of the disturbance motion in the x- and y-directions, respectively.
Then, the responses of the air foil bearing can be solved. By extracting the steady-state

responses (typically after ten excitation cycles), the total bearing reaction forces fx(t) and
fy(t) can be obtained, as shown in Figure 4. The perturbed bearing force is calculated by
removing the static components as follows:{

∆ fx(ti) = fx(ti)− fx,s,
∆ fy(ti) = fy(ti)− fy,s.

(20)
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Finally, the dynamic coefficients can be obtained by fitting the model in a least-squares
manner. The error of the dynamic forces obtained by the nonlinear model and the dynamic
coefficient model at ti are defined as:[

errx,i
erry,i

]
=

[
∆ fx(ti)
∆ fy(ti)

]
−
([

kxx kxy
kyx kyy

][
∆x(ti)
∆y(ti)

]
+

[
cxx cxy
cyx cyy

][
∆

.
x(ti)

∆
.
y(ti)

])
(21)

The total least-square error for all data points of the steady-state bearing reaction
forces is written as

err =
Nd

∑
i=1

(
err2

x,i + err2
y,i

)
, (22)

where Nd is the number of data points used for the coefficient identification. Using the
least-squares method to minimize the error, the dynamic stiffness and damping coefficients
can be identified. This nonlinear fitting problem is solved using the lsqcurvefit function
in MATLAB.

4. Results and Discussion

A widely studied bearing configuration is used in this section [20,32]. The parameters
of the air foil bearings are listed in Table 1. The finite difference grid of the gas film is
80 × 20 for all the numerical examples. The number of the grids chosen is based on a mesh
convergence analysis. For the ode23 function, both the relative tolerance and absolute
tolerance are set as 1 × 10−6.

Table 1. Parameters of the air foil bearing.

Parameter Value

Bearing radius 19.05 mm
Bearing length 38.1 mm

Bearing clearance 32 µm
Foil stiffness 4.642 N/mm3

Foil hysteretic loss factor 0.2
Dynamic viscosity 1.95 × 10−5 Pa·s
Ambient pressure 101,325 Pa

Static load 30 N

4.1. Verification

In this subsection, the proposed method is verified by comparing it with the results
in the literature [17]. The normalized least root mean square error (NRMSE) is used to
evaluate the accuracy of the dynamic coefficient model. The NRMSE is calculated as

NRMSE =

√
1
T
∫ T

0 err(t)dt

max(err(t))−min(err(t))
(23)

where T is the duration of the steady-state bearing reaction force used for the fitting.
Figure 5a,b shows a comparison of the nonlinear simulation and the fitting curve of

the dynamic coefficient model of the two cases with a rotational speed of 20,000 rpm and a
perturbation frequency ratio ω/Ω of 1.0. The figures show that the force–time curve of the
dynamic coefficient model coincides with the nonlinear simulation result. For ∆x = 0.001C
and ∆y = 0, the NRMSEs of ∆ fx and ∆ fy are 1.54 × 10−4 and 2.25 × 10−4, respectively.
For ∆x = 0 and ∆y = 0.001C, the NRMSEs are 1.96 × 10−4 and 2.21 × 10−4, respectively.
To sum up, the dynamic coefficient model can describe the air film force well when the
amplitude of the disturbance motion is very small.
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With a given perturbation frequency, the corresponding eight dynamic coefficients of
the bearing can be obtained using the fitting calculation shown in Figure 5. Figure 6 shows
a comparison between the calculation results of the dynamic coefficient curve in this study
and the results in the literature [20] at a rotational speed of 20,000 rpm. As can be seen, the
dynamic coefficients obtained using the present time-domain identification method are in
good agreement with the results proposed in the literature, which proves the effectiveness
of the proposed method. In fact, this is the first time that the dynamic coefficient of an air
foil bearing model with an axially averaged SEFM has been independently verified.

4.2. Comparison of the Results by Two Foil Models

As mentioned in the introduction, the traditional calculation method [8] of the dynamic
coefficient assumes that the deformation of the foil is independent in the width direction
(called the 2D foil model). The differences between the dynamic coefficients of the bearings
in 1D and 2D foil models have not been compared in previous studies. Therefore, this
section analyzes the influence of these two deformation assumptions on the dynamic
coefficients. The calculation results are shown in Figures 7 and 8.

It can be seen that the calculation results of the two models are different. For the 1D
foil model, the stiffness coefficients are smaller, and the damping coefficients are larger at a
small perturbation frequency ratio. Because the leading unstable mode of a rotor bearing
system has a frequency ratio of less than one, the onset instability speed of a bearing with
the 1D foil model is higher than that with the 2D foil model, as reported in the literature [16].
The proposed results provide an intuitive explanation for this phenomenon.

4.3. Influence of the Disturbance Amplitude

In this section, the influence of the disturbance amplitude on the accuracy of the
dynamic coefficient model is investigated. The calculation results are plotted in Figure 9.
It can be seen that the NRMSE increases with an increase in the disturbance amplitude.
The disturbance dynamic force in the same direction as the disturbance displacement has a
smaller error. When the disturbance amplitude is lower than 0.1 times the radius clearance,
the maximum error is about 5%. This indicates that the dynamic coefficient model has
good accuracy in characterizing the dynamic disturbance forces.
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The maximum NRMSE is 11.39%, corresponding to ∆ fx with ∆x = 0, ∆x = 0.2C, and
ω/Ω = 2. Figure 10 shows a comparison of the nonlinear simulation and the fitting curve
of the dynamic coefficient model.
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5. Conclusions

In this paper, the calculation of the dynamic coefficient of an air foil bearing is pre-
sented using a time-domain identification method. The proposed method avoids the
complicated linearization of the system equations and can be applied to different bearing
models. The proposed method has been verified by comparing it with the calculation
results reported in the literature. This is the first time the calculation results of the dynamic
coefficients using a foil model with axial uniform deformation have been verified.

The relevant influences on the calculation of the dynamic coefficients were studied.
The differences between the foil models with axial uniform deformation and those with
axial independent deformation were compared. The stiffness coefficients of the model
with uniform axial deformation were smaller than those of the model with independent
axial deformation, and the damping coefficients were larger. Furthermore, the influence of
the disturbance amplitude on the accuracy of the dynamic coefficient model was investi-
gated. When the disturbance amplitude was lower than 0.1 times the radius clearance, the
maximum error was about 5%. This shows that the dynamic coefficient method has good
accuracy over a large disturbance range.
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