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Abstract: Due to the coupling of the damper journal with the elastic ring and oil film, the elastic
ring squeeze film damper (ERSFD) shows better dynamic performance in comparison with the
traditional squeeze film damper (SFD). Therefore, a novel rigid–elastic–oil coupled mathematical
model was established. The elastic ring deformation, as the key point, is solved according to the
planar bending theory. Then, based on the pressure governing equation of the oil film, using the
central finite difference method, the oil film pressure was addressed. Meanwhile, the Simpson
method was implemented to calculate the dynamic characteristic coefficients (equivalent stiffness
and damping Ce) of ERSFD (DCCEs). Also, we analyzed the influence of journal eccentricity, oil film
radius clearance, flexibility coefficient and damping hole diameter on the DCCEs, and the results
were compared and verified with the existing literature. The sensitivity of each parameter to the
DCCEs was analyzed by using the linear regression method. According to the results, the flexibility
coefficient has the greatest effect on the DCCEs, followed by the oil film radius clearance. The
eccentricity of the journal and damping hole diameter have the least impact. This work will provide
a theoretical basis for reflecting on the bearing dynamic characteristics more truly and accurately.

Keywords: ERSFD; rigid–elastic–oil coupled model; planar bending theory; DCCEs; flexibility
coefficient; sensitivity

1. Introduction

In order to effectively suppress vibrations in a nonlinear rotor-bearing system, the
main bearing is usually equipped with a squeeze film damper [1–4]. In addition to the
improvement in the stable operating speed margin, the critical speed of the rotor system is
efficiently adjusted using the ERSFD. Apparently, oil film damping greatly attenuates the
vibration response of the rotor system, under the condition that it passes via the critical
speed, and also lowers the external excitation force [5]. However, the high nonlinearity of
the oil film stiffness makes it difficult for the rotor system to pass the critical speed, which
may also cause uncoordinated responses such as bistable jump [6–9]. Under nonworking
conditions, the journal surface of the damper can also be separated from the bearing surface,
and the journal does not contact the bearing surface by appropriate anti-gravity preloading
of this structure. The squeeze oil film damper produces nonlinear oil film force on the
main bearing, which makes the outer ring perform free precession in the plane, changes
the load distribution inside the bearing, and thus affects the dynamic characteristics of
each component of the bearing. Therefore, it is necessary to further study the dynamic
characteristics of ERSFD and determine the oil film force sensitive factors so as to analyze
the dynamic characteristics of bearings more truly and accurately.

The structure of spindle bearing and elastic support tends to be integrated [10–12],
forming a rigid–elastic–oil coupled ERSFD structure. As shown in Figure 1, an elastic ring
is arranged between the journal (the bearing outer ring) and the bearing pedestal, which
classifies the oil film cavity into both the inner and outer layers. On both the inner and outer
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sides of the elastic ring, numerous bosses are evenly distributed. Clearly, the outer diameter
of the damper journal together with the inner diameter of the elastic ring can form the inner
oil film chamber of the ERSFD, whereas we can also constitute the outer oil film chamber
of the ERSFD by the inner diameter of the bearing pedestal and the outer diameter of the
elastic ring. Apart from that, the elastic ring can restrict its rotation relative to the bearing
pedestal through the brake pin. Meanwhile, through the damping holes on the elastic
ring, we can connect the inner and outer oil film cavities. Regarding the rigid–elastic–oil
coupled ERSFD structure, the journal squeezes the oil film under the action of unbalanced
force when the rotor works at high speed, and the inner bosses of the elastic ring bear
the contact force of the journal. It is found that the elastic ring deformation generates the
increasing oil film thickness in the inner cavity, which can inhibit the dramatical elevation
of the radial oil film force. In addition, with the rotor working at low speed, due to the
weakening of the oil film squeeze and shear, the elastic ring deformation recovers and the
oil film clearance in the inner cavity decreases, thus limiting the excessive decrease in the
oil film force. Additionally, vibration energy can be generated with the journal contacting
the elastic ring and squeezing the oil film on the basis of the influence. Simultaneously, part
of the vibration energy can be absorbed by the oil film damping. In addition, the elastic
ring stores excess energy and slowly releases it within the deformation. Through the outer
bosses, the exciting force is transmitted to the bearing pedestal and finally to the casing.
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Figure 1. Diagram of rigid–elastic–oil coupled structure. (a) The elastic ring location in ERSFD.
(b) Integrated structure of outer ring and squirrel cage. (c) Partial structure diagram of the elastic
ring. (d) ERSFD.

In recent years, many scholars have carried out extensive studies on the dynamic
characteristics of ERSFD. Zhou [13] obtained the governing equations of the inner and outer
oil film of ERSFD in accordance with the generalized Reynolds equation and compared
as well as analyzed the characteristics of the Reynolds equation of ERSFD and SFD, also
pointing out that ERSFD combined the advantages of elastic support and SFD. This is
because the oil film damping is increased by the segmented oil film and the complex
fluid–solid interaction. Moreover, the highly nonlinear oil film stiffness caused by the
elevation of the unbalanced force is improved. According to the finite element method,
Hong et al. [14] analyzed the reason why ERSFD effectively inhibited nonlinear vibrations.
When the eccentricity increases, the oil film pressure and the elastic ring deformation
are coupled to offset part of the increment of eccentricity and also weaken the nonlinear
increase trend in the oil film force. Xu et al. [15] used Finite element method (FEM) to
explore the impact of the oil permeation holes distribution on the oil film damping features
of ERSFD. On the basis of the obtained results, the distribution of the oil permeation holes
can adjust the damping coefficient. Based on the methods of experimental and numerical



Lubricants 2023, 11, 491 3 of 15

analysis, Li et al. [16] explored the influence rules of factors, such as the boss height of the
elastic ring, the oil supply conditions, and the unbalance, on the dynamic characteristics
of ERSFD. The findings show that when the height of the elastic ring boss is small and
equivalent to 0.5 mm, the nonlinearity of the oil film can be effectively improved. Based on
the Kirchhoff hypothesis, Han et al. [17] established a finite element model of an elastic ring
based on shell elements, determined the relationship between elastic ring deformation, oil
film force and rotor motion, and analyzed the oil film coefficient of ERSFD and the dynamic
response of the rotor system. The analysis indicates that the nonlinearity of the ERSFD
oil film coefficient is lower than that of SFD. Shi et al. [18] established the rotor dynamic
model with a novel floating ring squeeze oil film damper (FSFD) and identified the oil
film pressure distribution, fluid–structure coupling dynamic characteristics and elastic ring
support stiffness of the rotor system with FSFD. The results show that the small-scale and
low stiffness FSFD has a significant regulating effect on rotor vibration. Zhao et al. [19]
explored the dynamic characteristics of ERSFD by considering the influence of damping
holes and obtained the variation of equivalent stiffness and damping with eccentricity.
Even though the abovementioned literature elaborates on the highly nonlinear mechanism
of ERSFD increasing the oil film damping and improving the oil film stiffness, it does not
study the influence rule of relevant parameters on the DCCEs.

For the DCCEs, some scholars have carried out a deeper study. Cao et al. [20] studied
the oil film force characteristics of ERSFD through solving the mathematical and physical
model of ERSFD and compared and explored the changing rules of oil film stiffness and
damping based on different boundary conditions. As shown by the obtained findings,
the equivalent stiffness and damping of ERSFD are not affected by the presence or ab-
sence of oil seepage holes. With end sealing, the equivalent stiffness and damping are
significantly higher than those without end sealing. The ERSFD with end sealing and
oil permeating holes shows better linear stiffness characteristics, but the eccentricity has
little influence on the equivalent damping. Based on the finite element analysis and the
squeeze oil film theory, He Hong et al. [21] analyzed and studied the oil film stiffness and
damping. The results show that ERSFD can effectively improve the coupling problem
of degrees of freedom regarding oil film stiffness and damping and finally significantly
suppress the nonlinearity of oil film stiffness and damping, which vary with the eccentricity.
Wang et al. [22] established the finite element model of the elastic ring on the basis of the
thick plate element, solved the transient oil film pressure via a numerical method, and
identified the DCCEs. The results indicate that when the boss height of the inner and outer
films are the same, the damping magnitude offered by the inner and outer oil films is nearly
the same. In addition, the boss height is the most important factor affecting the DCCEs,
followed by the elastic ring thickness and the boss number. Wang et al. [23] established the
fluid–structure coupling model of ERSFD by using a numerical method and obtained the
oil film pressure, oil film force, and elastic ring deformation of ERSFD. Moreover, based on
the Centered Circular Orbit (CCO) assumption, the dynamic characteristic coefficients of
ERSFD were further identified. Zhou et al. [24] established a bidirectional fluid–structure
coupling model of ERSFD to explore the impact of the elastic ring boss number, geometric
size, and inner and outer oil film clearance on the dynamic characteristics of the oil film.
Moreover, the study demonstrates that the contribution of the outer oil film to the stiffness
is large, while the contribution of the inner oil film to the damping is large. We find that
the relatively small inner oil film clearance and large outer oil film clearance are conducive
to the enhancement of the oil film damping and the suppression of the nonlinear oil film
stiffness. With the decreasing width, height and number of the elastic ring bosses or the
growth of the elastic modulus, the stiffness and damping of the inner and outer oil film
are accordingly increased. Zhang et al. [25] studied the dynamic characteristic parameters
of ERSFD and analyzed the elastic ring deformation with the finite element method. It is
verified that the application of the elastic ring can effectively reduce the bearing capacity
and the nonlinear degree of oil film stiffness and damping. Moreover, the results suggest
that the oil film stiffness is provided by both the inner and outer oil films, while the oil film
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damping is mainly provided by the inner oil film. According to the radial deformation of
the elastic ring, Qin et al. [26] established a differential calculation model of oil film pressure
about ERSFD. The influence of its structural parameters on the characteristics of the oil
film force was compared and analyzed. The results show that the elastic ring deformation
indirectly changes the thickness of squeeze oil film, while its bosses change the oil film
pressure distribution and improve the nonlinearity of the oil film stiffness, which varies
with the eccentricity. In addition, the fluid–structure coupling model [23] was constructed
by the Mindlin thick plate element in Wang et al. [22] and the three-dimensional solid
element in Zhou et al. [24], and the deformation of elastic rings was simulated with the
application of the finite element method. This method is demonstrated to be convenient to
deal with variable operating conditions and complex assembly performance and can obtain
accurate oil film force and then more accurate oil film stiffness and damping. However, it is
not conducive to establish a mathematical model and deduce general rules, and there is no
comprehensive analysis of the impact of relevant parameters on its dynamic characteristics
combined with the complex structure of ERSFD. Novikov and Diligenskii [27] proposed the
ERSFD structure of a single-layer ring and double-layer ring for the first time and carried
out finite element modeling and verification of single-layer ERSFD structures. However,
due to the complexity of ERSFD structures, the mathematical modeling was difficult.

To describe its vibration reduction and frequency modulation mechanism more deeply
and accurately, the present study takes the rigid–elastic–oil coupled ERSFD structure as
the research object, selects the typical parameters representing the journal, elastic ring
and oil film, and establishes the rigid–elastic–oil coupled mathematical model of ERSFD.
Because the elastic ring deformation affects the oil film pressure performance when the
rotor vibrates at multiple critical speeds, its deformation is obtained following the planar
bending theory of a thin-walled ring. Based on the numerical analysis method, the DCCES
are solved. In addition, we investigate the effect of journal eccentricity, oil film radius
clearance and elastic ring parameters on the DCCEs in this study.

2. Rigid–Elastic–Oil Coupled Mathematical Model of ERSFD

In order to further advance the study of the ERSFD mathematical model, the rigid–
elastic–oil coupled mathematical model of ERSFD is analyzed and established from three
aspects, including the journal, elastic ring and oil film, respectively. Finally, we can obtain
the DCCEs.

2.1. Equation of the Journal Motion

Considering the nonlinear excitation of the system introduced by the unbalanced force
of the rotor, the force diagram of the damper journal is shown in Figure 2, in which only the
uniform oil film distribution pressure in the inner oil film region between the two adjacent
inner bosses is drawn.

Supposing that the journal performs synchronous precession, the differential equation
of its motion is established according to Newton’s second law [28].

m
d2→r
dt2 =

→
Fu + ∑

→
Ti +

→
Fp (1)

where
→
Fu is the unbalanced force on the journal,

→
Fu = mucΩ2, uc is the imbalanced eccen-

tricity of the journal, Ω refers to the precession angular velocity of the journal, m is the mass

of the damper journal (mass sum of bearing assembly and rotor),
→
Ti is the boss support

force of the elastic ring,
→
Ti = kδi, i is position number of the inner boss, k stands for the

stiffness of the elastic ring, δi is the amount of deformation at the elastic ring boss and
→
Fp

indicates the oil film reactions in the inner cavity.
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2.2. Governing Equations of the Oil Film Pressure

In terms of the fluid in rigid–elastic–oil coupled model of ERSFD, according to the
Navier–Stokes (N-S) equation and the flow continuity equation, the oil film pressure
governing equations of ERSFD [29] are expressed as follows:

1
R2

∂

∂θ

[
hi

3 ∂p
∂θ

]
+

∂

∂z

[
hi

3 ∂p
∂z

]
= −12µΩ

[
∂hi
∂θ
− ∂ke

∂θ

]
+ 12µνd (2)

1
R2

∂

∂θ

[
ho

3 ∂p
∂θ

]
+

∂

∂z

[
ho

3 ∂p
∂z

]
= −12µνd (3)

where θ refers to the circumferential coordinate, z indicates the axial coordinate, µ is the
fluid dynamic viscosity, hi indicates the oil film thickness of the inner cavity, ho represents
the oil film thickness of the outer cavity, R indicates the radius of the journal, ke represents
the elastic ring deformation and νd suggests the fluid net outflow rate at the damping hole.

2.3. Determination of the Oil Film Thickness (Taking the Elastic Ring Deformation into Account)

As can be seen from Figure 3, the oil film thickness equation in Equations (2) and (3) is
as follows: {

hi = C1 + e cos θ + ht + ke
ho = C2− ke

, (0 ≤ θ < 2π) (4)

where C1 represents the inner oil film radius clearance, e denotes the eccentricity of the
journal, θ refers to angular coordinates which are calculated from the maximum oil film
clearance, ht represents the oil film thickness at the ith boss, C2 represents the outer oil film
radius clearance and C1 = C2.

Because the elastic ring does not rotate relative to the bearing pedestal, the angle
between the starting position of the inner boss θi(i = 1) and Y is β, the angle between the
adjacent inner boss and the outer boss is π/N, 2π/N is the angle between the adjacent
same side boss and ϕ is the attitude angle of the journal. When considering the boss height,
we can write the oil film thickness at the boss as follows [30]:

ht =

{
e cos(π + θi − ϕ), θi = β + 2π(i− 1)/N, i = 1, 2, 3, . . . , N
0, else

(5)
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where θi stands for the angle between the ith boss and the offset line.

Lubricants 2023, 11, 491 6 of 16 
 

 

2.3. Determination of the Oil Film Thickness (Taking the Elastic Ring Deformation  
into Account) 

As can be seen from Figure 3, the oil film thickness equation in Equations (2) and (3) 
is as follows: 

( )1 cos
, 0 2

2
θ

θ π
= + + +

≤ < = −
i t e

o e

h C e h k
h C k

 (4)

where 1C  represents the inner oil film radius clearance, e  denotes the eccentricity of the 
journal, θ  refers to angular coordinates which are calculated from the maximum oil film 
clearance, th  represents the oil film thickness at the thi  boss, 2C  represents the outer 
oil film radius clearance and 1 2=C C . 

 
Figure 3. Force deformation diagram of the elastic ring. 

Because the elastic ring does not rotate relative to the bearing pedestal, the angle be-
tween the starting position of the inner boss ( 1)i iθ =  and Y  is β , the angle between the 
adjacent inner boss and the outer boss is Nπ , 2 Nπ  is the angle between the adjacent 
same side boss and ϕ  is the attitude angle of the journal. When considering the boss 
height, we can write the oil film thickness at the boss as follows [30]: 

( )cos , 2 ( 1) / , 1,2,3,...,
0,

i i
t

e i N i N
h

else
π θ ϕ θ β π+ − = + − =

= 


 (5)

where iθ  stands for the angle between the thi  boss and the offset line.  
The force equation of the elastic ring in Figure 3 is as follows: 

total u o Pi PoF F T F F= + + +  (6)

where oT  is outer boss support reaction, PiF  is inner oil film force and PoF  is outer cav-
ity oil film reaction. 

Since the force of the elastic ring is generally less than the load exerted directly on the 
elastic ring by the damper journal, the influence of the oil film force on the elastic ring 
deformation is ignored. In addition, the deformation of the elastic ring is mainly columnar 

Figure 3. Force deformation diagram of the elastic ring.

The force equation of the elastic ring in Figure 3 is as follows:

Ftotal = Fu + To + FPi + FPo (6)

where To is outer boss support reaction, FPi is inner oil film force and FPo is outer cavity oil
film reaction.

Since the force of the elastic ring is generally less than the load exerted directly on
the elastic ring by the damper journal, the influence of the oil film force on the elastic ring
deformation is ignored. In addition, the deformation of the elastic ring is mainly columnar
bending, regardless of the axial deformation of the elastic ring. Because the ratio between
the thickness of the elastic ring and its mean radius of curvature is less than 0.05, the elastic
ring is featured with a thin-walled ring. In addition, the differential equation of radial
deflection change about the elastic ring at an arbitrary angle ψ is expressed in accordance
with the planar bending theory of the thin-walled ring [31].

d2ke

dψ2 + ke = −
Mrt

2

EI
(7)

where EI is the elastic ring flexural stiffness in the original curvature plane, M indicates the
bending moment on the cross section at ψ, M is positive when the outer fiber is compressed
or the original curvature is reduced and rt is the middle diameter of the elastic ring.

Since the elastic ring mainly carries radial load, by using the virtual work principle, the
radial deflection corresponding to the ψ at an arbitrary angular position can be obtained [32]
and expressed in series form as follows:

ke(φm) =
rt

3

4πEI

N

∑
i=1

qi(−φm sin φm + (φm/2− π)φm cos φm − 2) (8)

where φm is the difference between the position ψm of the ith boss force and the position
angle ψ of the radial deflection on the elastic ring, N is the boss number of the elastic ring,
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qi is the force exerted on the inner boss, and qi = kδi = ke cos(θi − ϕ). Because φm must be
positive and 0 ≤ φm ≤ 2π, as shown in Figure 4, φm is represented as follows:{

φm = ψm − ψ, ψm > ψ
φm = 2π − ψ + ψm, ψm < ψ

(9)
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2.4. Oil Film Pressure Solution

Based on the rigid–elastic–oil coupled ERSFD, the total number of nodes divided
alongside the circumferential and axial directions of the solution region are equal to m and
n, respectively, and the corresponding step sizes are 2π/m and 2/n, as revealed in Figure 5.
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The solution domain of the oil film is found to be discontinuous due to the presence of
the boss and the damping hole. Taking the oil film of the inner cavity as an example, for
the micro element column with oil film thickness of h(h = hi), the volume flow alongside
the circumferential and axial directions are as follows:{

Qx = −hi
3/12µ

∂p
∂x − RΩhi

Qz = −hi
3/12µ

∂p
∂z

(10)

where Qx is the circumferential volume flow and Qz is the axial volume flow.
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According to the conservation of control volume flow, the flow rate QA of the damping
hole is expressed by the Hagen–Poiseuille formula [33]:

QA =
d0

2

32µ

A
hs

∆p (11)

where QA is the volume flow from the inner oil chamber to the outer oil chamber, d0 refers
to the diameter of the damping hole, hs is the depth of the damping hole (also known as
the elastic ring thickness), A indicates the cross-sectional area of the damping hole and ∆p
refers to differential pressure along the depth of the hole.

νd in Equations (2) and (3) can be calculated by the following formula:

νd = d2
0R2∆pΩ/

(
16C12hs

)
(12)

ERSFD is equipped with sealing rings at both ends to prevent oil leakage. When the
elastic ring is stably stressed and no longer deforms, the change in oil film pressure along
the axial direction is approximately zero. Then, in the whole oil film discrete region, the
pressure boundary conditions [34–36] are as follows:{

∂p
∂n

∣∣∣z=0 = ∂p
∂n |z=L = 0

p(θ = 0, z) = p(θ = 2π, z) = ps
(13)

Define the dimensionless parameter as X = Rθ(0 ≤ θ ≤ 2π), λ = 2z/L(−1 ≤ λ ≤ 1),
H = hi/C1, P = p/ps, ε = e/C1 and ps = 2ΩµR2/C12. Combined with Equations (2), (3),
(11) and (12), the five-point central finite difference method can be used to obtain the following:

Wi,jPi−1,j + Ci,jPi,j + Ei,jPi+1,j + Ni,jPi,j+1 + Si,jPi,j−1 = Fi,j (14)

where Wi,j = H3
i−1/2,j, Ci,j = Wi,j + Ei,j + Ni,j + Si,j, Ei,j = H3

i+1/2,j, Ni,j = [2R∆θ/(L∆λ)]2

H3
i.j+1/2 and Si,j = [2R∆θ/(L∆λ)]2H3

i.j−1/2. For the inner cavity, Fi,j = 6ε sin θ − 3d2
0R2∆p/(

8hsC13). For the outer cavity, Fi,j = 3d2
0R2∆p/

(
8hsC13).

Equation (14) is constructed into an overrelaxation iteration scheme:

Pi,j =
σ

Ci,j

(
Fi,j − Ei,jPi+1,j −Wi,jPi−1,j − NPi,j+1 − SPi,j−1

)
+ (1− σ)Pi,j (15)

where σ is the relaxation factor and σ = 1.5.
Assuming that the iteration accuracy follows the relative error convergence criterion,

then, we can obtain the following:

m+1
∑

i=1

n+1
∑

j=1

∣∣∣P(kk)
i,j − P(kk−1)

i,j

∣∣∣
m+1
∑

i=1

n+1
∑

j=1

∣∣∣P(kk)
i,j

∣∣∣ ≤ δ (16)

where kk is iterative times and δ is iteration accuracy.

2.5. DCCEs Solution

The DCCEs depend on the radial and axial components of ERSFD oil film pressure
acting on the journal. By applying Simpson’s rule, we can solve the integration alongside
the axial direction [37]:

S(i) = ps

∫ L
2

− L
2

P(θ, λ)dλ ≈ psL
6n

 (Pi,1 + Pi,n+1)
+2(Pi,3 + Pi,5 + · · ·+ Pi,n−1)
+4(Pi,2 + Pi,4 + · · ·+ Pi,n)

 (17)
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By the same token, the integral along the circumference is as follows:

Wx ≈ −
2π

6m
R

 (S1 cos(θ1 − ϕ) + Sm+1 cos(θm+1 − ϕ))
+2(S3 cos(θ3 − ϕ) + S5 cos(θ5 − ϕ) + · · ·+ Sm−1 cos(θm−1 − ϕ))
+4(S2 cos(θ2 − ϕ) + S4 cos(θ4 − ϕ) + · · ·+ Sm cos(θm − ϕ))

 (18)

Wy ≈ −
2π

6m
R

 (S1 sin(θ1 − ϕ) + Sm+1 sin(θm+1 − ϕ))
+2(S3 sin(θ3 − ϕ) + S5 cos(θ5 − ϕ) + · · ·+ Sm−1 sin(θm−1 − ϕ))
+4(S2 sin(θ2 − ϕ) + S4 sin(θ4 − ϕ) + · · ·+ Sm cos(θm − ϕ))

 (19)

where Wx refers to the radial force of the oil film, and Wy denotes the tangential force of the
oil film.

According to Equations (17)∼(19), the formula for solving the DCCEs is as follows:{
Ke = −Wx

e
Ce = −Wy

eΩ

(20)

In summary, the flow chart for solving the DCCEs can be found in Figure 6.
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3. Results, Analysis and Discussion
3.1. Influence of the Eccentricity on the DCCEs

The eccentricity ε = e/c (c = C1 or C2) of the journal is set as 0.3, 0.4, 0.5, 0.6 and 0.7,
respectively. In addition, we achieve the DCCEs, as displayed in Figure 7.
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On the basis of Figure 7, it can be seen that when the journal eccentricity shows the
tendency of increase, the oil film pressure of ERSFD accordingly elevates. At the same time,
the increase can also be found in the oil film equivalent stiffness Ke and damping Ce. Apart
from that, the equivalent stiffness Ke and damping Ce of the oil film in the inner cavity are
found to be greater than those in the outer cavity, which is demonstrated to be a result of
the oil film shear as well as the squeeze in the inner cavity. However, it is observed that the
nonlinear degree of the oil film equivalent stiffness Ke and damping Ce in the inner cavity
is higher than that in the outer cavity.

3.2. Influence of the Oil Film Radius Clearance on the DCCEs

In this study, the eccentricity is set as 0.5, with the precession angular velocity of the
journal being 942 rad/s. We can take the oil film radius clearance of the inner cavity to be
0.3, 0.4, 0.5, 0.6 and 0.7 mm in turn. Then, the computation of the dynamic coefficient of
the oil film can thus be performed. In accordance with Figure 8, the findings obtained are
revealed in the present study.
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In accordance with Figure 8, the oil film equivalent stiffness Ke and damping Ce in
the inner cavity decrease with the increasing oil film radius clearance on the premise that
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the sum of oil film clearance in the inner and outer cavities remains unchanged and the
eccentricity of the journal is a constant value. However, when the oil film radius clearance
decreases, there also exists growth in the oil film equivalent stiffness Ke and damping Ce in
the outer cavity. Moreover, it is shown that the abovementioned findings are consistent
with the literature [24]. Additionally, relative to that in the outer cavity, we can find that the
nonlinear degree of the oil film equivalent stiffness Ke and damping Ce in the inner cavity
is also shown to be higher.

3.3. Influence of the Flexibility Coefficient on the DCCEs

The values considered for the flexibility coefficient of the elastic ring
(
α = r3

t /4πEI
)

are 9.0× 10−5 m/N, 7.0× 10−4 m/N, 5.0× 10−3m/N, 3.0× 10−2 m/N and 1.0× 10−1 m/N.
DCCEs are calculated and Figure 9 displays the findings.
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As described in Figure 9, with the increasing flexibility coefficient, we can also find
obvious elevation in the deformation of the elastic ring. Simultaneously, the thickness of
inner cavity oil film increases and the thickness of outer cavity oil film decreases. As a result,
the equivalent stiffness Ke and damping Ce of the inner cavity oil film gradually decrease,
while the equivalent stiffness Ke and damping Ce of the outer cavity oil film gradually
increase. Additionally, the changes in oil film equivalent stiffness Ke and damping Ce
amplitude in the inner cavity are smaller and the nonlinear degree is higher than that in
the outer cavity.

3.4. Influence of the Damping Hole Diameter on the DCCEs

The damping hole diameter of the elastic ring is successively taken as 0.6 mm, 0.8 mm,
1.0 mm, 1.2 mm and 1.5 mm. DCCEs can be accessed and Figure 10 shows the findings.

Form the Figure 10, we can see that the oil film equivalent stiffness Ke within the
inner and outer cavities gradually lowers but the oil film equivalent damping Ce gradually
increases with the increase in the damping hole diameter in the elastic ring. This is because
the larger the diameter of the damping hole, the more oil flow through the damping hole
per unit time, which indirectly weakens the squeeze effect of the oil film, resulting in
the reduction in the oil film pressure and thus the oil film equivalent stiffness Ke. At the
same time, the more oil through the oil hole, the more energy taken away and the greater
the damping. Furthermore, the data indicate that the oil film equivalent stiffness Ke and
damping Ce of the inner and outer cavities have small changes.
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4. Sensitivity Analysis
4.1. The Optimal Impact Factor Determination

Different parameters have different effects on the DCCEs. It is necessary to determine
the dynamic oil film reaction associated with the bearing outer ring precession in solving
the dynamic differential equations of aeroengine main ball bearing based on rigid–elastic–
oil coupling. Therefore, according to Figure 11, we can contrast and explore the impact of
each parameter on the DCCEs qualitatively by taking the oil film equivalent stiffness Ke
and damping Ce of the inner cavity as an example.
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Within the value range of all relevant parameters, combined with the results obtained
from 3.1 to 3.4, the confidence interval is selected as 95%, and the linear regression method
is adopted to calculate the sensitivity coefficient of each parameter. Table 1 presents the
calculation results.

Table 1. Sensitivity coefficients of each parameter.

Parameter
Sensitivity Coefficient

Ke Ce

Journal eccentricity ε 0.534 0.383
Oil film radius clearance C1(mm) 1.101 2.545
Flexibility coefficient α (m/N) 7.537 4.548
Diameter of damping hole d0(mm) 0.800 0.089
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As shown in Table 1, the elastic ring flexibility coefficient has the greatest effect on
the DCCEs. Therefore, the elastic ring flexibility coefficient could be taken as the most
important factor in the optimization design of ERSFD structures.

4.2. Influence of the Optimum Influence Factor on Inner Oil Film Pressure

As can be seen from Figure 12, the values considered for flexibility coefficient of the
elastic ring are 7.0× 10−4 m/N, 3.0× 10−2 m/N and 1.0× 10−1 m/N, then the dimension-
less maximum pressure of the oil film in the inner cavity decreases from 2.3424 to 0.01191.
The results indicate that the greater the flexibility coefficient is, the easier the elastic ring
is to deform, and the thickness of the oil film in the inner cavity increases. The squeeze
and shear effects of the oil film are weakened, and the pressure of the oil film gradually
decreases, which ultimately leads to the decrease in the oil film reaction force on the journal.
The above results are in good agreement with the simulation results in reference [30].
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5. Conclusions

To conclude, the rigid–elastic–oil coupled numerical analysis model of ERSFD was
established, the center finite difference method was adopted for solving the oil film pressure
and the Simpson method was employed with the aim of solving the DCCEs. The impact
of the journal eccentricity, the oil film radius clearance, the flexibility coefficient and the
diameter of the damping hole on the DCCEs were studied in this study. The conclusions
are as follows:

(1) With the increasing eccentricity of the journal, we can see that the corresponding
oil film equivalent stiffness Ke and damping Ce in the inner and outer cavity of the ERSFD
elevate, while the degree of nonlinearity in the inner cavity is higher than that in the
outer cavity. In addition, the oil film equivalent stiffness Ke of the inner and outer cavities
decreases with the increase in the diameter of the damping hole, and the oil film equivalent
damping Ce increases with the increase in the diameter of the damping hole, but the change
in range of the oil film equivalent stiffness Ke and damping Ce of the inner and outer
cavities is small.

(2) On the premise that the total oil film clearance and the eccentricity of the journal
are constant, the elevation of the oil film clearance and flexibility of the elastic ring within
the inner cavity results in the decreasing oil film equivalent stiffness Ke and damping Ce in
the inner cavity, as well as the increasing oil film equivalent stiffness Ke and damping Ce in
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the outer cavity. In addition, relative to that in the outer cavity, the nonlinear degree of the
oil film in the inner cavity is shown to be higher.

(3) According to linear regression analysis, it can be concluded that the influence
degrees of the elastic ring flexibility coefficient on the oil film equivalent stiffness Ke and
damping Ce is largest, followed by the oil film radius clearance. The eccentricity of the
journal and the damping hole diameter are relatively small. When the flexibility coefficient
increases from 7.0 × 10−4 m/N to 1.0 × 10−1 m/N, the oil film pressure in the cavity
decreases from 2.3424 to 0.01191.
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