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Abstract: Approaches to solving viscoelastic problems have received extensive attention in recent
decades as viscoelastic materials have been widely applied in various fields. An overview of relevant
modelling approaches is provided in the paper. The review starts with a brief introduction of
some basic terminologies and theories that are commonly used to describe the contact behaviour
of viscoelastic materials. By building up the complexity of contact problems, including dry contact,
lubricated contact, thermoviscoelastic contact and non-linear viscoelastic contact, tentative analytical
solutions are first introduced as essential milestones. Afterwards, a series of numerical models
for the various types of contact problems with and without surface roughness are presented and
discussed. Examples, in which computational tools were employed to assist the analysis of viscoelastic
components in different fields, are given as case studies to demonstrate that a comprehensive
numerical framework is currently being developed to address complex viscoelastic contact problems
that are prevalent in real life.

Keywords: contact mechanics; viscoelasticity; surface roughness; lubrication modelling; adhesion;
temperature; material nonlinearity

1. Introduction

Viscoelastic materials such as polymers have been extensively applied in many fields
owing to their combined advantages, including low friction and weight, slight rubbing
noise, inexpensive cost, dimensional stability, biocompatibility and capacity to sustain load
in the long run. As a result, viscoelastic contact problems are prevailing, for example, the
optimization of mouthfeel for chocolate in the food industry [1], the contact between human
skins and scalpels in the biomedical industry [2], the tire-road contact in the automotive
engineering industry [3] and the movement of basaltic lavas under high temperature in the
geothermal field [4]. When designing and analyzing the engineering or natural products
related to viscoelastic materials, the corresponding interfacial mechanics system must be
understood, particularly where the roles played by the viscoelastic deformation, viscoelastic
lubrication condition, energy dissipation and frictional temperature need to be considered.
Taking a knee replacement made of polymers as an example, its long-term service life is
determined by the time-dependent response of the prosthesis under different loading and
lubrication conditions affected by human activities [5]. More efficient product designs
based on the enhanced understanding of relevant viscoelastic contact problems can have
prominent impacts in terms of energy savings and quality of life improvement. Currently,
the increasingly strict efficiency requirements and demands to minimize material use, as
well as environmental impact, have been driving the development of analytical tools for
viscoelastic materials.

Great efforts have been made in the mathematical analysis and numerical simulations
of viscoelastic contact problems in the past decades [6,7]. Due to the structural complexity
and strong time-varying constitutive laws governing the behaviour of viscoelastic materials,
a closed-form mathematical solution to viscoelastic contact problems can hardly be devel-
oped within the framework of classical contact mechanics. Although a series of analytical
solutions based on the proposed assumptions have been developed [7,8], they are subject to
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many limitations, including the simplified contact geometries, monotonic loading history
and ideal rheological behaviour of viscoelastic materials (usually characterised by merely
one relaxation time). Considering the existence of surface roughness and complicated
interaction between contacting bodies in practical contact problems, it seems tougher to
find the time-varying solution to viscoelastic contact problems solely on the basis of existing
analytical theories. The numerical model presents itself as a suitable alternative tool in this
dilemma. Various simulation tools have been advanced to assist the analysis of the products
made from viscoelastic materials by predicting the time-dependent contact response in
different contact systems [6]. Through applying different enrichment techniques, where the
enrichment fields from the solutions to adhesive contact (e.g., [9,10]), thermal-elastic contact
problems (e.g., [7]), etc. are superimposed to basic viscoelastic models, more generalized
numerical tools are currently being built up to tackle the complicated viscoelastic problems
that are commonly encountered in our daily life.

To date, the extraordinary interest in the modelling of viscoelastic contact problems has
been witnessed by hundreds of papers published on the topic. This review paper is intended
to provide a systematic overview of these modelling attempts in a way where the complexity
of contacting problems is built up. It is structured as follows: some basic terminology and
theories of viscoelasticity are described briefly in Section 2. The modelling approaches to dry
contact modelling (under non-lubricated and isothermal conditions) of linear viscoelastic
materials are introduced in Section 3, where the indentation, frictionless or frictional
sliding and rolling, rough surface contact and adhesive contact problems are included. The
review on the modelling of the lubricated contact of viscoelastic materials (viscoelastic-
hydrodynamic lubrication (VEHL)) is given in Section 4, while Sections 5 and 6 provide a
brief review of the modelling of temperature effects and material nonlinearity in viscoelastic
contact problems, respectively. Section 7 provides some examples of numerical studies,
where various numerical tools were applied to analyse viscoelastic contact problems in
different fields. In Section 8, the existing knowledge gaps in viscoelastic modelling are
summarised, which remain to be addressed in the future for a more accurate understanding
of tribological systems that involve viscoelastic materials.

2. Linear and Non-Linear Viscoelastic Materials

In this section, some basic terminology and relationships used to describe the contact
behaviour of viscoelastic materials are introduced. It also presents a brief review of some
fundamental physical laws, including the theory of linear viscoelasticity and the Boltzmann
superposition principle. The contents of this section are mainly a summary of materials
from several mechanics books, including [11–18].

2.1. Characteristics of Viscoelastic Materials

Materials deform under an applied load. The behaviour of an ideal elastic solid follows
the law of Hooke, which indicates that there is a linear relationship between stress and
strain. Ideal elastic solids deform instantaneously when a load is applied and recover
completely when it is unloaded. In comparison, an ideal viscous Newtonian fluid has no
definite shape and will deform irreversibly and gradually under the action of external
forces, exhibiting a linear relationship between the stress and strain rates. The materials
exhibiting the behaviour of both elastic and viscous properties, as shown in Figure 1a, are
the so-called viscoelastic materials. Among them, those that exhibit a linear relationship
between stress and strain at any instant are known as linear viscoelastic materials. As
illustrated in Figure 1b, the strain of a linear viscoelastic material is proportional to the stress
for any specific time point (e.g., strain under 3σ0 is three times that under 1σ0). In contrast,
materials that exhibit time- and stress-dependent characteristics and thus hardly follow
the linear relation are named non-linear viscoelastic materials. It is of note that the linear
response of a viscoelastic material is not its inherent property because the limit of linearity
is determined by the experienced strain. For example, concrete and steel under small
deformation can be assumed to exhibit linear viscoelastic behaviour, where infinitesimal
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strain theory can be applied. However, when it comes to elastomers and some biological
soft tissues that experience large deformations, finite strain theory needs to be employed to
characterise their non-linear contact response. Generally, the performance of viscoelastic
materials is influenced by four parameters: load, strain, temperature and time. During the
investigation of viscoelastic materials, two of the parameters are usually set to be constant to
investigate the relation between the other two parameters. Three characteristic phenomena
are widely found for viscoelastic materials: creep, stress relaxation and hysteresis.
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Figure 2. Input and output in a creep test for viscoelastic materials: (a) load input and (b) response 
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Figure 1. (a) Stress-strain curve of viscoelastic materials and (b) Strain-time curve of linear viscoelastic
materials with varying stress.

To explain them briefly, creep is the phenomenon where the strain continues increasing
with time, as shown in Figure 2. Under a constant load, the instantaneous elastic strain first
appears. It is followed by an ever-increasing strain over time, known as creep strain. The
creep strain normally would increase with an ever-decreasing strain rate, which eventually
leads to a constant-strain steady state. When the surface is unloaded, the elastic recovery
is experienced immediately, which is followed by anelastic recovery. A permanent strain
might be experienced arising from viscosity. The creep performance of viscoelastic materials
reveals their dimensional stability and their capacity to sustain the load in the long run.
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As to stress relaxation, it is the phenomenon where the internal stress of viscoelastic
materials continues decreasing with time under a constant temperature and strain, as
shown in Figure 3. Physically, stress relaxation results from the re-arrangement of the
viscoelastic material on the molecular or micro-scale.
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Hysteresis is the lag of the strain (ε) change to the stress (σ) change under a certain
temperature and cyclic stress. A typical hysteresis phenomenon is illustrated in Figure 4.
To explain it briefly, under the sinusoidal stress (solid line) expressed as:

σ(t) = σ̂sin ωt, (1)
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The response of an ideal elastic material as shown in Figure 4 (dash line) should be a
corresponding sinusoidal strain expressed as:

ε(t) = ε̂sin ωt, (2)

which implies that the work done by the external force in the period of loading is stored in
the form of elastic energy and then released completely to return the material to its initial
state. In other words, there is no energy loss during this process.

The response of an ideal viscous material (dash-dot line in Figure 4) is represented
as follows:

ε(t) = ε̂sin
(

ωt− π

2

)
, (3)

The phase difference of π/2 radians indicates that the energy derived from the external
force is completely transformed into heat.

As viscoelasticity incorporates aspects of both solid behaviour (elastic) and fluid
behaviour (viscous), the response of a viscoelastic material (scatter in Figure 4) is indicated
by the following equation:

ε(t) = ε̂sin(ωt− ξ), (4)
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where ξ is the phase difference between the stress and strain, ranging from 0 to π/2 radians.
This demonstrates that part of the energy is lost in every cycle of deformation (stress). As
shown in Figure 1, the region under the unloading curve is smaller than that under the
loading curve in the hysteresis loop. The loss of energy caused by the hysteresis can be
determined by the difference between the two regions (the area enclosed by the two curves).

2.2. Constitutive Law and Relevant Rheological Models

The theory of small-strain linear viscoelasticity plays an essential role in the modelling
of viscoelastic materials. Although this material model framework was derived based
on linear elasticity with linear viscoelasticity, it can always function as a useful starting
point, even in instances that require more elaborate treatment (e.g., non-linear viscoelastic
contact problems). Following the theory of linear viscoelasticity, for materials exhibiting the
linear relation, the response of stress to successive strain is cumulative and vice versa. Two
time-varying material properties, namely creep compliance (Φ(t)) and relaxation modulus
(Ψ(t)), are always used to characterise the constitutive law of linear viscoelastic materials.
As the name implies, creep compliance reveals the creep phenomenon of viscoelastic
materials. Physically, the property describes the response of viscoelastic strain to a unit
stress change. In contrast, the relaxation modulus reveals the stress relaxation phenomenon.
Physically, it describes the viscoelastic stress response to a unit change in strain. These
two properties play an essential role when analysing the transient contact response of
viscoelastic materials.

To mathematically describe the contact behaviour of linear viscoelastic materials, the
Boltzmann superposition principle is commonly applied, where the response to successful
excitations can be the sum of the response generated by applying each excitation individu-
ally. To determine stress σ1(t) at time t under the action of a certain strain ε1 that is applied
at the time t1

′ before t, it can be expressed based on the definition of the relaxation modulus:

σ1(t) = Ψ
(
t− t1

′)ε1H
(
t− t1

′), (5)

where H(t) is the Heaviside step function.
Identically, stress σ2(t) at the same time t under the action of a strain ε2 that is applied

at another time t2
′ in advance of t can be determined as followed:

σ2(t) = Ψ
(
t− t2

′)ε2H
(
t2
′) (6)

Following the analogous way, the response of the strain to a sequence of strain in-
crements, which are arbitrary but can be considered as a continuous distribution, can
be determined:

σ(t) =
∫ t

0
Ψ
(
t− t′

) dε(t′)
dt′

dt′ (7)

The response of strain to stress can be obtained by a similar derivation by switching
the input and output:

ε(t) =
∫ t

0
Φ
(
t− t′

)dσ(t′)
dt′

dt′ (8)

Different from the case where the compliance and elastic modulus are reciprocal of
each other in ideal elastic contact, the relationship between the creep compliance and
relaxation modulus of linear viscoelastic materials in the time domain is expressed in the
following form: ∫ t

0
Φ
(
t− t′

)
ψ(t)dt′ = t (9)

There exists the following essential mathematical relationship between these two
material properties in the Laplace transform domain:

Φ (s) Ψ (s) =
1
s2 , (10)
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where hat ‘-’ denotes Laplace functional transformation and s is a complex number fre-
quency parameter in the Laplace transform domain (s = a + jb).

To characterize the time-dependent material property of linear viscoelastic materials,
rheological models, which are established with linear springs (representing perfectly elastic
solid as the stress is proportional to the strain) and dashpots (representing ideal Newtonian
fluid as the stress is proportional to the rate of strain), are built. If the spring and dashpot are
arranged in series, as presented in Figure 5a, such a rheological model is called the Maxwell
model. A Kelvin–Voigt model is established when the two elements are arranged in
parallel, as illustrated in Figure 5b. According to theoretical analysis [13], a Maxwell model
can appropriately demonstrate the stress relaxation phenomenon of linear viscoelastic
materials. However, it fails to account for their creep and recovery characteristics. In
contrast, the Kelvin–Voigt model behaves in the opposite way. Moreover, it does not exhibit
any instantaneous elastic response. A detailed description of these two models can be found
in the work of Popov [13]. Since these two-element models can only provide qualitative
descriptions, through coupling several numbers of Maxwell or Kelvin–Voigt units, more
sophisticated models, such as the Maxwell–Wiechert model, as shown in Figure 5c, are
commonly employed to characterize real-life viscoelastic materials with more than one
relaxation time. The number of elements required in a generalized Wiechert model depends
on the naturally occurring spectrum of relaxation times of materials. The relaxation time
is usually denoted by τ and determined by parameters of the rheological models in the
following way:

τi =
ηi
Gi

, (11)

where ηi denotes the viscosity of the i-th dashpot and Gi denotes the modulus of the
i-th spring.
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By using the Maxwell–Wiechert model, the relaxation modulus of any linear viscoelas-
tic material can be characterised by fitting the experimental data from standard relaxation
tests to the following equation (Prony series):

Ψ(t) = G0 + ∑n
i=1 Giexp(− t

τi
) (12)

Notably, the spectrum of relaxation times of linear viscoelastic materials could be
characterized by introducing as many exponential terms as required to obtain the desired
accuracy of curve fitting. Once the relaxation modulus function is available, the corre-
sponding creep compliance function can be easily determined by applying its mathematical
relationship in the Laplace domain (Equation (10)). A typical example can be found in
the work of Chen et al. [8]. By fitting a two-term Prony series to the relaxation curve
from the standard relaxation test by Kumar and Narasimhan [19], the relaxation mod-
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ulus and creep compliance functions of a thermoplastic polymer known as polymethyl
methacrylate (PMMA) were determined. When a Maxwell–Wiechert model only contains
one relaxation time, such a three-element model is known as the Zener model or standard
linear solid (SLS) model. SLS models are frequently employed in numerical studies about
viscoelastic contact problems owing to their capacity to capture the creep, as well as stress
relaxation, phenomena.

The way to correctly reproduce the viscoelastic response of a half-space with the
available rheological models can be found in the work of Bugnicourt et al. [20,21]. They
argued that the Maxwell–Wiechert model (known as the generalized Zener model in
their study) should be used for rubber to capture its contact behaviour over a range of
frequencies. It is also of note that the choice of models should be expressed by a function of
the wavelength at small scales.

With the rheological models presented above, the complex modulus of viscoelastic
materials can be determined by applying the Fourier transform to the discrete form of the
creep function with respect to the time variable t:

E(ω) =
[
iω Φ̃ (ω)

]−1
, (13)

where hat ‘~’ denotes Fourier functional transformation and ω is the time-related frequency.
The viscoelastic complex modulus is commonly employed when it comes to the steady-state
contact analysis of viscoelastic materials.

The nonlinear viscoelastic response is usually encountered when a viscoelastic surface
experiences large deformation or the material exhibits specific creep and relaxation func-
tions, which are not only dependent on time, but also on the experienced stress or strain.
Compared with literature regarding linear viscoelastic response, relatively limited work
sheds light on the characterization of non-linear viscoelastic behaviours, as the Boltzmann
superposition principle is unable to describe the creep and relaxation phenomena. Without
the aim of providing an exhausting literature review on this topic here, credit for the devel-
opment of a generalized constitutive equation for nonlinear viscoelastic materials can be
given to the contributors Green [22], Rivlin [23], Spencer [24], Pipkin and Rogers [25], who
adopted multiple integral representations by using multivariable relaxation functions as
kernels, and Leaderman [26], Brueeller [27,28] and Schapery [29], who used single integral
representation based on the nonlinearization of stress and strain measurements.

3. Dry Contact Modelling of Viscoelastic Materials

The review of the methods to simulate viscoelastic contact problems starts with dry
contact problems, where lubricants are not involved, temperature effects are neglected
and the material behaviour is assumed to be linear viscoelastic. The indentation problem,
which tends to be the simplest among contact problems, is discussed first. Afterwards, the
numerical solutions to tangential contact problems, including the quasi-static partial slip
contact (e.g., Figure 6a) and dynamic sliding and rolling contact problems (e.g., Figure 6b),
are presented. Apart from the simplified single-asperity contact problems, models that
simulate multi-asperity problems, which closely resemble real-life contact problems, are
discussed. Effects of surface roughness on the viscoelastic contact solutions are highlighted
in special. The models investigating the effects of surface adhesion on viscoelastic contact
are also presented in this section.
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3.1. Indentation

By applying the Laplace transform to reduce viscoelastic problems to elastic ones,
the problem of the time-dependent constitutive laws of viscoelastic materials was found
avoidable mathematically by Lee [30]. The application of this convenient approach was
later extended by Radok [31] to establish the independence of the Laplace method from
the elastic problem. Based on the assumption that the contact area increases monotonically
with time without surface adhesion (pressure p < 0), solutions to spherical indentation
problems of linear viscoelastic materials were developed by Lee and Radok [32]. An
essential concept, known as the ‘elastic-viscoelastic correspondence principle’ later, which
was proposed by Alfrey [33] and generalized by Tsien [34], was first implemented in the
analysis of Lee and Radok [30–32]. Instead of deducing solutions from scratch, small-strain,
linearly viscoelastic contact problems can be solved by manipulating the well-established
theory of elastic contact via the elastic-viscoelastic correspondence principle (e.g., replacing
the elastic compliance with the viscoelastic creep compliance in the Hertzian solution).
Owing to this advantage, the principle has now become the foundation for many analytical
and numerical models of viscoelastic contact problems recently developed. A detailed
description of the principle can be found in the mechanics book by Christensen [18].
Limitations of the tentative analytical approach by Lee and Radok [32], including the
ideal contact geometry and the monotony of contact radius, were later partially released
by different researchers. Among them, Hunter [35] and Graham [36] obtained solutions
to a similar problem in the case of a monotonically increasing contact radius, or when
the radius attains a single maximum value. Yang [37] improved the viscoelastic contact
solution by taking arbitrary quadratic contact geometry into account. The limitation
regarding the monotony of contact radius was overcome by Ting [38,39], who proposed
a viscoelastic solution with further increased generality by describing contact radii with
arbitrary functions of time and multiple connected contact regions.

The contact between a viscoelastic material and a pyramidal or spherical indenter
under a triangle or trapezoidal loading history was investigated by Oyen [40], both experi-
mentally and mathematically. Based on the solution of Ting [38], a theoretical model solving
the contact problem between an axisymmetric indenter and a viscoelastic half-space was
proposed by Greenwood [41]. For the contact problem where the whole indenter surface is
in contact with the viscoelastic half-space, a theoretical solution was proposed by Fu [42],
who related the indentation load to the penetration depth. By applying the correspondence
principle, Yakovenko and Goryacheva [43] developed the analytical solution to periodic
contact problems of multiple identical spherical indenters against a viscoelastic half-space,
where the mutual influence of indenters was investigated. Recently, based on the solution
of Lee and Radok [32], the cyclic repetitive indentation problem of a rigid sphere against
a viscoelastic half-space and the involved viscoelastic dissipation were investigated by
Papangelo and Ciavarella [44]. Apart from these half-space contacts, Argatov and Mishuris
developed analytical solutions to elliptical [45], rebound spherical [46] and cylindrical [47]
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indentation contact problems between thin compressible and incompressible layers of
arbitrary viscoelastic materials. However, these solutions are only applicable to the inden-
tation problem with an arbitrary monotonic loading. Using the Hankel transform, a more
general solution to indentation problems for a viscoelastic layer on an elastic half-space
was developed by Chen et al. [48].

As mentioned before, the application of these partially or fully analytical solutions
is still limited, considering the existence of the surface roughness, arbitrary loading his-
tory and complicated rheological behaviour of viscoelastic materials (usually more than
one relaxation time) in practical contact problems. The mathematical complexity of these
solutions, which are frequently encountered during applications, also discourages their
practical usage. Based on the matrix inversion method (MIM), the indentation problem
of a rigid body with an arbitrary shape against a viscoelastic half-space was solved by
Kalker [49], who later adopted an alternative scheme named the two-scale iterative method
(TIM) to improve the computational efficiency of the Boundary Element Method (BEM)-
based model [50]. By making use of the elastic-viscoelastic correspondence principle, the
displacement response of viscoelastic solids under any arbitrary distribution of surface
tractions was derived by Chen et al. [8], based on the Boussinesq integral for elastic sur-
faces [51]. A robust model for solving the point contact problem between a rigid indenter
and a homogeneous viscoelastic half-space was then developed by Chen using the Fast
Fourier Transform (FFT)-based BEM model (also known as the semi-analytical method
(SAM) in some literature), where the technique named the discrete convolution fast Fourier
transform (DC-FFT) [52] was implemented. Although it was initially developed to simulate
the non-conformal and normal contact of polymer-based materials characterised by a wide
spectrum of relaxation times and complicated surface topographies, the model was later ex-
tended to investigate more complicated contact problems by different researchers. Among
them, Koumi et al. [53] investigated the effects of inhomogeneities in viscoelastic inden-
tation problems, where isotropic or anisotropic elastic inhomogeneity of any orientation
is embedded into a viscoelastic half-space. They reported that the effects of the inhomo-
geneity, such as the decline of the normal and shear stresses at the interface between the
elastic inhomogeneity and viscoelastic matrix, become more significant with time. A similar
model for the indentation problem of viscoelastic composite materials was developed by
Liu et al. [54], who focused on the effects of the location of the inhomogeneity, in relation to
the indenter and its volume fraction, on the modulus of the composite material. Based on
the model of Chen [8], the line contact configuration in viscoelastic indentation problems
was simulated by Spinu [55].

Recently, the indentation problem for a viscoelastic half-space was revisited by Zhao
et al. [56], who used the derivative of the creep compliance function instead of the pressure
to determine the surface deformation in the formulation of surface deformation caused
by contact tractions. They claimed that the new equation allows more efficient compu-
tation, while providing valid solutions simultaneously. A more complicated indentation
problem, where anisotropic viscoelastic solids are involved, was simulated by Nguyen
and Hwu [57,58] using BEM-based models based on the correspondence principle and
time-stepping method. In addition to the BEM, by making use of the discrete element
method (DEM), a normal contact model for viscoelastic particles was developed by Olsson
and Jelagin [59]. However, their model can only provide approximate solutions when the
contacting viscoelastic surfaces are unloaded, as it is based on the analytical solution of Lee
and Radok [8,35].

It is of note that two different shapes of pressure distribution, including the Hertzian-
type contact pressure (e.g., Figure 7a [60]) and pressure with spikes on the contacting
edges (e.g., Figure 7b [60]), were reported extensively for the spherical indention problem
of viscoelastic bodies [8,32,56]. To explain such a phenomenon, a numerical study was
recently conducted by Wang et al. [60] using a SAM-based model. The effect of the material
parameter (e.g., the ratio of retardation time to relaxation time) in an SLS model on the
shape of pressure distribution was reported in their work. Another argument was proposed
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by Koumi et al. [61], who argued that the shape of contact pressure is determined by the
contact configuration. According to them, a Hertzian-type pressure distribution will be
obtained for a viscoelastic sphere indenting a rigid plane. The pressure spikes will only be
obtained for a rigid sphere indenting a viscoelastic half-space.
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3.2. Frictionless or Frictional Sliding/Rolling Contact

Relative motion between contacting surfaces, including sliding and rolling, is com-
monly encountered in practice, such as the type-road contact. Concerning the analysis of
relative motion between viscoelastic surfaces, Hunter [62] first studied the two-dimensional
(2D) frictionless rolling of a rigid cylinder over a viscoelastic half-space. At a low or medium
speed, the pressure distribution in viscoelastic rolling contact was found to be significantly
different from that in elastic contact, where an asymmetric pressure profile can be observed
exhibiting a spike at the leading edge in the moving direction. This, consequently, leads to
asymmetric surface formation. By extending the solution to a similar problem [63], the line
contact problem between two viscoelastic cylinders with different radii and mechanical
responses was analyzed by Morland [64]. The steady-state analysis of Hunter [62] was later
extended by Panek and Kaller [65] to three-dimensional (3D) problems by adopting an
approximation on the basis of elastic line integral theory. Apart from these plane strain prob-
lems, Aleksandrov et al. [66] simulated the frictionless contact between a smooth sphere
sliding on a viscoelastic half-space. The application of these approaches is limited to ideal
viscoelastic materials characterized by one relaxation time. Based on the assumption that
the viscoelastic material stiffens when the rolling speed increases (e.g., higher frequency),
while the pressure distribution remains of a Hertzian type, a novel analytical theory was
proposed by Persson [67] to solve the rolling contact of a rigid cylinder or a sphere over a
flat viscoelastic substrate. The rolling friction coefficient can be estimated reasonably by
the theory of Persson [67]. However, the information on pressure distribution, especially
its non-Hertzian profile in a force-driven problem, is not available within the framework of
this theory.

The Finite Element Method (FEM) was frequently employed in early attempts [68–73]
to simulate viscoelastic rolling and sliding contact problems based on Lagrangian formu-
lations. However, the computational complexity, which is related to the extremely fine
mesh of both the interface and bulk requested to capture the extremely irregular contact
geometries of rough bodies in real life, impedes the further application of FEM-based
models. Regarding the models developed based on the alternative method (e.g., BEM),
Carbone and Putignano [74] developed a model to generate steady-state solutions to sliding
or rolling contact problems, where the involved viscoelastic material can either exist in
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the form of a half-space [75] or a layer [76–78] by adjusting the thickness of the contacting
body in their novel equation. The viscoelasticity was found to induce shrinkage of the
contact area when the sliding speed increases [74]. The effects of the surface layer in sliding
contact of viscoelastic materials were investigated by Torskaya and Stepanov [79], where
the material combinations, including a viscoelastic layer bonded with a rigid half-space
and a viscoelastic half-space covered by a rigid layer, were simulated. For the combination
of a viscoelastic layer on a rigid substrate, it was found that the hysteretic losses increase
with the layer, while the opposite effect was obtained for the combination of a rigid layer
on a viscoelastic substrate. They also investigated the internal stress states for the sliding
contact problem between a viscoelastic half-space and a smooth indenter [80].

Based on a novel formulation of the surface deformation, the frictionless sliding and
rolling contact was efficiently simulated by Zhao et al. [56]. Regarding the transient vis-
coelastic analysis, the frictionless rolling contact of a rigid smooth indenter against a flat
viscoelastic half-space was simulated by Koumi et al. [61], where the material inhomogene-
ity was considered. Based on Green’s function molecular dynamics (GFMD), Dokum and
Nicola [81] developed a model to provide transient, as well as steady-state, solutions to fric-
tionless indentation and rolling contact problems of a rigid cylinder against a viscoelastic
half-plane. Recently, Wallace et al. [82] proposed a model that provides transient analysis
of frictionless rolling and sliding viscoelastic problems, in which the involved viscoelastic
layer and substrate can exhibit distinct properties. Meanwhile, the effects of imperfect
bonding between layer and substrate on the transient, as well as steady-state, frictionless
viscoelastic sliding contact problems were recently investigated by Zhang et al. [83]. They
reported that the subsurface stresses become lower when the contact is subjected to an
imperfect bonding interface.

It is of note that there exist different friction laws in the theory of contact mechanics.
The word ‘frictionless’ in the above contact analysis means that no explicit friction at the
interface between the solids (e.g., Coulomb friction) was taken into account. Therefore,
tangential contact problems (e.g., tangential shear stresses due to Coulomb friction) were
not investigated because the surface can be in the sliding state without any input in
the tangential direction. However, the friction derived from the viscoelastic loss, which
is quantified as the product of the apparent friction coefficient and normal load in the
literature, was always considered. In the presence of dry contact friction, surfaces might
experience the partial slip state before the frictional sliding motion when the input lateral
loads shown in Figure 6b are not sufficient to induce gross sliding (e.g., shear tractions
are lower than the local static friction). To briefly explain the two concepts, gross sliding
is a dynamic process, in which the contacting bodies continuously move relative to each
other over time. In contrast, the partial slip contact is a quasi-static process, where there
is no actual global relative sliding between surfaces. In this case, the contacting area is
separated into the stick region, in which no relative motion occurs, and the slip region,
in which local relative movement does happen. The typical evolution of the stick and
slip regions with increasing tangential load in a spherical viscoelastic partial slip problem
is illustrated in Figure 8 [60], where a creep phenomenon is experienced in the normal
direction. Based on SAM, the conformal partial slip contact between a rigid pin and a
viscoelastic plate was simulated by Dayalan and Sundaram [84], where fretting contact
analysis was provided. A FEM-based model was developed by Bonari and Paggi [85] to
investigate the periodic partial slip contact between a sinusoidal indenter and a viscoelastic
layer with finite thickness. Similarly, a study of the effects of viscoelasticity on the partial
slip solutions of a spherical contact problem, where the coupling effects between pressure
and shear tractions arising from the material discrepancy were taken into account, was
recently conducted by Wang et al. [60] using a BEM-based model. An abrupt transition
from partial slip to gross sliding, caused by the unstable and time-varying property of
viscoelastic materials under fully-coupled conditions, was found in their study. By using
the time-stepping method, the stick-slip solutions to the contact of anisotropic viscoelastic
solids were proposed by Nguyen and Hwu [86]. Regarding the dry contact friction in
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sliding or rolling contact, it was analyzed by Goriacheva [87] in a cylindrical rolling
problem. However, the pressure solution was not affected by the dry contact friction
(shear traction), as the two contacting viscoelastic bodies were assumed to exhibit the
same mechanical properties (thus no mutual effects between contact tractions) in the
study. Later, the Goodman approximation [88], which neglects the effect of shear tractions
on normal pressure, but considers that of pressure on shear tractions, was adopted by
Goryacheva and Sadeghi [89] to analyse the role of Coulomb friction in the cylindrical
rolling or sliding problem of an elastic substrate covered by a viscoelastic layer. Excluding
the partial slip period, the frictional sliding of a sphere against a viscoelastic half-space was
simulated by Goryacheva et al. [90], where the effects of dry friction on sliding solutions
were investigated [91]. Their results showed that the existence of shear stress (Coulomb
friction) could increase the peak pressure and shift the contacting region in the direction of
the sliding motion. In addition to the half-space contact, Goryacheva and Miftakhova [92]
analysed the effect of viscoelastic layers in the frictional rolling contact. The range of the
relative slippage, which occurs in frictional rolling contact, was found to be significantly
affected by the viscoelastic layer.
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Beyond the unidirectional sliding or rolling contact, there are several numerical at-
tempts to simulate reciprocating contacts. A BEM-based model was recently developed
by Putignano and Carbone and Dini [93–95] to investigate the oscillating contact between
a sinusoidal indenter and a viscoelastic half-space. In the meantime, a novel boundary
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element methodology was developed by Santeramo et al. [96] to simulate conformal contact
problems of viscoelastic materials. Although the study only investigated the frictionless
and steady-state contact of 2D circular surfaces, it filled in the gap about viscoelastic circular
contact solutions for conformal geometries based on BEM.

3.3. Viscoelastic Rough Contact

The above modelling work focuses mainly on single-asperity contact problems. How-
ever, it is known that surfaces encountered in real life are usually irregular, showing compli-
cated topography, and many of interest often exhibit a self-affine fractal feature [97,98]. The
power-law relation that holds in a limited wavevector region (q0 < q < q1) (illustrated in
Figure 9) for the power spectral density of a typical fractal rough surface can be expressed
with the following equation [97–99]:

C(q) = C(q0)×


1 qL < q ≤ q0

(q/q0)
−2(1+H) q0 < q ≤ q1

0 else
(14)

where H is the Hurst exponent linked to the fractal dimension D f

(
H = 3− D f

)
and qL,

q0 and q1 are known as the smallest possible wavevector, short-distance roll-off wavevector
and long-distance cut-off wavevector, respectively. The fractal dimension D f can be deter-
mined by the slope of the log C− log q plot for the part where q > q0, as shown in Figure 9.
The smallest possible wavevector, qL, can be determined from the lateral size L of the rough
surface (qL = 2π/L), and it can be related to the long-distance cut-off wavevector with the
number of scales N (q1 = NqL).
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The requirement to resolve interactions between surface asperities exacerbates the
complexity of viscoelastic contact problems. The solution of the real contact area for a
viscoelastic solid squeezed into a fractal rough surface was proposed by Persson et al. [100]
using a contact-mechanics-based theory [101]. Based on his theory of contact mechan-
ics and rubber friction [101], the sliding contact of viscoelastic surfaces with anisotropic
surface roughness was analyzed by Carbone et al. [102] and Afferrante et al. [103]. The
contribution of the fractal roughness to the rubber friction was analyzed by Scaraggi and
Persson [101,104]. Their theories were later applied by Scaraggi and Comingio [105], who
developed a model underpinned by a Fourier-based residual molecular dynamics formula-
tion to investigate the rough contact of viscoelastic-graded materials. The role of small-scale
wavelengths, which is related to the largest roughness frequency q1, on rubber friction was
highlighted in their study. The sliding contact between a rigid sinusoid against a viscoelastic
half-space was solved by Menga et al. [75] analytically, where the role of viscoelastic inter-
action between asperities in periodic contact (e.g., viscoelastic stiffening and periodicity of
contact) was investigated. The analytical solution to indentation problems of nominally
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flat viscoelastic surfaces was proposed by Papangelo and Ciavarella [106] by extending the
contact theories of Persson [101] using the elastic-viscoelastic correspondence principle.
The solution was then employed to analyze the viscoelastic bulk dissipation under a full
cycle of harmonic loading and unloading. According to their numerical study [106], the
maximum energy dissipation can be achieved when the loading period is close to the
relaxation time of the viscoelastic materials, and it can be increased by increasing the mean
normal pressure and the ratio of retardation time to the relaxation time of the material.

By using an adaptive nonuniform mesh to address the huge computational complex-
ity [107], Carbone and Putignano conducted a numerical study to simulate the sliding
contact of rough viscoelastic materials in different forms (half-space [108] and layer [76,78])
based on their BEM-based model [74]. The roughness power spectrum cut-off, which
indicates the number of scales of rough surfaces N, was found by Putignano [109] to have
significant effects on the viscoelastic friction, such that the friction tends to increase with the
number of scales. The anisotropy in terms of contact areas and displacement distribution
was confirmed to be caused by the viscoelasticity in rough contact, according to their later
numerical investigation [110]. In the presence of Coulomb friction, the sliding contact of
viscoelastic thin layers on a rigid substrate was simulated by Menga et al. [111], where the
coupling effects between the normal and tangential tractions on the enhanced viscoelastic
friction and energy dissipation were highlighted. The transient frictionless contact of an
incompressible viscoelastic semi-infinite body rolling on a rough rigid surface was ana-
lyzed by Bugnicourt et al. [21] numerically. The apparent friction coefficient derived from
dissipative losses inside the viscoelastic bulk in tyre-road contact was evaluated in their
study. A numerical study was conducted by Liu et al. [54] to study the effect of microstruc-
ture and surface roughness on the indentation creep of viscoelastic composite materials
using a SAM-based model. It was found that although the modulus of the composite
materials increases with the surface roughness, the indentation creep is barely influenced
by the surface roughness. Recently, a new BEM-based model was developed by Putignano
and Carbone [112] to simulate the one-dimensional indentation problem between a rigid
rough surface and a viscoelastic half-plane. The effects of surface roughness parameters,
including the root mean square roughness, root mean square slope and Hurst exponent, on
the viscoelastic dissipation were revealed in the indentation problem. The root mean square
roughness was found to play a leading role, which suggests that it is sufficient to estimate
the viscoelastic dissipation by a simple measure of this roughness parameter. By using a
BEM-based model to simulate the configuration of a rigid finite-size rough punch against
a viscoelastic rough surface, the peculiar role played by surface roughness in viscoelastic
reciprocating contact solutions was investigated by Putignano and Carbone [95].

3.4. Viscoelastic-Adhesive Contact

A common limitation among the models presented above is the neglecting of adhesive
force. Practically, such interaction force always exists between two contacting bodies. It
decreases appreciably with the increasing distance between the surfaces. Although the
adhesive force is usually relatively weak, it plays a significant role as long as one of the
following conditions fits [13]:

(1) The contacting surface is extremely smooth;
(2) One of the contacting components is much softer or compliant;
(3) The surface contact is considered on a micro-scale.

The adhesive force in contact mechanics can be explained by the Lennard-Jones
potential [13,113,114], which is a model used conventionally to describe simple interactions
between two particles (atoms). The model describes the inter-atomic Van der Waals forces
while neglecting the electrostatic and capillary force, the effects of which on adhesion
can be found in the work of Israelachvili [114]. Based on physics, when the distance
between the electrically neutral atoms is less than or larger than the size of the atoms (δ),
the mutual interaction between them occurs under the influence of the Van der Waals
forces. As illustrated in Figure 10a, when the distance between two neutral atoms is over
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the equilibrium distance (r0), the adhesive (attractive) force starts to perform. However,
once the two atoms are moving close to each other (smaller than the equilibrium distance),
repulsive force tends to be generated [13,113,114].
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It is of note that the Lennard-Jones potential is limited in the reflection of interatomic
potential in reality. Without the aim of giving an exhaustive discussion on this topic in
this review paper, readers can refer to the latest work by Muser et al. [115] for a detailed
description of interatomic potentials, where different functional forms for potentials (e.g., the
Buckingham potential and Axilrod–Teller–Muto potential) and potential classes (e.g., two-
body potentials and multi-body potentials) were introduced from a physical perspective.

Given that the maximum adhesive force has a fundamental limit, as shown in
Figure 10b, the effects of the adhesion on contact are often neglected in contact analy-
sis. It would not highly affect the modelling result when the contact pressure induced
by the load applied to the surface is significantly higher than the maximum adhesive
force. Hence, it is a common practice to ignore the adhesion when it comes to the contact
problems of metallic materials, where the effect of adhesion is usually insignificant. How-
ever, since viscoelastic materials usually have low contact compliance and exhibit the soft
feature corresponding to the second condition shown above, they would have considerable
deformation when having contact with hard materials. This would induce a relatively large
contact area, thus narrowing the gap between the contact pressure and the adhesive force.
As a result, the reliability of the simulation results derived from the viscoelastic contact
models discussed above can be undermined due to the neglect of adhesion.

The development of the contact model integrating adhesion and viscoelasticity is
still in its early stage, where the available solutions are usually developed by applying an
enrichment technique, in which the enrichment fields from adhesive contact solutions (such
as the Johnson–Kendall–Roberts (JKR) theory [9] and Derjaguin–Muller–Toporov (DMT)
theory [10]) are superimposed on the ordinary elastic and viscoelastic problem solutions.
Both the JKR and DMT models studied the adhesive contact between a smooth sphere and
a flat body, but with different assumptions and methods, which leads to different results. It
was suggested by Tabor [116] that both solutions are correct depending on the contact type,
which could be characterised by the Tabor parameter expressed as:

µ =

(
Rγ2

E∗2r3
0

)
, (15)

where µ represents the Tabor parameter; R and E∗ are the combined radius and composite
modulus of contacting surfaces, respectively; and γ is the work of adhesion. The JKR
model was found to be valid only for the contact problem with a Tabor parameter (� 5),
while the DMT model is applicable for the Tabor parameter (� 0.1). A more common
summary of the two models states that the JKR model is effective for solving larger and
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more compliant contact problems, while the DMT model is suitable for handling stiffer and
smaller contact problems. Notably, neither of the two models can provide a comprehensive
understanding of the adhesion in contact mechanics, although they could offer a decent
approximate solution for a certain range of contact problems.

Classical theories of fracture mechanics also played an essential role in the early studies
of viscoelastic-adhesive contact [117–119]. An attempt was conducted by Hui et al. [120],
where the JKR model and theory of viscoelastic fracture mechanics were implemented
to simulate the viscoelastic-adhesive contact of spheres. By integrating the solution of
Ting [38] and the restricted self-consistent adhesive model by Tabor [116], Haiat et al. [121]
developed a solution to the adhesive contact problems of viscoelastic spheres. A FEM-based
model was developed by Lin and Hui [122] to simulate the spherical contact, where the
adhesion was accounted for by the Dugdale–Barenblatt model [123,124]. Based on the JKR
model, an analytical solution to the adhesive contact of elastomer was proposed by Barthel
and Fretigny [125]. The role played by viscoelasticity in the effective adhesion energy
was quantified as a function of the contact edge velocity in the approximate analytical
expressions. Yu et al. [126] developed a model for the contact of viscoelastic materials
with the adhesive interaction, where the viscoelastic aspect of the model is based on the
model of Chen [8] for the indentation contact of viscoelastic materials, while the adhesive
aspect of the model is based on the theory of fracture mechanics by Schapery [127] and the
theories of JKR [9], DMT [10] and Maugis [128]. By using the Maugis–Dugdale model [128]
to characterise the dependence of the adhesive force on the gap between surfaces, a model
was developed by Goryacheva and Makhovskaya [129] to investigate the adhesion effect
in the sliding contact of a spherical indenter [130] or a periodic surface [131] against a
viscoelastic substrate.

A fully deterministic model for the normal contact of viscoelastic-adhesive contact was
recently developed by Afferrante and Violano [132] using FEM. Inspired by the Derjaguin
approximation [133], the adhesive interaction between surfaces was characterised by non-
linear springs following Lennard-Jones traction-gap law in their model. The pull-off load
in smooth and adhesive viscoelastic contact problems was analysed by Afferrante and
Violano [132], and they reported that the viscous dissipation is confined to the contact
edges when short-ranged adhesion is considered. Together with the study of Afferrante
and Violano [132], Muser and Persson [134] conducted a numerical work that supported
the model of Persson and Brener [135], which was developed based on viscoelastic crack
propagation. In their simulation of the adhesive contact between a rigid cylinder and a
viscoelastic half-space, a maximum in the work of adhesion was found at intermediate
pull-off velocities. Additionally, they reported that realistic dissipation can hardly be
achieved without correct short-range adhesion. The interplay between adhesion and
viscoelasticity in steady sliding contact was studied by Carbone et al. [136] numerically.
Compared with the adhesiveless viscoelastic contact, the curve of hysteretic friction and
sliding velocity is significantly changed, presenting a more pronounced friction peak. By
simulating the viscoelastic adhesive contact between a sphere and a 2D nano-wavy surface,
Yang et al. [137] reported that the effects of viscoelasticity can be neglected when the
approach speed is high. However, viscoelasticity would bring significant change under
low approaching speed, such as the increases of the maximum contact area and the pull-off
load, when compared with the elastic case. Furthermore, the pull-off force was found to
change monotonically with the increasing wavy parameter, while the maximum contact
area responds in a nonmonotonically way. The effects of viscoelasticity on the adhesive
hysteresis was investigated in the latest numerical work of Perez-Rafols et al. [138]. Apart
from the finding that the viscoelasticity results in an increased effective work of adhesion
due to the stiffening of contact, they argued that the contributions of surface roughness and
viscoelasticity to the hysteresis in soft adhesive contacts are linearly additive in the region
where viscoelasticity is confined to the edges of the wavy contact. This novel opinion
remains up to further investigations, as they considered a single wavelength roughness
instead of a realistic rough surface.
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4. Lubricated Contact of Viscoelastic Bodies

As lubricants are frequently applied in practice for the control of friction and wear,
appropriate lubrication analysis plays a vital role, as it can not only evaluate the lubrica-
tion regimes, but also helps to determine the design and manufacturing parameters of
components working in a lubricated environment.

Regarding the effect of viscoelasticity on the lubrication performance, it was reported
by Yoo [139] and Kaneko et al. [140] that the solution, in which the viscoelastic effect is
accounted for in the squeeze film lubrication model, can be significantly different from that
under the elastohydrodynamic lubrication (EHL) environment. Compared with the elastic
counterpart, the film thickness, as well as the bearing volume, in the viscoelastic cases ex-
hibit lower values [139]. By using an iterative Newton–Raphson scheme, Elsharkawy [141]
proposed a numerical solution to the line contact lubrication problem of viscoelastic half-
space. Similar contact problems were also analysed by Hooke and Huang [142], Scaraggi
et al. [143] and Pandey et al. [144]. All of them reported remarkably different results in
terms of the asymmetric pressure profiles and shrunk film thickness at the flow outlet when
compared with the classical EHL regimeresponse, which is derived from viscoelasticity.
Apart from EHL, by studying the lubricating performance of a smooth cylinder sliding
against a randomly rough, nominally flat viscoelastic solid, Scaraggi et al. [143] reported
that the minimum (average) film separation does not monotonically increase with the slid-
ing velocity from the boundary lubrication regimeto the ordinary EHL regime. A Stribeck
curve, which exhibits different structures when compared with that of elastic solids, was
reported in their study. They argued that the common procedure to attain a Stribeck curve
for elastic solids (e.g., using different fluid viscosities and plotting the friction coefficient
as a function of the product of the kinetic viscosity and sliding speed) can be invalid for
viscoelastic solids [143].

The newly defined viscoelasto-hydrodynamic lubrication (VEHL) has now been recog-
nized as a peculiar regime that needs to be carefully considered when viscoelastic materials
come into lubricated contact. A point contact lubrication model was developed by Putig-
nano and Dini [145], where the effects of coupling between the fluid flow and the solid
hysteretic response were considered. According to their simulation results, the friction in
the VEHL system was found to be affected by the viscous loss, as well as the viscoelastic
hysteresis. The numerical approach was later generalized by Putignano [146] to take into ac-
count different contact configurations and to investigate the effects of viscoelasticity in each
case. The latest work of Putignano and Campanale [147] extended the study of VEHL con-
tact to non-steady-state conditions, where a strong coupling between the time-dependent
features of the fluid-dynamics problems and the viscoelastic relaxation of the material
was found. A point VEHL contact model was recently developed by Zhao et al. [148]. A
novel equation for determining the viscoelastic deformation was employed in their model
to release the computational burden. A more complicated VEHL contact situation, in
which layered materials with imperfect layer-substrate bonding are involved, was recently
simulated by He et al. [149] using SAM. Meanwhile, Li et al. [150] developed a model to
investigate the VEHL contact of viscoelastic materials containing arbitrary inhomogeneities.

It is of note that the role of viscoelasticity in the contact mechanics of lubricated solids
has not been investigated theoretically and numerically to the same extent as for dry contact.
To date, the role of surface roughness was barely investigated, as the fluid film was fully
formed in VEHL. However, when it comes to boundary lubrication or mixed lubrication,
the effects of surface roughness can be significant on the lubricating performance, which is
worthwhile to investigate in future numerical studies.

5. Thermoviscoelastic (TVE) Contact

Due to the time and temperature dependency, the properties of viscoelastic materials,
including creep compliance and relaxation modulus, can be characterised as a function
of temperature, as well as time. However, the numerical studies discussed above were
conducted with the assumption of isothermal conditions to simplify the contact problems.
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The viscoelastic contact problem, in which the mutual influences of material properties
and temperature rise are involved, has attracted the attention of several studies in the last
few decades. Persson [151] analysed the sliding contact of a rubber indenter against a rigid
rough substrate, where the effects of the flash temperature derived from friction were taken
into account. As highlighted in their later numerical analysis [152,153], the temperature
rise due to relative motion during the contact of surfaces is of essential concern when
viscoelastic materials are applied to a high-speed working environment. In addition to
friction-induced heating, the heating derived from energy dissipation due to hysteresis,
which tends to be unavoidable in the contact of viscoelastic materials, was considered in
the formulation of Persson [151].

The development of the numerical model for thermoviscoelastic contact problems
is still in its early period. By using an approximated approach to adapt the viscoelastic
modulus to thermal effects in their BEM-based model [74], Putignano et al. [154] provided
qualitative solutions to thermos-viscoelastic rolling contact problems at high speeds. By ex-
tending the SAM-based VEHL model [149], He et al. [155] developed a thermal-viscoelasto-
hydrodynamic lubrication model (TVEHL) model to simulate the contact behaviour of
an elastic sphere against a viscoelastic half-space, where the temperature dependency
of the surface displacement was determined using the frequency-temperature superpo-
sition [156,157]. The thermos-viscoelastic contact of layered materials was simulated by
Zhang et al. [158], where the fully coupled velocity-frequency-temperature relationships
were taken into account. The contact configurations, including rubber coating against
elastic substrate and elastic layer against rubber substrate, were investigated in their study.
To date, the effects of surface roughness in thermoviscoelastic contact were barely reported
in the numerical studies based on these models, which is worthwhile to investigate in
the future.

6. Non-Linear Viscoelastic Contact

Although the models based on linear viscoelastic theory provide great knowledge
of the contact behaviour of viscoelastic materials, the simulation results are still an ideal
abstraction of some real material behaviours to some degree. The nonlinearity of vis-
coelastic materials tends to be the biggest bottleneck problem for researchers. Efforts have
been made in developing a suitable rheological (mathematical) model to characterise the
nonlinear viscoelastic behaviour [159–161]. Thus far, a few models based on finite element
analysis have been raised. By using the single-integral creep model with stress-dependent
properties of Schapery [29], Henriksen [162] and Roy and Reddy [163] developed their own
incremental iterative algorithms to solve the contact problems of nonlinear viscoelastic bod-
ies. The work of Henriksen [162] was then extended by Lai and Bakker [164], who included
the nonlinear effects derived from temperature and physical ageing in the constitutive
model. By decoupling the deviatoric and volumetric response and subdividing the strain
vector into instantaneous and hereditary parts, a finite element formulation was developed
by Haj-Ali and Muliana [165] to model the nonlinear viscoelastic behaviour of isotropic
materials. By characterising the material nonlinearity with the strain-softening function
and employing updated Lagrangian formulations, another formulation was developed by
Shen et al. [166] to analyse the three-dimensional contact of nonlinear viscoelastic problems
with large deformations.

Apart from these early attempts, Mahmoud et al. [167] recently developed a FEM-
based model to simulate two-dimensional quasistatic frictionless contact problems, where
nonlinear viscoelastic behaviour and large deformations were taken into account. The
model was later extended to simulate the quasistatic frictional contact [168] and steady-state
frictional rolling contact [169] of non-linear viscoelastic solids. As the modelling of nonlin-
ear viscoelastic contact is still in its early stage, the role played by surface roughness was
barely investigated in the numerical studies, which needs to be investigated in the future.
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7. Case Studies

The numerical tools discussed above can be readily extended to practical applications
by specifying the contact input used in real life, including load, material properties, relative
motion, surface geometry, lubricating conditions and operating temperature. Of course,
additional expertise may be required for effective numerical analysis in specialized disci-
plines. In this section, numerical studies based on various viscoelastic models in different
fields, including the contact of ultra-high molecular weight polyethylene (UHMWPE) hip
replacement in the biomedical field, contact of polydimethylsiloxane (PDMS) surface in
the nanotechnology field and contact of rocks in the geological field, are presented and
discussed to demonstrate how numerical models can help analyse and improve the design
of various components in different contact systems.

7.1. Lubrication Analysis of UHMWPE Hip Replacements

In the biomedical industry, total hip replacement (THP) is a medical treatment that is
usually implemented when the hip joint is worn or damaged to such a serious extent that
personal mobility is significantly reduced and the patient experiences pain from the hip
even when resting. Due to the existence of synovial fluid in human bodies, hip prostheses
may work under different types of lubrication regimes, depending on human activities.
Based on the linear elastic theory, the squeeze-film lubrication problem for hip replacements,
including an acetabular cup made of UHMWPE and a femoral head made of metal or
ceramic materials, has been investigated numerically by several researchers [170–172]. The
reported viscoelasticity of UHMWPE [173] undermines the reliability of these numerical
studies. The essential role played by the viscoelasticity of UHMWPE in the lubrication
performance of hip prostheses was reported by Lu et al. [174] using a SAM-based transient
lubrication model. By establishing the ball-in-socket lubrication model of the hip joint
and specifying the contact inputs, including load and angular velocity during the gait
cycle, the viscoelasticity of the UHMWPE cup was found to have significant effects on the
pressure profile, such as lower peak pressure, despite barely influencing the lubricating
film thickness. Recently, with the developed transient viscoelastic squeeze-film lubrication
model, Lu et al. [175] furthered the study on the viscoelastic effects of UHMWPE on
the squeeze-film lubrication action of artificial hip replacements. Although the central
film thickness increased, the minimum film thickness was found to be decreased by the
viscoelasticity, which leads to early direct contact. Moreover, the viscoelastic lubricating
performance was found to be enhanced by decreasing the relaxation time and mechanical
loss factor of the material. The enhanced lubrication analysis helps to develop appropriate
methods to ensure the long-term successful functioning of artificial joints by reducing
wear. The parametric analysis in these numerical studies, including the relaxation time
and the ratio of the storage and the loss modulus of the UHMWPE cup, provides essential
guidance for the future design of UHMWPE hip implants. The contact performance of a
hip replacement, such as the pressure and lubrication film thickness, can be manipulated
by tuning these material parameters.

7.2. Viscoelastic-Adhesive Contact Analysis of PDMS in Nanotechnology

In terms of the nanotechnology field, the triboelectric nanogenerator (TENG) is an
evolving mechanical energy harvesting technology, which can be applied to collect me-
chanical energy from the surrounding environment and convert it into electrical energy for
powering small devices based on the principles of contact charging and electrostatic induc-
tion [176]. A typical viscoelastic material known as PDMS is frequently applied. Micro- or
nano-size textures are commonly fabricated on the PDMS surface in order to enhance the
electrical performance of TENG, on which occasion the role of Van der Waals interaction
becomes dominant. By assuming that PDMS behaves as a linear elastic material, adhesive
contact models were developed by Jin et al. [177] and Yang et al. [178] to investigate the con-
tact of the textured film with the metal electrode. Recently, a viscoelastic-adhesive model
was developed by Wang et al. [179] to investigate the effects of viscoelasticity and texture



Lubricants 2022, 10, 358 20 of 28

sizes on the contact and electrical behaviour of TENG. By specifying the contact inputs of
TENG that work in a repeated contact-separation mode, the simulation results from the
model were found to be closer to the experimental results when compared with those from
an elastic-adhesive model. The effects of surface adhesion (e.g., the increase of the pull-off
force with the loading cycle) and viscoelasticity (e.g., a larger contact area ratio and higher
electrical outputs, including open circuit voltage, short circuit current, transferred charge
and load voltage) were reported in their numerical study. Under the application of a higher
load, those with a smaller pitch and a larger width were found to produce higher electrical
performance among the tested pyramid textures. These simulation results can serve as a
useful reference when designing the viscoelastic surface texture of TENG in the future.

Apart from TENG, PDMS is also widely applied in micro-transfer printing, which is
an advanced technology that makes use of surface adhesion to integrate functional devices
by transferring pre-fabricated micro- or nano-elements from the growth substrate to the
receiver substrate through a viscoelastic stamp [180]. A FEM-based viscoelastic-adhesive
model was recently developed by Jiang et al. [181] to investigate the adhesive contact
between a PDMS stamp and a spherical transferred element, where the Lennard-Jones
surface force law was applied to simulate Van der Waals forces. After specifying a loading-
dwelling-unloading history, which is usually employed during the process of micro-transfer
printing, a parametric study, including the effects of unloading velocity, preload and the
thermodynamic work of adhesion on the pull-off force (e.g., adhesion strength), was
conducted. These numerical results revealing relations between these parameters and the
pull-off force provide a theoretical reference to control strategies of adhesive force between
the viscoelastic stamp and the transferred element in the transfer printing process, which
determines the capability of the sophisticated technique.

7.3. Failure and Instability Analysis of Viscoelastic Rocks

Applications of viscoelastic models can also be found in the geological field. Con-
sidering that rocks exhibit a pronounced time-dependent mechanical behaviour (e.g., the
deformation and failure of rocks evolve gradually over time instead of occurring instanta-
neously), which is supported by evidence from several field studies [182–184], the rheology
of rocks has become one of the essential topics in geomechanics. Recently, within the
framework of irreversible thermodynamics, a finite-strain viscoelastic-damage model was
developed by Cheng et al. [185] using FEM to investigate the long-term strength and time-
dependent failure and instability of rocks. Within the model, the heterogeneity of materials
was considered on the mesoscale, and a continuum damage constitutive relationship was
employed to characterize the material damage process. In addition to the time-dependent
property, the buckling instability mechanism of rocks was taken into account during mod-
elling. After calibration with experimental results from creep and stress relaxation tests,
the model was used to simulate the collapse of rock slab. It was found that the collapse of
rock slabs is caused by the interaction effect between the buckling instability mechanism
and the time-dependent failure mechanism. The numerical analysis from the model shall
provide meaningful guidance in terms of engineering design, safe construction and disaster
prevention or mitigation where rocks are involved.

8. Conclusions and Future Research

Numerical research over the last six decades has brought forward numerous fun-
damental insights into the contact analysis of viscoelastic bodies. The implications for
enhanced comprehension of the mechanical and tribological behaviour of viscoelastic
materials under different operating conditions are profound by providing us with a better
view of how full use can be made of these time-dependent materials in a more scientific
way. Through applying efficient modelling techniques, along with the comprehensive theo-
ries that mathematically describe the contact response of viscoelastic materials under dry,
lubricated or non-isothermal environments, various numerical tools have been developed
to simulate the corresponding contact problems. The contact analysis derived from these
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models shall benefit all walks of life, given the ubiquitous viscoelasticity problems to be
addressed. Although a comprehensive numerical framework is being built up owing to the
considerable efforts dedicated by the model developers shown in this review paper, the
following knowledge gaps remain to be filled in for the further development of an ideal
panacea that can tackle intractable viscoelastic contact problems in practice:

(1) As discussed in Section 3.2, the simulation of sliding or rolling contact was commonly
assumed to be frictionless. The reason behind such practice is relevant to the intrinsic
property of some specific polymers. It is known that elastomers are incompressible.
For the problem of an incompressible half-space sliding on a rigid surface, there
exists no coupling between the normal pressure and shear tractions. As the normal
and tangential contact problems are independent of each other, the simplest way to
simulate the sliding or rolling contact problems of viscoelastic materials is to neglect
shear tractions in the lateral direction, together with their related coupling effects
affecting the pressure profile, and to quantify the friction force exclusively derived
from the viscoelastic losses. However, the case where uncoupled conditions can be
applied is not ubiquitous. When addressing the common material combination for
engineering products, such as the knee or hip prosthesis (usually a hard metal against
a soft and compressible polymer), the inclusion of the coupling effect seems inevitable.
A fully coupled model, which provides information on both normal and tangential
fields in frictional viscoelastic sliding contact problems, is worth studying for fine
precision engineering applications. To date, there is no exhaustive numerical analysis
in terms of the effects of the coupled partial slip period on the later sliding contact
solutions, which is worthwhile to investigate.

(2) As mentioned in Section 3.4, the development of viscoelastic-adhesive contact models
is still in the early stage, as the developed models can only solve indentation problems.
Since the additional adhesive force makes it difficult to obtain closed-form contact
solutions based on energy approaches, and extremely careful consideration of energy
terms is required, the surface adhesion in coupled normal and tangential contact of
viscoelastic surfaces seems to be a knowledge gap.

(3) Few BEM-based models simulating the nonlinear viscoelastic model were reported,
as BEM-based algorithms are limited by the assumptions of linear viscoelasticity.
However, the extension of BEM-based models to contact problems, where nonlinear
interface constitutive response is involved, may be possible by applying specific
computational techniques or approximation approaches. Considering the higher
computational efficiency of BEM compared to FEM, it is worthwhile to develop a
general BEM-based nonlinear viscoelastic model.

(4) Although the effect of surface roughness on the dry contact of linear viscoelastic
materials was investigated and reported in several numerical studies, as mentioned
in Section 3.3, it was barely included when it comes to the modelling of lubricated
contact, thermoviscoelastic contact and nonlinear viscoelastic contact. The synergy of
the surface roughness and other variables can be essential, which needs to be analyzed
in future modelling work.
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Nomenclature

2D two-dimensional
3D three-dimensional
BEM boundary Element Method
DC-FFT discrete convolution fast Fourier transform
DEM discrete element method
DMT Derjaguin–Muller–Toporov
EHL elastohydrodynamic lubrication
FEM Finite Element Method
FFT Fast Fourier Transform
GFMD Green’s function molecular dynamics
JKR Johnson–Kendall–Roberts
MIM matrix inversion method
PDMS polydimethylsiloxane
PMMA polymethyl methacrylate
SLS standard linear solid
SAM semi-analytical method
TENG triboelectric nanogenerator
THP total hip replacement
TIM two-scale iterative method
TVE thermoviscoelastic
TVEHL thermal-viscoelasto-hydrodynamic lubrication
UHMWPE ultra-high molecular weight polyethylene
VEHL viscoelastic-hydrodynamic lubrication
a0 Hertz solution of contact radius using the instantaneous modulus
C(q) power spectral density of a fractal rough surface
D f fractal dimension
E∗ composite modulus of contacting surfaces
E(ω) complex modulus of material
G modulus of spring in rheological model
H Hurst exponent
H(t) Heaviside step function
L lateral size of rough surface
N number of scales when describing fractal rough surface
p0 Hertz solution of peak pressure using the instantaneous modulus
q wavevector
q0 short-distance roll-off wavevector
q1 long-distance cut-off wavevector
qL smallest possible wavevector
r distance between two interacting particles (bodies)
R combined radius of contacting bodies
r0 equilibrium distance
s complex number frequency parameter in the Laplace transform domain
t time
W(r) potential energy
γ work of adhesion
δ size of the interacting particles
ε strain
η viscosity of dashpot in rheological model
µ Tabor parameter
σ stress
τ relaxation time
Φ(t) function of creep compliance
Ψ(t) function of relaxation modulus
ω frequency
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