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Abstract: Radio relics are diffuse synchrotron sources that illuminate shock waves in the intra-
cluster medium. In recent years, radio telescopes have provided detailed observations about relics.
Consequently, cosmological simulations of radio relics need to provide a similar amount of detail.
In this methodological work, we include information on adiabatic compression and expansion,
which have been neglected in the past in the modelling of relics. In a cosmological simulation of a
merging galaxy cluster, we follow the energy spectra of shock accelerated cosmic-ray electrons using
Lagrangian tracer particles. On board of each tracer particle, we compute the temporal evolution of
the energy spectrum under the influence of synchrotron radiation, inverse Compton scattering, and
adiabatic compression and expansion. Exploratory tests show that the total radio power and, hence,
the integrated radio spectrum are not sensitive to the adiabatic processes. This is attributed to small
changes in the compression ratio over time.

Keywords: galaxy clusters; intracluster medium; radio relics; cosmic-ray energy spectra; adiabatic
processes; cosmological simulations; Lagrangian tracer particles

1. Introduction

Radio relics are diffuse radio sources observed at the periphery of galaxy clusters.
Relics are the manifestations of cosmic-ray electrons being "shock accelerated" to high
energies [1–3]. The shock waves develop naturally in the intracluster medium (ICM)
during cluster mergers and the accretion of matter. These shock waves (re-) accelerate the
ICM electrons to high energies via diffusive shock acceleration (DSA) [4,5].

As of writing this paper, about 60 relics and candidates are known, and radio obser-
vations are detecting more relics. Furthermore, high-resolution observations show that
relics are non-uniform structures and they show threads and filaments on kpc-scales [6,7].
The origin of these filaments is still unknown. They might trace magnetic filaments,
the underlying gas density, or the Mach number distribution of the shock wave.

When computing the cosmic-ray energy spectra in cosmological simulations, previous
studies have included energy losses due to synchrotron radiation and inverse Compton
scattering only [8–12]. These works neglected any modification of the energy spectrum
due to adiabatic expansion and compression, as done, for example in [13,14]. However,
if adiabatic processes are relevant, they might be important when studying the filamentary
morphologies of relics. Yet, it is still uncertain if cosmic-ray electrons are subjected to
significant adiabatic expansion or compression after they are shock accelerated. It might
also be that the post-shock gas dilutes gently. In this case, the cosmic-ray electrons are not
exposed to any significant adiabatic processes.

In this contribution, we extend the model derived by [8] and used in [9–12] to model
radio relics. To this end, we include the effects of adiabatic compression and expansion
when computing the cosmic-ray energy spectra. Furthermore, we use Lagrangian tracer
particles to follow the spectral evolution of shock accelerated cosmic-ray electrons. We
note that this is a methodological paper and we focus on the presentation of the model.
An analysis of the filamentary structures in relics is subjected to future works.
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This paper is structured as follows. In Section 2, we present the cosmic-ray model.
In addition, we present the cosmological simulation that we used. In Section 3, we
analyse how adiabatic effects change the total radio power and integrated radio spec-
tra. In Section 4, we summarise and conclude our work.

2. Materials and Methods

In this section, we derive the energy spectrum of shocked accelerated cosmic-ray elec-
trons under the influence of synchrotron radiation, inverse Compton scattering, and adi-
abatic compression and expansion. Furthermore, we present the simulation used in
this work.

2.1. Modelling of the Cosmic-Ray Spectra

In [11,12], we followed the approach of [8] to model the radio emission of radio relics.
Here, we expand our approach by two components. First, the original model only includes
synchrotron and inverse Compton energy losses. Here, we also include adiabatic gains
and losses connected to changes of the volume [15]. Second, in [11,12], we computed the
electron spectrum using the physical properties at the shock front. This assumption is
crude as the physical properties might change in the shock downstream. Hence, we follow
the energy spectra using Lagrangian tracer particles, see Section 2.2. Consequently, the new
approach is sensitive to local variations of the physical properties as well as adiabatic
compression and expansion.

It is commonly assumed that radio relics are produced by DSA [5]. The energy
spectrum produced by DSA is a power-law distribution.

f0(E) = f̄ E−α. (1)

The energy spectral index depends only on the compression ratio r of the shock and,
hence, it is directly connected to the Mach number M:

α =
r + 2
r− 1

= 2
M2 + 1
M2 − 1

. (2)

After injection, the energy spectrum is modified by adiabatic processes as well as
synchrotron radiation and inverse Compton scattering. The modifications are described
by [16]:

−dE
dt

= CsyncE2 + CadiaE. (3)

For consistency with [8], the energy is given in units of mec2: E→ E/(mec2). The con-
stant Csync accounts for synchrotron and inverse Compton losses. Cadia describes adiabatic
compression and expansion of the volume V:

Csync =
σT

6πmec

(
B2

d + B2
CMB

)
(4)

Cadia =
1

3V
dV
dt

(5)

The different variables are: σT is the Thomson cross section; me is the electron mass;
c is the speed of light; Bd is the downstream magnetic field and BCMB is the equivalent
magnetic field of the cosmic microwave background. The adiabatic index is γ = 4/3.
In principle, changes of the cosmic-ray energy due to adiabatic processes can also lead
to radio emission, e.g., [17]. However, this is expected to be negligible compared to the
synchrotron emission.



Galaxies 2021, 9, 111 3 of 11

To compute the aged energy spectrum, we follow the method described in [18].
Therefore, we introduce the compression ratio

κ(t) =
V0

V(t)
(6)

which is the ratio of the initial volume V0 and the compressed/expanded volume at
time t. The substitution of e = κ−1/3E reduces Equation (3) to

−κ(t)1/3 de
dt

= Csyncκ(t)2/3e2. (7)

This equation integrates to

e =
1∫ t

t0
Csyncκ(t′)1/3dt′ + k

. (8)

The integration constant is given by k. Substituting E back and using the initial
condition E(t0) = E0 gives

E =
E0κ(t)1/3

1 + E0Ccool(t)
. (9)

Here, Ccool(t) is the integral
∫ t

t0
Csyncκ(t′)1/3dt′. The corresponding energy spectrum

is computed as

f (E, t) = f0(E0)
∂E0

∂E
κ(t) (10)

with the initial spectrum Equation (1) and

E0 =
Eκ(t)−1/3

1− Ccool(t)κ(t)−1/3E
(11)

the energy spectrum becomes

f (E, t) = f̄ E−ακ(t)(α+2)/3
(

1−
(

1
Emax

+ Ccool(t)κ(t)−1/3
)

E
)α−2

. (12)

Similar to [8], we included a high energy cut-off in Equation (12). The spectrum is only
computed when Ccool(t)κ(t)−1/3E < 1− E/Emax. Furthermore, if adiabatic compression
and expansion are neglected, i.e., setting the compression ratio κ(t) to one, the spectrum
becomes the solution derived by [8]. In this case, only synchrotron and inverse Compton
losses determine the spectrum’s shape. Finally, to have consistency with [8], we compute
the normalisation of the spectrum as

f̄ =
neCspec

mec2 (13)

with

Cspec = ξe
ud mp

c2me

q− 1
q

1
Ispec

(14)

Ispec =

∞∫
Emin

E
(

E
mec2

)−α(
1− E

Emax

)α−2
dE. (15)
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In the three equations above, the different variables are: ξe is the fraction of energy
that goes into the acceleration of electrons to suprathermal energies; ud is the internal
energy of the downstream gas; mp and me are the proton and electron masses, respectively;
c is the speed of light; q is the entropy jump; Emin = 10kBT is the minimum energy for
particles to be considered suprathermal; and Emax = 1010Emin is the maximum energy to
which particles are accelerated.

The similarity with the spectrum derived in [8] allows us to use the same substitution
of the variable τ to compute the corresponding radio emission as the integral of the
spectrum and the modified Bessel function:

dP
dVdν

= CR

∫
n(τ, t)F(1/τ2)dτ (16)

where τ is a function of E and takes the form:

τ =

√
3eB

16νobsmec

(
E

mec2 + 1
)

. (17)

CR =
9e5/2B3/2 sin(ψ)

4
√

νobsmec
(18)

For the pitch-angle ψ, we assume sin(ψ) = π/4.

2.2. Cluster Simulation

In this work, we combine cosmological simulations carried out with the ENZO code [19]
and a Lagrangian analysis performed with the code CRaTer [20]. For details on the algo-
rithms and implementation, we point to the given references.

Here, we analyse one cluster from the SanPedro-cluster sample. The SanPedro-cluster
sample is an on-going campaign to enlarge the number of simulated radio relics. The final
goal is to produce a collection of high-resolution relics that can be compared with obser-
vations, e.g., [12,21,22]. The simulation covers a root-grid volume of (140 Mpc/h)3 and
is sampled with 2563 cells. Five levels of nested refinements and one additional level of
adaptive mesh refinements were used to achieve a high and uniform resolution in the
(4.85 Mpc)3 volume centred on the cluster. The resolution is ∆x ≈ 8.54 kpc/h on the most
refined level. A uniform magnetic field with 10−7 G was initialised in each direction.

The cluster, analysed in this work, is of particular interest as it undergoes a major
merger that produces several shock waves. A large shock wave is developed at redshift
z ≈ 0. The shock wave is produced by a Mach number distribution that has an average of
∼2.8 and a standard deviation of ∼1.4. This is a typical shock wave produced during a
cluster merger, e.g., compared with Figure 10 in [12]. The shock wave produces a bright
radio relic that has the typical arc-shaped morphology as most observed relics. Hence,
the cluster merger and the radio relic are typical when compared to other simulated and
observed radio relics. An expansion of the analysis to different cluster mergers, including
more extreme ones, will be a task for future works. In Figure 1, we show the evolution of
the cluster’s baryonic density.
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Figure 1. Time-sequence of the cluster merger. The maps show the projected gas density in units of
log10(g/cm3) at six different snapshots of the simulation. In the last panel, the black contours give
the radio power at [1025, 1026, . . . , 1029] erg/s/Hz. The red arrows mark the relic that we study in
this work.

To follow the shock injected cosmic-ray energy spectrum, i.e., Equation (12), we use
the Lagrangian tracer code CRaTer [20,22–24]. At redshift z ≈ 1, we inject 5.1× 105 passive
tracers onto the ENZO-data. Each tracer carries a mass of mt = 9.5× 105 M� and additional
tracers are injected at runtime following the mass inflow of the simulation. At the end of
the simulation, the cluster is sampled with 9.2× 107 tracers. The relic itself is sampled by
∼5.8 × 104 tracers.

Using the cloud-in-cell-interpolation and an additional correction term to cure for
numerical biases in converging flows see [25], for an elaborated discussion and testing of
the scheme, the tracers are advected across the ENZO-data. The tracers use a temperature
based shock-finder to detect shock waves in the simulated ICM. The strength of the
corresponding shock waves is computed as:

M =

√
4
5

Tnew

Told

ρnew

ρold
+ 0.2. (19)

Once a tracer detects a shock, the injection spectrum, Equation (12) with t = 0, is
computed. At the subsequent timesteps, the integral Ccool(t) and the compression ratio
κ(t) are computed using the grid quantities, recorded by the tracers. Following the CFL-
condition, the tracers read the grid quantities and, hence, compute the aged spectrum
about every 2–4 Myr. The compression ratio, Equation (6), of the tracers is computed as

κ(t) =
ρ(t1)

ρ(t2)
. (20)

ρ is the local baryonic density measured from the grid at two adjacent timesteps t1
and t2, with t1 < t2.

In Figure 2, we plot the average density and the average compression ratio measured
by the tracers after they have passed the shock at ∆tshock = 0 Myr. We find that the
measured density slowly increases over time, with two drops at ∼60 Myr and ∼120 Myr
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after the shock passage. Consequently, the average compression ratio is rather small with
values around ∼1. Only at ∼60 Myr and ∼120 Myr, the comparison ratio increases to
∼1.1 and ∼1.2, respectively. The two spikes are of numerical nature, which we explain in
the following.

CRaTer analyses the ENZO-data in post-processing. The temporal spacing between the
saved ENZO-datasets is larger than allowed by the CFL-condition. However, for a stable ad-
vection, the tracers need to follow the CFL-condition. Therefore, they are advected over one
ENZO-dataset multiple times For an elaborated description of the CRaTer-implementation,
we point the reader to [25]. Once, the tracers reach the timestep of the next ENZO-dataset,
the new data are loaded and the tracers record the new ENZO-data. Hence, when new
ENZO-data are loaded, the measured tracer data are not only sensitive to the spatial changes
due to the tracer advection, but are also sensitive to temporal changes due to the new
ENZO-data. This effect can produce stronger jumps in the tracer data. However, as seen in
Figure 2, this numerical effect is rather mild.

Figure 2. The left panel shows average density measured by the tracers after shock passage, ∆tshock =

0 Myr. The right panel shows the average compression ratio measured by the tracers after shock
passage. In both panels, the two vertical lines mark the timestep, when a new ENZO- snapshot
is loaded.

3. Results

Using the methods described in Section 2.1, we compute the cosmic-ray spectra and
the associated radio emission of the shock accelerated particles. Therefore, we distinguish
between two models: first, we neglect adiabatic effects and only compute the spectral
evolution under synchrotron radiation and inverse Compton scattering. This model is
called relic S. The second model includes adiabatic effects and is called relic A. In the
following, we highlight the differences of the two models. Therefore, we focus on the radio
power and the integrated radio spectra. Any analysis concerning filamentary structures or
the polarisation properties are targets of future works.

3.1. Radio Power

Using Equation (16), we compute the radio power at 1.4 GHz of the two relics at
∼142 Myr after the shock passage. The radio power of relic S is about∼4.98×1029 erg/s/Hz.
The radio power of relic A is about ∼4.96× 1029 erg/s/Hz. Consequently, the difference of
the two is marginal and they can be considered equal. Hence, the adiabatic effects do not
affect the total radio power of the relic.

Figure 3 shows the maps of the radio emission at 1.4 GHz of the two models. For both
relics, we find a largest-linear scale of ∼1641.80 kpc. Furthermore, the relic morphologies
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appear similar. In order to investigate the difference of the two maps, we compute a
residual map normalised to the map of relic S, i.e., we compute:

∆P1.4 GHz =
P1.4 GHz(relic S)− P1.4 GHz(relic A)

P1.4 GHz(relic S)
. (21)

The residual map is shown in the first panel of Figure 4. For the most part, the differ-
ence between the two maps is small and approaches zero. Only in a few regions that are
mostly located in the far downstream do we find significant differences between the two.

To better quantify the difference between the two models, we computed the pixel-
weighted and radio-weighted distribution of the residual map. The distributions are
given in the second panel of Figure 4. The pixel weighted distribution peaks around
zero, with ∼85% of the pixels showing a difference between −0.1 and 0.1. For the radio-
weighted distribution, the peak between−0.1 and 0.1 increases above &90%. Consequently,
the relative difference between relic A and relic S is minor in the radio bright regions.
Vice versa, the relative difference is larger in fainter regions.

The results above show that the adiabatic effects are neglectable when studying the
total radio power and maps of radio relics.

Figure 3. Maps of the radio power for our two models in units of erg/s/Hz. The left panel shows
relic S. The right panel shows relic A.

Figure 4. The left panel shows the residual map of the two relics (see Equation (21)). The right panel
shows the volume weighted and radio-weighted distributions of the residuals.

3.2. Integrated Radio Spectra

To investigate the effect on observing frequencies other than 1.4 GHz, we computed
the radio emission at 0.14 GHz and 5.0 GHz. Using the radio power at the three different
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frequencies, we computed the integrated radio spectra for both relics. The radio spectra
are plotted in Figure 5. Here, we use the convention that I(ν) ∝ να

Fitting a power-law to the spectra, we find the same spectral index for both relic A and
relic S. The spectral indices are α ≈ −1.05. The fitted spectral indices start to diverge at the
fourth decimal place and, hence, they can be considered equal. Consequently, the integrated
radio spectrum remains unaffected by adiabatic effects.

In Figure 5, we also show the relative difference of the radio power of the two relics at
the three frequencies. We find that independent of the frequency, the radio power differ by
less than 0.26%. This explains the similar spectral indices.

The integrated radio spectrum plotted in Figure 5, shows a nearly perfect power-law
over a large frequency range. In principle, relics should show a high frequency cut-off
because they are affected by radiation cooling. However, in the quasi-stationary shock
scenario, as analysed here, a power-law spectra is expected. Nevertheless, Loi et al. [26]
and Rajpurohit et al. [27] produced the most detailed integrated radio spectra for the
sausage relic and toothbrush relic, respectively. These observations cover an even larger
frequency range, i.e., up to 18.6 GHz. Yet, neither of them observed a high frequency
cut-off. Rajpurohit et al. [28] argued that the high Mach number tail of the distribution
producing the relic dominates the spectral distribution.

The integrated spectra were computed at at ∼142 Myr after the shock passage. Dur-
ing this period, the average compression ratio is very mild, 〈κ(142 Myr)〉 ≈ 1. Despite its
numerical nature, we investigated if the strongest change in density at ∼120 Myr affected
the total radio power and the integrated spectra. During this period, the radio power and,
hence, the spectral index differed more. This relative difference between the radio power
of relic A and relic S is the largest at low frequencies: at 0.14 GHz, the relative difference
is about ∼8.7%; at 1.4 GHz, it is about ∼2.3%; and at 5 GHz, it is about ∼0.3%. Hence,
the integrated spectral index for relic A and relic S differs as well. The relative difference of
the integrated spectral index was ∼2.8%. Consequently, for a larger compression ratio, the
two models did not differ significantly.

Figure 5. Left panel: Comparison of the integrated radio spectra measured at νobs = [0.14, 1.4, 5.0] GHz.
The red triangles give the spectrum of relic S. The blue diamonds give the spectrum for relic A. The red
solid line and the blue dashed line give the fitted power-laws. Right panel: relative difference of the
integrated radio spectra.

3.3. Numerical Caveats

Our results show that adiabatic effects are most likely negligible when modelling
radio relics. However, these results could also vary with the spatial resolution, the number
of tracers, or the time resolution of the simulation. Hence, we performed a few tests to
determine the corresponding effects.

First, we reconstructed the ENZO-data at a higher AMR level, with a resolution of
∼17.08 kpc/h. Following 2.2, we analysed this simulation with ∼2.6 ×107 tracer particles.
However, we find that the differences in radio between relic A and relic S are infinitesimal
small. This is due to the fact that the spatial resolution decreases, while the temporal
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resolution remains the same. Hence, the tracer particles remain in a volume of constant
density for a longer time than the tracer particles in the high-resolution simulation. We
note that the density remains constant within a simulation cell for one timestep of the
ENZO-simulation. Hence, a high spatial resolution is needed, when studying adiabatic
effects. They might become even more relevant at an even higher resolution. Following the
results at 120 Myr, we do not expect adiabatic processes to become significantly relevant at
a higher-resolution. Yet, this needs to be explored using tailored simulations.

Second, we re-simulated the simulation described in Section 2.2 using twice the mass
resolution of tracers, i.e., mt = 19× 105 M�, for a total of ∼1.9× 107 tracer particles at the
end of the simulation. At 1.4 GHz, the relic has a total power of ∼5.95× 1029 erg/s/Hz
and∼5.93× 1029 erg/s/Hz for relic S and relic A, respectively We note that the radio power
is higher than in Section 3.1. We attribute this to the larger normalisation, Equation (13).
Consequently, the radio power at 1.4 GHz can be considered equal between the two models.
Moreover, the integrated spectral index does not differ between the two models. Hence,
we conclude that the number of tracer particles does not increase or decrease the relevance
of adiabatic processes.

Finally, we are already using the highest time resolution possible. Hence, we cannot
increase it any further. However, we argue that a higher temporal resolution would not
alter the results. The tracer particles record the compression ratio, Equation (20), as the
ratio between densities measured at two adjacent timesteps. If this ratio was measured at a
higher temporal resolution, the change in density would be smaller or the same, but never
larger. Hence, the measured compression could only be milder or the same. Consequently,
the adiabatic effects on the spectrum will be the same or less.

4. Conclusions

In this work, we included adiabatic expansion and compression when modelling
radio relics. Therefore, we followed the approach of [18] to compute the aged electron
spectrum, see Equations (3) and (12). Following, reference [8] we computed the associated
radio emission. The inclusion of adiabatic processes might be relevant, when studying the
filamentary structures observed in several relics. In these structures, the volume differences
might be larger and, hence, compression might be more relevant. Moreover, the filamentary
structures evolve on timescales that are shorter than the cooling times. Hence, the role of
adiabatic processes might be relevant on small timescales. Adiabatic processes are also
relevant in the radio phoenices scenario, e.g., [18,29–31], which cannot be studied with the
current simulation set-up. We stress that this is meant to be a methodological work and
that we focus on the presentation of the model. Hence, this study lays the groundwork for
future studies of the filamentary structures observed in relics.

To investigate the effects of adiabatic processes, we analysed a simulated galaxy cluster
from the SanPedro-cluster catalogue. We used the Lagrangian tracer code CRaTer to follow
the shock injected electron spectrum and the subsequent modifications of the spectrum
due to synchrotron and inverse Compton losses, as well as adiabatic compression and
expansion, see Section 2. The usage of Lagrangian tracer particles allowed us to compute
the changes of the energy spectrum based on the local gas properties. The latter is also
an improvement compared to our previous works [11,12]. Here, we analysed a typical
cluster merger. The shock wave that produces the relic was produced by a distribution
with an average of ∼2.8 and a standard deviation of ∼1.4, e.g., compared with Figure 10
in [12]. In the future, it will be useful to conduct a parameter study for mergers of different
strengths.

To this end, we modelled the relic emission twice, see Section 3. In the first model,
named relic S, we neglected adiabatic processes, while in the second model, named relic
A, adiabatic processes were included. To find differences between the two models, we
compared: the total radio power at 1.4 GHz, maps of the radio power at 1.4 GHz, and the
integrated radio spectrum measured between 0.14 GHz, 1.4 GHz, and 5.0 GHz. For all
three proxies, we found marginal differences between the two models.
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These findings are attributed to the small changes in the compression ratio that mostly
oscillates around ∼1, see Figure 2. This indicates that the post-shock gas dilutes mildly.
Hence, the adiabatic compression and expansion are rather unimportant when computing
the cosmic-ray spectrum, see κ(t) in Equation (12). These results might change with a higher
spatial resolution, see Section 3.3. This needs to be investigated in the future. However,
at ∼60 Myr and ∼120 Myr, the simulation shows two spikes of stronger compression. Even
though, these spikes are due to numerical reasons, they can be used to estimate the effect
of events of strong compression. During the periods, the radio power of relic A and relic S
start to diverge more significantly at low frequencies. On the other hand, the radio powers
at high frequencies remain similar. Consequently, the integrated radio spectrum differs
between relic S and relic A. Yet, the relative difference of the integrated spectral index is
small, ∼2.7%. Hence, we conclude that adiabatic effects are most likely negligible when
modelling radio relics.
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