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Abstract: The prompt emission of most gamma-ray bursts (GRBs) typically exhibits a non-thermal
Band component. The synchrotron radiation in the popular internal shock model is generally put
forward to explain such a non-thermal component. However, the low-energy photon index α ∼ −1.5
predicted by the synchrotron radiation is inconsistent with the observed value α ∼ −1. Here,
we investigate the evolution of a magnetic field during propagation of internal shocks within an
ultrarelativistic outflow, and revisit the fast cooling of shock-accelerated electrons via synchrotron
radiation for this evolutional magnetic field. We find that the magnetic field is first nearly constant
and then decays as B′ ∝ t−1, which leads to a reasonable range of the low-energy photon index,
−3/2 < α < −2/3. In addition, if a rising electron injection rate during a GRB is introduced, we find
that α reaches −2/3 more easily. We thus fit the prompt emission spectra of GRB 080916c and GRB
080825c.

Keywords: gamma rays bursts; radiation mechanisms; non-thermal

1. Introduction

The prompt radiation mechanism of gamma-ray bursts (GRBs) is still being debated,
even though the prompt spectra can usually be fitted well by the Band function [1], which
suggests a smoothly jointed broken power law with the low-energy photon index α ∼ −1,
the high energy photon index β ∼ −2.2 and the peak energy Ep ∼ 250 keV [2,3]. Currently,
neither the possible one-temperature thermal emission from an ultrarelativistic fireball,
nor the single synchrotron radiation from shock-accelerated electrons within this fireball,
provide an explanation for such a low-energy photon index (see [4,5] for a review).

Generally, there are two mechanisms that explain the low energy photon index α ∼ −1
of the GRB prompt emission. The first mechanism is the Comptonized quasi-thermal emis-
sion from the photosphere of an ultrarelativistic outflow [6–20]. The second mechanism is
synchrotron and/or synchrotron self-Compton (SSC) emission in the optically thin region.
For fast-cooling synchrotron radiation in the internal shock model, possible solutions
include invoking a small-scale rapidly decaying magnetic field [21], a decaying magnetic
field with a power-law index in a relativistically-expanding outflow [22–24], a decaying
magnetic field in a post-shock region [25], Klein–Nishina (KN) cooling [26,27], an ad-
justable synchrotron self-absorption frequency [28,29], or the acceleration process [30] and
other evolutional model parameters [31]. Alternatively, slow cooling was introduced to
understand the low-energy photon index [32]. In addition to the internal shock model, the
other energy dissipation mechanisms, such as the ICMART model [33], were proposed
to solve the low-energy spectral index issue. In some models (e.g., [34]), the observed
prompt emission of GRBs is understood to be dominated by the SSC emission, while the
synchrotron radiation is in much lower energy bands.
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The fast cooling synchrotron radiation in the internal shock model is generally consid-
ered to be a straightforward and leading mechanism to explain the GRB prompt emission
spectra, and the most important issue in this model is to explain the low-energy spectral
index. An underlying assumption in the traditional synchrotron internal shock model is
to calculate the electron cooling without considering the evolution of the magnetic field.
In other words, the magnetic field is treated as a constant and its effect in the continuity
equation of electrons is usually ignored (e.g., [35]). In the fast cooling case, the predicted
low-energy photon index α ∼ −3/2 is much softer than observed. In this paper, we try
to alleviate this problem. We calculate the magnetic field in the realistic internal shock
model during a collision of two relativistic thick shells and obtain an evolutional form
of the magnetic field, B′ ∝ constant before the time δt that is nearly equal to the ejection
time interval of the two shells, and B′ ∝ t−1 after the time δt. We consider the cooling
of electrons accelerated by internal shocks for this evolutional magnetic field, and find
the resulting spectral index α ∼ −3/2 for B′ ∝ constant and α ∼ −2/3 for B′ ∝ t−1, by
adopting a cooling method similar to that in Ref. [22]. Actually, these two cases may coexist,
and the outflow may undergo the first case and then the second case, so theoretically the
actual index α will range from −3/2 to −2/3. Furthermore, below the peak energy Ep
there is a gradual process, so that α is only close to −1. In addition, we consider a rising
electron injection rate, leading to a larger α, slightly smaller than −2/3.

This paper is organized as follows. We calculate the dynamics of a collision between
two thick shells in Section 2. In Section 3, we investigate the electron cooling and its
synchrotron radiation with an evolutional magnetic field and a rising electron injection
rate. In the final section, discussions and conclusions are given.

2. Dynamics of Two-Shell Collision

In the popular internal shock model, an ultrarelativistic fireball consisting of a series of
shells with different Lorentz factors can produce prompt emission through collisions among
these shells. For the dynamics of two-shell collision, we adopt the same approach as the
one in [36]. In order to present one GRB prompt emission component (with duration ∼ few
seconds), we here consider two thick shell–shell collision to produce a consistent GRB pulse
with a duration of few seconds (i.e., the slow pulse) and the fast pulses with a duration
of ∼0.01 s in GRBs may be caused by the density fluctuation of the shell. Under this
assumption, a prior slow thick shell A with bulk lorentz factor γA and kinetic luminosity
Lk,A, and a posterior fast thick shell B with bulk lorentz factor γB (where γB > γA � 1)
and kinetic luminosity Lk,B is adopted. The collision of the two shells begins at radius [36]

Rcol = βBc
βA∆tint

(βB − βA)
'

2γ2
Ac∆tint

1− (γA/γB)
2

≡ 2γ2
Acδt ' 5.4× 1014γ2

A,2.5δt,−1 cm, (1)

where ∆tint is the time interval between the two thick shells, and δt ≡ ∆tint/[1− (γA/γB)
2]

is a redefined time interval. For γA � γB, δt ' ∆tint. The conventional expression
Q,m = Q/10m is used. During the collision, there are four regions separated by internal
forward-reverse shocks: (1) the unshocked shell A; (2) the shocked shell A; (3) the shocked
shell B; and (4) the unshocked shell B, where regions 2 and 3 are separated by a contact
discontinuity.

The particle number density of a shell measured in its comoving frame can be calcu-
lated as [37]:

n′i =
Lk,i

4πR2γ2
i mpc3

, (2)

where R is the radius of the shell and subscript i can be taken as A or B. As in the
literature [36–40], we derive the dynamics of internal forward-reverse shocks. In or-
der to get a high prompt emission luminosity, it is reasonable to assume γA � γB
and Lk,A = Lk,B ≡ Lk. Assuming that γ1, γ2, γ3, and γ4 are Lorentz factors of re-
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gions 1, 2, 3 and 4 respectively, we have γ1 = γA, γ4 = γB, and n′1 � n′4. If a fast
shell with low particle number density catches up with a slow shell with high parti-
cle number density and then they collide with each other, a Newtonian forward shock
(NFS) and a relativistic reverse shock (RRS) may be generated [36,37]. So we can obtain
γ1 ' γ2 = γ3 = γ � γ4. Then, according to the jump conditions between the two sides
of a shock [41], the comoving internal energy densities of the two shocked regions can be
calculated following e′2 = (γ21 − 1)(4γ21 + 3)n′1mpc2 and e′3 = (γ34 − 1)(4γ34 + 3)n′4mpc2,
where γ21 = 1

2 (γ1/γ2 + γ2/γ1) and γ34 = 1
2 (γ3/γ4 + γ4/γ3) are the Lorentz factors of

region 2 relative to the unshocked region 1, and region 3 relative to region 4, respectively.
It is required that e′2 = e′3 because of the mechanical equilibrium. We have [36,37]

(γ21 − 1)(4γ21 + 3)
(γ34 − 1)(4γ34 + 3)

=
n′4
n′1

=

(
γ1

γ4

)2
≡ f . (3)

Two relative Lorentz factors can be calculated as γ21 ≈
f γ2

4
7γ2

1
+ 1 = 8

7 , and γ34 = γ4
2γ1
�

1. Assuming that t is the observed shell–shell interaction time since the prompt flare onset,
the radius of the system during the collision can be written as

R = Rcol + 2γ2ct ' 2γ2
1c(t + δt). (4)

During the propagation of the shocks and before the shock crossing time, the instanta-
neous electron injection numbers (in dt) in regions 2 and 3 can be calculated as follows [38]:

dNe,2 = 8πR2n′1(γ21β21/γβ)γ2cdt (5)

and
dNe,3 = 8πR2n′4(γ34β34/γβ)γ2cdt, (6)

respectively.

3. Synchrotron Radiation with a Decaying Magnetic Field and a Variable Electron
Injection Rate
3.1. Synchrotron Radiation with a Decaying Magnetic Field

As usual, we assume that fractions εB and εe of the internal energy density in a
GRB shock are converted into the energy densities of the magnetic field and electrons,
respectively. Thus, using B′i = (8πεBe′i)

1/2 for i = 2 or 3, we can calculate the strength of
the magnetic field before the shock crossing time tcrs by

B′2 = B′3 =

[
εBLk

2γ6
1c3(t + δt)2

]1/2

, (7)

and find that the change of the magnetic field before δt can be ignored (i.e., B′i ∝ constant),
but after δt the magnetic field B′i decreases linearly with time t (i.e., B′i ∝ t−1). Actually, the
evolution of the magnetic field is caused by the expansion of the shocked regions, which is
presented in Figure 1. After the shock crossing time tcrs (here, tcrs is comparable with the
peak time of the slow pulse in GRBs), the spreading of the hot materials into the vacuum
cannot be ignored and the merged shell undergoes an adiabatic cooling. During this phase,
the volume of the merged shell is assumed to expand as V′i ∝ Rs, where s is a free parameter
and its value is taken to be from 2 to 3. As a result, the particle number density would
decrease as n′i ∝ V′−1

i ∝ R−s, the internal energy density as e′i ∝ V′−4/3
i ∝ R−4s/3, and

the magnetic field strength as B′i ∝ (e′i)
−1/2 ∝ R−2s/3 ∝ t−2s/3. Because no additional

shock-accelerated electrons are injected after the shock crossing time tcrs, we only study
the prompt emission before tcrs in the remaining part of this paper. What we want to point
out is that the redefined time interval δt is not equal to the shock crossing time (tcrs), the
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latter one is dependent on the thickness of the shells. In this paper, the two shells are must
be thick enough so that tcrs � δt.
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Figure 1. The magnetic field as a function of time. The two blue vertical dotted line represents
the redefined interval δt = 0.1 s and the shock crossing time tcrs = 3 s, respectively. After the
shock crossing time, the merged shell expands adiabatically and s = 3 is assumed. The dynamics
parameters Lk = 1051 erg s−1, γ1 = 300, γ4 = 30,000, p = 2.5, εe = 0.3, εB = 0.3, and z = 1 are taken
from numerical calculations.

The electrons accelerated by the shocks are assumed to have a power-law energy
distribution, dNe,i/dγ′e,i ∝ γ′e

−p for γ′e,i ≥ γ′e,m,i, where γ′e,m,i is the minimum Lorentz
factor of the accelerated electrons. The following electron cooling discussion is not based
on the conventional synchrotron and SSC cooling, which always give us the electron
distribution, dNe

dγ′e
∝ γ′e

−2 for γ′e < γ′e,m and dNe
dγ′e

∝ γ′e
−p−1 for γ′e > γ′e,m in the fast cooling

case, dNe
dγ′e

∝ γ′e
−p for γ′e < γ′e,m and dNe

dγ′e
∝ γ′e

−p−1 for γ′e > γ′e,m in the slow cooling case.
These electron distributions do not take into account the evolution of the magnetic field.
Ref. [22] discussed the electron distribution affected by a decaying magnetic field based
on B′ ∝ r−b, where r is the fireball radius and b is the magnetic field decaying index.
They considered the electron distribution of a group of plasma in a magnetic field with
an arbitrary decaying index b, which is called a “toy box model". Here we consider a
more physical process, internal shocks, which generate an evolutional magnetic field and a
consistent spectrum with the observed Band spectral shape.

In the comoving frame, the evolution of the Lorentz factor of an electron via syn-
chrotron and SSC cooling and adiabatic cooling can be described by [22]

d
dt′

(
1
γe

)
=

σT(1 + Yi)

6πmec
B′i

2 − 1
3

(
1
γe

)
d ln n′i

dt′
, (8)

where Yi ≈ [(4ηiεe/εB + 1)1/2 − 1]/2 is the Compton parameter, which is defined by the
ratio of the IC to synchrotron luminosity, with ηi = min[1, (γ′e,c,i/γ′e,m,i)

2−p] [42]. γ′e,c,i is
the cooling Lorentz factor and the comoving time t′ = 2γt.

The minimum Lorentz factor of the accelerated electrons is γ′e,m,i =
mp
me

( p−2
p−1 )εe(γrel −

1) (where γrel = γ21 or γ34 in region 2 or 3), so it can be written as:

γ′e,m,3 ' 1.0× 104gpεe,−1/2γ4,4.5γ−1
1,2.5, (9)
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γ′e,m,2 ' 30gpεe,−1/2, (10)

where gp = 3(p− 2)/(p− 1). Moreover, the cooling Lorentz factor γ′e,c,i = 6πmec/(yiσT B′3
2
γt),

can be written as

γ′e,c,3 = γ′e,c,2 ' 3.4× 102y−1
i,0 ε−1

B,−1/2L−1
k,51γ5

1,2.5
(t + δt)2

,0

t,0
, (11)

where yi = 1 + Yi is the ratio of the total luminosity to synchrotron luminosity.
From the electron injection rate based on Equations (5) and (6), one can obtain the

injected electrons number between t′ and t′ + dt′. Assuming the original electron injection
distribution dNe,i/dγ′e,i ∝ γ′e

−p for γ′e,i ≥ γ′e,m,i, the injected electrons number between t′

and t′ + dt′ and between γ′e and γ′e + dγ′e can be derived. So we cut the injected electrons
into small pieces in the time space t′ and the energy space γ′e. At the beginning, time t′ = 0,
a number of electrons dN will be injected into the shocked region in a time interval dt′

and will be cooled in the initial magnetic field, so one can obtain the change of electron
Lorentz factor ∆γ′e,1 based on Equation (8) for the electrons between γ′e and γ′e + dγ′e. In
the next time interval dt′, these electrons with the Lorentz factor between γ′e + ∆γ′e,1 and
γ′e + dγ′e +∆γ′e,1 will be cooled in the instantaneous magnetic field based on the evolutional
magnetic field in Equation (7), and one can obtain another ∆γ′e,2 (∆γ′e,2 6= ∆γ′e,1). At the
same time, another group electrons are injected and cooled in this instantaneous magnetic
field. These processes are continuous before 2γtcrs. The shocked electrons are injected
as time and all the electrons are cooled in the instantaneous magnetic field. We sum all
electrons at time t′ in the energy space, obtain the electron distributions at time t′ and
present them in Figure 2 (tobs = t′/2γ). As shown in Figure 2, when t < δt, the magnetic
field does not change significantly (see Figure 1), the electron distribution in the fast
cooling case, dNe

dγ′e
∝ γ′e

−2 for γ′e < γ′e,m, and dNe
dγ′e

∝ γ′e
−p−1 for γ′e > γ′e,m, are expected.

However, when t > δt, the electron distribution below γ′e,m would be flattened because
of the decaying magnetic field. Due to the magnetic field decay, the electrons injected at
later times would cool more slowly than the electrons injected at early times (here, all times
are before tcrs). In other words, the cooling efficiency would become smaller due to the
decaying magnetic field, which induces more electrons accumulating at . γ′e,m than in the
invariable magnetic field case. When t � δt and t < tcrs, the electron spectral index for
γ′e < γ′e,m is even flattened to zero.
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Figure 2. The electron distribution in energy space after cooling time t in the evolutional magnetic
field in Figure 1. The same δt, tcrs, and dynamics parameters as in Figure 1 are taken in numerical
calculations.
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In order to find these new results for t� δt and t < tcrs, we can evaluate the continuity
equation of electrons in energy space, ∂

∂t′ (dNe,γ′e /dγ′e) +
∂

∂γ′e
[γ̇′e(dNe,γ′e /dγ′e)] = Q(γ′e, t′),

where dNe,γ′e /dγ′e is the instantaneous electron spectrum at time t′, and Q(γ′e, t′) =

Q0(t′)(γ′e/γ′e,m)
−p is the electron injection distribution accelerated by shocks above the

minimum injection Lorentz factor γ′e,m. By ignoring the inconsequential adiabatic cooling
term, we can get d

dt′ (
1
γ′e
) ∝ (1 + Yi)B′i

2 ∝ t′−2, where Yi is assumed to be a constant before
the shock crossing time tcrs in the fast cooling case. Then, we can obtain γ′e ∝ t′, and thus
γ̇′e ∝ γ′e

2t′−2 ∝ γ′e
0. For γ′e,c < γ′e < γ′e,m, Q(γ′e, t′) = 0, to obtain the final and quasi-steady

electron spectral shape at the arbitrary time t′, by considering a quasi-steady-state system
(∂/∂t = 0), we can easily find dNe,γ′e /dγ′e ∝ γ′e

0 below γ′e,m.
Next, the four characteristic frequencies in regions 2 and 3 that can be calculated from

ν = qe
2πmec B′γ′e

2
γ are derived as [36]

hνm,2 ' 2.1× 10−4g2
pε2

e,−1/2ε1/2
B,−1/2L1/2

k,51γ−2
1,2.5(t + δt)−1

,0 keV, (12)

hνm,3 ' 26g2
pε2

e,−1/2ε1/2
B,−1/2L1/2

k,51γ2
4,4.5γ−4

1,2.5(t + δt)−1
,0 keV, (13)

and

hνc,2 = hνc,3 ' 3.6× 10−2y−2
,0 ε−3/2

B,−1/2L−3/2
k,51 γ8

1,2.5
(t + δt)3

,0

t2
,0

keV. (14)

Here, if γ1 = 100 and γ4 = 10,000, we obtain hνm,3 ' 186 keV at time t = 1 s, which is
approximatively equal to the typical value of Ep of the GRB prompt emission.

We also present the spectrum of region 3 in the top panel of Figure 3 based on the
electron distribution shown in Figure 2. However, we do not present the spectrum of
region 2 because, from NFS, (1) its photon peak frequency is much smaller than the typical
GRB prompt emission Ep, (2) the radiation efficiency can not be high enough as a result
of slow cooling, and (3) the flux of region 2 is much lower than that of region 3. The last
reason can be evaluated from [35,37]

Fν,max,i <
Ne,i

4πD2
L

mec2σT
3qe

B′iγ, (15)

where DL is the luminosity distance of the burst and Ne,i is the total number of injected
electrons until the time t. Since a portion of the electrons have cooled to a much smaller
value than γbreak (where the break Lorentz factor γbreak of an electron distribution, γbreak =
γe,m for fast cooling, and γbreak = γe,c for slow cooling), the actual number of electrons near
γbreak is less than Ne,i and thus the actual Fν,max,i is smaller than the right term of inequality
Equation (15). So, we can obtain

νm,3Fν,max,3 <1.5× 105g2
pε2

e,−1/2εB,−1/2L2
k,51γ4,4γ−6

1,2

× t,0

(t + δt)2
,0

D−2
L,28 keV cm−2s−1, (16)

and

νc,2Fν,max,2 <8.7× 10−1y−2
,0 ε−1

B−1/2γ5
1,2

×
(t + δt)2

,0

t,0
D−2

L,28 keV cm−2s−1, (17)

where γ1 = 100 and γ4 = 10,000 are taken.
From Figure 3, we can see that for t < δt, because of a constant magnetic field, the

spectral slope of νFν is 1/2 as described by [35]. However, when t > δt, the spectral
slope will deviate from 1/2 and become a larger value (even 4/3). If the electron index
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(dNe/dγe ∝ γ−u
e ) is u, the Fν slope of synchrotron radiation (Fν ∝ ν−w) would be w =

(u − 1)/2 and the photon spectral index (defined as dNγ/dEγ = E−α
γ , where Eγ is the

photon energy, and Nγ is the photon number flux) would be α = −(w + 1). Due to the
decaying magnetic field, u tends to be zero, and thus w = −1/2 and α = −1/2. However,
when α > −2/3, because of the overlying effect, the low energy photon index of the
electrons with ∼ γe,m is −2/3 and will cover the emission of electrons with smaller Lorentz
factors. So, due to the effect of the low-energy radiation tail of electrons with Lorentz factor
γe,m, α is at most equal to −2/3, and we can get −3/2 < α < −2/3. This is consistent with
the observations [2,3], which suggest α ∼ −1.
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Figure 3. The top panel corresponds to time-resolved spectra in four different t as in Figure 2 and
the bottom panel shows corresponding synchrotron spectral slopes. The same δt, tcrs, and dynamics
parameters as in Figure 1 are taken in numerical calculations.

3.2. The Effect of the Variable Electron Injection Rate

Although theoretically the low-energy photon spectral index α can reach −2/3 caused
by a decaying magnetic field, since this is a gradual process, α would be softer than −2/3
for E . Ep, which can be seen from Figure 3. In fact, α ∼ −1 can be fitted easily, but fitting
α slightly smaller than −2/3 is difficult. We here consider a variable electron injection rate,
which could induce α ∼ −2/3. The variable electron injection rate may be suggested by
that the actual GRB shell is not homogeneous and presents a density profile, for example,
a Gaussian density profile, inducing a rising electron injection rate. Nonetheless, we do not
know its growing method clearly. Ref. [22] discussed this effect in their “toy box model”,
and suggested, because of a rising electron injection rate, α goes from−0.82 to−1.03, which
is dependent on the growing power-law index q (where the injection rate ∝ t′q with q = 1,
2 or 3). Here we adopt similar expressions of the rising electron injection rate,

dNe,2 = 8πR2n′1(γ21β21/γβ)γ2cdt×
(

t
t0

)q
(18)

and

dNe,3 = 8πR2n′4(γ34β34/γβ)γ2cdt×
(

t
t0

)q
, (19)

where the factor ( t
t0
) is to maintain the same electron injection number in the interval t0 as

that for the constant injection rate q = 0.
We show the electron distribution for a rising electron injection rate in the top panel of

Figure 4. The rising electron injection would increase the electrons injected later, which
would cool in a weaker magnetic field and pile up at .γ′e,m. This can result in a harder
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electron distribution and a relative spectrum. The slopes of the spectra are presented in the
bottom panel of Figure 4. We can see that the slopes of the spectra tend to reach −4/3 more
easily than in the constant electron injection case. In addition, a larger q would generate a
harder low-energy spectral index.
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Figure 4. The top panel shows the electron distributions in evolutional magnetic fields and different
electron injection rising indices. We adopt the electron injection rising index, q = 0 (solid line),
q = 1 (dotted line) and q = 2 (dashed line). The bottom panel shows the corresponding synchrotron
spectral slopes for these electron distributions. The same parameters as in Figure 1 are taken for
numerical calculations.

4. Application to the Actual GRB Spectra

In order to compare with the actual GRB spectrum, we select the broad band spectrum
of GRB 080916c in the interval “b” detected by Gamma-ray Burst Monitor (GBM) and the
Large Area Telescope (LAT) aboard the Fermi satellite (see Ref. [43]), from 3.58 s to 7.68 s
since the lightcurve during this period is presented as a single and pure pulse. Moreover, its
low energy photon index is close to the typical value of the low energy photon index of the
GRB, that is, α ∼ −1, harder than the expectation of synchrotron fast cooling (−1.5). The
“b” spectrum of GRB 080916c can be well fitted by the Band function with the low energy
photon index of α = −1.02± 0.02, the high energy photon spectral slope β = −2.21± 0.03
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and the peak energy Ep = 1170± 140 keV [43]. Since the observational data can be well
fitted by this Band function with a very small error range, the Band function is precise
enough to represent the actual GRB emission. We select some representative points (black
points in Figure 5) in this Band function to present the tendency of the actual GRB emission.
In addition, more black points around the peak energy in the figure are taken to present the
gradual change in behavior there. In Figure 5, by using a time-averaged energy spectrum
from t = 0 s to t = 3 s, the emission of GRB 080916c can be fitted well in our model with
the proper parameters, which have been listed in Table 1.

100 101 102 103 104 105 106 107
100

101

102

103

nF
n/
(
k
e
V
 
c
m
-
2
s
-
1
)

hn/keV

 GRB 080916c_b
 Model Fitting

Figure 5. The time-averaged spectrum to fit the interval “b” of GRB 080916c. The black points are
selected from the Band function with the low-energy photon index α = −1.02± 0.02, the high-energy
photon index β = −2.21± 0.03 and the peak energy Ep = 1170± 140 keV provided in Ref. [43],
which are precise enough to present the tendency of the actual GRB emission. This spectral duration
is from 3.58 s to 7.68 s and we fit it by adopting the time-averaged spectrum from t = 0 s to t = 3 s
(tmax ≤ tcrs). The fitting parameters are listed in Table 1.

We select the single pulse spectrum of GRB 080825c in the interval “a” detected
by Fermi GBM and LAT (see Ref. [44]), from 0.0 s to 2.7 s, which has a harder photon
index, α ∼ −0.76. The “a” spectrum of GRB 080825c can be well fitted by the Band
function with the low energy photon index α = −0.76± 0.05, the high energy photon index
β = −2.54+0.11

−0.17 and the peak energy Ep = 291+25
−22 keV [44]. Such a hard photon index could

not be approached easily for a constant electron injection rate, that is, q = 0, so we consider
a rising electron injection rate as suggested in Section 3.2. Some representative points
(black points in Figure 6) in this Band function are selected to present the tendency of the
actual GRB emission as the same as the treatment for the GRB 080916c. The observational
spectrum can be reproduced well in Figure 6 phenomenally by using a time-averaged
energy spectrum from t = 0 s to t = 3 s with an index of rising electron injection rate q = 2
and other reasonable parameters (all parameters are listed in Table 1).
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Figure 6. The time-averaged spectrum to fit the interval “a” of GRB 080825c. The black points are
selected from the Band function with the low-energy photon index α = −0.76± 0.05, the high-energy
photon index β = −2.54+0.11

−0.17 and the peak energy Ep = 291+25
−22 keV provided in Ref. [44], which are

precise enough to present the tendency of the actual GRB emission. This spectral duration is from
0.0 s to 2.7 s and we fit it by adopting the time-averaged spectrum from t = 0 s to t = 3 s (tmax ≤ tcrs).
The fitting parameters are listed in Table 1.

Table 1. The parameters adopted to fit the spectra of GRB 080916c and GRB 080825c.

Parameters Symbol GRB 080916c GRB 080825c

Redshift z 4.35 1
Index of electron injection rate q 0 2

redefined time interval (s) δt 0.1 0.1
Shock cross time (s) tcrs 3 3

Kenetic luminosity (erg/s) Lk 3.3×1053 1.2×1051

Bulk Lorentz factor of region 1 γ1 146 255
Bulk Lorentz factor of region 2 γ4 3× 104 3× 104

Electron injection index p 2.5 3.2
Electron equipartition factor εe 0.3 0.3
Magnetic equipartition factor εB 0.3 0.3

The main parameters to effect the final spectrum are listed in Table 1. The dependence
of the break energy of the spectrum on the listed parameters could be found in Equation (13)
and for the magnitude of peak flux the dependence could be derived roughly in Equation (16).
During the model fitting, for simplification, the energy equipartition factors for electrons
and the magnetic field, that is,εe and εB, and γ4 are fixed, and then the Lorentz factor γ1
and kinetic luminosity Lk are adjusted to match the observational peak energy and the peak
flux. The electron injection index p is determined by the observational high-energy photon
index since the relation between them is β ∼ (−p− 2)/2, 1 suggested by the synchrotron
radiation. The shock cross time is comparably adopted with the typical duration of the
slow pulse of the GRB, namely, ∼3 s. Different values of δt could affect the evolutional
form of the magnetic field (as shown in Figure 1) and adjust the weight of the cooling in
a constant magnetic field and the cooling in a decaying magnetic field. In other words,
a smaller δt could make it so that the electron synchroton cooling mainly takes place in
a decaying magnetic field and leads the photon index to be harder, while for a larger δt,
the electrons are mainly cooling in a constant magnetic field and generating a photon
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index close to −1.5. As a result, for GRB 080916c with a photon index ∼−1, a relatively
small δt = 0.1 s is adopted. A harder photon index ∼−0.76 for GRB 080825c and a
rising electron injection rate with an index q = 2 are taken into account as suggested in
Section 3.2. Therefore, a certain range of a low-energy photon index from∼−3/2 to∼−2/3
could be approached through the adjustment of δt and the index of the electron injection
rate q. However, for a low-energy photon index harder than −2/3, this model would
become invalid.

5. Discussions and Conclusions

Currently alleviating the tension between the expectation of synchrotron and observa-
tions in the GRB prompt regime is a more and more important issue. Two classes of model
have been proposed to explain the low-energy photon index of GRB prompt emission,
Comptonized quasi-thermal emission from the photosphere within a relativistic outflow
and synchrotron and/or SSC emission in the optically thin region. These models can
experience difficulties. For Comptonized quasi-thermal emission, the most significant
effect to obtain α ∼ −1 is the equal arrival time effect in this model, which is relevant to the
end time of central engine activity, but may not be applicable during the prompt emission
phase when a continuous wind is ejected from the central engine [45]. Synchrotron slow
cooling in internal shocks may not provide a high radiative efficiency, and a dominant SSC
component usually predicts an even more dominant 2nd-order SSC component, which
significantly exceeds the total energy budget of GRBs [46,47]. Thus, some evolutional
parameters, such as the magnetic field, the fraction of the accelerated electrons, and the
energy equipartition factors, were suggested to explain the low-energy index.

In this paper, we have considered a straightforward model, that is, the fast cooling
synchrotron radiation in internal shocks. We obtain the magnetic field evolutional form
in a practical shell–shell collision, B′ ∝ constant before δt and B′ ∝ t−1 after this time, and
recalculate the electron distribution for this evolutional magnetic field. When t < δt, the
magnetic field is nearly constant, and the fraction of cooling electrons in the invariable
magnetic field is high enough so that dNe

dγ′e
∝ γ′e

−2 for γ′e < γ′e,m is expected. However, when
t � δt but t < tcrs, the fraction of cooling electrons in the evolutional magnetic field is
higher than in the invariable magnetic field, so that dNe

dγ′e
will be gradually proportional to

γ′e
0. 2γ2cδt and 2γ2ct indicate roughly the collision radius and the propagation distance

of a relativistic outflow after the collision takes place but before the shock crossing time
tcrs, respectively. In other words, if the propagation distance of the outflow is smaller than
the collision radius before the shock crossing time, the magnetic field can be treated as
a constant and it is not necessary to consider the evolution of the magnetic field when
calculating the electron cooling. However, if the propagating distance of the outflow is
larger than the collision radius before the shock crossing time, we have to consider the
evolution of the magnetic field and can obtain a different electron distribution. Actually,
the outflow may undergo the first case and then the second case, so we can obtain a
reasonable range of the low-energy photon index α, from −3/2 to −2/3 theoretically. Since
dNe
dγ′e

proportional to γ′e
0 is a gradual process below Ep, it is usually difficult to get α to be

exactly equal to −2/3, but this index is only slightly smaller than −2/3. Moreover, we also
consider a rising electron injection rate, which may exacerbate this situation, inducing α to
be closer to −2/3.

Ref. [22] considered a decaying magnetic field varying with the distance from the
central engine to explore the range of a low energy photon index in the GRB prompt
regime. They discussed the radiation spectra of a cloud of plasma in a decaying magnetic
field with an arbitrary decaying index b for a simplified model, which is called a “toy box
model". Different from their work, we adopt a more physical case for the internal shock
by considering the collision of two shells and inducing the decaying form of the magnetic
field. As a result, a time-dependent magnetic field is derived (as shown in Figure 1). In fact,
a time-dependent magnetic field could be translated to a distance-dependent form due to
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the propagation of relativistic outflow. For the evolutional magnetic field form obtained
from the practical internal shock, we study the influence on the spectral index. In addition
to the detailed treatment of shell–shell collision, the kinetic luminosity and the energy
equipartition parameters, εB and εe are taken into account to obtain the radiation spectra,
comparing them with the actual GRB spectra for GRB 080916c and GRB 080825c.

In our model, in order to obtain the high prompt emission luminosity, we assume that
γ4 � γ1. This assumption is reasonable. This is because estimates based on four methods
by Ref. [48] show that the mean observed value of the bulk Lorentz factors of GRB outflows
is a few hundred, corresponding to γ2 = γ3 ' γ1 ∼ 100 in our model. Furthermore, within
the framework of the collapsar model, a prior relativistic jet-like shell (e.g., shell A) first has
to propagate through the envelope of a massive star and clean up almost all of the baryons
along the propagation direction of this shell, leaving behind a clean passage for a posterior
jet-like shell (e.g., shell B). This, therefore, leads to a reasonable possibility that the Lorentz
factor of shell B is much greater than that of shell A.

Usually, we have γ1 ∼ 100, so γ4 ∼ 104 ∼ γ2
1 is a universal relationship to obtain the

high prompt emission luminosity. Ref. [37] also mentioned that, when γ4 ∼ γ2
1, the highest

luminosity from internal shocks is expected. In fact, this assumption is not a special case.
When collisions among a series of shells with different Lorentz factors occur, the highest
luminosity from one collision will cover the others. In other words, we always see the
brightest. According to Equation (13), if deeming that γ4γ−2

1 does not vary significantly
among bursts, we can easily obtain the so-called “Yonetoku Relation”, Ep ∝ L1/2

iso [49], and
the “Amati Relation”, Ep ∝ E1/2

iso [50]. However, this model is also confronted with some
issues, for example, the spectrum is somewhat broad near Ep in contrast to the observed
data or the Band function [51], which can be seen in Figure 6.

It is important that we should beware of the empirical Band function. The ther-
mal components and more spectral structures are found in the prompt regimes of some
GRBs, which deviate from the so-called Band function [52,53]. The thermal emission
generated by the photosphere is a natural prediction of the generic fireball scenario. The
relative strength of thermal emission and non-thermal emission may depend on the various
environments [54,55]. Ref. [53] also claimed that the GRB spectra below the peak energy
may present an extra break energy around a few keV, inducing a consistent spectral shape
with expectation from the classical synchrotron radiation. More spectral structures of GRBs
may make the simple Band function become invalid, and result in an incorrect low-energy
spectral index if one forcibly fits them using a Band function. Although our model can
present a consistent low-energy spectral index with observations in a certain range, due to
the complexities of GRB prompt spectra, more detailed studies are needed.
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