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Abstract: Magnetic fields may relax dissipatively to the minimum energy force-free condition
whenever they are not constantly created or distorted. We review the axially symmetric solutions
for force-free magnetic fields, especially for the non-linear field. A new formulation for the scale
invariant state is given. Illustrative examples are shown. Applications to both stellar coronas and
galactic halos are possible. Subsequently we study whether such force-free fields may be sustained
by classical magnetic dynamo action. Although the answer is ‘not indefinitely’, there may be an
evolutionary cycle wherein the magnetic field repeatedly relaxes to the minimum energy condition
after a period of substantial growth and distortion. Different force-free dynamos may coexist at
different locations. Helicity transfer between scales is studied briefly. A dynamo solution is given
for the temporal evolution away from an initial linear force-free magnetic field due to both α2 and ω

terms. This can be used at the sub scale level to create a ‘delayed’ α effect.
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1. Introduction

Recently there has been some progress both in the measurement of galactic halo magnetic
fields ([1,2]), and in the analytic theory of corresponding mean field galactic dynamos. A summary
and references to earlier work can be found in [3], while recent analytic developments, using the
assumption of scale invariance to treat the 3D problem, can be found in a series of papers [4–6].
These papers mostly start from the classical mean field theory [7], and study both axially symmetric
dynamo fields and spirally bi-symmetric fields.

The scale invariant models succeed in predicting many of the new observations, some of which
were known previously [8–11]), but some of which are only recently being detected [12,13] and
represent genuine predictions. There is some evidence ([14], but see also [15]), that global magnetic
fields may be axially symmetric as well as bi-symmetric. We focus on axially symmetric dynamos in
this paper.

The strengths of even the organized (mean) magnetic fields can be surprisingly strong ([16]) being
on average close to 10 µG in the disc of spiral galaxies. It seems that these fields fall off in strength
only gradually with height in the halo as is the case for NGC 891 ([17]), UGC10288 ([18]), and more
recently ([19]). The consequent magnetic energy density in the galactic halo is of the same order or
perhaps slightly greater than that of the hot halo gas. This suggests that, just as in the solar corona,
the magnetic field may be force-free on average.

Dynamo action to produce such a force-free field is due either to a macroscopic velocity field
or to a sub scale combination of turbulent generation and diffusion. The macroscopic velocity field
would include large scale rotation and either halo inflow or outflow (e.g., [20]). Either the macroscopic
flow or the sub scale turbulence may dominate the corresponding magnetic field. Consequently we
expect dynamo action to gradually destroy the force-free aspect of the magnetic field. We do find
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this to be true in our arguments below after a finite time, starting from an initial force-free field.
However, if indeed the field evolves to become energetically dominant, it could relax again to the
force-free minimum energy condition with the dissipation of magnetic energy. Then the dynamo
action would repeat and thus create a cyclic evolution of the galactic field, wherein there is always a
period of force-free magnetic field.

In a force-free magnetic field, current must flow mainly parallel to the magnetic field. If there
is a slight velocity difference between the ions and the electrons, winds of cosmic rays with small
enough radius of gyration (that is a maximum energy) can produce such a current. Cosmic rays are
produced in association with the sub scale turbulence driven by star formation and super novae that
is necessary to the α2 dynamo. This may be a mechanism for producing an initial nearly force-free
field. These issues will appear more explicitly below, after our study of the geometry of force-free
magnetic fields.

In any case in this paper we return to the notion of a force-free magnetic field and interacting
dynamo ([7]). In the example studied by Moffat only the so called linear force-free magnetic field
(a constant ‘current function’ that relates the current density to the field strength) was permitted and
there was no velocity field. A simple formula for the time dependence of the field was given.

Our main interest is also in the time dependence of the linear force-free dynamo, but when
a non-zero velocity field exists throughout the volume. This leads to a closed result for the time dependent
linear force-free dynamo that should hold for a reasonable time. Some discussion of a non linear
force-free dynamo is given when the velocity term is unimportant. There is also an approximate non
force-free dynamo when it is the vector potential that satisfies a Beltrami condition. This also operates
for a finite time.

The steady force-free magnetic field is also of interest, especially when applied to the magnetic
fields in the halos of galaxies ([16,21]). The classic dynamo equation is not compatible with a
steady force-free dynamo, so that any such field must be regarded as the result of more general
magneto-hydrodynamics (MHD). This unknown flow must result in a dynamical stationary state
wherein the Amperian force is unimportant. We give a simple example with incompressible Beltrami
flow (i.e., the curl of the velocity is parallel to the velocity) provided the flow is also parallel to the
magnetic field. The force-free field may be either linear or non linear, when we ignore its origin in
this way.

The non linear (non constant current function) force-free magnetic can be studied analytically
in axial symmetry. A separated 2D solution has been known in solar physics since the work of Low
and Lou ([22] (see also [23,24]). We find that the basic equations can be expressed quite simply and
generalize ([22]) to non separated solutions. We show also that the Low and Lou solutions are a sub-set
of our scale invariant solutions, and make a detailed correspondence between the two approaches.
We use both the general and the scale invariant formulations to present some intriguing examples that
may apply either to solar active regions, or to the MHD ‘bubbles’ or ‘domes’ detected over the nuclei
of spiral galaxies (e.g., NGC 3079 [25]). The polarized flux is seen to trace the nuclear outflow in the
case of NGC3079. Recent applications of the Low and Lou solutions may be found in ([23]). Our scale
invariant solutions generalize these possibilities slightly.

In Section 2 below we give our formulation of the non linear, axially symmetric, force-free,
magnetic field, including a scale invariant version (see e.g., [5]). In the latter case a detailed comparison
with ([22]) is given. In Section 3 we show illustrative examples. These are not applications to data,
but are meant only to stimulate more detailed work based on the formulation given here. In Section 4
we consider when these non linear force-free magnetic fields can be maintained by classical dynamos.
This section contains a formal description of magnetic helicity and a suggestion for how the magnetic
helicity propagates in a two level system. The idea is pursued for linear force-free dynamos in Section 5.

The discussion of the linear evolving force-free dynamo with induced electric field is also found
in Section 5. Application to the sub scale leads to a natural estimate for the velocity helicity that creates
the α2 dynamo. Interestingly, the consequent induced electric field is delayed in time.
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A brief appendix considers the linear force-free steady dynamo in an approach compatible with
the non linear examples and shows an example of the field.

2. Non Linear Force Free Magnetic Fields in Axial Symmetry

In this section we give a simple general approach to axially symmetric, non linear, force-free,
magnetic field structure. This is followed by a scale invariant approach to the same problem that is
new as far as I know. Examples of the possible non linear topologies are given for each approach.

2.1. General Formulation

We have to solve the equations

∇∧ B = qB, (1)

B · ∇q = 0, (2)

for q(r, t) and the magnetic field B. We refer to the function q ≡ B̂ · ∇ ∧ B/B as the parallel current
function (B̂ is a unit vector parallel to B). Note that q gives a reciprocal scale for the magnetic field so
that if it is constant, no scale invariance is possible. If there is time dependence in q, it must derive
from external dynamo and/or dynamic action.

Substituting the explicit expression for Bθ and Br from Equation (1) into Equation (2) gives an
integral, based on the theorem for functional dependence, as

r sin θBφ = j(q). (3)

The function j(q) is arbitrary. It is clearly proportional to the current along the polar axis through
a planar circular loop perpendicular to this axis, by Ampère’s law.

The radial and theta components of Equation (1) give directly the poloidal components of the
magnetic field

Br =
1

qr2 sin θ
j′(q)∂θq,

Bθ = − 1
qr sin θ

j′(q)∂rq, (4)

to which we may add Equation (3) for the azimuthal field. The prime indicates differentiation of the
function with respect to its argument.

However the components of B must also satisfy the azimuthal component of Equation (1), which
we have not yet used. On substituting Equations (3) and (4) into the azimuthal component we obtain
an equation for q in the form

qj(q) + ∂r
(
∂r(ln (q)) j′(q)

)
+

1− x2

r2 ∂x
(
∂x(ln (q)) j′(q)

)
= 0. (5)

Here x ≡ cos θ and q may be positive or negative (the latter corresponding to negative magnetic
field linkages [7]). Because the function j(q) is arbitrary, a suitable choice allows the generation of
analytic (or semi-analytic) non linear, force free fields; once the resulting equation for q is solved.

A (semi) analytic example wherein the vertical current density ((c/2π)j(q)/(r sin θ)2) varies as
1/(r2q) but increases with 1/(sin θ)2 is

j(q) =
k
q

. (6)



Galaxies 2019, 7, 53 4 of 22

Equation (5) now implies

2 + ∂2
r (

1
q2 ) +

1− x2

r2 ∂2
x(

1
q2 ) = 0. (7)

Setting

ρ2 ≡ r2 +
1
q2 , (8)

yields the simpler equation

∂2
r ρ2 +

1− x2

r2 ∂2
xρ2 = 0, (9)

for which a sum over separated solutions (i.e., modes) is easily found in terms of hypergeometric
functions of x and power laws in r. The solution is restricted to be positive in the physical domain.
We discuss this illustration in the example section. We note that it is a property of this treatment that q
need not be separable in functions of x and r, so that Equation (5) gives the general non-linear, axially
symmetric, force-free field in principle.

It is possible to write the equation for the parallel current function q when the axial current j(q)
depends on any power of q. However the solution must be found numerically in general. It is more
useful for these trial applications to study additional solutions that are restricted to be scale invariant.
We consider these in the next sub-section for the first time to our knowledge.

2.2. Scale Invariant Non Linear Force Free Fields

The discussion of scale invariance requires a careful assessment of Dimensions. It is convenient to
suppose that the magnetic field is divided by a constant

√
4πµ, where µ is some arbitrary constant with

the Dimensions of mass density. This will always be absorbed into arbitrary multiplicative constants
in the solutions, but it allows us to take the Dimensions of the magnetic field to be equal to that of a
velocity. It happens that this treatment is nearly equivalent to the separated solutions found in [22].
This will be discussed in detail in the next sub-section.

We proceed following the method described in [26] and elaborated in [27]. The scale invariant
solutions are separated solutions, but they are found by applying a Lie symmetry in radius. The radial
scale invariant symmetry reduces even non linear versions of Equation (5) to a non linear equation in
θ. The method introduces reciprocal scales δ, α in space and time Dimensions respectively. These allow
us to write the key physical quantities in transformed expressions as

δr = eδR, q = e−δR q̄(x)δ, j = e(2δ−α)R j̄(x), B = e(δ−α)RB̄(x)δ(a−1) (10)

where the combination of scales in the exponential representations correspond to the space and time
Dimensions of the physical quantities. The constant δ(a−1) is introducd so that it does not appear
subsequently in each of the components of B̄.

Our immediate problem is to ensure that j = j(q). A little trial and error shows that this is only
possible if j = Cqp for some power p. But by our scale invariant ansatz (10) for q and j this requires

e−(δpR) = e(2δ−α)R, (11)

that is
p = a− 2, j̄(x) = C(δq̄(x))(a−2). (12)

We have set a ≡ α/δ, which is the similarity class [26]. The time does not enter essentially into the
force-free equations, but external influences can cause C(t). However this cancels from Equation (5) in
any case.
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We now substitute the expression for q from Equation (10) plus

j = q(a−2) (13)

into Equation (5) to obtain for q̄(x)

(q̄(x))(a−1) + (2− a)2(q̄(x))(a−3) +
2− a
3− a

(1− x2)d2
x(q̄(x))(a−3) = 0, a 6= 3, a 6= 2

1 + (q̄(x))2 + (1− x2)d2
x ln q̄(x) = 0 a = 3. (14)

The case a = 2 has no scale invariant solution. This implies that a global constant of Dimensions
equal to specific angular momentum (or to kinematic viscosity) can not be associated with a scale
invariant, force-free magnetic field.

The case a = 3 has the field falling off fast enough with radius to maintain a finite field energy,
but it poses a numerical problem in the form of a non linear, ordinary, second order differential
equation. This reduction of the non linear force-free magnetic field was found many years ago using
ad hoc scale invariance ([28]), but it was not known to fit a general scheme of scale invariance.

We treat the linear case in a notationally consistent fashion in the appendix. No spatial scaling is
possible with q constant (i.e., the linear case), but the general solutions are familiar.

Once Equation (14) are solved for q̄(x),we obtain the magnetic field by using Equation (10) plus
Equation (13) in Equations (3) and (4). The scale invariant part of the magnetic field becomes

B̄r(x) = −
(2− a

3− a
)

dx(q̄(x))(a−3),

B̄θ = − (2− a)
sin θ

(q̄(x))(a−3), (15)

B̄φ =
(q̄(x))(a−2)

sin θ
.

The complete magnetic field (a 6= 2) is given by the last expression in Equation (10). An arbitrary
constant can multiply each of the field components. We look briefly at some examples of scale invariant
and non scale invariant fields in Section 3. In the next sub-Section 2.3 we compare the results of this
section to those of ([22]).

2.3. Low and Lou Solutions as Scale Invariance

A comparison of the basic functions in ([22]) to those used (j(q) and (q)) in the scale invariant
fields of the previous section allows the immediate identifications (Q, A and n are from [22])

j(q) ≡ Q(A), q ≡ dQ
dA

. (16)

Moreover in ([22]) one finds

A ≡ P(x)
rn , (17)

Q ≡ aaA1+ 1
n , (18)

where P(x) is the function to be found and aa is a numerical constant.
However, a comparison of the expressions for the radial and poloidal magnetic field components

found in ([22]) with those in Equation (16) shows that in our terms

A(x) ≡
(

2− a
3− a

)
(q̄(x))(a−3)r(3−a) ≡

(
2− a
3− a

)
q(a−3), (19)
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for a 6= 3. This identifies

P(x) ≡
(

2− a
3− a

)
(q̄(x))(a−3), n = a− 3. (20)

as well as implicitly Q and the constant aa. The expression for n in terms of the similarity class a
always holds.

The case n = 0 is not treated in ([22]) but this corresponds to our case a = 3 as presented in
Equation (14). In the formulation of Low and Lou this is a limiting case that is not readily treated.
Our exceptional case a = 2 that reduces to a potential field implies n = −1 in Low and Lou, hence
again reducing to a potential field.

Hence the full scale invariant approach has not replaced any of [22], but has only extended and
clarified that formulation slightly. However the correspondence delivers a considerable bonus for
the present paper. Low and Lou have studied at length the case n = 1, that is a = 4. Moreover they
have solved an eigenvalue problem that shows that for this example there is a solution that is finite on
the axis.

It should be remarked that the paper by Prasad, Mangalam and Ravindra ([24]) also extends the
low and lou solutions in that they give (integral) eigen values that fit the boundary conditions for
a wider range of n. The value of n is restricted to be rational, which is similar to the Dimensionally
dictated value of a. They give extensive discussion of the application to solar physics.

Generally scale invariance can be expected to hold only over a limited range of spatial scale
([29]. There will always be divergence at r = 0 for example. Even in polar angle, given the boundary
condition P(1) = P(−1) = 0 as used in Low and Lou, the field tends to potential values on the axis
(q→ 0) rather than the force free value. In our illustrative scale invariant examples we do not require
the fields to hold over the the whole spatial range. In many cases the magnetic flux emanating from
the axis is finite, even if the magnetic field diverges there.

One of the novelties of the full scale invariant approach is the identification of the parameter a
as the similarity ‘class’. This means for example that when a = 4 (i.e., n = 1) one expects a global
constant with Dimensions L4p/Tp ([6]), where p is a positive or negative rational and L, T indicate
length and time Dimensions. Such a global constant is coherent with the radial dependence of the
magnetic field found in Equation (10), which is 1/r3. This is because our magnetic field is scaled to
have Dimensions L/T, so that Br3 has the Dimensions indicated by a if p = 1.

From the above we infer only the obvious condition that the global constant must be assigned at
one value of x, but the interpretation also suggests a rapid way of evaluating the physical character of
other values of a. For example, when a = 3 the constant has Dimensions L3p/Tp, which requires a
magnetic flux to be given at some x on taking p = 1. The interpretation of a (through the choice of p) is
thus more or less evident in a purely magnetic system, but the presence of dynamics would add other
parameters and possible interpretations. Thus the presence of a free-fall time adds an independent
time Dimension and allows other interpretations of the global constant, such as the change of magnetic
flux during a free-fall time.

3. Some Non Linear Force Free Dynamo Fields

3.1. Scale Invariant Examples

We refer to the first of Equation (14) and set the similarity class a = 1. This choice implies that a
global constant with the Dimension of magnetic field exists, and this constant may be identified with
the value of the field at fixed x. In the presence of dynamics, such a global constant is also consistent
with a constant linear velocity such as that of the disc of a spiral galaxy.

Equation (10) shows that there is no radial dependence on the magnetic field and therefore
B = B̄(x). The current in the z direction is 1/q by Equation (13) and q = q̄(x)/r by Equation (10).
Clearly there is no limit on the integrated energy of the field unless it is cut off at a finite radius. This cut
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requires boundary conditions connecting to an external potential field involving surface currents and
forces that we will not consider here.

Setting

ρ2 = 1 +
1

q̄(x)2 , (21)

the Equation (14) for q̄(x) becomes

(1− x2)
d2ρ2

dx2 + 2ρ2 = 0. (22)

This has the solution

ρ2 = C1(1− x2){1
4

ln
1 + x
1− x

+
1
2

x
1− x2 }+ C2(1− x2), (23)

which must be positive in the domain of interest. By examining the limits at x = 1 and x = 0 we see
that C1 and C2 should both be positive above the plane. The field does not recognize the plane z = 0
as a boundary. Hence in any application to a spiral galaxy the field in the upper half plane should
be reflected into the lower half plane with a sign change. This yields a dipolar symmetry across the
equator. If the reflection is carried out without a sign change then one obtains quadrupolar symmetry
across the disc plane. There has to be a surface current in the plane (volume current density integrated
through the disc) to allow the dipolar boundary condition, but the two sides of the plane are quite
disconnected with the quadrupolar symmetry. It is interesting to note that quadrupolar symmetry
arises in the only analytic scale invariant MHD collapse solution ([27,30]).

The dipolar procedure maintains the normal component of the field continuous and changes the
sign on the tangential components, while the quadrupole symetry reverses only the sign of the normal
component. In a one-sided application, such as above an active region on the sun, the upper half plane
solution suffices.

Solution (23) describes a magnetic field that is a function of angle only. We show some relevant
properties in Figure 1. The three dimensional panel at upper left in the figure has the two independent
solutions at equal amplitude {C1, C2} = {5, 5}. It shows dome like structure (cf NGC 3079 in [25])
with the field circling the polar axis. The polar circling (an axial current) is due to the C1 solution
while the dome structure can appear in both solutions. The panel at lower right shows a dominant C2
solution with {C1, C2} = {1, 5}. The field is clearly ‘X shaped’ (cf [1]) in projection up to a limiting
angle from the plane. No such behaviour occurs in the other limit where the C1 solution dominates as
is shown at lower left where {C1, C2} = {5, 1}.

The panel at upper right indicates the variation in the z axial current function j = 1/q for the case
{5, 1} in the upper half plane. It varies substantially, declining by about a factor five starting from
the axis in radius and by about a factor five at the polar angle extremes. However there are extensive
‘plateaus’ where q is roughly constant. We shall see that non linear force-free dynamo action may
persist in such regions.

The total current flows parallel to the field lines by construction. The dome like structure, the X
type field, the strong and variable axial current are the physical distinctions of this solution. The scale
invariant field with class a = 1 has no dependence on radius (although it varies strongly with x).
However, dynamo action to evolve the field will be efficient mainly in the separate plateau regions.
This can create an effective variation with radius. Such a magnetic field might be created by a nuclear
jet (perhaps as in NGC3079), providing the jet creates a strong current on the polar axis.
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Figure 1. At upper left the magnetic field vectors in 3d are shown for the Solution (23) with {C1, C2} =
{5, 5}. At upper right we show the current function j = 1/q(r, x) above the plane. From orange to
green this function varies downwards by about a factor 5 and the same variation upwards holds from
green to blue, At lower left the field vectors are shown in a poloidal cut with {C1, C2} = {5, 1}, while
at lower right the poloidal cut is shown for {C1, C2} = {1, 5}.

As perhaps a more physical example (the integrated field energy is finite without a boundary) we
look briefly at the limiting case when a = 3. This choice implies a global constant with Dimensions
L3/T, that is possibly a constant magnetic flux. The second of Equation (14) can be written as two
linear equations and easily integrated numerically. We present only a two-sided example in Figure 2.
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Figure 2. At upper left we show q̄ = r ∗ q as a function of cos θ. We have chosen the symmetric example
with q(0) = 1 and the derivative equal to zero. The derivative is shown at upper right. The field
vectors, multiplied by r2 , are shown above and below the equatorial plane at lower left. The radius runs
from 0.2 to 0.8 in arbitrary Units although this dependence has been removed from the magnetic field.
At lower right the true field vectors are shown in the equatorial plane over the same range in radius.
The radial component passes through zero in this plane.

The upper left panel shows the variation of q̄(x) with the cosine of the polar angle. It is symmetric
about the equator which implies that the current does not change sign on crossing the equator.
The azimuthal and poloidal components of the magnetic field do not change sign, but the radial
component does. This can be seen at upper right where the graph shows the angular derivative,
dq̄(x)/dx that is proportional to the radial magnetic field. This passes through zero on the equator in
this symmetric solution.

At lower left the vectors of the magnetic field multiplied by r2 are shown in three Dimensions.
A projected ‘X type’ magnetic field might be observed near the polar axis in the polarized radio flux,
but at larger angles the field is seen to be more dipolar in projection. There is however in addition
an azimuthal component of the field, which the panel at lower right displays in the equator of the
solution (where the radial field vanishes). This figure includes the radial inverse square decline with
radius. Thus, only the X type field near the polar axis may be strong enough to be observed. The axis
may also of course be the location of a double ‘jet’ (i.e., collimated) outflow.
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3.2. Non Scale Invariant Example

We consider the non scale invariant example summarized in Equation (9). The general solution
requires the application of boundary conditions in radius and poloidal angle. However a plausible
solution is found when only one ‘mode’ is included, namely the term with the separation constant
equal to 2. This gives a solution of Equation (9) in the form

ρ2(r, x) = (1− x2)(C1 r2 +
C2
r
){C4 + C3 x F(2,

1
2

;
3
2

; x2)}, (24)

where F(α, β; γ; z) is the hypergeometric function. Note that this solution is completely symmetric
under x → −x so long as C3 → −C3 below the plane. Only the radial magnetic field (and hence
the radial current) will change sign due to the differentiation with respect to x. This will give
double magnetic bubbles across the plane in a galaxy context. From Equation (8) we obtain 1//q2.
The magnetic fields follow from Equations (3), (4) and (6).

If the negative square root were extracted on crossing the plane, both Bφ and Br would change
sign and we would have dipolar symmetry. It is not possible to have a global quadrupolar symmetry
with this mode. However one can construct a quadrupolar solution, just as with the solution of the
previous section, by reflecting the field above the plane in the plane without a sign change.

In Figure 3 we show several examples chosen more or less at random from the constants
{C1, C2, C3, C4}. Many other possibilities exist, including pure ‘X type’ fields, but such exploration
is not the main purpose of this paper, which in these sections is mainly to demonstrate a useful
formulation of the force-free magnetic field.

Although now we do not have scale invariance (note the strong variation in radius and polar
angle), we do find similar dome structure and axial current in the upper left panel that may be
associated with a jet. At upper right the reciprocal of the current function j = 1/q is plotted.
The distribution of j gives an effective local spatial scale of the force free field. Once again there
are plateaus, but j varies globally by about a factor 2. For the parameters chosen, the poloidal structure
at lower left is purely dome like with no ‘X type’ behaviour. However a systematic study would show
that there are many variations about this structure. The field vectors are shown reacting to the large
axial current (also large spatial scale) at upper left and at lower right of the figure.

In the Appendix A Figure A1 we show one mode of a linear force-free magnetic field. There is
no scale invariant solution, but the dome-like field structure is quite similar to scale invariant fields
in that it produces the ‘dome like’ structure. It differs however by producing an axially symmetric
azimuthal field that nevertheless oscillates in radius (c.f. [12]).
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Figure 3. At upper left we show a three dimensional set of field vectors for the parameter set
{C1, C2, C3, C4} = {5, 5, 5, 1}, which set applies to all of the panels in this figure. The radius runs only
from 0.25 to 0.55 at upper left in order to show inner and outer features. At upper right we show the
vertical current function. It declines in radius from the axis by about a factor 2 at θ ≈ 0.75, but there are
lower regions near the equator and near the axis for r >≈ 0.5. The panel at lower left shows vectors
in the poloidal plane with the z axis horizontal. The radius runs only from 0.35 to 0.75. Near the axis
the field becomes nearly toroidal due to the strong axial current. The circulating field appears in the
figure at lower right at small radius, although the radius runs from 0.2 to 0.75. This is actually the
radius along the cone with opening angle 30◦ projected along the polar axis onto the equatorial plane.
Hence the radius along the cone is twice as large as that shown.
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4. Non Linear Force-Free Dynamo

The force-free fields of the previous sections can only represent dynamo fields under certain
conditions. We discussed these conditions qualitatively in the introduction. In this section we look at
more specific cases.

4.1. Stationary Force-Free MHD Flow?

Equation (35) below shows that a steady force-free magnetic field is not compatible with a classic
dynamo. This is evident because the two terms on the right of this equation can not cancel, being
perpendicular vectors. If

∆ ≡ αd
η

= q, and v = κB, (25)

then each term is zero and there is no classical dynamo action.1

Nevertheless a dynamical magnetized steady state can be maintained by a combination of
pressure, gravity, viscosity, and inertial forces. The assumption of flow parallel to the magnetic
field, in Equation (25) implies a wind of, or mixed with, cosmic rays. Accretion onto the galaxy along a
magnetic field connected to its surroundings [4] is also possible.

Given some Ohmic dissipation we speculate that the magnetic field would be free to relax to its
minimum energy, force-free state, because it is undistorted by the macroscopic velocity field, and there
is no sub-scale dynamo action. The scalar function κ(x, t) would be found dynamically as part of the
dynamical relaxation process. If the conducting medium is incompressible, then κ = κ(q) is sufficient
to keep κ constant on a field line, although it is not necessary.

A simple example is found when κ is constant in space. Then the steady flow is necessarily
incompressible and is in fact Beltrami flow because ∇∧ v = qv, assuming the magnetic field is indeed
given by Equation (1). The velocity helicity of this flow is qv2.

The Navier-Stokes equations reduce in a dynamical stationary state with constant density and
viscosity, Beltrami flow, and a force-free field to

∇B + ηq2v + η∇q ∧ v = 0, (26)

where the Bernoulli function is

B ≡ p
µ
+

v2

2
+ Ψ. (27)

As usual p is pressure, µ is mass density, η is a constant viscosity and Ψ is the gravitational
potential. By taking the scalar and vector product of this equation with v and recalling that v · ∇q = 0
according to the Beltrami condition, we can find useful expressions for the parallel and perpendicular
components of the gradient of the Bernoulli function.

Any force-free magnetic field implies the corresponding v by Equation (25) and κ constant,
and vice versa. Hence, assuming an external gravitational potential, this equation gives the pressure
distribution necessary for the dynamically steady state with Beltrami fluid flow (equal to the presence
of a force-free magnetic field by our assumptions). Thus it is the pressure gradient that supports
the magnetic field and so amplifies it by compression, in a kind of ‘hydro stationary dynamo’.
Numerical simulations would be necessary to establish the existence of a physical time dependent
path to such a configuration.

When q is constant, as for a linear force-free field, there is only a variation of the Bernoulli constant
required parallel to v and hence to B. This is a case where the magnetic field acts as a conduit for
the flow. It is at the other extreme where the magnetic field has become so strong that it dominates
the other forces. It is force-free in that only a small part of the current flow need be perpendicular to

1 We have defined αd as the sub-scale helicity coefficient and η as the turbulent viscosity.
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the magnetic field. This appears to be the solar sun spot condition. Our example may not be taken
seriously as a model for a galactic magnetic field, except near and in the galactic disc (e.g., [4]).

4.2. Time Dependent Force-Free Dynamo: I

We can reduce Equation (35) below when v = κ∇∧A ≡ κB by taking the curl and assuming that
u is spatially constant. So for simplicity we ignore the velocity here. A discussion including velocity
will be included below in Section 5. The current procedure gives, after using Equation (1),

(∂tB)0 = quB0. (28)

Here
u ≡ αd − qη, (29)

where once again αd is the sub-scale helicity coefficient and η is the turbulent viscosity.
We can write the solution for B therefore as (The initial time derivative may be thought as a Lie

derivative in time—e.g., [31] pp. 40–41)
B = Boequt, (30)

where an arbitrary spatial function is absorbed into the initial force-free field.
However the argument fails at the next stage where we must establish that the dynamo field

remains force-free as it evolves. Otherwise the entire formulation embodied in Equation (35) fails.
Taking the curl once again, we see that the curl remains parallel to the magnetic field only if qu =

constant. However u = constant at the first differentiation, so that now only the linear dynamo with
q = constant survives exactly. It is force-free with B = Boequt provided that the initial field Bo is
force-free with the same q. We develop this case further below.

It is of interest here to note explicitly how the general argument fails. It will be similar when
velocity is included. The curl of Equation (30) gives

∇∧ B = qB + utequt|∇q|Bon̂, (31)

where we have used Equation (2), and n̂ is the unit normal to the plane defined by ∇q and B in the
direction of ∇q ∧ B.

However by taking the dot product with n̂ we find the equation for the perpendicular component
of the curl as

(∇∧ B)⊥ = utequt|∇q|Bo. (32)

It thus diverges from zero faster than exponentially. However taking the ratio of the perpendicular
curl component to the parallel component we find

(n̂ · curl(B))/(qB) =
|∇q|

q
ut. (33)

Hence the magnetic field diverges from force-free field as (|∇q|/q)ut becomes large.
The characteristic time q/(|∇q|u) can be large, in regions where |∇q| is sufficiently small. In fact
it is readily shown for the scale invariant magnetic field that |∇q|/q =

√
1 + (1− x2)(dx ln q̄)2/r.

When a = 3 the second of Equation (14) allows us to write this as |∇q|/q =
√

2 + q̄2/r. Thus in that
particular case the characteristic time is r/(u

√
2 + q̄2).

Until the characteristic time is reached, Equation (30) describes time dependent evolution by
classical dynamo, of a non linear, force-free magnetic field. The initial field Bo is a non linear force-free
magnetic field as was studied in Sections 2.1 and 2.2. The maximum amplification factor is therefore
e(q

2/|∇q|), which will vary from point to point.
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Clearly the locally linear force-free dynamo field is maintained for the longest time, but there may
be mainly step-wise variation in q between extended regions as in Figures 1 and 3. In such a case we
would have co-existing, but different, linear dynamos on different spatial scales.

As the field grows and diverges from the force-free condition in each region, the process may be
quenched by u→ 0 due to a balance between generation and dissipation. Increased dissipation can
cause a relaxation to a new average force-free field. The sub scale turbulence (part of the dissipation)
will then restart the α2 dynamo and a new cycle can begin in each region.

5. Time Dependent Force-Free Dynamo: II-Linear

We consider a linear force-free dynamo field that is driven by a macroscopic velocity field plus
(isotropic) sub scale turbulence as manifested in the sub scale velocity helicity and diffusivity. The sub
scale turbulence yields an αd helicity effect plus a diffusivity that might be on slightly different scales.

We recall the classical dynamo equation in the vector potential (A) form ([5,7])

∂tA = v ∧∇∧A + αd∇∧A− η∇∧∇∧A ≡ −cE, (34)

where we neglect electrostatic fields. The definition of the electric field E is just to recall basic
assumptions. Combining this equation with Equation (1) assumed to hold initially, even for spatially
non constant q, yields

∂tA = v ∧∇∧A + (αd − ηq)∇∧A. (35)

We drop indications of the time derivative field at t = 0 for brevity.
This last equation can also be written by defining a damped turbulent helicity, u ≡ αd − qη, as

∂tA = (K + uI)∇∧A ≡ −cE, (36)

where I is the unit matrix, and the anti-symmetric matrix K is ({ijk} = {123} refer to an orthogonal
set of unit vectors).

Kik = εijkvj. (37)

Here εijk is the fully anti-symmetric permutation symbol. Unfortunately Equation (36) does
not in general guarantee the force-free evolution of an initial force-free magnetic field. We are then
constrained to a force-free dynamo limited in time as in Section 4.2.

For a linear force-free field we may take A = B/q 2 and so the Equation (36) for the temporal
development of the force-free magnetic field becomes

∂tB = q(K + uI)B. (38)

The solution of this equation can be written in the operator form

B = exp
( ∫ t

q(uI + K) dt
)

Bo, (39)

where Bo is an initial force-free field. Here we proceed purely formally with the operator algebra to
find and verify the solution, but a somewhat more rigorous derivation of this solution can be found
in either ([26]) or ([27]). The definition of an exponential matrix as an operator is a well established
algebraic method.

At this point neither u nor v need be uniform in space and both of them, plus the linear q(t),
may be arbitrary functions of time. However this arbitrariness does not gain us much in practice
because these functions are unknown without extended dynamical considerations. Moreover, apart

2 This is another condition for a force-free magnetic field but it does not guarantee that behaviour unless A is solved for.
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from the trivial q→ 0, the time dependence does not help with maintaining the field of (39) force-free.
We continue therefore with quantities constant in time.

Equation (39) (now with integrand constant in time although this is unnecessary) can be written
explicitly because K is anti-symmetric. Hence its exponential is given by the Rodrigues formula

eK ≡ I +
sin v

v
K +

1− cos v
v2 K2, (40)

where v2 = v2
1 + v2

2 + v2
3 ≡ v2

r + v2
θ + v2

φ and varies in space. This leads us from Equation (39) to
the expression

B = equtBo + equt( sin (qvt)
qvt

+ (cos (qvt)− 1)
)
qtK Bo. (41)

We have used a verifiable property of K namely

K2 = −v2K, (42)

and of course In = I. Equation (41) represents a generalization of the discussion of force-free linear
dynamos given in [7]). Note that nothing requires the initial force-free magnetic field Bo to be axially
symmetric, although that is the simplest version of the linear field.

Starting from an initial force-free magnetic field we see from Equation (41) that the first term
continues to generate a force-free field so long as qu is spatially constant. We recall that u = constant
requires only that

αd − qη = u (43)

so that neither αd nor η need be constant individually. Depending on the sign of finite u, there is
either exponential growth or decay. Setting u = 0 that is αd/η = q, identifies a typical α2 dynamo
number ([8]).

The more convoluted second term of Equation (41) will gradually deviate from the force-free
condition as it grows, even if the modulus of the velocity v is constant. This term is small compared to
the first term only if qvt is small. Thus the dynamo generates a force-free field only for t� 1/qv or u/v
e-folding times. This characteristic time may be nearly 100 Myr on a galactic scale 1/q. However even
this estimate may be somewhat pessimistic.

One of the obvious physical questions is to ask how is the dynamo quenched? This can be
achieved if, either the current source coefficients q, u and/or the velocity, decay in time. We see that
u→ 0 (as suggested in Section 4.2) will stop the exponential growth and leave only the small second
term (for small qvt). So this is a form of quenching, achieved by cycling between distorted growth of a
force-free field and subsequent relaxation.

Another possible example of quenching is to hold v constant in time and u constant (positive and
uniform), but let q = q(t) in Equation (38). The detailed physics required is ignored here, but In an
infinite dynamo with no characteristic scale, Dimensional analysis suggests that q = qo/(wt), where
the velocity w might be either v or u or some combination of the two. This implies an increasing spatial
scale of the field as it is generated.

Assuming this variation in time, the solution (41) holds, provided we replace t by ln t/to and
q by qo/w everywhere in the equation. The offending second term may now be kept small if
(qov/w) ln (t/to) is small. Here to is an arbitrary time replacing t = 0, that is the time from which we
start the dynamo. Formally, the amplitude of Bo must absorb the factor equto .

We require then that t� toew/(qov) for the evolution by force-free dynamo under these conditions.
Unless w is substantially greater than v, we must have qo small, and hence q = qo/wto is likely to be
small. If in fact w→ u→ 0, then the growth stops abruptly.
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The result of the operation KBo is also of some interest. One finds (using physical components in
spherical polars just for emphasis) −vφBoθ + vθ Boφ

KBo = +vφBor − vrBoφ = v ∧ Bo

−vθ Bor + vrBoθ

 (44)

We note that
v ∧ Bo = −cEo, (45)

where Eo is the initial induced electric field because v is constant in time. Thus, according to
Equation (41), the evolving field develops an electric field parallel to the magnetic field but it is
a ‘delayed electric field’ relative to the current magnetic field. Even if the velocity were time dependent,
Equations (39) and (41) together indicate that the electric field would depend on the past history of the
flow plus the initial force-free linear field.

One should note that the scale of v is not restricted. If we imagine that it is the turbulent scale,
then we should set αd = η = 0. In that case we conclude that the turbulent (helical in general) motion
generates a ‘delayed’ electric field parallel to the magnetic field on the turbulent scale. This might be a
candidate for an explicit ‘αd’ effect introduced on the mean field scale. It is an induced electric field
similar to the electric field induced by the macroscopic flow. We speculate on this further in Section 5.2.

5.1. Non Force-Free Dynamo with Beltrami Potential

It is worth remarking that an additional use of our solutions of the force-free equations may be
found by assuming that the vector potential obeys

∇∧A = κA, (46)

that is we assume that the vector potential is a Beltrami vector field. Taking the Coulomb gauge
∇ · A = 0, the earlier solutions for the force-free magnetic field apply directly to A. However the
magnetic field itself is no longer force-free because

∇∧ B = κB +∇κ ∧ B. (47)

The interesting application is to the classical dynamo Equation (34) which can be written as

∂tA = κ(v− η∇ ln κ) ∧A + κuA, (48)

without any constraints on u or η. To make contact with the results of Section 5 we write this as

∂tA = κ(K̃ + uI)A, (49)

where
K̃ik = εijk(v− η∇ ln κ)j. (50)

This means that the solution for A is given by Equation (41), but with Ao replacing Bo, κ replacing
q, |v− η∇ ln κ| replacing v and K̃ replacing K. The field must be found subsequently from the curl of
this expression.

Unfortunately this solution does not guarantee the Beltrami nature of A, which is the same
problem that we had with the force-free magnetic dynamo evolution. It requires κ|v− η∇ ln κ|t to be
small and κu to be constant to remain a good approximation. Of course we can set the net velocity
v− η∇ ln κ to be zero, but then there is no ‘omega’ dynamo because the velocity field diffuses away.
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5.2. αd Effect?

We imagine an initial two scale linear force-free magnetic field. The large scale 1/qk is labelled {k}
while the sub scale 1/q(k−1) is labelled {k− 1}. On the sub scale there will be no velocity helicity and
no diffusivity so that u = 0. The ‘dynamo equation’ on the sub scale will be, on recalling Equation (35),
setting A = B/q, and taking total vectors on the scale k− 1

∂tB = q(k−1)(v ∧ B). (51)

We take total quantities B = B(k−1) + Bk and v = v(k−1) + vk.
From the previous section we know that the solution for the magnetic field can be written, at least

initially, as
B = Bo + F(q(k−1), v, t)q(k−1)t(−cE(k−1)), (52)

where

F(q(k−1), v, t) ≡
sin (q(k−1)vt)

q(k−1)vt
+ (cos (q(k−1)vt)− 1), (53)

and
E(k−1) ≡ −(1/c)

〈
v ∧ Bo

〉
≈ −(1/c)(vk ∧ Bok + v(k−1) ∧ Bo(k−1)). (54)

In this last expression, the average is over the large scale spatial region.
Formally then we obtain an estimate of the alpha effect by introducing the coefficient αd as

E(k−1) = −
(B− Bo)

q(k−1)ctF(q(k−1), v, t)
≡ −αd

c
(B− Bo) (55)

This value of αd can in principle now be used in Equation (38) to write an equation for the evolving
force-free mean field while using a time varying sub scale helicity αd. To achieve a similar expression
for the diffusivity would require considering two level dynamical equations. However Dimensional
analysis suggests η = η̄αd/q(k−1). This all suggests setting u ∝ 1/t given our estimate for αd.
The behaviour is only modulated slightly by the function F, when the argument is small.

Our considerations can not claim to probe the fundamental theory of dynamo action, for which the
literature is rather vast (e.g., [32]). This is particularly the case because the assumption of a force-free
field gradually fails in time. However it is remarkable that a simple model based on the evolution by
a classic force-free dynamo reaches a conclusion similar to that inferred by ([33,34]). The important
conclusion is that the delayed induced electric field, due to both turbulent and mean flow and field, provides a
source for the current dynamo field. This means that the current dynamo field, in a galaxy for example,
may depend on both earlier seed fields and ‘seed motion’.

Our next section discusses briefly helicity and its possible cascade between spatial scales. In a
brief appendix we give the formulation of a linear force-free magnetic field in a form compatible with
our discussion of the non-linear force-free field.

6. Force-Free Magnetic Helicity

The magnetic helicity transfer and conservation is an important indicator of the physics operating
in a magnetic dynamo (e.g., [7,35]). The velocity helicity is fundamental to the turbulent dynamo.
It is worth considering how this operates in a force-free magnetic field, but we begin with a general
discussion of magnetic helicity, provided as always there is no electrostatic field.

The basic classical dynamo Equation (34) for a generated magnetic field is comprised of Faraday’s
equation (no electrostatic field) and the assumed electric field in the forms

E = −1
c

∂tA, E = −v
c
∧ B− αd

c
B +

η

c
∇∧ B. (56)
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This allows us to write the time dependence of the magnetic helicity h ≡ A · B using only
Faraday’s law as

∂t(A · B) = −cE · B− cA∇∧ E. (57)

We have in addition the identity A · ∇ ∧ E ≡ E · B +∇ · (E ∧A), and hence we find

∂th = −2cE · B− c∇ · (E ∧A). (58)

We proceed by inserting the classical dynamo version of the electric field (34) into the first term of
Equation (58), to obtain quite generally

∂th = 2B · [αdB− η∇∧ B]− c∇ · (E ∧A). (59)

If finally the magnetic field is force-free, this result becomes

∂th = 2uB2 − c∇ · (E ∧A). (60)

The first term in this time dependence is proportional to the production of magnetic energy by the
α effect at the macroscopic scale minus the diffusive loss. The second term is more subtle. However for
a linear force-free field A = B/q. We see consequently that the second term is proportional to the
divergence of the Poynting flux. Integrated over a closed volume. the resulting Poynting flux will
vanish integrated over the bounding surface, provided that there is no net energy loss from the volume.

The spatial variation of the magnetic helicity h is

∇h = (A · ∇)B + (B · ∇)A + A ∧∇∧ B, (61)

where∇∧B = qB in the force-free case. In a region of linear force-free magnetic field A = B/q, and so
this becomes

∇h =
∇B2

q
. (62)

From this result and Equation (60) one can construct a convective derivative which allows in principle
to extend the helicity over the whole space from a set of boundary values. For a non force-free magnetic
field we require Equations (59) and (61). Rather than regard these results as new equations for the field,
the magnetic field is found from Equation (56), after which the results of this section give the local
temporal and spatial variation.

In view of the usual split between the sub scale and the mean field scale, it is of interest to consider
both scales as force free and individually linear. If the mean field scale is labelled {k} and the sub scale
{k− 1} then 〈

A · B
〉
=
〈
Ak · Bk

〉
+
〈
A(k−1) · B(k−1)

〉
, (63)

where the average is over the macroscopic field scale 1/qk and the sub scale average is assumed
to vanish when multiplying a macro scale quantity. If both scales are force-free and linear, then
substituting for A on each scale gives

〈
A · B

〉
=

〈
B2

k
〉

qk
+

〈
B2
(k−1)

〉
q(k−1)

. (64)

Together with Equation (60) we see that when u = 0 the integrated conserved total helicity implies
a conserved balance between the sub scale and mean field scale helicity. Equivalently the balance is
between the magnetic energy per unit area on each scale. Such balance is to be expected in standard
dynamo theory.
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7. Discussion and Conclusions

We have done two quite separate things in this paper, of which the second in Section 5 is perhaps
the most original. In that section we give the solution for of an evolving linear force-free magnetic field
when the velocity field is quite general. One finds (see Equation (41)) that the field develops an electric
field parallel to the magnetic field but that it is delayed in time. That is, the electric field induced by the
initial velocity and magnetic fields is parallel to the current magnetic field after a time t. The velocity
field may be either sub scale and turbulent, or it may be the mean flow.

In a sub section of this part we use the two scale force-free dynamo to estimate the sub scale αd
effect. This follows from the general solution for the dynamo evolution of the linear field. The time
dependence of the αd effect declines essentially as 1/t, which resembles a scale invariant result for the
classic dynamo ([6]).

Unfortunately, even evolving from an initial force-free magnetic field the field does not remain
force-free. Dynamo evolved force-free fields are thus transitory and perhaps cyclic, assuming
dissipative relaxation to the minimum energy state. The lifetime of the force-free phase can nevertheless
be quite long. This evolving/ dissipating cyclic behaviour holds both for the linear and for the non
linear force-free dynamo evolution. It is a type of ‘quenching’ the dynamo, but in an oscillatory manner.

In summary, the solution (41) can serve as an approximation to the solution of Equation (38) for
spatially varying q that is sufficiently slow. Figures 1 and 3 show in the relevant panels that q can in
fact be slowly varying over large spatial regions.

In an earlier extensive Section 2 we have studied the axially symmetric non-linear force-free
magnetic field by itself, because of possible solar corona applications [22,36] or galactic halo
applications (e.g., [5]). The solutions in arbitrary geometry are notoriously difficult to find,
but Equation (5) gives a simple formulation for the axially symmetric force-free field. Examples are
given in Section 3.2, although there are parameters left unexplored and only one mode in a series is
considered. Boundary conditions are required in any specific application. Interesting dome structure
is shown in Figure 3 that resembles some structures over galactic nuclei (e.g., NGC3079, [25]), or over
solar active regions.

In this context a new formulation is the scale invariant form of the non-linear force-free field
Equation (14) studied in Sections 2.2 and 3.1. This symmetry in addition to the axial symmetry reduces
the problem to an ordinary differential equation. Special choices of the similarity class a should reflect
the Dimensions of global constants of the problem ([6]). When a = 1 is taken as an example, it implies
a global constant with the Dimensions of macroscopic velocity, possibly rotational or inflow/outflow.

The choice a = 3 implies a global constant with the Dimensions of magnetic flux (because the
field has been scaled to have the Dimensions of velocity). This example (because there is an inverse
square radial dependence in the field) keeps the magnetic energy finite even in an infinite volume.
The parameters chosen to illustrate this example are somewhat arbitrary, but they present ‘dome-like’
behaviour with an axial ‘jet’ just as do the non scale invariant solutions (e.g., Figure 2). The ‘X type’
magnetic field structure can be seen in the scale invariant case with a = 1 (1).

In Section 2.3 we recognized that the earlier work of Low and Lou ([22]) was in fact a scale
invariant set of the axially symmetric soutions. In that section we give a detailed comparison between
that work and our own. We show that the formal scale invariant theory only extends slightly their
results to include the a = 3 (n = 0) solution. The concept of the similarity class a is also new.

Force-free magnetic fields have a scale built in as 1/q. We have used this idea in Section 5 to
consider the αd effect, as was remarked above. In this context we have also summarized the evolution
of magnetic helicity for the classical dynamo field. We demonstrated that two coupled force-free
levels conserve helicity as an exchange between them. The conserved force-free magnetic helicity is
proportional to the magnetic energy density.

Steady initial force-free magnetic fields are inconsistent with classical dynamo evolution.
Steady force-free fields (linear and non linear) can exist passively in a macroscopic hydrodynamical
flow in which other forces dominate. In our simple example the velocity is parallel to the force-free
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magnetic field and comprises an incompressible Beltrami flow. This ‘hydrodynamic dynamo’ is thus a
result of forces (e.g., gravity and pressure) driving the dynamics and which dominate any Ampèrian
force as the field is established.

There is another limit in MHD flow when the field is so strong that it dominates other forces and
acts as a conduit for the flow. It is force-free now in the sense that a small Ampèrian force serves to
dominate other forces.This appears to happen above sun spots and may happen in parts of spiral
galaxies. Nuclear outflows or ‘champagne flows’ may be involved.

In an appendix we give a formulation for the familiar linear force-free magnetic field, which is
notationally coherent with our non linear examples. We show an example in Figure A1 for a single
mode. The dome-like structure and spiralling field structure on cones is common to many solutions.
By contrast projected ‘X-type’ fields do not occur.
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Appendix A. Linear Force-Free Magnetic Field

Equation (1) of the text when q is constant has well known solutions. It may be helpful in
using Equation (41) to have a formulation similar to that for the non linear force-free magnetic field.
More complicated methods must be used in the absence of axial symmetry so we proceed with that
assumption in spherical polar coordinates. In that case the field is given by

Br =
1

qr2 sin θ
∂θ j,

Bθ = − 1
qr sin θ

∂r j,

Bφ =
j

r sin θ

and the equation to be solved is

∂2
r j +

1− x2

r2 ∂2
x j + q2 j = 0.

With q constant there can be no scaling symmetry in space.
A simple solution with separation constant equal to 2 is

j = C1
( sin (qr−Φ)

qr
− cos (qr−Φ)

)(
C2 + C3 x F(2, 1/2, 3/2, x2)

)
(1− x2),

where F is the hypergeometric function and x = cos θ. Interesting behaviour when the current is
large (q = 10 ) is shown in Figure A1. Only a simple dome like field appears with small q, typically
q = O(0.1).

The three dimensional vector plot shows the complexity of the force-free field. The vectors in the
dome like structure reverse direction several times and there is strong winding of field lines near the
axis. The field line plot on the cone at 60◦ to the axis illustrates the toroidal winding as well as the
reversal in azimuthal direction.

Depending on the velocity field, the evolved force-free magnetic field of Equation (44) will be
greatly distorted. It is clear that there are many parameters, namely the five in the figure plus u and v
in the text, that may be adjusted for experimentation.
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Figure A1. At upper right the linear force-free field is shown in three dimensions with
{C1, C2, C3, q, Φ} = {1, 1, 1, 10, 0}. The field winds around the axis and the dome like structure
oscillates in direction. The radius has been integrated from 0.35 to 1. On the left the toroidal field is
shown wound on a cone with opening angle of 60◦ relative to the polar axis. The radius is integrated
over 0.25 ≤ r ≤ 1. Reversing toroidal field lines are evident.
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