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Abstract: In quantum field theory, many phenomena are characterized by a condensed structure
of their vacua. Such a structure is responsible of a non trivial vacuum energy. Here we analyze
disparate systems and we show that the thermal vacuum state for hot plasmas, the vacuum for boson
field in curved space and the vacuum for mixed neutrinos have the state equation of dark matter,
w = 0, and values of the energy density which are in agreement with the one estimated for dark
matter. Moreover, we show that the vacuum of axions mixed with photons has the state equation
of the cosmological constant w = −1 and a value of the energy density compatible with the one of
dark energy.
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1. Introduction

Many independent observations, strengthened by the recent measurements of the CMBR
spectrum, due to the WMAP experiment, and by the extension of the SNeIa Hubble diagram to
redshifts higher than 1 [1–5], show that the geometry of the universe is spatially flat and the universe
is in a phase of accelerated expansion. Such an expansion is thought to be due to a non-clustered fluid
with negative pressure, called dark energy. Many models trying to explain this phenomenon have
been proposed [6–32].

On the other hand, the discrepancy between the observed rotation curve of spiral galaxies,
which remains flat also at large distance from the centre of the galaxy, and the Kepler’s second law
has been explained by postulating the existence of a hypothetical type of matter, called dark matter,
distinct from baryonic matter, neutrinos and dark energy [8,33]. Such a form of matter has a vanishing
pressure and then a state equation w = p/ρ = 0. It has never been directly observed, however,
many candidates have been proposed to try to solve the dark matter problem [34–39]. The explanation
of dark components of the universe represents still a very big challenge of the fundamental physics.

Motivated by these facts, we have devoted our attention to the study of dark energy and dark
matter. In this paper, we report the recent results [40] showing that the vacuum condensate structure
of many phenomena, such as particle mixing and fields in curved space [41–54], generates non trivial
contributions to the energy of the universe [40], which can represent new components of dark energy
and dark matter. In particular, dark matter components can be provided by the thermal vacuum of
the hot plasma present at the center of a galaxy cluster, by the vacuum of fields in curved space [55]
and by the flavor neutrino vacuum. Such condensates indeed have state equation w = 0 and values
of the energy density of order of ρ ∼ 10−47GeV4 which are in agreement with w and ρ of dark
matter, respectively. Moreover, a dark energy contribution is generated by the vacuum condensate
characterizing the axion-photon mixing. Such a condensate has a behavior completely different with
respect to the ones of the condensates mentioned above. Indeed its state equation is w = −1, which is
the one of the cosmological constant and the value of the vacuum energy density is compatible with
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the one inferred from the observations for dark energy, 10−47GeV4 [40]. The results here presented
establish a link between cosmology, particle physics and quantum field theory.

In the following, we introduce the Bogoliubov transformations in quantum field theory (QFT),
which describe all the phenomena characterized by vacuum condensates. We present the energy
density, the pressure and the state equation of the condensate induced by a generic Bogoliubov
transformation. Then, we study the particular cases of thermal states, of fields in curved space and
of particle mixing and we derive their state equations and their contributions to the dark sector of
the universe.

2. Bogoliubov Transformation and Vacuum Condensate

Let us consider a Bogoliubov transformation for bosons (similar transformation holds for fermions)
in the framework of QFT, ak(ξ, t) = UB

k ak(t)−VB
−k a†

−k(t) . Here ak, are annihilators of the vacuum
|0〉, ξ is a parameter depending on the system analyzed and the coefficients UB

k , VB
k , satisfy the relation

|UB
k |2 − |VB

k |2 = 1 .
By introducing the generator J(ξ, t) of the Bogoliubov transformation, one can rewrite such

a relation as ak(ξ, t) = J−1(ξ, t) ak(t)J(ξ, t) , where J(ξ, t) has the property, J−1(ξ) = J(−ξ).
The vacuum annihilated by ak(ξ, t), denoted with |0(ξ, t)〉, is related to the original vacua |0〉 by
|0(ξ, t)〉 = J−1(ξ, t)|0〉. Such a relation which is a unitary operation in quantum mechanics, in QFT is
not a unitary transformation any more, since k assumes a continuous infinity of values. In this case,
|0(ξ, t)〉 and |0〉 are unitarily inequivalent and the physical vacuum of the system is |0(ξ, t)〉 [47,48].
Notice that |0(ξ, t)〉 has a condensate structure. Indeed the average value of the number operator,
Nk = a†

kak, on |0(ξ, t)〉 is different from zero and it is given by 〈0(ξ, t)|a†
kak|0(ξ, t)〉 = |Vk|2 . This fact

induces a non-zero expectation value of the free energy momentum tensor for real scalar fields and for
Majorana fields on |0(ξ, t)〉λ. We denote such terms as,

Ξλ
µν(x) ≡λ 〈0(ξ, t)| : Tλ

µν(x) : |0(ξ, t)〉λ , (1)

where λ = B, F (with B = bosons, F = fermions) and the symbol : ... :, indicates the normal ordering
with respect to the original vacuum |0〉λ.

3. Energy Density, Pressure and State Equation of Vacuum Condensate

The energy momentum tensor of the condensate Ξλ
µν(x) behaves as a perfect fluid.

Indeed, its off-diagonal components are zero, i.e., Ξλ
i,j(x) = 0, for i 6= j. Then, one can define the energy

density and pressure of the condensate as ρλ = Ξλ
00(x) , and pλ = Ξλ

jj(x) , respectively. By computing
the expectation values of Equation (1) for the (0, 0) and (j, j) components, one finds the explicit
expressions of the energy density and of the pressure. For bosons, in the case of the isotropy of the
momenta, ρB, pB and the state equation wB = pB/ρB are [40]

ρB =
1

2π2

∫ ∞

0
dkk2ωk|VB

k |
2 , (2)

pB =
1

6π2

∫ ∞

0
dkk2

[ k2

ωk
|VB

k |
2 −

(
k2

ωk
+

3m2

2ωk

)
|UB

k ||V
B
k | cos(ωkt)

]
, (3)

wB =
1
3

∫
d3 k k2

ωk
|VB

k |
2∫

d3k ωk|VB
k |2
− 1

3

∫
d3k

(
k2

ωk
+ 3m2

2ωk

)
UB

k VB
k cos(ωkt)∫

d3k ωk|VB
k |2

, (4)
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respectively. On the other hand, for fermions one has [40]

ρF =
1

π2

∫ ∞

0
dkk2ωk|VF

k |
2 , (5)

pF =
1

3π2

∫ ∞

0
dk

k4

ωk
|VF

k |
2 , (6)

wF =
1
3

∫
d3 k k2

ωk
|VF

k |
2∫

d3k ωk|VF
k |2

. (7)

Such equations hold for many systems described by Bogoliubov transformations. Using the
explicit form of Uk and Vk, we analyze the cases of thermal states and of fields in curved space.
Then, by modifying Equations (2)–(7), we study the particle mixing phenomenon which, at the level
of annihilators, is represented by a rotation and a Bogoliubov transformation [52–54].

4. Thermal States and Vacuum Contributions

In the framework of the Thermo Field Dynamics (TFD) [46–48], a Bogoliubov transformation is
used to introduce the thermal vacuum state |0(ξ(β))〉λ, which is the physical vacuum of a system
at non-zero temperature. Here β ≡ 1/(kBT), kB is the Boltzmann constant and λ = B, F.
The state |0(ξ(β))〉λ is defined in order that the thermal statistical average Nχk(ξ) is given by
Nχk(ξ) = λ〈0(ξ(β))|χ†

kχk|0(ξ(β))〉λ, where χ is the annihilator (χ = a for bosons and α for
fermions) [47].

The Bogoliubov coefficients are given by UT
k =

√
eβωk

eβωk±1
and VT

k =
√

1
eβωk±1

, with − for bosons

and + for fermions, and ωk =
√

k2 + m2. Then, by using Equations (2), (3), (5) and (6) one finds the
following contributions of the thermal vacuum states to the energy and pressure. For temperatures
of order of the cosmic microwave radiation, i.e., T = 2.72K, one find that photons and particles
with masses of order of (10−3 − 10−4)eV contribute to the energy radiation with ρ ∼ 10−51GeV4

and state equations, w = 1/3 [56]. On the other hand, non-relativistic particles give negligible
contributions. Moreover, the thermal vacuum of the hot plasma filling the center of galaxy clusters,
which has temperatures of order of (10÷ 100)× 106K, has an energy density of (10−48 − 10−47)GeV4,
pressure p ∼ 0 and then, state equation w ∼ 0. Such values of ρ and w are in agreement with the ones of
dark matter. Therefore, the thermal vacuum state of hot plasma behaves as a dark matter component.

Unruh and of the Hawking effects can be also represented by thermal states.
However, the temperatures for such phenomenon are very low and their contributions to the
vacuum energy are negligible [56].

5. Vacuum Contribution of Fields in Curved Background

Let us now study the contribution to the energy density and pressure of a field in curved space [51].
The expression of such a contribution and its numerical value depends on the metric analyzed and
on the regularization adopted. Here, we consider the spatially flat Friedmann Robertson-Walker
metric ds2 = dt2 − a2(t)dx2 = a2(η)(dη2 − dx2) , where a is the scale factor, t is the comoving time,
η is the conformal time, η(t) =

∫ t
t0

dt
a(t) , with t0 arbitrary constant. Moreover, we consider the cut-off

regularization. The energy density and pressure of a boson field are [57,58]

ρcurv =
2π

a2

∫ K

0
dkk2

(
|φ′k|

2 + k2|φk|2 + m2|φk|2
)

,

(8)

pcurv =
2π

a2

∫ K

0
dkk2

(
|φ′k|

2 − k2

3
|φk|2 −m2|φk|2

)
.

(9)
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where φk are mode functions, φ′k are the derivative of φk with respect to η and K is the cut-off on
the momenta. By following Referefce [55], we use a cutoff on the momenta much smaller than the
comoving mass of the field, K � ma and we set m� H. With this choice of K, one has ρcurv = mK3

12π2a3 ,
pcurv ∼ 0 , and the state equation is the one of dark matter, wcurv ' 0. Notice that the energy density is
much smaller than m4

12π2 , thus, light particles can produce contributions compatible with the estimated
value of dark matter.

6. Vacuum Contributions of Particle Mixing

Let us now consider the mixing between two fields

ϕ1(θ, x) = ϕ1(x) cos(θ) + ϕ2(x) sin(θ) ,

ϕ2(θ, x) = −ϕ1(x) sin(θ) + ϕ2(x) cos(θ) , (10)

where θ is the mixing angle, ϕi(x), with i = 1, 2 are the free fields and ϕi(θ, x) are the mixed
fields, which represent fermions as neutrinos and quarks, or bosons as axions, kaons, B0, D0,
and η − η′ systems.

By means of the generator J(θ, t), one can express the transformations (10) as ϕi(θ, x) ≡
J−1(θ, t)ϕi(x)J(θ, t). Moreover, one can define the mixed annihilators as χr

k,i(θ, t) ≡
J−1(θ, t) χr

k,i(t) J(θ, t), (with χr
k,i = ak,i, αr

k,i, for bosons and fermion), and one can derive the physical
vacuum as |0(θ, t)〉 ≡ J−1(θ, t) |0〉1,2, where |0〉1,2 is the vacuum annihilated by χr

k,i [52,53]. |0(θ, t)〉
has a condensation density given by λ〈0(θ, t)|χr†

k,iχ
r
k,i|0(θ, t)〉λ = sin2 θ |Υλ

k|
2, where λ = B, F, i = 1, 2

and the reference frame k = (0, 0, |k|) has been adopted [59–64]. The Bogoliubov coefficients for

mixed bosons are, |ΥB
k | =

1
2

(√
Ωk,1
Ωk,2
−
√

Ωk,2
Ωk,1

)
and ΣB

k =
√

1 + |ΥB
k |2, and for mixed fermions

are, |ΥF
k| =

(Ωk,1+m1)−(Ωk,2+m2)

2
√

Ωk,1Ωk,2(Ωk,1+m1)(Ωk,2+m2)
|k| and ΣF

k =
√

1− |ΥF
k|2, where Ωk,i are the energies of

the free fields.
In the following we also use the property of the mixing generator, J−1(ξ, t) = J†(ξ, t) = J(−ξ, t),

to write

λ〈0(ξ, t)| : Tλ
µν(x) : |0(ξ, t)〉λ =λ 〈0|J−1

λ (−ξ, t) : Tλ
µν(x) : Jλ(−ξ, t)|0〉λ ,

and we denote with Θ(−ξ, x) = J−1(−ξ, t)Θ(x)J(−ξ, t) the operators transformed by J(−ξ, t).

6.1. Boson Mixing

One can show that the kinematical part of the energy momentum tensor of free scalar field,
TB

µν(x) = ∂µφ(x)∂νφ(x)− 1
2 gµν[∂ρφ(x)∂ρφ(x)−m2φ2(x)] , is zero when averaged on |0(ξ, t)〉B, i.e.,

B〈0(ξ, t)| : [∂µφ(x)∂νφ(x)− 1
2

gµν∂ρφ(x)∂ρφ(x)] : |0(ξ, t)〉B = 0 . (11)

Then, the energy density and pressure of the condensate become [40]

ρB
mix = −pB

mix = 〈0| : ∑
i

m2
i φ2

i (−θ, x) : |0〉 . (12)

Then, the state equation is the ones of the cosmological constant, wB
mix = −1. The condensate, in such

a case, can contribute to dark energy. The explicit form of ρB
mix is

ρB
mix =

∆m2 sin2 θ

8π2

∫ K

0
dkk2

(
1

ωk,1
− 1

ωk,2

)
, (13)



Galaxies 2017, 5, 98 5 of 8

where K is the cut-off on the momenta and ∆m2 = |m2
2 − m2

1|. Equation (13) is used to derive the
contributions due to the mixing of axion-photon and of supersymmetric partners of the neutrinos.
One has the results below reported.

- In the case of axion-photon mixing, for magnetic field strength B ∈ [106 − 1017]G,
axion mass ma ' 2× 10−2eV, sin2

a θ ∼ 10−2 and a Planck scale cut-off, K ∼ 1019GeV, one has
ρaxion

mix = 2.3× 10−47GeV4, which is of the same order of the estimated upper bound on dark energy.
- In the case of superpartners of the neutrinos, for m1 = 10−3eV, m2 = 9× 10−3eV, sin2 θ = 0.3

and K = 10eV, one obtains ρB
mix = 7× 10−47GeV4. Smaller values of the mixing angle lead to

values of ρB
mix ∼ 10−47GeV4 also in the case in which the cut-off is K = 1019GeV [40].

6.2. Fermion Mixing

The kinematical terms of the energy density and pressure of fermion mixed fields are zero when
averaged on |0(ξ, t)〉B, then one has [40]

ρF
mix = −〈0| : ∑

i

[
miψ

†
i (−θ, x)γ0ψi(−θ, x)

]
: |0〉, (14)

pF
mix = 0 , (15)

where ψi(−θ, x) are the flavor fields. The state equation is the one of dark matter, wF
mix = 0. The explicit

form of Equation (14) is

ρF
mix =

∆m sin2 θ

2π2

∫ K

0
dkk2

(
m2

ωk,2
− m1

ωk,1

) ]
.

For mi ∼ 10−3eV and K = m1 + m2, one has ρF
mix = 4× 10−47GeV4. For K of order of the Plank

scale, one has ρF
mix ∼ ×10−46GeV4. Notice that the quark confinement inside the hadrons should

inhibit the gravitational interaction of the quark vacuum condensate. Thus the quark condensate
should not affect dark matter. In a similar way, the condensates of mixed bosons, such as kaons,
B0 and D0 mesons should not contribute to dark energy of the universe.

7. Conclusions

The vacuum condensates characterizing many systems can contribute to the dark matter and to
the dark energy. Dark matter contributions derive by thermal vacuum of intercluster medium, by the
vacuum of fields in curved space and by the neutrino flavor vacuum. Dark energy contributions can
be given by the axion-photon mixing and by the mixing of supersymmetric partners of neutrino.
The formalism presented in the present paper, when applied in a supersymmetric framework,
shows that the non-zero energy of vacuum condensate also produces a spontaneous supersymmetry
breaking [65–70].
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