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Abstract

The Hard X-ray Modulation Telescope (HXMT), China’s first X-ray astronomy satellite, has
significantly contributed to the study of fast variability in black hole X-ray binaries through
its broad energy coverage (1-250 keV), high timing resolution, and sensitivity to hard X-rays.
This review presents a comprehensive overview of timing analysis techniques applied to
black hole X-ray binaries using Insight-HXMT data. We introduce the application and com-
parative strengths of several time-frequency analysis methods, including traditional Fourier
analysis, wavelet transform, bicoherence analysis, and Hilbert-Huang transform. These
methods offer complementary insights into the non-stationary and nonlinear variability
patterns observed in black hole X-ray binaries, particularly during spectral state transitions
and quasi-periodic oscillations. We discuss how each technique has been employed in
recent Insight-HXMT studies to characterize timing features such as low-frequency QPOs,
phase lags, and power spectrum evolution across different energy bands. Moreover, we
present novel phenomena revealed by Insight-HXMT observations, including the detection
of high-energy QPOs, spectral parameter modulation with QPO phase, and a new classifi-
cation scheme for QPO types. The integration of multiple analysis methods enables a more
nuanced understanding of the accretion dynamics and the geometry of the inner accretion
flow, shedding light on fundamental physical processes in relativistic environments.

Keywords: X-ray binaries; black hole; quasi-periodic oscillations

1. Introduction

Black hole X-ray binaries (BHXRBs), comprising a stellar-mass black hole accreting
matter from a companion star, serve as natural laboratories for studying accretion physics
and relativistic effects in strong-gravity regimes. Based on their X-ray activity, BHXRBs are
broadly classified into persistent and transient sources. Persistent systems exhibit relatively
stable X-ray emission, while the majority are transients, spending most of their lifetimes in
quiescence with extremely low X-ray luminosities. Their X-ray emission becomes prominent
only during episodic outbursts, typically triggered by thermal-viscous instabilities within
the accretion disk [1].

Outbursts are believed to begin when mass accumulation in the disk leads to hydrogen
ionization in the outer regions, resulting in enhanced accretion onto the black hole. This
process causes a dramatic increase in X-ray luminosity and drives a sequence of spectral

“_

and timing state transitions [2]. A typical outburst traces a characteristic “q”-shaped path in
the hardness—intensity diagram (HID) [3]. Initially, the system resides in the low-hard state

(LHS), marked by a hard power-law X-ray spectrum (photon index I' ~ 1.4-2.1) produced
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by inverse Compton scattering in a hot, optically thin corona [4]. This emission often
exhibits a high-energy cutoff around 100 keV. As the accretion rate increases, the system
undergoes a transition to the high-soft state (HSS), where thermal emission from a geo-
metrically thin, optically thick accretion disk dominates, and the power-law component
becomes significantly weaker [5].

Between these states, BHXRBs pass through intermediate states (IMS), which show
hybrid spectral properties and are further divided into the hard-intermediate state (HIMS)
and soft-intermediate state (SIMS), each characterized by distinct timing and spectral
features. Toward the end of an outburst, the declining accretion rate leads to a rapid drop
in X-ray luminosity—often by several orders of magnitude—and the system returns to the
LHS [6].

Quasi-periodic oscillations (QPOs) are among the most prominent timing signatures
observed during BHXRB outbursts [7]. These features are typically classified into low-
frequency QPOs (LFQPOs; ~0.1-30 Hz) and high-frequency QPOs (HFQPOs; >40 Hz).
LFQPOs are further subdivided into type-A, type-B, and type-C, based on spectral and
timing characteristics such as quality factor (Q = v/Av), fractional root-mean-square (rms)
variability, associated broadband noise, and phase lags across energy bands [8-11]. Type-C
QPOs are predominantly detected in the LHS and HIMS, while type-B and type-A QPOs are
typically observed during the SIMS. LEQPOs, particularly type-C, are frequently detected
and serve as valuable diagnostics of the inner accretion flow geometry and dynamics.
Despite their prevalence, their physical origin remains unresolved.

Among various models, the relativistic precession model provides a plausible explana-
tion for type-C QPOs, attributing them to Lense-Thirring precession of the inner accretion
flow caused by the frame-dragging effect of a spinning black hole [12-14]. A refined version
of this model proposes that it is not a single test particle, but a finite, geometrically thick
inner flow that precesses coherently. This modification yields precession frequencies more
consistent with observations and naturally accounts for the increase in QPO frequency
during the rising phase of an outburst as the truncation radius decreases [15,16].

Nevertheless, this model—like other proposed frameworks—encounters both theoreti-
cal and observational difficulties, and the physical mechanism underlying type-C QPOs
remains unresolved (see Ingram and Motta [11] for a comprehensive review). While power
density spectrum (PDS) analysis has long served as the standard tool for QPO studies, its
limited sensitivity makes it inadequate for capturing the transient, nonlinear, and evolving
character of these oscillations. To address these limitations, it is essential to adopt advanced
time—frequency methods that can reveal subtler dynamical features. Recent developments,
including wavelet analysis, the Hilbert-Huang Transform (HHT), and bicoherence, have
demonstrated particular promise in identifying time-dependent spectral signatures and
nonlinear interactions in black hole X-ray binaries, thereby providing insights inaccessible
to Fourier-based techniques.

Wavelet analysis provides a joint time—frequency representation, making it particularly
well-suited for signals whose spectral properties evolve on short timescales [17]. Applying
this technique to the Neutron Star Interior Composition Explorer (NICER) Gendreau
et al. [18] observations of MAXI J1535-571, Chen and Wang [19] identified significant
differences in spectral and timing properties between light curve segments above and
below the wavelet confidence threshold. To quantify the coherence of these oscillations,
they introduced the S-factor (S = Tef/ Tse1), Where 7o denotes the effective duration of
the oscillation signal and 7 is the total selected time interval, which proved effective
in distinguishing type-C from type-B QPOs—especially in cases where traditional PDS
metrics yield ambiguous results.
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Complementing wavelet analysis, the HHT [20,21] provides a fully adaptive, data-
driven framework well suited for detecting QPO behaviors. Through empirical mode
decomposition (EMD), signals are separated into intrinsic mode functions (IMFs), and sub-
sequent Hilbert spectral analysis yields instantaneous frequencies with high resolution [22].
Applying HHT, Su et al. [23] investigated a 4 Hz LFQPO in XTE J1550-564 and demon-
strated that the signal consists of intermittent oscillatory segments between 3-5 Hz.
The broadened QPO peak in the power spectrum was attributed to the aggregation of these
short-lived oscillations. Moreover, the detection of distinct amplitude-dependent duration
distributions and a positive rms—flux relation provided compelling evidence for the tran-
sient, nonstationary nature of LFQPOs, likely associated with Lense-Thirring precession.

To further probe the nonlinear dynamics of QPO production, bicoherence analysis
provides a complementary perspective by probing phase relationships among Fourier
components [24-26]. Unlike second-order statistics such as the power spectrum, bicoher-
ence—a normalized measure of the bispectrum—can identify quadratic phase coupling
between frequencies fi, f,, and their sum f; + f5, thereby revealing nonlinear interactions
and mode coupling that would otherwise remain hidden. This makes it an effective tool for
diagnosing the underlying physics of accretion-driven variability, particularly in complex,
multi-component systems such as BHXRBs.

Taken together, these advanced time—frequency techniques provide a more compre-
hensive and physically meaningful view of QPO variability. By jointly capturing transient
and nonlinear behaviors that escape traditional approaches, they offer powerful diagnostic
tools and place stringent constraints on theoretical models of accretion and the origin
of QPOs.

In addition to QPOs, another important feature in the PDS of BHXRBs is broadband
noise. Based on the quality factor Q, these components are classified as QPOs when
Q > 2, and as broadband noise when Q < 2. This classification is widely used in the
LHS and IMS [8,27]. Broadband noise is generally attributed to fluctuations in the mass
accretion rate, generated on viscous timescales in the outer regions of the accretion flow.
These fluctuations propagate inward through the hot flow and influence variability in the
innermost regions near the black hole [28-30]. Such broadband components are typically
observed to break at the local viscous frequency and often appear as Lorentzian features in
the PDS. Although perturbations can occur at all radii, those from the outer regions can
modulate the inner flow due to the inward propagation of accretion rate fluctuations [31,32].

The Hard X-ray Modulation Telescope (Insight-HXMT) has provided unprecedented
high-energy observations that significantly advanced our understanding of BHXRBs. These
advances span topics from accretion geometry to black hole spin evolution, as outlined
below. Through broadband spectral coverage and high time resolution, Insight-HXMT has
enabled key discoveries across multiple domains. These include the detection of magnetic
arrested disk (MAD) formation in MAXI J1820+070 [33], the identification of unusual out-
burst behaviors in systems like SLX 1746-331 [34,35] and MAXI J0637-430 [36] potentially
hosting low-mass black holes within the “mass gap,” and detailed constraints on black hole
spins via both reflection and continuum-fitting methods. With long-term monitoring of
bright transients such as MAXI J1348-630 [37,38] and 4U 1543-47 [39,40], Insight-HXMT has
helped to resolve discrepancies between different spin estimation methods and revealed
the limitations of the standard thin-disk assumptions, motivating the adoption of slim
disk models under near- or super-Eddington accretion regimes. Notably, Insight-HXMT
has expanded QPO studies into the >100 keV regime and, through the use of advanced
techniques such as HHT, has allowed phase-resolved analyses that reveal the evolving
geometry of the corona and jet [41]. In combination with coordinated multi-wavelength
and polarimetric observations [42], these results have not only deepened our insight into
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accretion physics and disk—corona—jet interactions, but also offered critical observational
tests for theoretical models of QPO origin and black hole evolution.

In this paper, we summarize the key achievements in timing analysis of BHXRBs
obtained since the launch of Insight-HXMT. The structure of the paper is organized as
follows: Section 2 introduces the instruments and observational capabilities of Insight-
HXMT. Section 3 presents results from traditional timing analyses. Section 4 discusses
findings based on wavelet analysis. Section 5 describes the application of the Hilbert-Huang
Transform (HHT) and its contributions to timing studies. Section 6 outlines the use of
bicoherence analysis in exploring signal coupling. Finally, Section 7 offers a summary and
discusses future prospects.

2. Instrument and Performance

Insight-HXMT, China’s first X-ray astronomy satellite, was successfully launched on
15 June 2017, from the Jiuquan Satellite Launch Center in northwestern China. Its Chinese
name, ‘Huiyan’, was given in honor of Ze-Hui He. Insight-HXMT operates in a low-Earth
orbit with an altitude of 550 kilometers and an inclination of 43° [43]. The satellite’s primary
scientific objectives include: searching for new transient sources along the Galactic plane
and monitoring known variable sources; observing X-ray binaries to study the dynamics
and radiation mechanisms in strong gravitational or magnetic fields; and monitoring and
investigating gamma-ray bursts (GRBs) and electromagnetic counterparts of gravitational
wave events [44].

The Insight-HXMT satellite is equipped with three X-ray instruments for different
energy bands: the High Energy X-ray telescope (HE), the Medium Energy X-ray telescope
(ME), and the Low Energy X-ray telescope (LE). We present a schematic diagram of the

satellite structure in Figure 1.

Figure 1. Main payloads onboard Insight-HXMT: the 18 cylindrical Nal/CsI detectors at the center
represent the HE telescope; the rectangular detectors at the lower left correspond to the LE telescope;
and those at the upper right denote the ME telescope. Adapted from [43].

HE is designed for observations in the 20-250 keV band and comprises 18 Nal/Csl
phoswich scintillation detectors, with a total geometrical area of approximately 5000 cm?.
Each cylindrical detector has a diameter of 19 cm, with a 3.5 mm thick Nal crystal as
the main detector and a 40 mm Csl layer for active shielding. A 5-inch photomultiplier
tube (PMT) collects scintillation photons from both layers. The collimators define three
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field-of-view (FOV) configurations: fifteen detectors with 1.1° x 5.7°, two with 5.7° x 5.7°,
and one blind detector for background measurement. These FOVs are arranged in three
groups, separated by 60°. To suppress background noise, HE uses both active and passive
shielding: in addition to the CsI(Na), a set of 18 plastic scintillators veto charged particle
events in coincidence with detector triggers [45].

ME operates in the 5-30 keV energy range and utilizes 1728 Si-PIN detector pixels
organized into three detector boxes, each with three units. Each unit comprises six modules,
with 32 pixels per module, read out by VA32TA2 ASICs. The modular design enhances both
system reliability and ease of integration. The total geometrical area of ME is 952 cm? [46].

LE covers the soft X-ray band from 1 to 15 keV using swept charge devices (SCDs)
for high time-resolution measurements. LE includes three detector boxes, each equipped
with a sun buffer that also functions as a thermal radiator. Each detector box contains
two modules, and each module integrates 16 SCD chips. Four CCDs share one collimator,
resulting in a total effective area of 384 cm? (64 cm? per module) [47].

Insight-HXMT operates in three distinct observational modes: pointing, scanning,
and gamma-ray burst (GRB) mode [44]. The pointing mode allows the telescope to observe
a fixed target continuously for durations ranging from a single orbit (about 96 min) up
to 20 days, making it ideal for detailed spectral and timing studies. In scanning mode,
the telescope performs a small-area survey of the Galactic plane. The entire plane is
divided into 22 regions, each measuring 20° x 20°. Depending on the scan parameters,
the observation of a single patch can last from 2 hours to 5 days.

The GRB mode [44,48], implemented specifically for the HE telescope before launch,
is designed to capture transient gamma-ray bursts. In this mode, the high voltage applied
to the photomultiplier tube (PMT) is reduced, extending the energy sensitivity of the Csl
detectors to the 0.2-3 MeV range. This configuration enables the HE instrument to function
as a wide-field gamma ray telescope, with a nearly all-sky FOV, a large effective area
(>1000 cm?), and microsecond-level time resolution, making it uniquely suited for detecting
and studying high-energy transients.

Since its launch, Insight-HXMT has undergone continuous in-orbit calibration. Ap-
proximately 5% of the total exposure time is allocated annually for calibration purposes,
including regular observations of the Crab and cross-calibration campaigns with other
contemporary space-based X-ray missions. These efforts aim to ensure accurate timing
and instrumental response performance [49]. Recently, the timing performance of the
three Insight-HXMT payloads, HE, ME, and LE, has been calibrated using Crab pulsar
observations. A correction method was developed to account for temperature-dependent
variations and long-term drift of the onboard oscillator, which is particularly crucial for
ME. In addition, subtle corrections for detector dead time were implemented, leading to a
moderate improvement in the detection significance of QPOs [50].

The Insight-HXMT background models, are constructed through frequent blank sky
observations and the use of blind detectors for instantaneous particle background mea-
surement. They achieve typical precisions of 2.1%, 1.6%, and 4.6% for HE, ME, and LE
respectively, with blank-sky observations accounting for approximately 7% of the annual
exposure time [43,44,51]. For the HE telescope, the background model is developed from
two years of blank sky data using a grid-based method to capture long-term geograph-
ical variations, while the data from the blind detector are used to correct for short-term
fluctuations [52]. The background of the ME telescope is mainly caused by charged environ-
mental particles and is modulated by the geomagnetic field and geographic location [53].
The background of the LE telescope consists of two main components: a dominant particle
background above 7 keV and a diffuse X-ray background below 7 keV, both restricted by
the use of more than 150 high-latitude blank sky observations [54]. Liao et al. [55] pre-
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sented the five-year in-orbit background evolution of Insight-HXMT, demonstrating that
the background characteristics, such as spectral shape, intensity variation, and geographic
distribution, remain stable over time, and the existing models continue to perform reliably
for current spectral and timing analyses.

3. Traditional Timing Analysis
3.1. QPO Analysis

Traditional analysis methods typically involve performing a Fourier transform on the
observed light curves and fitting their frequency-domain features with multiple Lorentzian
functions. This allows for the extraction and study of key QPO parameters such as fre-
quency, width, rms amplitude, and phase lag. Following the discovery of MAXI J1535-571
by MAXI [56] and Swift [57], Insight-HXMT initiated Target of Opportunity observations,
which were carried out from 6-23 September 2017. To study the variability, the PDS were
generated from 64 s data intervals with a time resolution of 1/128 s for each observation [58].
After subtracting the Poisson noise, the PDS were normalized following the method of
Miyamoto et al. [59] and fitted with a combination of Lorentzian components [27]. Cross-
spectra were computed from 16-s segments between the 1-3 keV and 3-7 keV light curves
obtained by Insight-HXMT LE band. For each observation, the average cross-spectrum was
calculated based on the complex Fourier coefficients of the two energy bands. The phase
lag at each frequency was then derived from the argument of the averaged cross-spectrum,
with its uncertainty estimated from the variance in both the real and imaginary components.
In the resulting phase-lag spectra, positive values indicate that hard photons lag behind soft
photons. To quantify the phase-lag behavior of the QPOs, the phase lags were measured
within a frequency range centered on the QPO centroid and spanning its width.

As reported in Huang et al. [58], the background-subtracted light curves of MAXI J1535-571
observed by Insight-HXMT and hardness evolution are shown in Figure 2. The light curves
showed a gradual rise and fluctuations across energy bands, while the spectral hardness
decreased significantly during the early stages. The hardness, defined as the ratio of
count rates in the 3-12 keV and 1-3 keV bands, remained steady at ~2.1 during the
early exposures around MJD 58002, but dropped abruptly to ~1.5 near MJD 58008 and
subsequently declined more gradually. A relatively complete pattern is described by MAXI
data in the right panel of Figure 2, with Insight-HXMT observations marked with red
points. The outburst starts at the lower right of the figure, corresponding to the LHS, where
the fractional rms remains at ~26%. When the intensity increases, the source on the HID
starts moving to the upper left, and the fractional rms drops to ~15% on MJD 58008.

A typical PDS and its corresponding fit obtained using the conventional method
are shown in Figure 3. The energy dependence of the QPOs can be derived from the
fitting results across different energy bands, as shown in Figures 4 and 5. Phase lags serve
as an important diagnostic of both the physical and geometric properties of black hole
X-ray binaries. Figure 6 presented the phase lag spectra during the hard-intermediate
state (HIMS).

Huang et al. [58] presented the first study of the fractional rms amplitude and centroid
frequency of type-C QPOs as functions of photon energy up to 100 keV. The rms increases
with energy up to about 20 keV and then stays nearly constant. Similar energy-dependent
rms patterns have been seen in other black hole binaries like GRS 1915+105, H1743-322,
XTE J1859+226, and XTE J1550-564, supporting a corona origin of type-C QPOs. The Lense-
Thirring precession model predicts that rms flattens above 10 keV for systems seen at high
inclination, consistent with this results.
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Figure 2. (Left) panels: Insight-HXMT/LE (1-12 keV), Insight-HXMT/ME (6-38 keV), and Insight-
HXMT/HE (2090 keV) light curves, and the hardness ratio between the LE hard energy band
(3812 keV) and soft energy band (1-3 keV) of MAXI J1535-571. Each point represents one Insight-
HXMT observation. The vertical dashed lines indicate the transition of states. (Right) panel:
MAXI/GSC HID. In the right panel, intensity here is the count rate in the 2.0-20.0 keV range,
while hardness is defined as the 4.0-20.0 to 2.0-4.0 keV count ratio. The red points indicate the time
interval during which Insight-HXMT observations were taken. Adapted from [58].

The relation between QPO frequency and photon energy shows three shapes: flat,
positive, and arch-like. In some sources, this relation changes from negative to positive
correlation as QPO frequency rises, explained by differential precession of inner and outer
accretion flows. In MAXI J1535-571, the turnover at energies above 10 keV may be caused
by reflection of X-rays from the outer flow, which precesses more slowly.
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Lorentzian components used for the fit. (Bottom) panels: PDS of the same observation from three
detectors. The upper, middle, and lower panels are for LE: 1-12 keV, ME: 6-38 keV, and HE:
26-100 keV, respectively. The observation was performed on MJD 58008.3 (ObsID: P011453500119).
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from [58].
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Figure 6. Phase lags at a typc-C fundamental QPO as a function of frequency for MAXI J1535-571.
Adapted from [58].

The phase lag exhibits a strong correlation with the QPO centroid frequency, decreas-
ing as the frequency increases. Van den Eijnden et al. [60] demonstrated that the phase lags
of type-C QPOs depend sensitively on the system’s inclination angle, showing evolution in
both magnitude and sign as a function of QPO frequency. At low frequencies, all sources
exhibit slightly hard lags; however, at higher frequencies, sources with high inclination an-
gles develop soft lags, whereas those with low inclination angles display increasingly hard
lags. These findings provide strong support for geometric origin of type-C QPOs. MAXI
J1535-571 is consistent with the trend observed in high-inclination sources. Furthermore,
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spectral analysis [61] indicate inclination angles in the range of approximately 57° to 75°,
in agreement with the inclination inferred from the phase lag behavior.

Using a similar data analysis method, Wang et al. [62] analyzed the temporal evolution
of MAXIJ1820+070 during its 2018 hard-state outburst (MJD 58,190-58,289) using Insight-
HXMT data (1-150 keV). They found changes in hardness ratio, fractional rms, and time
lags around MJD 58,257, suggesting a transition. Low-frequency (2-10 mHz) time lags
showed both soft and hard lags on timescales of tens of seconds, while high-frequency
(1-10 Hz) lags were hard and varied on millisecond timescales, increasing before MJD
58,257 and decreasing after. High-frequency lags correlated with the photon index from
NICER spectra, consistent with Comptonization in a jet.

Subsequently, Timing analysis of multiple sources were performed using observations
from the Insight-HXMT. Liu et al. [63] presented a detailed timing analysis of the black
hole candidate EXO 1846-031 during its 2019 outburst using data from Insight-HXMT,
NICER, and MAXI. The outburst was classified into four spectral states, with type-C QPOs
detected by NICER (about 0.1-6 Hz) and Insight-HXMT (about 0.7-8 Hz). The study
revealed a break in the QPO rms-frequency relation around 2 Hz in the 1-10 keV band.
This feature may be inclination-dependent, suggesting a high inclination for EXO 1846-031.
Correlations between QPO frequency and other parameters—including QPO rms, spectral
hardness, total fractional rms, and count rate—support a non-thermal origin for type-C
QPOs, consistent with trends seen in other transient black hole systems. Jin et al. [64]
used Insight-HXMT data from February to March 2021 to study the X-ray timing of a new
outburst of GX 339-4. They found the source changed from a LHS to a HIMS. During this
change, low-frequency type-C QPOs appeared with frequencies increasing from 0.1-0.6 Hz
in LHS to 1-3 Hz in HIMS. For the first time, QPOs above 50 keV were detected in this
system. The QPO strength stayed steady over time but got weaker at energies above about
10 keV. The phase lag of the QPO was near zero at first but became positive later, showing
a hard lag of about 0.6-1.2 radians between 50 and 100 keV.

Another important achievement in timing analysis of Insight-HXMT is the discovery
of high-energy (~200 keV) QPOs [65,66]. Figures 7 and 8 present the Insight-HXMT obser-
vations of MAXI J1820+070, including light curves, hardness ratios, PDS, and phase lags.
The LFQPOs detected in different energy bands exhibit similar centroid frequencies and
are accompanied by prominent flat-top noise dominating the low-frequency range. In the
longest exposure observation, the LFQPO is detected with a significance of ~4c in the
200-250 keV band, increasing to 9.4¢ in the 150-200 keV range. This constitutes the highest-
energy detection of LFQPOs reported to date in X-ray binary systems. Below 30 keV,
the phase lag remains close to zero, consistent with typical BHB behavior. However,
above 30 keV, the lag becomes a soft lag—where high-energy photons lead low-energy
ones—and increases markedly with energy, reaching up to ~0.9 s in the 150-200 keV band.
These characteristics are difficult to reconcile with traditional LFQPO models but can be
naturally explained by a small-scale jet precession scenario. Figure 9 presented a schematic
diagram of the jet precession model. The black hole is located at the center, with the jet
(colored ribbon) precessing around the spin axis. The jet follows a conical surface with a
constant angle to the spin axis. Higher-energy photons are emitted near the base of the
jet, while lower-energy photons come from higher regions. The precession is simulated by
changing the azimuthal angle along the jet, producing the observed QPO signals.
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Figure 7. (a) Insight-HXMT light curves of MAXI J1820+070, with vertical dashed lines marking
the time interval during which LFQPOs are detected. The boxes indicate the PDS of the longest
observation on MJD 58,201.3-58,203.3 (ObsID P0114661004; HE exposure ~ 67 ks). (b) HID, where
hardness is defined as the ratio of count rates in the 3-10 keV and 1-3 keV bands, plotted against the
total 1-10 keV count rate. (c) PDS for different energy bands during the longest observation. Power
values are scaled for clarity, and the vertical dashed line denotes the LFQPO centroid frequency. Error
bars indicate 10 uncertainties. Adapted from [65].
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Figure 8. The evolution of the LFQPO phase lag as a function of photon energy for MAXI J1820+070.
Adapted from [65].
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Figure 9. Schematic of the jet precession model. The black dot marks the black hole, and the Z-axis
shows the spin direction. A small-scale jet, shown as a colored ribbon, moves around the spin axis
in a circular cone, keeping a fixed angle 6/,;,. The left inset zooms in to show that photon energy
decreases with height along the jet. Different positions along the curved jet are marked by 6y, to
show the precession. The right inset shows the 3D twist of the jet around the spin axis. Adapted
from [65].

Recently, Zhu et al. [67] conducted a timing analysis of the black hole candidate
MAXI J1803-298 during its 2021 outburst using data from Insight-HXMT and NICER.
The source underwent a spectral state transition from the low hard state to the high soft
state, passing through the hard and soft intermediate states. Numerous type-C QPOs
were observed in the hard state, with centroid frequencies increasing from approximately
0.16 to 2.6 Hz. The rms-frequency relation exhibited a turnover, and the frequency- and
energy-dependent phase-lag behavior indicated a high inclination angle, consistent with
prior studies. These features support a geometric origin for type-C QPOs, such as the Lense-
Thirring precession model, though alternative interpretations remain viable. Building on
this, Xu et al. [68] performed a comprehensive timing and spectral analysis of the same
outburst using Insight-HXMT observations. They identified a broader range of type-C
QPOs with centroid frequencies spanning ~0.16 to 6.3 Hz, which correlated with both the
hardness ratio and the photon index of the Comptonized component. QPO phase lags were
hard below ~2 Hz and became soft above ~4 Hz. Spectral fitting revealed standard black
hole X-ray binary components, including a multi-color disk blackbody and a Comptonized
continuum. Notably, an anomalous increase in the fitted inner disk radius during the low
hard state suggests condensation of the corona onto the disk. Additionally, two significant
flux drops during the soft intermediate state may indicate rapid structural changes in the
corona, jet, or accretion disk.

The newly black hole X-ray binary Swift J1727.8-1613 exhibited exceptionally high
luminosity, becoming the brightest X-ray source in the southern sky during its out-
burst [69-74]. This remarkable brightness drew significant attention and prompted ex-
tensive observational and theoretical studies [42,75-78]. Yu et al. [79] carried out a detailed
timing analysis using Insight-HXMT observations, reporting strong type-C QPOs through-
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out the outburst. Leveraging the broad energy coverage of Insight-HXMT, they examined
the energy dependence of key QPO properties, such as centroid frequency, fractional rms,
and phase lags, which exhibit patterns consistent with high-inclination systems. Addition-
ally, a peaked noise component was detected in the early phase of the outburst, with a
frequency closely tracking the QPO frequency and following the established Psaltis-Belloni-
van der Klis (PBK) relation [80] (as shown in Figure 10) . If interpreted as arising from disk
precession, this feature provides a potential constraint on the black hole spin, suggesting
that the system may harbor a rapidly spinning compact object.

PBK relation
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Figure 10. Relation between the QPO (Q1) and peaked noise (Q3) frequencies. The dashed lines
indicate the PBK relation. Adapted from [79].

Subsequently, Zhu and Wang [81] analyzed the evolution of type-C QPOs during
the 2023 outburst of the new black hole candidate Swift J1727.8-1613 using data from
Insight-HXMT. The study revealed a rapid increase in QPO frequency during two flare
events. An energy dependence of the QPO frequency was identified: below ~3 Hz,
the frequency showed little change with energy, while above ~3 Hz, clear variations
emerged, with a notable drop in the variation rate once the frequency exceeded ~8 Hz
(as shown in Figure 11). This pattern, consistent with several other sources, points to a
possible shared physical mechanism. The observed QPO rms-frequency relation aligns well
with predictions from the Lense-Thirring precession model. Furthermore, the frequency
dependence of rms and phase lags supports the classification of Swift J1727.8-1613 as a
high-inclination system.

Peng et al. [78] performed a joint spectral analysis of Swift ]J1727.8-1613 using simul-
taneous observations from Insight-HXMT, NICER, and NuSTAR, revealing an additional
high-energy spectral component beyond the standard Comptonized and reflection features
commonly observed in black hole X-ray binaries. Incorporating this component into spec-
tral models yields estimates of a high black hole spin and a relatively large inclination angle,
consistent with previous NICER findings. However, due to degeneracies in the spectral
modeling, the precise origin of this additional emission remains uncertain, with plausible
explanations including emission from a relativistic jet or the base of a corona located near
or within a jet structure. Yang et al. [82] further identified that the fractional rms amplitude
of the QPO above 40 keV is significantly higher than that below 20 keV. This constitutes
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the first report of a high-energy (HE) rms excess in the rms spectrum of a black hole X-ray
binary. Alongside the standard thermal Comptonization component, an additional hard
spectral component is observed in the high-energy band. The QPO HE rms excess corre-
lates not only with disk parameters and the photon index of the standard Comptonization
component but also shows a moderate positive correlation with the flux of the extra hard
component. Notably, no corresponding features are detected in the QPO phase-lag spectra
associated with this additional component. Based on these findings, the authors propose
that the extra hard component arises from jet emission, and the associated QPO HE rms
excess can be explained by precession of the jet base.
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Figure 11. Slopes of the QPO frequency-energy relation as a function of QPO frequency for Swift
J1727.8-1613. Red dots represent positive slopes, while blue dots indicate negative ones, both derived
from linear fits. The green dashed line marks a slope of zero. Frequencies correspond to the QPO fits
obtained from the LE detector. Adapted from [79].

3.2. Broadband Noise Analysis

Before the launch of Insight-HXMT, studies of broadband noise were mostly limited to
relatively narrow energy bands. Stiele and Yu [83] investigated the properties of broadband
noise during the low-hard state in a sample of black hole X-ray binaries, focusing on
its characteristic frequency, amplitude, and covariance spectra. For observations with a
Broadband noise component above 1 Hz in the hard energy band (4-8 keV), a corresponding
component was found at lower frequencies in the soft band (1-2 keV). This frequency
shift suggests that while both soft and hard photons contribute to the same variability
process—likely mass accretion rate modulation—the soft photons originate at larger radii,
farther from the black hole. These soft photons thus have lower energies and frequencies,
and are likely associated with lower optical depth in the outer corona, or reflect a radial
temperature gradient. The observed energy dependence supports a scenario where up-
scattered photons from the outer corona contribute significantly to soft-band emission,
providing insight into the radial structure of the Comptonizing region. However, due
to the detector energy band limit, only the energy band below 10 keV was implemented.
In addition to the energy dependence of the characteristic frequency, the noise in the LHS
is also slightly stronger at lower energies. The fractional rms of the noise is generally flat
or decreases slightly (by a few percent) from 2 to 20 keV [84]. Previous studies [85,86]
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also explored the energy dependence of power spectra, but their analyses were limited to
relatively narrow energy ranges.

Taking advantage of the broad energy coverage of Insight-HXMT, Yang et al. [87]
presented a detailed study of the broadband noise in the pds of the black hole X-ray binary
MAXI J1820+070 during the hard state of its 2018 outburst. The broadband noise exhibits
a two-humped shape and is well described by four Lorentzians: very low-frequency
noise (L1), low-frequency noise (L2), and two high-frequency components (L3 and L4)
(see Figure 12). The two main humps may correspond to variability from a fluctuating
accretion disk and two distinct Comptonization regions. These humps were modeled
using multiple Lorentzian functions, and their energy-dependent properties were studied,
along with their evolution during spectral changes. The lowest-frequency component,
likely the subharmonic of the QPO, exhibits a distinct energy dependence compared to
other broadband noise components(see Figures 13 and 14). While the fractional rms of all
components generally decreases with energy, the shapes of their rms spectra differ. Notably,
above ~20-30 keV, the characteristic frequencies increase sharply with energy, indicating
that high-energy components vary more rapidly. These results suggest that the hot inner
flow in MAXI J1820+070 is inhomogeneous, and are consistent with a geometry involving
a truncated disk and two Comptonization regions.

Using Insight-HXMT observations, Gao et al. [88,89] studied QPO and broadband
noise for MAXI J1820+070, i dentifying distinct energy-dependent trends in broadband
noise components at different frequencies. Specifically, the characteristic frequency of low-
frequency broadband noise components (<0.1 Hz) decreases with increasing photon energy,
whereas that of high-frequency components (>10 Hz) increases as shown in Figure 15.
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Figure 12. A representative PDS for MAXI J1820+070 in the high-energy band (30-150 keV), shown
with the best-fit multi-Lorentzian model (in red). Q1 and Q2 correspond to the QPO and its second
harmonic, respectively, while L1, L2, L3, and L4 represent four broadband noise. Adapted from [87].

The energy-dependent broadening or separation of the broadband noise components
leads to an extension of the power spectral plateau toward higher frequencies as photon
energy increases. This behavior suggests that the seed photons up-scattered to high energies
(e.g., >30 keV) originate from a broader radial extent of the accretion disk. The distinct
energy-dependent trends of the two broadband noise components can be interpreted as
resulting from seed photons emitted at different disk locations: one originating in the
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innermost disk region, likely embedded within a dense, spherical corona, and the other
from the outer disk regions not covered by the central corona. In both cases, the seed
photons undergo multiple up-scatterings in the corona, contributing to the high-energy
X-ray emission [89]. A schematic illustration of the origins of the low-frequency and high-
frequency broadband noise components, linked to the regions producing their respective
seed photons, is shown in Figure 16.
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Figure 13. The energy dependence of the fractional rms and characteristic frequency of component L1
for MAXI J1820+070 is shown, with green, blue, and red points representing the LE, ME, and HE data,
respectively. The characteristic frequency remains nearly constant across the energy range. Adapted
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(middle), and L4 (right) for MAXI J1820+070. Green, blue, and red points indicate the LE, ME,
and HE data, respectively. Adapted from [87].
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Figure 15. Simultaneous PDS derived from time series in different energy bands for MAXI J1820+070
are presented, with vertical shifts applied for clarity. The PDS reveal how the characteristic frequency
of the broadband noise evolves with photon energy. A vertical gray dashed line marks the frequency
of the black hole LFQPO. Different colors indicate different energy bands, with corresponding best-fit
models shown as solid lines. The low-frequency (L;) and high-frequency (L;) broadband noise
components are overlaid, highlighting their opposite energy-dependent trends. Together, these
components reveal a broadening of the PDS plateau at higher photon energies. Adapted from [89].

Jin et al. [90] conducted a systematic investigation of the rapid X-ray variability of
GX 339-4 during its 2021 outburst, using data from both Insight-HXMT and NICER. Their
study focused on the evolution and energy dependence of broad-band noise components,
alongside the detection of LFQPOs. The outburst, spanning from February to March, was
divided into three spectral states: LHS, HIMS, and SIMS. In the LHS and HIMS, the PDS
were well described by three Lorentzian components—Lj,L;, and L3—representing low-,
mid-, and high-frequency broad-band noise components, respectively. They reported
increasing trends in the characteristic frequencies of L1 and Ly, as well as a correlation
between the QPO frequency and the characteristic frequencies of these broad-band noise
components (see Figure 17 for details). Furthermore, their analysis showed that the peak
energies and spectral shapes of the fractional rms for Ly, Ly, and L3 differ significantly,
suggesting that each broad-band noise component dominates in a distinct energy range.
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Figure 16. The schematic illustration shows the correspondence between the Comptonization geome-
tries (lower panel) and the observed energy-dependent PDS (upper panel) extracted in three energy
bands: 1-2 keV (blue), 35-46 keV (orange), and 100250 keV (red). The characteristic frequencies
of the high-frequency broadband noise component (L;,) and the low-frequency broadband noise
component (L;) vary with photon energy, reflecting the different radii where their seed photons
originate. Adapted from [89].

In the framework of the fluctuation propagation model, the low-frequency break in
the broad-band variability—representing the slowest fluctuations—is typically associated
with the viscous timescale at the outer radius of the hot accretion flow. However, the high-
frequency break does not necessarily correspond directly to the viscous timescale at the
inner edge of the hot flow [91]. Based on the observed dip in the power spectrum between
components Ly and L3, Jin et al. [90] proposed that the characteristic frequency of L; traces
the viscous timescale at the outer radius of the variable disc. In contrast, the L, and L3
components likely originate from variability arising in the inner regions of the disc and the
inner hot flow, respectively.

Jin et al. [90] provided a simple quantitative estimate for the outer and inner radii of
the variable disc by adopting the standard a-disc model [87,92,93]. According to the results
of the calculations, a schematic diagram illustrating the evolution of the system’s character-
istics during the outburst is presented in Figure 18. As the outburst progresses from the
LHS to the HIMS, the variable region of the accretion disc gradually moves inward toward
the black hole. This inward migration leads to an increase in the characteristic frequencies
of the L1 and L, components. The concurrent evolution of the QPO frequency, and its
correlation with the characteristic frequencies of these low-frequency broad-band noise
components, can be naturally explained by the shrinking outer radius of the variable disc.
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Figure 17. Timing properties of GX 339—4. (Top) panel: The temporal evolution of the character-
istic frequency and fractional rms of four variability components is presented for Insight-HXMT
observations in three energy bands: LE (1-10 keV, left column), ME (10-30 keV, middle column),
and HE (28-100 keV, right column). In the top row, black dots represent the QPO component, while
green right-triangles, blue stars, and red upward-triangles denote the L, Ly, and Lz broadband noise
components, respectively. The three subsequent rows illustrate the evolution of the fractional rms
for the Lq, Ly, and L3 components over time. (Bottom) panel: The correlation between the QPO
component and the Ly, Ly, and L3 components is shown. The top row depicts the relation between
frequencies, and the bottom row shows the relation between rms values. The same symbols are used
to represent the L1 (green right-triangle), L, (blue star), and L3 (red up-triangle) components. Linear
regression fits between the QPO and the L, and L, frequencies (on a logarithmic scale) are shown as
solid lines. The slope of the regression lines and Pearson correlation coefficients (PCCs) are indicated
in each panel. Adapted from [90].

In contrast, the nearly constant characteristic frequency of the L3 component, combined
with its decreasing fractional rms amplitude, suggests that the hot inner flow continues to
contract while remaining near the innermost stable circular orbit (ISCO). Once the inner
region of the variable disc approaches sufficiently close to the black hole, it may merge
with the hot flow to form a unified variable flow. This merged structure then continues its
inward migration until it reaches the ISCO during the SIMS.
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Figure 18. Schematic illustration of the proposed accretion geometry for GX 339-4 during its transition
from LHS to the SIMS. The outer, stable thin disc (shown in grey), located at large radii from the
black hole, remains non-variable. In contrast, variability arises from the inner accretion structure,
where mass accretion rate fluctuations propagate inward through a variable flow. These fluctuations
generate broad-band noise components with distinct characteristic frequencies, originating from
different radial zones: the outer region of the variable disc (L1, green), its inner region (L, blue),
and the hot inner flow (L3, red). As the accretion disc moves closer to the innermost stable circular
orbit (ISCO), the hot flow and the inner region of the variable disc gradually merge, forming a unified
variable flow structure. Adapted from [90].

4. Wavelet Analysis

In the past few decades, numerous sources have exhibited the sudden emergence or
disappearance of all three types of QPOs, often occurring alongside transitions between dif-
ferent QPO types [58,94,95]. Traditional timing studies of these phenomena have primarily
utilized dynamical PDS, which are typically constructed using time intervals on the order
of tens of seconds [96,97]. This inherently limits the temporal resolution and may obscure
rapid variability. Alternatively, wavelet analysis enables a more precise characterization of
signal evolution by providing a high-resolution representation in both time and frequency
domains. As such, it is particularly effective in tracking the detailed temporal behavior of
periodic or quasi-periodic signals [19,98-101].

In this method [17,98], a discrete Fourier transform is first applied to the time series
(e.g., background-subtracted light curves), followed by the application of a chosen wavelet
function—commonly the Morlet wavelet:

Fo(y) = r Veme /2, 1)

where m is the nondimensional frequency, # is a nondimensional time parameter, and ¥y
means the ¥ has not been normalized. The wavelet function is normalized to ensure that
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the results can be meaningfully compared across different scales and time series. Thus for
each wavelet scale s, the normalized wavelet function has unit energy:

2ns

s Folsw), @)

¥(sw) = (
where wy is the angular frequency. Suppose one has N points, then the following relation
should be satisfied:

N-1 .
Y [¥(swi)* = N. (3)
k=0

Finally based on the convolution theorem, the wavelet transform at that scale is the
inverse Fourier transform of
N-1

Wa(s) = Y 8 (swy)e ™!, (4)
k=0

here the * means the complex conjugate, and £ is the discrete Fourier transform of the
time series x,. As the time index, frequency index, and wavelet scale vary, the wavelet
transform produces a smoothed two-dimensional time-frequency representation of the
signal. To achieve different analytical goals, various operations are often applied to the
wavelet transform results in practical use. A detailed discussion of these techniques can be
found in Torrence and Compo [17]

Chen et al. [99] performed a wavelet-based analysis of the light curves of MAXI J1535-
571 using Insight-HXMT data (for a detailed methodology, see Section 3 of their paper).
Through this approach, they identified QPO signals in nine observations. Based on the
wavelet results, the corresponding spectra were further divided into QPO and non-QPO
intervals, allowing for a comparative investigation of their spectral properties. Figure 19
illustrates a 40-s segment as an example of the QPO time selection process. Once the peak
frequency of the global wavelet power spectrum is identified, its 95% confidence interval is
used to define the candidate QPO frequency range. If any point in the local wavelet map
within this range exceeds the 95% confidence level, that time segment is marked as a QPO
interval. All QPO intervals are extracted to generate a new file, and three spectra are then
produced for each observation: time-averaged, QPO-included, and QPO-excluded.

Based on spectral analysis, Chen et al. [99] found that the relationship between the
QPO and non-QPO spectra evolves significantly over time during the outburst (an example
is presented in Figure 20). This notable difference in spectral behavior suggests that the
physical mechanisms responsible for the QPO and non-QPO emissions may not be the
same. In the HIMS, the QPO regime exhibits a lower disk temperature, softer spectra,
and reduced disk flux compared to the non-QPO regime. Interestingly, these trends reverse
during the SIMS. However, the Comptonization flux and total flux in the QPO spectra
remain consistently higher than those in the non-QPO spectra, regardless of whether the
source is in the HIMS or SIMS (see Figure 20). This reversal between HIMS and SIMS may
be linked to the transient appearance of type-B QPOs in MAXI J1535-571, as indicated by
the wavelet analysis results. To fully understand the connection and evolution between
these two intermediate states, a comprehensive analysis of the QPO transition from type-C
to type-B and back to type-C using additional observational data is necessary. Although the
current dataset limits definitive conclusions about the physical origins of QPO and non-
QPO spectral behaviors, those findings demonstrate that wavelet analysis is a powerful
and promising tool for QPO studies, warranting its application in future research.
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Figure 19. Time selection diagram for a 40-s wavelet result of MAXI J1535-571. In the left panel,
the PDS is displayed as a grey curve, with the red dashed line indicating the 95% confidence
level. Dark circles mark the intersection points where the global wavelet spectrum exceeds this
confidence threshold. In the accompanying contour plot, the black contour outlines regions where
the wavelet power is above the 95% confidence level, while the grey hatched area denotes the cone of
influence—where edge effects become significant and interpretation should be treated with caution.
Adapted from [99].
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cutoff energy, photon index, and inner disk temperature. Solid red lines represent the QPO regimes,
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Subsequently, Chen et al. [101] investigated two transient QPOs in MAXI J1535-571
using both wavelet analysis and PDS based on Insight-HXMT observations. These transient
QPOs exhibited centroid frequencies around 10 Hz, with FWHMs of approximately 0.6 Hz
and rms amplitudes of about 14%. By separating and analyzing the energy spectra during
QPO and non-QPO intervals, they found that the non-QPO spectra appeared softer and
exhibited higher cutoff energies (Ecyt) than those during the QPO intervals. Their results
suggest that the QPOs detected on MJD 58,016 and 58,017 are consistent with type-C
QPOs and that the source remained in the hard-intermediate state (HIMS). Furthermore,
the duration of the type-C QPO signals—identified through wavelet analysis—was found
to be positively correlated with the mean count rate above 10 keV, indicating that the
occurrence of QPOs on different timescales may be closely associated with the corona.
The transient behavior of these QPOs may be linked to jet activity or flares, with the authors
speculating that partial ejection of the corona could explain the temporary disappearance
of the type-C QPOs.

Chen and Wang [19] applied wavelet analysis to NICER observations of the black hole
candidate MAXI J1535-571 to investigate its X-ray timing properties and QPOs. By segment-
ing the light curves according to wavelet confidence levels, the authors reported significant
differences in PDS properties, hardness ratios, and mean count rates between intervals
above and below the confidence threshold. They further introduced the S-factor, defined
as the ratio of the effective oscillation time to the total observation time, to quantify QPO
persistence. Their findings show that the S-factor is near zero for type-B QPOs, regardless
of whether the confidence level is set at 95% or 68%, while type-C QPOs consistently exhibit
significantly higher S-factor values, particularly at the 68% level, and the S-factor decreases
with increasing QPO frequency (see Figure 21) . These results suggest that wavelet analysis
may serve as a powerful diagnostic tool for distinguishing between type-B and type-C
QPOs in black hole X-ray binaries.

Building on the methodology of Chen and Wang [19], Jin et al. [102] utilized obser-
vations from the Insight-HXMT and the NICER to investigate QPOs in the black hole
candidate MAXI J1803-298 during its 2021 outburst. They identified type-C QPOs in the
low-hard state and type-B QPOs in the soft-intermediate state, consistent with the findings
of Zhu et al. [67]. After classifying QPOs in the Fourier domain, wavelet analysis was
employed to isolate QPO components and segment the light curves into QPO and non-QPO
intervals based on significance levels. Furthermore, energy-dependent correlations between
the S-factor and count rate were discovered, indicating differing origins for QPOs in the
high- and low-energy bands, possibly attributable to a dual-corona structure [67,103-105].

Compared with traditional methods, wavelet analysis offers a more detailed way to
study signals that change rapidly over short timescales [106]. It can capture the changes
in the type of QPOs more effectively, allowing researchers to track when QPOs appear or
disappear. This helps in understanding how the physical state of the system changes during
these times. Additionally, the S-factor provides a new and useful way to classify QPOs.
Using the S-factor, different QPO types can be better distinguished, which sheds light on
the different physical mechanisms behind them. Overall, wavelet analysis and the S-factor
together provide important new tools for studying QPO behavior and understanding the
nature of accretion flows around black holes.
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Figure 21. (Top) panel: S-factor evolution calculated with 68% confidence level in MAXI J1535-571.
Blue points are type-C QPOs, while red stars are type-B QPOs. Adapted from [19]. (Bottom) panel:
the relationship between the S-factors of QPOs and their frequencies in MAXI J1803-298 within the
1-10 keV energy band is presented, with 95% confidence intervals labeled as (a) and 68% confidence
intervals labeled as (b). Blue circles represent type-C QPOs, while red stars denote type-B QPOs.
The dotted lines mark the typical S-factor range associated with type-B QPOs. Insets in each panel
provide a magnified view of the data points where the S-factor approaches zero, with a rescaled
Y-axis for better visibility. Adapted from [102].
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5. Hilbert-Huang Transform

Previously, the HHT has been more widely applied in the field of active galactic nuclei
(AGN) or gravitational wave [107,108]. Subsequently, this method has been widely applied
in the study of QPOs [23,109,110]. As described by Huang and Wu [111], it involves two
key steps: (1) Empirical Mode Decomposition (EMD), which decomposes the original
signal into a set of intrinsic mode functions (IMFs) that are locally adaptive and data-driven;
(2) Hilbert Transform, applied to each IMF to extract the instantaneous frequency and
amplitude of the signal.

EMD is an iterative sifting technique used to extract oscillatory modes from a time
series by removing local means [20,111]. The numerical procedure for extracting IMFs
typically involves the following steps:

1. Locate all the local extrema of the data x(t), then construct the upper and lower
envelopes by interpolating the local maxima and minima, respectively, using cu-
bic splines.

2. Calculate the mean function m (t) by averaging the upper and lower envelopes, and sub-
tract this mean from the data to obtain the first component: iy (t) = x(t) — my(t).

3. Check whether h (t) satisfies the criteria for an IMF. If it does not, treat i () as the
new data and repeat steps (1) and (2) until an IMF is obtained.

4. Once the first IMF component ¢; () is identified, define the residual r1 () = x(t) — c1(¢).
Repeat steps (1) to (3) on the residual signal until the residual r, () becomes monotonic
and no further IMFs can be extracted.

According to this procedure, the original signal x(t) can be decomposed as the sum of
all IMF components and the final residual r,,(¢):

n
x(t) = ) ci(t) +ra(t). ()
i=1
The second step of the HHT involves applying the Hilbert transform to each IMF
obtained from the decomposition step. The Hilbert transform generates the conjugate
function y(t), which is defined by the following principal value integral:

y(t) = %P/ f<_t t) dr, ©6)

where P is the Cauchy principle value. With this definition, x(¢) and y(t) form the complex
conjugate pair. This transformation allows the construction of an analytic signal z(t),
consisting of x(t) and its Hilbert transform y(t), expressed as

2(t) = x(t) +iy(t) = a(t)e®?), )

Here, the time-dependent amplitude a(t) and phase 6(t) are given by:
a(t) = \/x(8)? +y(t)?, ®)

_ y(t)
6(t) = arctan MO8 )

Therefore, the instantaneous frequency w(t) can be defined as

and

w(t) = 2 (10)



Galaxies 2025,13, 111

26 of 41

Yu et al. [112] presented a time-frequency analysis based on the HHT of the QPOs
observed in the MAXI J1820+070. By employing the empirical mode decomposition method,
they isolated the QPO component from the light curve and measured the intrinsic phase
lag between photons across different energy bands. Figure 22 presents a 50-s light curve
in the 27-150 keV energy range featuring a QPO near 0.4 Hz. Through empirical mode
decomposition, seven significant components, called IMFs, were identified. The 0.4 Hz
oscillation corresponds to IMF3. The high-frequency noise is represented by IMF0 to
IMF2, while IMF4 and higher correspond to low-frequency noise. These components yield
meaningful instantaneous frequencies via the Hilbert transform. Since the focus is on the
QPO, the noise components are not analyzed in detail. Therefore, the analysis centers
on IMF3, the QPO component. Figure 23 displays the average Fourier power spectra of
these components.

DATA

IMFO
o

IMF1
o

IMF3
o

IMF4
o

10

IMF5

IMF6
= |
t=]] [
oo, o o

185

Residual
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Figure 22. Representative example of a 50 s long light curve from 27-150 keV and its corresponding
IMFs. From top to bottom: the original light curve (DATA), seven individual IMFs (IMFO to IMF6),
and the residual. The high-frequency noise is obtained from the sum of IMFO to IMF2; the LFQPO
corresponds to IMF3; and the low-frequency noise is obtained from the sum of IMF4 to the residual.
Adapted from [112].

Applying the HHT to the QPO light curve, they extract its instantaneous frequency
and amplitude (see Figure 24). Comparison with traditional Fourier analysis shows that the
broadening of the QPO peak is mainly caused by frequency modulation. Further analysis
suggests that these modulations share a common physical origin with broadband noise and
can be well explained by the internal shock model of the jet [113,114]. In this framework,
gas shells are continuously ejected at randomly varying speeds and travel along the jet.
At certain points, faster shells catch up with slower ones, causing collisions that produce
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shocks where electrons are accelerated to relativistic energies. These internal shocks, driven
by fluctuations in the outflow velocity, can generate power spectrum features similar to
low-frequency broadband noise.
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Figure 23. Fourier power spectra of MAXI J1820+070, produced from the sum of IMF0 to IMF2
(orange), from IMF3 (red), from the sum of IMF4 to IMF6 and Residual (blue), and the original light
curve (black). Adapted from [112].

Following Yu et al. [112], Shui et al. [41] performed phase-resolved spectroscopy over
a broad energy range for the LFQPOs in MAXI J1820+070 during its 2018 outburst, using
observations from Insight-HXMT. The original mode decomposition method, EMD, works
directly in the time domain to adaptively break down a signal into several IMFs. However,
EMD has some limitations, including a lack of rigorous mathematical foundation and
sensitivity to noise and sampling issues. In contrast, Shui et al. [41] employed variational
mode decomposition (VMD), a newer signal processing technique that overcomes the
limitations of traditional methods. By decomposing the signal into IMFs with analytically
determined center frequencies and bandwidths, VMD effectively resolves the problem of
mode mixing, providing a more robust and accurate decomposition compared to EMD.

After obtaining each IMF using the VMD method, the Hilbert transform can be applied
to extract physically meaningful phase, amplitude, and frequency functions. Once the
instantaneous phases of the QPOs are calculated through the Hilbert transform, the QPO
waveforms can then be constructed by phase-folding the light curves. Figure 25 presents
the results for the four epochs. The QPO waveform displays a distinct non-sinusoidal
shape, featuring a slow rise lasting about 0.7 cycles, followed by a rapid decline over
approximately 0.3 cycles.

Once the QPO phase is obtained, phase-resolved spectroscopy—commonly used
in X-ray pulsar studies [115,116]—can be performed. They used the spectral model!
with constant x Tbabs x (diskbb + relxillCp + xillverCp), to fit the spectra at different
phases. Figure 26 presented the phase dependence of seven free parameters—namely,
the inner disk temperature (T;,), inner radius (R;,), spectral index (I'), electron temperature
(kTe), reflection fraction (R ), and the normalizations of relxillCp (Norm1) and xillverCp
(Norm2)—across four epochs. Each panel also includes the QPO waveform repeated twice
shown as a gray dashed line.
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Figure 24. Hilbert spectrum of the LFQPO in MAXI J1820+070, with the z-axis color indicating the
QPO amplitude. Adapted from [112].
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Figure 25. Constructed QPO waveforms of four epochs by phase folding the light curve from LE in
the energy range of 1-10 keV for MAXI J1820+070. Adapted from [41].

The phase-resolved spectral analysis reveals no significant modulation in T;,, and
R;, despite flux variations during the QPO period. However, notable modulations are
detected in the spectral index and the normalization of relxillCp throughout all epochs,
with these two parameters sharing the same modulation phase as the flux. Significant
phase modulations in Rf and kTe appear in Epochs 3 and 4 but are absent in Epochs 1
and 2. The normalization of xillverCp shows strong phase modulation in Epochs 1 and 2,
which weakens to a marginal level in Epochs 3 and 4. The observed modulation of the
spectral index may be interpreted within both the corona and jet precession frameworks,
with the jet scenario necessitating efficient particle acceleration. Additionally, significant
variations in the reflection fraction are only observed during the later phases of the bright
hard state. These results support a geometric origin for LFQPOs and shed light on the
evolving accretion geometry throughout the outburst of MAXI J1820+070.
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Figure 26. Phase dependence of seven free spectral parameters— the inner disk temperature (Tj,),
inner radius (R;,), spectral index (T'), electron temperature (kTe), reflection fraction (R ), and the
normalizations of relxillCp (Norml) and xillverCp (Norm2)—is shown across four epochs. Each
panel also features the QPO waveform as a gray dashed line. Adapted from [41].

Following this, Shui et al. [117] applied the HHT to perform phase-resolved spec-
troscopy of QPOs in the newly discovered BHXRB Swift J1727.8-1613, based on observa-
tions from NICER, NuSTAR, and Insight-HXMT. Their analysis revealed that both the
nonthermal and disk-blackbody components exhibit QPO-phase-dependent variability,
with the nonthermal component contributing most significantly. They detected strong
modulations in the disk temperature, spectral index, and reflection fraction. Notably, the
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variation in disk temperature was found to precede the changes in nonthermal and disk
flux by approximately 0.4-0.5 QPO cycles, lending further support to the geometric origin
scenario for type-C QPOs.

In addition, Shui et al. [118] proposed a novel method based on the HHT to recover
high-energy waveforms of QPOs. Applying this technique to Insight-HXMT observations
of MAXI J1535-571, they successfully detected significant modulation in the phase-folded
light curves above 170 keV, using QPO phases reconstructed from lower-energy data.
Comprehensive simulations confirmed that the observed modulation originates from
genuine QPO signals. This result significantly extends the energy range for QPO detection
beyond the previously reported about 100 keV limit achieved with traditional Fourier-
based methods. Further analysis revealed energy-dependent QPO characteristics: in
the 30-100 keV range, the phase lag remains roughly constant with a slight increase in
amplitude; however, in the 100-200 keV band, the QPOs exhibit soft phase lags and a
decreasing amplitude. These findings, coupled with evidence of a hard spectral tail in
broad-band spectroscopy, suggest that QPOs above 100 keV are likely associated with a
hard-tail component, possibly originating from a relativistic jet. Moreover, the observed
correlation between jet- and corona-related QPO signatures supports the scenario of jet-
corona coupled precession.

It was worth noting that this method has been applied not only in traditional X-
ray observations but also in X-ray polarimetry studies. For instance, Zhao et al. [42]
presented the first polarimetric analysis of QPOs in a black hole binary using Imaging X-ray
Polarimeter Explorer (IXPE) data. Focusing on Swift J1727.8-1613 during its 2023 outburst,
they reported significant QPO signals at a frequency of about 1.34 Hz with a fractional
rms of ~12.3%. A phase-resolved analysis using the HHT reveals strong modulation of
the photon index over the QPO phase. However, no significant QPO-phase modulation is
detected in the polarization degree (PD) or polarization angle (PA), challenging predictions
from the Lense-Thirring precession model.

In summary, HHT has enabled significant progress in understanding the nature of
low-frequency quasi-periodic oscillations in black hole X-ray binaries. By combining
adaptive mode decomposition methods such as EMD and VMD with phase-resolved
spectroscopy, researchers have revealed complex phase-dependent variations in both
thermal and nonthermal spectral components. These findings strongly support a geometric
origin for type-C QPOs, potentially linked to precession of the inner accretion flow, corona,
or jet. Furthermore, the successful recovery of QPO waveforms at energies above 100 keV,
as well as the application of these techniques in X-ray polarimetry, extends the observational
horizon and places new constraints on theoretical models such as Lense-Thirring precession
and jet-corona coupling. Together, these results highlight the power of time-frequency
techniques in uncovering the dynamic structure of accretion systems and pave the way for
future multiwavelength and polarimetric studies of QPO phenomena.

6. Bicoherence

Uttley et al. [28] discovered the nonlinearity of broadband noise in accreting black hole
systems through the linear rms-flux relation and the lognormal distribution of flux. Mac-
carone and Coppi [26] proposed that bicoherence—a statistic quantifying phase coupling
between different Fourier frequencies—is a powerful tool for probing higher-order vari-
ability in these systems. The bispectrum is a technique used to investigate phase coupling
between Fourier components and to assess the non-linearity of light curves. To compute



Galaxies 2025,13, 111

310f41

the bispectrum, the time series is first divided into K segments, and then the bispectrum is
calculated for each segment as follows:

K-1
Bl 1) = 5 ¥ Xk Xi(DX] (k+1), a1
i=0

where X;(f) is the Fourier transform of the ith intervals of the time-series at frequency
f,and X*(f) is the conjugate of X;(f). Since bispectrum is a complex number, it can be
denoted by a magnitude with a phase in the complex plane, and this phase is called biphase.

A more commonly used form is the bicoherence, which ranges from 0 to 1 and
represents the normalized magnitude of the bispectrum, defined as:

2~ LX) X)X} (k+ D)2

Y IXR)X (P Xk + 1) (12)

This normalization, introduced by Kim and Powers [24], quantifies the degree of
phase coupling among the three frequencies k, [ and k + [—a measure known as biphase
consistency. A high bicoherence value (close to 1) indicates strong and coherent phase
coupling across the segments. Conversely, when the phase coupling is weak or random,
the bicoherence value tends toward 0.

Observations of type-C QPOs typically reveal three distinct bicoherence patterns: the
“hypotenuse,” the “cross,” and the “web” [119,120]. The “hypotenuse” pattern emerges
along the diagonal where two frequencies (f; and f,) satisfy the relation f1 + fo = fopro,
indicating phase coupling between the QPO fundamental and low-frequency broadband
noise. In the “cross” pattern, strong bicoherence is observed when one of the frequencies
equals fopo, while the other spans a broad range. The “web” pattern combines features of
both the hypotenuse and cross types. Schematic illustrations of these patterns are shown in
Figure 27.

Ding et al. [121] performed a detailed timing analysis of nonlinear variability in two
black hole low-mass X-ray binaries, MAXI J1820+070 and MAXI J1535-571, using bicoher-
ence as a metric to quantify phase coupling between different Fourier frequencies. They
identified distinct bicoherence patterns—such as the “cross” and “hypotenuse”—associated
with LFQPOs in various spectral states. When clearly resolved, these patterns persist con-
sistently across a wide energy range from 1 to 100 keV, as illustrated in Figures 28 and 29.

Interestingly, a hypotenuse pattern—typically considered a hallmark of type-C
QPOs—was also observed in a type-B QPO. This unexpected result implies that different
QPO types may share common physical origins. Moreover, the study highlights the poten-
tial of nonlinear timing analysis as a powerful diagnostic tool for distinguishing between
competing QPO models, particularly those that differ in how they describe the coupling
between broadband noise and QPO signals.

Zhu et al. [122] applied bicoherence analysis to study QPOs in the black hole X-ray
binary MAXI J1535-571 during its 2017 September—October outburst. In their results,
the bicoherence pattern of the type-C QPO initially appeared as a “web” and subsequently
evolved into a “hypotenuse” following the emergence of a type-B QPO. This pattern
evolution suggests that MAXI J1535-571 is likely a low-inclination system. Moreover,
the strength of the bicoherence signal was found to vary across different energy bands.
The authors interpreted these results within the framework of a dual-corona geometry.

In a subsequent study, Zhu et al. [123] conducted bicoherence analysis of Swift J1727.8-
1613 during its 2023 outburst, utilizing data from Insight-HXMT. Their investigation focused
on QPOs with frequencies above 1 Hz, all of which were classified as type-C QPOs. A strong
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correlation was observed between the QPO frequency and the hardness ratio, as well as a
linear relationship between the QPO fractional rms and the hardness ratio.
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Figure 27. Schematic illustrations of the bicoherence patterns, from left to right: hypotenuse, cross,
and web. Adapted from [119].
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Figure 28. Panel (a): The power spectrum of MAXI J1820+070, obtained with the LE (1-10 keV; green),
ME (10-30 keV; red), and HE (30-100 keV; blue) detectors. Narrow peaks around 0.4 Hz indicate the
presence of QPOs. For clarity, each power spectrum has been scaled by a constant factor. Panels (b—e):
The corresponding bicoherence plots for the LE, ME, and HE bands, respectively, where a clear cross
pattern is observed. Adapted from [121].
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Bicoherence analysis revealed a transition from a “web” to a “hypotenuse” pattern in
both the LE and HE bands. These patterns exhibit correlations along the f; = f» = foro
axis, with the strength of the coupling varying with the count rate. Additionally, the di-
agonal structure at f; + f» = fqro becomes increasingly prominent at higher energies.
A particularly novel discovery was reported in the ME band (10-20 keV), where a new
bicoherence pattern emerged [123]. In this energy range, a prominent diagonal structure
appeared at f1 + fo = fhar (the harmonic frequency), which was absent in other bands (see
the top and middle panels of Figure 30). The authors referred to this distinct feature as the
“parallel” pattern, emphasizing its energy-dependent nature and its implications for phase
coupling mechanisms in QPOs.
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Figure 29. Same source as in Figure 28, but for other ObsID. Panel (a): The power spectrum of MAXI
J1820+070, obtained with the LE (1-10 keV; green), ME (10-30 keV; red), and HE (30-100 keV; blue)
detectors. The bicoherence plots for the (b) LE, (c) ME, and (d) HE bands all exhibit the hypotenuse
pattern. High bicoherence regions are marked with red boxes. Adapted from [121].

Notably, Maccarone et al. [119] previously analyzed RXTE observations of GRS
1915+105 and demonstrated that QPOs are coupled to broadband noise (BBN) compo-
nents rather than arising independently. Through simulations of light curves under var-
ious physical scenarios involving correlated QPO and noise signals, they reproduced
multiple bicoherence patterns. When comparing the ME-band bicoherence results from
Zhu et al. [123] to those simulations, a clear consistency emerged. Specifically, the “paral-
lel” pattern closely resembles the simulated outcomes under conditions of low variability
amplitude and absence of reintroduced broadband noise (see the bottom of Figure 30).
When the noise component is re-added, the pattern transforms into the more commonly
observed “web” structure. These findings suggest that the observed ME-band bicoherence
pattern reflects a physical regime similar to that described in the reservoir model proposed
by Maccarone et al. [119], characterized by weak or negligible coupling between the QPO
and noise components.
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Figure 30. Comparison between the parallel pattern observed in the ME band of Swift J1727.8-
1613 and the model results. From top to bottom: the PDS, the corresponding bicoherence plot from
observations, and the simulated result from the model. Adapted from [123] and Maccarone et al. [119].
In the top panel, the red dashed line represents the QPO, the blue dashed line represents the harmonic,
and the black dashed line represents the noise.
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7. Conclusions and Future Outlook

In summary, this review has presented four widely used time-series analysis tech-
niques—traditional Fourier analysis, wavelet analysis, the HHT, and bicoherence analy-
sis—and their applications in studying quasi-periodic oscillations (QPOs) in black hole
X-ray binaries. Each method offers unique strengths: traditional Fourier analysis provides
a foundational understanding of spectral components; wavelet analysis excels at capturing
transient and evolving features; HHT enables high-resolution tracking of nonstationary;,
nonlinear oscillations; and bicoherence analysis reveals nonlinear coupling and phase rela-
tionships. These techniques complement one another and collectively expand our ability
to probe the complex dynamics of accretion flows. As they are increasingly applied to
high-quality data from missions such as Insight-HXMT and NICER, they promise to play a
central role in refining QPO classification, testing theoretical models, and deepening our
understanding of black hole accretion physics. For clarity, Table 1 provides a comparative
overview of their advantages, main applications, and defining features.

Table 1. Comparison of Fourier, Wavelet, HHT, and Bicoherence Analyses.

Method Advantages Applications/Notes

QPO frequency, rms, phase
lag extraction; limited in
capturing
short-term variations

High frequency resolution;
Fourier Analysis computationally efficient;
commonly used method

Tracking short-term

frequency changes;

sensitive to mother
wavelet choice

Good time-frequency
Wavelet Analysis localization; detects
transients

Adaptive for nonlinear,

non-stationary data; QPO signal extraction;

HHT . modulation and phase
instantaneous frequency . . i
studies; noise sensitive
and phase
Quantifies nonlinear phase Stud1e;s QPO a.nd noise
. . . coupling; requires high
Bicoherence Analysis coupling; reveals frequency

Signal-to-Noise Ratio;

interactions
less common

Based on Insight-HXMT wideband X-ray observations in last seven years, these methods
have led to a series of important new scientific results. For example, in MAXI J1820+070,
Insight-HXMT revealed the highest-energy QPOs detected to date [65], along with a pro-
nounced energy-dependent evolution of the broadband noise [89]. Wavelet analysis has
further shown that different types of QPOs display distinctly different evolutionary behaviors
in terms of the S-factor, thereby providing a new diagnostic criterion for QPO classifica-
tion [102]. In addition, phase-resolved spectral analysis based on the HHT has proven effective
in uncovering the modulation of various physical parameters, offering fresh perspectives for
testing theoretical models [41]. Moreover, the discovery of novel bicoherence patterns through
bicoherence analysis points to complex couplings among timing signals, shedding new light
on the intricate variability mechanisms in accreting systems [123].

Recently, some novel methods have been developed to study the properties and new
features in QPOs. Méndez et al. [124] proposed a novel method to measure the phase
lags of weak variability components in low-mass X-ray binaries, including both neutron-
star and black-hole systems. Their technique assumes that the power spectra (PS) and
cross-spectra (CS) consist of several components that are coherent across energy bands
but mutually incoherent. By simultaneously fitting the power spectrum and the real and
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References

imaginary parts of the CS with multiple Lorentzian components, they were able to detect
new variability features not evident in the PS alone—particularly components with large
imaginary parts and small real parts in the CS. One of their key results demonstrated that
the frequency of type-C QPOs in GRS 1915+105 is in fact energy-independent, contrary
to earlier claims [125]. They attributed the previously reported energy dependence to the
presence of an additional QPO component with a slightly higher frequency and a more
rapid increase in rms amplitude with energy than the main QPO. These results indicate
that, similar to the PS, the CS can also be decomposed into multiple Lorentzian components.
This suggests that the frequency-dependent transfer function of these systems may consist
of several discrete responses, each operating over distinct timescales, challenging models
that invoke a single broadband transfer function to explain the observed lags. Subsequent
studies have applied this method and obtained numerous new results [126-128].

Fogantini et al. [129] studied all NICER observations of Cygnus X-1 to search for
new variability components not visible in the power spectrum. By fitting both the power
spectrum and the real and imaginary parts of the cross spectrum between soft (0.3-2 keV)
and hard (2-12 keV) energy bands using a multi-Lorentzian model, they detected a narrow
component with low rms but large phase lag—referred to as the “imaginary QPO.” This
feature shows a strong dip in intrinsic coherence and a sharp rise in phase lag at a frequency
that increases with the spectral slope. The results suggest that this component behaves like
a type-C QPO, marking the first such detection in Cygnus X-1.

Looking ahead, applying this method to Insight-HXMT observational data—leveraging
its broad energy coverage and strengths in timing analysis—promises to yield new insights
across a wider range of sources. Meanwhile, the recently operational Einstein Probe [130]
has already uncovered many previously unseen phenomena [131-134]. Employing ad-
vanced timing analysis techniques on these novel discoveries will greatly enhance our
understanding of the underlying physical mechanisms driving diverse astrophysical phe-
nomena in the universe.
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