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Abstract

Within the framework of string theory, a number of new fields can arise that correct the
Einstein—Hilbert action, including the Kalb—-Ramond two-form field. In this work, we
derive explicitly first-order relativistic corrections to conservative dynamics in the presence
of a Kalb-Ramond field using the effective field theory approach. The resulting additional
terms in the Lagrangian governing conservative binary dynamics are presented explicitly.

Keywords: gravity; modified gravity; effective-field theory; Kalb—-Ramond; black holes;
string theory

1. Introduction

String theory postulates a theory of quantum gravity that generically includes extra
dimensions. This leads to modifications of Einstein’s theory of general relativity. However,
it is not known at which scale these modifications will manifest themselves, and the answer
depends heavily on which “string compactification” is employed. At lower energies,
gravitational effects in the extra dimensions will give rise to new fields called moduli fields,
which are generically present in most models derived from string theory. These fields,
and in particular their axionic components and the Peccei-Quinn axion [1-6], have been
suggested as natural candidates for light dark matter, and a plethora of physical models
and searches have been proposed to enable their observation [7-9]. The effects of light
particles and QCD axions in gravitational mergers have also been studied in the literature;
see, for example, [10].

In addition to moduli fields, string theory and, more generally, supergravity theories
are equipped with a Kalb-Ramond two-form field [11]. This field was originally introduced
as a classical generalisation of the electromagnetic interaction of point particles to one-
dimensional strings in the Feynman-Wheeler picture [11]. The Kalb-Ramond field is now
understood as a generic feature of supergravity theories, forming part of the gravitational
supermultiplet.' Classically, upon dualising, the Kalb-Ramond field may be thought of as
a “fundamental string axion” [7], although the physical and quantum behaviours of this
fundamental axion are slightly different from those of the QCD axion. For example, the
fundamental Kalb—-Ramond axion is required to be massless at the level of the classical
supergravity action, as its coupling is dictated by classical gauge symmetry.

In string theory, the Kalb—-Ramond two-form is responsible for mediating the force
between fundamental strings, whose natural energy scale is the string scale. Being a
massless mediator, the classical force is expected to be long-range. However, since the
couplings are suppressed at the string scale, any direct measurement of such interactions
seems a long way off. The recent discoveries by NANOGrav are, however, interesting in
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this regard, as cosmic superstrings provide a potential explanation of the data [14]. As
fundamental strings, these would then also provide large sources of potentially detectable
Kalb-Ramond charge [15].

Another possibility is that a large number of strings can somehow amalgamate to
produce a compound effect that can be measured. One such scenario in which this could
potentially happen is the case of fuzzballss; see [16] and references therein. This string-
inspired alternative to black holes has a large number of strings condense at the horizon of
the black hole, where spacetime effectively ends. The accumulated Kalb-Ramond charge
may then have a chance of being observed, and it is this coupling we wish to model in
the present paper. We will do this by classically modelling the Kalb-Ramond field as an
axionic scalar, where astrophysical objects can be charged under this field. At the quantum
level, the Kalb—-Ramond field should be treated as a two-form with interactions that are
rather more subtle and involved. We will leave the quantum analysis for future work.

In this work, we derive classical corrections to the gravitational potential for a binary
system. Recent years have seen substantial improvements in constraining binary motion
for relativistic systems. One of these is the pulsar timing with radio telescopes of the
double pulsar [17]. Another is the constraints from gravitational wave signals from binary
inspiral [18]. These constraints are expected to improve by orders of magnitude over the
coming decades [19-21].

To derive the corrections due to the Kalb-Ramond field, we employ here the effective
field theory formalism [22,23]. This formalism allows an explicit separation of scales and
has been used in a number of other studies; see, e.g., [10,24,25] and others. Our work
here serves to illustrate the utility of this formalism for studying additional fields from
particle physics and including them in gravitational interactions. For completeness, we also
explicitly include pure graviton interactions of the same order; for more details; see [26]. As
noted, we restrict ourselves to tree-level computations and do not include quantum effects
in our analysis. Our main result is Equation (50). This differs qualitatively from previous
analysis involving axionic scalars [10]. In particular, the Kalb-Ramond and classical General
Relativity (GR) corrections have very similar %-behaviours in the & expansion. We speculate
on how this relates to understanding the Kalb-Ramond field in the context of generalised
geometry,” where the metric and Kalb-Ramond field are put on the same footing in the
generalised metric.

2. Effective Action for the Kalb—-Ramond Field

Our aim is to calculate the first-order relativistic correction to the interaction of two
bodies charged under the Kalb—-Ramond field. We therefore study a model in which the
Kalb-Ramond field is minimally coupled to gravity alone.

The Kalb-Ramond field By, is a two-form on spacetime with a field strength H,,,,
given by

Hyyp = dByyp = Bypyu + Bpyy + B p 1)

The action and equations of motion (EoM) for the metric including the Kalb—-Ramond
field are’

1 1
S = /d4x v _g<21cR + 15 Hup H + Ematter), 2)

V,H,, =0, 3)

2.1. A Solution for the Kalb—Ramond Field

The solution for the H-field, Equation (3), has been known for a long time, and can

be found in [11]. Since H,,, is exact by Equation (1), we make the ansatz that H,,, can be

wvp
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described by the derivative of a scalar function with an antisymmetric tensor structure,
such that

Hlxﬁ’r = 80(1375K;5 ’ (4)

where e, =/ — Igle, gy 18 the totally anti-symmetric volume form of four space-time
dimensions, i.e., the Levi-Civita tensor. This is a solution of Equation (3) based on the
antisymmetry of the indices ayJ and the symmetry of the derivative indices a6: V,H "‘ﬁ y =
\% Q \% 58“ B ’Y‘S K.

The anzats (4) can be further constrained by ensuring that H By is exact by obeying
Equation (1).

dHa/B'yJ = eaﬁvaK'Ug - 8(5“/3(#(’07 + 8750“71(’(% — 813,,/50[("7“ =0. (5)

Since ¢, Byo is fully antisymmetric, it follows that e Byo # 0iff « # B # v # 6. Hence,

expressions of the form ¢ 5 K*; only obtain contributions when ¢ = 4, all other terms

Py
cancelling, and giving all the terms a common factor of K“,,.*

derﬁ7§ = ‘C'rx‘ByrSK/o& - géuc‘BWK,’Y’Y + Sy&aﬂK’ﬂﬁ - ‘C’ﬁyézxK’IXa
= eupns (K5 + KTy + KP4 K4, ) = €45, 0K = 0. (6)

Thus, the solution for the H-field is described by the gradient of a massless scalar field

6
Hypo = €apysK”

! )
where K," =0.
It also follows that the action can be rewritten to that of a massless scalar field®
Hyvaw/p = gmxsyl/prfsyvpégéﬁK,zxK,ﬁ = _6gmxgm$g(5ﬁK,zxK,‘B = _6K,(7K'l7/
(8)

1 1
Sy = E/d‘*x — || Hypp HP = —E/d‘lx —IgIK K"

2.2. Relativistic Expansion of the Action

Expressing the Kalb-Ramond action in terms of the scalar field K, as in Equation (8),
one can relativistically expand the action in the so-called post-Newtonian (PN) expansion.
In post-Newtonian calculations, the metric is split into the usual weak-field approximation
&uv = Ny + Ahy,, where 17, is the Minkowski metric, choosing suitable Cartesian coordi-
nates such thatr,, = diag(—1,1,1,1). h,, denotes the metric perturbations and will also
be referred to here as the graviton field. A is a scaling factor that governs the relativistic
expansion and will be shown to be & /G, the Newtonian gravitational constant.

Using (8), the metric splitting gives an expansion of the Kalb-Ramond action in terms
of the weak-(gravitational) field as follows:

_ _% /d4x <1 + %Ah +... > (" + AR*)K K, (%b)

~ 7% / dtx Kl + ;M) K, K" + Ah"“K,P,K,V} (%)
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The determinant of the metric was expanded using the following steps, assuming
Ah <1 and using 1, for raising and lowering indices, as will be the case for the rest of
this paper.

det(gpv) = det(npygyv) = det(ﬂpy) det(g”v) =— det(g”v) = — det(éyv + Ah”v)
= —exp <ln(det ((5”1, + /\h”v))> = —exp (tr (1n (5”1, + Ah”,/))) (10)
~ —exp (tr()xh”u)) ~ —1—Ah.

Then, by also Taylor expanding the square root, the following relation is also established; it
appears in the action integral.

\/ — det( %mxuﬁhjuo A2h?). (11)
8) 2 ( )

The form of the action (9) is fairly similar to that which is investigated in Equation
(18) in [10] and Equation (3.18) in [25] for massive axions coupling to gravity. The main
difference is the absence of a mass term for the Kalb—-Ramond field.

For the coupling term to sources like fuzzballs, we introduce effective Kalb-Ramond
charges qq, pa, etc., and generic interaction terms:

d
S =~ 1 [ Tt x[aak + puk® 4] g e (). (2)

The term in the square root is needed to make the point-particle action reparametrization
invariant.®

2.3. The Graviton and Point-Particle Action
The linearized action of gravity is [31,32]

¢S = / d4x < P + h S+ o(%ﬁ)) (13)
with the effective coupling to matter via its energy-momentum tensor TH":
Sy = [ dbxln, T 14)
Cointh = X 2 H : (

For objects influenced only by gravity, the action can be approximated at large scales by the
free point-particle action from GR:

Stpp :—Zmac/dsa = —Z/mac —gwdxgdxz
a

a

M ”
=~ Yo | \/ 1 Ay, SO 2 g0 (15)

a
d*x A 0 myA AT,
:;/—ya [ mac? + Ehwmax”x” + 8ac2 (hwxyx”) +.. }53,

where & = 53(x - xa(xo)).
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The point-particle action can be further extended to include the effective coupling to the
K-field; this can be accomplished most simply by adding the interaction term (12)

dtx -1 2 2
Spp = Sfpp + Sinik = Z/T%’ (mac + qoK + paK +)
a

1 a1 v\ 2
-1+ Ak, —— + = Ah,,——
BTt c+8( e c>+

(16)
5.

The different cross-terms in this action will here be represented by Feynman diagrams in

Figures 1-4.
M v2 /00 /ot M 00 /02 fu! M
(a) (b) (c)
******** DY QU G -
(d) (e) ®

Figure 1. Feynman diagrams of the Oth order post-Newtonian (OPN) potential of general relativity
(GR) (a) and Kalb-Ramond (d), with 1st order post-Newtonian (1PN) velocity corrections (b,c) and
(e,f). The wavy lines represent graviton propagators, the dashed lines Kalb-Ramond propagators,
and the solid lines represent non-propagating, point-particle, world-line sources [22].

~ ANNNNANAN + ANNARNANAN + AN

Figure 2. Diagrammatically, the velocity expansion (23) of the Green’s function is represented by
the ® symbol on top of the propagator [33]. The number of ® on the line indicates which order in
the expansion is being considered, the leading-order Newtonian propagator having none, the 1PN
having one, etc.

(@) (b) (0)
Figure 3. Seagull-type diagrams contributing at 1PN. These diagrams originate from higher-order
terms in the interaction expansion of the point-particle action; see Equation (16).
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(@) (b) (0)
Figure 4. The diagrams with field interactions contributing at 1PN. Wavy lines denote graviton
propagators, and dashed lines denote propagators of the K-scalar Kalb-Ramond field. (a) See
Section 3.3.1. (b) See Section 3.3.2. (c) See Section 3.3.3.

Note that for multiple massive point particles, the energy-momentum tensor is
TH (x) = Y, v7 'max#%"6%x — x,), which appears in the cross-term between the mass
term and the linear term in Ah,,,. Hence, the interaction term of gravity to linear order is
Sl TH.

2.4. Equations of Motion for the Gravity—Kalb—Ramond Sector

Let Siotal = Sk +Sp+ Spp = [ L d*x /c. Variation of this action produces the equa-
tions of motion,

S Ol = APy <T”"3 . %q“ﬁKﬂK"’ - K""K’/S) (17)
and
=]k
ay% = -9, {(1 + %h) K +/\h”‘7KIU] = % =- Zﬂ:v;l[qa +2pu1<]53<x - xa(xo))
= OK=Jc— AWKy, + 1" ,K, ) = % (K# +hOK) (18)
The P,,; is the combination of 7,s, which, when acted upon the first equality of

Equation (17), simplifies it to just —; O#,,.” The exact expression for P,,,; can be found
in Equation (22). t*f represents the energy-momentum tensor of the graviton field itself,
arising from cubic terms in the graviton action (13). To leading order, t,° = 11 VP

Both Equations (17) and (18) can be solved by applying the method of Green’s functions.

hyg (x) = — A ' / d*y AT =Y )Pp (T“ﬁ + 1B — %q“ﬂKﬁK"T - K""K'ﬂ), (19)

K(x) = [ dty <1K — A(HK y + K )

(20)
A
- (h,VK'” +h0 K)) NG}
where A(x —y) is the Green’s function of the d’Alembertian:
o o dk -1 iky (xM —yt)
A(x -y ) - / (27_[)4 kgkf’e " s (21)

1
Puvwp = 5 (Tuallup + Huplluw = Nypwlap)- (22)
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To compute the leading-order terms of the action in the post-Newtonian formalism, interac-
tions between different and similar fields can be neglected. Thus, only the leading term
of (19) and (20) contribute. Also, to obtain the static, non-retarded, Newtonian potential,
the Green’s function (21) must be expanded in a power series and truncated at the leading
order. This effectively approximates it as the Green’s function of the Laplacian operator
V2 = 9.9 (with corrections scaling as (v/c)*"):

d4k eiky(xf‘fy“) eikli(X"*y")

A —y") :/ Qn)t —kek? /k K2
o)

k2

eiku (' =y") ko\2  (ko\*
[ () ()

YN

inst

) gy (A7)

23
(x =)+ A (x = y) + AL (x =)+ *

inst

0_ .0
47t|x — y| 87c2|x — y| M=y )+
_ =0 —y") no*—(v-7)?

Here, the superscript (0) in A’ (x — y) indicates that this term scales as (v/c)° and thus

belongs in the OPN order, while A{?) (x —y) scales as (v/c)? and belongs to the 1PN. It is
given the subscript ‘inst’, as this approximation makes the interaction instantaneous (via
the factor §(x” —°)). These corrections will be drawn on Feynman diagrams as shown in
Figure 2.

With this all in mind, the leading-order terms of the action governed by graviton and

Kalb—-Ramond fields are as follows:

dx _ oy 0.
= [ O D[+ T 00— qak(2) |4 (24a)
“ a
_ (A R P 7, b 2| 3
7./ c Z')/u 2 2 m(%ﬂ) +7am — MyC 50 (24b)
a b>a

1 1 AZ 2 2

= [ [Gvt o g+ LUCRE 010 g, (240)

Thus, we recognise the action of point particles in a Newtonian gravitational potential that
are also interacting with a Coulomb-like potential. The Newtonian limit implies

_1lenG

/\2
A

(25)

3. Expanding the Action into the 1PN Order
3.1. Velocity Corrections to the 0PN Diagrams

In order to obtain the point-particle action contribution at the next-to-leading order
in (v/c)?", the so-called 1PN order, both velocity modifications to the previous potentials,
as well as higher order terms of the potential, must be accounted for. Diagrammatically,
the velocity corrections to the leading order term can be expressed using the Feynman
diagrams of Figure 1. Figure 1a,d represent the OPN contributions already calculated

Gmymy

VFigure la = — " ’ (26&)

VFigure 1d = — % . (26b)
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Figure 1c,f belongs to the 1PN and represent corrections to the Green’s function, as described
in Equation (23):

Gmymy (v1-vy — (v1-#)(v2 -7
VFigure le = — 172 ( 1= ( 12 )( 2 )), (275)
r 2c
_ qqp (v1-v2— (v1 - F) (v - P)
VFigure f == E ( 202 . (27b)
The last two diagrams, Figure 1b,e, represent general velocity expansion of the interaction
term, mainly the expansion of Lorentz factors y;! =1— ;—“22 - % —..., but for the graviton

interaction, one must also include spatial contributions of the source four-velocities, like
Qi -0 .oi
hi]-x % and hy 0%

_ Gmym, 303
r2¢2

3 2
VFigure b =9 Gy 503 ’ (283)

ro2¢2
VFigure le = {

Gmymy 4v1-vp
For higher PN orders, these expansions are continued and mixed; for example, they may

r 2

=
N
)

192
7T

14
7T

N

<

N}
[&

C

(28b)

=
N
S
NI

N
=y
[

C

include a mix of Figure 1b,c, a diagram with two ®, and interaction points of the type v? — v2
and v* — ¢¥ in analogy to Figure 1b,e. But for the 1PN, Figure 1 contains all the contributing
single propagator diagrams.

3.2. Higher-Order Diagrams: Seagull

We here move on to higher-order diagrams, that is, diagrams of higher-order powers of
the fields 1, and K. Figure 3 depicts the next-to-leading order interaction terms of Equation

N 2 .
(16), namely Figure 3a ~ m,c? x %(Ahw%’%) , Figure 3b ~ p,k? x (-1), and Figure 3c ~
Vom0 —x) - g

g.K x 1A, - Inserting the leading order solution for Al (x) = ¥, ]

M o
—1 0_,0 . . .. . .
K(x) =Y, —%, the resulting terms of the action originating from these diagrams

and subsequently their potential are easily obtained.

G2(mym3 + mam?)

VFigure 3a = — 20212 ’ (293)
(p143 + p2a3

VFigure 3b = %zfqu) (29b)
G my +m

VFigure 3¢ = £ qigtcgirz 2) . (29C)

3.3. Higher-Order Diagrams: Field Interactions

The last set of diagrams contributing to the 1PN action originates from corrections
to the solution of the fields themselves; see Equations (19) and (20). They are depicted
diagrammatically in Figure 4 as field-interactions. The explicit form of the action term is
here

d4 aA
SFigure-l = / Tx 27;1 |:m2 h(()%)) (x) ('Yac)z - an(Z)(x):| 53(x — Xa(xo))r (30)

where the corrections in the fields héf)) (x) and K@ (x) are the items of interest.
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3.3.1. The Corresponding Potential of Figure 4a

Figure 4a originates from the graviton energy-momentum (pseudo-)tensor +# contri-
bution to the equation of motion (17) with the corresponding solution:

g (x) 3 =2 / d*y A — %) Pogug %hyv’“hw”g- (31)

To solve this, one can write out the 1,,, fields as their leading-order solution in Fourier space,
as follows:

ipeelko (v’ =2)
] SE (W P TV d', (32)
[
1
P,quO = POO;M/ = E(SP’V' (33)

For algebraic convenience, one might also utilise the following relation valid for any field
@ and ©:

1
05 = 5 ((@@)ﬂﬂ ~ P40 - q>@,“ﬁ). (34)

Using the notation [ (;1%’;4 = [, and taking advantage of rewriting the derivatives in accor-
dance with (34), one obtains

lkt’(x - 0) Zp U(]/ _ZU> 7P o *ZU)
CHOERS W : SR
pLp2 ProPy PPy 8

(P5+p3) (P + P’f) —piph ngg] T%(2) T (z1) dy

(35)

Separating out all the factors of y and integrating over y results in a conservation-of-
momentum factor

/ eV (humrha) gty = (2”)454<ky =P — sz)'

Then, performing the k integral sets k, = p1, + p2u = q,,, and tidying up the expression gives

> gi%x e~ P07 g*lPZL*Zg 1
Wy ()3 A [ {q*qﬁ—p%p?—p%p?]T“(zl)T“(m. (36)
’ o a

The final step is to again let k;ﬁ - é and likewise ignore factors of p° appearing in the
numerator, as these also will result in velocity corrections and thus belong in higher-PN-
order terms; see Equation (23). Then we finally have

)\3 eiqu” e*iph,z‘{ e—ingzg
h(z)(x)a——/ PPl
v 8 o @ 1 P} b

A3 {gimo(X"ZQ’ ) oip2c(x7=25)  ,iqe(x7—2]) oip2r(2{—25)
P1.P2

TOO (Zl ) TOO (ZZ)

S = (37)
8 . ri r 7 v

eldo (x7—2§) eipzﬂ(zg —z7)

7 v

TOO (Zl ) TOO (Zz).




Galaxies 2025, 13,79

10 of 15

In the first term 47, the first denominator is cancelled, and remembering that g# = p! + p}, the
remaining exponential factor can be split up and distributed into the remaining exponential
factors. Thus, the first term is as follows:

23 oiP1e (27 =2]) ip2e (x7—25)

_ TOO z TOO z
) L P% P% ( 1) ( 2) (38)

/\3
= A9 (= 280 (2 — )T (21) TO(2,).

The procedure is the same for the two last terms of (37), with the addition of shifting one of
the integration variables to /.
Returning to the action (30) for Figure 4a, we have

P / M mgmymec® -1
Figure 4a =
‘gure < ot 16(47)? |xa — zp| - |xa — zc]

1 1
+ + dt
[¥a = zp| - |20 — 2| [0 = Ze| - [2c — 2

" GPmymy(my 4 my)
G2mymy(my +m
VFigure 4a :%~ (40)

The purpose of the requirement b # a # ¢ of the sum is to make sure the gravitational
potential acting on particle number 4 is not sourced by itself. Discarding then all divergent
terms® « ﬁ, one is left with the potential (40).

3.3.2. The Corresponding Potential of Figure 4b

Figure 4b is quite similar to Figure 4a but accounts for the Kalb—-Ramond scalar
contribution to hé(z)) (x) from the equation of motion (17):

1,
gy (x) 27 [ dty A — ) Pagug { 1Ko (Y)K () + K (y) K (y)} (41a)
2 X" =i p—ip ) ) )
= — —p5 — 21)](z2), 41b
2 . PP 7’12 *P% *P% q P1 P2 ]( 1)]( 2) ( )

where, again, ¢* = p} + p}. These integrals are identical to the ones found in (37) and are
solved the same way.

A
hg 3% [Binst (¥ = 21) Binst (¥ = 22) = Bint (x = 21)Bint (21 — 22)
— Ainst (X — 22) Ajnst (22 — ]] J(z2) (42)
:Z Aqpqe { 1 B 1 _ 1
o [—al ezl -zl -zl ozl lz—=l]

On substituting this result back into the action (30), we can derive the associated potential.

AZm c? 1
SFlgure 4b — / afbic (

e 6472 |x — zp| - |x — 2|
B 1 B 1 >dt
|x —zp| - |zp — 2| |x—zc| - |zc — 2
G(myq3 + mag?)
- / 47rr2c2 dt, (43)
G(mq 2+ﬂ12 2
VFigure b = 7%- (44)
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3.3.3. The Corresponding Potential of Figure 4c

For Figure 4c, the next-to-leading-order terms in the equation of motion for the
Kalb-Ramond scalar (18) are included.

1
K®(x) = -2 / dty A(x" — %) (h’“KW +n" K, + 5 (h,,,K"‘ +hr0O K> ) (45)
Since the derivative indices are contracted either with themselves or with the graviton

field 1"v9,0,, they are symmetric under y <+ v, and one may therefore also use (34) in this
context. Using this and the other tricks shown in Figure 4a,b, one can demonstrate

2)\2 eiq(,xv e*l‘kgzg efip,zg
(x) 2 vk —q% kK2 —p? (‘72 +pt - kz) Too ()] (zc)
A2mygec? 1 1
= +
L 50 \r—ml r—wl T Foal el (46)

N
lx =zl - [zp — zc| )

Again, g = k' + pH.

Gqampqc 1 1 1
Sk :/ - dr
fgure ic ;b 212 \[e—zl ez | -z 2~z -z |7z

qul]z(ml + mz)

VFigure 4c = — W (47)
Notice how Veigyre sc = —2 - Viigure 3 and will thus “‘destructively interfere” with one another,
analogous to how Veigure 4a = —2 - Viigure 30 in GR.

4. The Resulting Binary Lagrangian

The kinetic term of the binary Lagrangian is obtained from Equation (16) from the
cross-term Y, v, 'mac* x (—1) and by expanding the Lorentz factor in powers of velocity. To
1PN, this is

. 4 6
Lyt =Y —mac® + %m,ﬂ)g + éma% +0 (%4)
’ (48)

1 -3y v 00

— M2 4 R Ui

= —Mc + Sy . 5 yc2+(’)<c4>.

The constant term can be ignored for all dynamical purposes. In the last line, effective

one-body coordinates have been implemented, where M is the total mass M = mj + m,,
mym
("l]jﬁm22>2,

is the reduced mass y = *1"2 j; is the symmetric mass ratio 5 = {; = and v is the

my+myp
relative velocity v = # = v; —v, whenr =r; —r,.
The contributions from standard general relativity are derived from all the diagrams

containing only graviton propagators

LGR:Gmlmz 1+§v%+v% Ao v n v -0y — (01 ) (vp - P) B G(mq + mp)
pp r 2 (2 c2 2¢2 2rc?

(49)

GMV(1+3 -2y 0* 4ot P —(v-F)? GM) <v3).

2 c2 U 2¢2 2rc? 3
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Next, the additional potentials from the inclusion of the Kalb-Ramond (effectively
scalar) field:

KR _ 192 1_U%+U%+771'7’2_(771'7A')(772‘7A')
PP Amy 22 22

(50)

P92 4 P291 miga  mMaqn

(ql + qz) G(my +my) G( n T n )

B + 2 + 2
A7ty re re

miq maq
w(v (@8 p GM G<;f+;;))

4rr 2 2 1 2¢? e T ore? rc?

In the last line, p = 5 + 2It. Notice that if p, « g,, it follows that p « g1 + g, i.e., the

total charge, making it analogous to how Figure 3a is a factor of total mass correction to

GMp  —GM
r 2rc2

For comparison, here is the Lagrangian obtained by Huang et al. for axions in [10],

Newton’s potential in GR (Vrigure 3. = —

rewritten to have notation consistent with that used in this paper:

[0 M2 mr <l N (v1-P) (w2 #)(L+msr) p-e ™" %)

pr — 2 2
47-[2( i 2) 2c 2mr re (51)
_ Glmq; + maqy —2mgr o GMq192
Tomr? msr{e + 2m,rEi( str)] + rrr2el msrZ (mgr).
Here, Z(x) = 2 [ 5% sin(kx) arctan(k) and Ei(x) = — [, ¢’ dt. In the massless m; — 0 limit

of Equation (51), many but not all terms are the same as in Equation (50). In particular,
the terms with an explicit factor of m, vanish in this limit, originating from diagrams like
Figure 4b,c. Additionally, the terms proportional to the squared velocity are missing from
the Lagrangian in [10].

Some Observable Consequences

Equipped with the Lagrangian up to the first post-Newtonian order for a binary
system under the influence of gravity, obtained by combining Equations (48) and (49) and
adding the Kalb-Ramond Lagrangian (50), it is straightforward to compute observable
effects on binary systems, as described in the book [34]. Chiefly, the resulting equation of
motion for the system is computed to be

GMp (3 | 1 714 1,7
. (W+ 2 (z+z)+4;fz(—z+z)) )
w” + w

313y
pr 2c2 (52)
19 G*M%u _ quapp  G(Mqigo+mg3+mags)
7(GM”+H>”_T_W+T_O
137 .6 e
202 yr

Here, quasi-circular motion has been assumed, neglecting terms proportional to # and #.
Then, Equation (52) can be used to find the relationship between the orbital frequency w
and separation r up to the 1PN order:
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_4AnGMu + qiq2 ((47‘[GMV + qlqz)w) 2/3{
rw) = 1+
4ty 4ty
_ MY 2qiap | G(Mptqgz + ptmngs + ptmagt)
2c2 1672 47mc?
2GMp* + T q2(=1+7)
_E o e AL A 53
e (GMy(a )+ ) (53)
_ (L= 3)pnGMp+ qig2)* ) (3 (47GMp+q1g2 \*
647m2c2 2 4

((4nGMy+q1q2)w>2/3 }
1 +... .
4y

Adopting the limit found in [10] for |¢;| = 5.7 -10~7v/Gm; and p = Rﬁgg 2 for binary

neutron stars of roughly equal mass, we find using (52) the spacial separation correction

for a system with m; = 1.20Mg and m, = 1.24M,, orbiting at w = 50 Hz’ to be 6r = ripy —
ropn = 3.3 km. This is a correction of 0.6% to r(w) with g; = 0 and p; = 0. In order for that
correction to be >1%, the charge would have to scale as |g;| > 11v/Gm;.

Another result is obtained by applying this to the Earth-Moon system. Still assuming
circular orbits and the charge scaling found in [10], one finds ér ~ 4 mm, but this is the
same result found in pure GR, making the difference from including the Kalb-Ramond
field negligible.

Further consequences to the orbital dynamics can be calculated using the Lagrangian
and the wealth of formulas and resources found in [34].

5. Conclusions and Outlook

We have derived the leading-order relativistic Lagrangian corrections for a
Kalb-Ramond field coupled to gravity: Equation (50). Our computation would apply
in the relativistic regime, but not the quantum regime. Astrophysical compact objects
may or may not have measurable Kalb-Ramond charge. In the stringy fuzzball proposal,
black holes are composed of macroscopic strings [16], and these may well have non-zero
Kalb—-Ramond charge. Fuzzballs should potentially also have non-trivial dilation profiles,
as is seen in other black-hole solutions in dilaton gravity and supergravity [12,13,35]. Un-
like the Kalb—-Ramond (and photon) field, the dilaton is not protected by a symmetry and
so can dynamically acquire a mass, making the force short-range even at the classical
level. If macroscopic strings exist at cosmological scales, then they may also interact via a
Kalb—Ramond-mediated force [15].

In our derived Lagrangian, note the similar 1-behaviours in the relativistic expansions
for both the Kalb-Ramond and classical General Relativity corrections. This is perhaps
not too surprising in view of generalised geometry, where the metric and Kalb—-Ramond
fields are put on the same footing in the generalised metric [27-29]. This point of view
also leads us to speculate that this similar behaviour will persist to higher orders. In order
to investigate this further, it would be very useful to extend the perturbative Feynman
diagram formalism of [22,23] to the generalised framework. This framework will also be
relevant when we come to understand the theory in higher dimensions or with quantum
corrections, where the Kalb-Ramond field can no longer be treated as a scalar.

The approach presented here also demonstrates the power of the effective field theory
approach to classifying and calculating possible deviations from Einstein’s theory of gravity.
This is relevant in an era of precision pulsar and gravitational wave observations that are
testing Einstein’s theory in the strongly relativistic regime.
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Notes

1

Here, we are explicitly focusing only on contributions from the Kalb—-Ramond field, ignoring dilation and other supergravity
effects. Generic four-dimensional solutions with such fields turned on can be found in [12,13].

2 For an introduction to the mathematical framework of generalised geometry; see [27], and for applications in supergravity; see,
e.g., [28,29] with references therein.

3 We here define the action as S = f Ldt = f £ d3x dt; thus, we may write f L d*x = ¢S for notational convenience.

4 This factor is not summed over o.

> To obtain this result one needs the relation """ ¢ vps = 0855 This relation can be argued for from e"'*”¢ ., = —4!in four
space-time dimensions. Then, it follows straightforwardly that ¢/"*7¢ ., = g g <e” vP o€hp 5) =24 =g% (—68,5)-

6 This is required by relativity because there are no privileged time coordinates, and ensuring reparametrization invariance
allows classical particles to have the correct number of degrees of freedom. This requirement is also equivalent to the condition
2 9L = [ [30], pp. 350-352.

7 For those familiar with the bar operator introduced in [31], Py, op is the bar operator, which is also its own inverse.

8 For more rigour, impose particle coordinates before performing the momentum integrals. Then, one obtains terms like
f P /P20 (07) / p% = f P 1/ p%, which also diverge to infinity.

? This should produce gravitational waves with frequencies around 100 Hz, putting the system in the sensitive-frequency band of
ground-based detectors.
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