SN galaxies

Article

On the Periodic Orbits of the Perturbed Two- and
Three-Body Problems

Elbaz I. Abouelmagd *(, Juan Luis Garcia Guirao

check for
updates

Citation: Abouelmagd, E.I; Guirao,
J.L.G; Llibre, J. On the Periodic
Orbits of the Perturbed Two- and
Three-Body Problems. Galaxies 2023,
11,58. https://doi.org/10.3390/
galaxies11020058

Academic Editor:Zeeshan Yousaf,
Kazuharu Bamba and M. Z. Bhatti

Received: 19 March 2023
Revised: 8 April 2023

Accepted: 14 April 2023
Published: 18 April 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

2(2 and Jaume Llibre 3

Celestial Mechanics and Space Dynamics Research Group (CMSDRG), Astronomy Department,
National Research Institute of Astronomy and Geophysics (NRIAG), Cairo 11421, Egypt

Departamento de Matematica Aplicada y Estadistica, Universidad Politécnica de Cartagena,

Hospital de Marina, 30203 Cartagena, Spain; juan.garcia@upct.es

Departament de Matematiques, Universitat Autonoma de Barcelona, Bellaterra, 08193 Barcelona, Spain;
jllibre@mat.uab.cat

*  Correspondence: elbaz.abouelmagd@nriag.sci.eg or eabouelmagd@gmail.com; Tel.: +20-1020976040

Abstract: In this work, a perturbed system of the restricted three-body problem is derived when
the perturbation forces are conservative alongside the corresponding mean motion of two primaries
bodies. Thus, we have proved that the first and second types of periodic orbits of the rotating Kepler
problem can persist for all perturbed two-body and circular restricted three-body problems when the
perturbation forces are conservative or the perturbed motion has its own extended Jacobian integral.

Keywords: restricted 3—body problem; first- (second)-type periodic orbits; conservative forces; first
integral of motion

1. Introduction

In celestial mechanics, the periodic orbits have a considerable importance due to the
existence of a direct relationship among the periodic orbits and the motion of planetary
systems, as well as the motion of most stellar systems. Thus, in the literature of celestial
mechanics, there are many studies on periodic orbits. In 1897, Henri Poincaré studied
periodic orbits, and he considered that the exploration of such orbits is important for the
understanding of the dynamics of differential systems. Through his study on the restricted
three-body problem, he distinguished three classes of periodic orbits [1]:

e  First, those emerging from the circular periodic orbits of the rotating Kepler problem;

*  Second, those coming from the elliptical periodic orbits of the rotating Kepler problem;

*  Third, those generated from the spatial rotating Kepler problem, where the plane of
motion is inclined.

The analytical studies on these three types of periodic orbits are developed in [2,3].

In space science, the importance of periodic orbits is not only restricted to celestial
mechanics but also to astrodynamics. There is a need to find periodic orbits to design different
types of space missions. For example, in [4], the presence of periodic orbits of the first
type is confirmed using the small-parameter technique when the period of a spacecraft’s
motion and the undisturbed circular orbit of the primaries are equal. Furthermore, the
obtained results can be applied to the design and ballistic analysis of electrically powered
thrusting spacecraft. Additionally, polar periodic orbits with 7/2 inclination are employed
to observe planet surfaces subjected to space missions [5,6].

Periodic solutions or periodic orbits play outstanding roles not only in physical,
mathematical, engineering systems but also in biological biosphere systems, where a
paramount problem is to estimate or explore if the automatic oscillatory activity can be
continued when it is subjected to a small external effect. Many researchers have studied the
perseverance and continuation problems of the periodic orbits. Although these studies are
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carried out from several standpoints all of them obtained the same basic outcome under an
assumption regarding the period manifold, known as normal non-degeneracy, where this
assumption is expressible as a condition on the unperturbed flow over the manifold [7-13].

Using Delaunay variables, the periodic orbits of the second type were investigated
in [14]. The presence of second-type period orbits was developed under the perturbation
secular potential for the perturbed three-body problem [15]. The existence of first-type
orbits in the framework of the restricted photo-gravitational four-body problem was studied
in [16]. Recently, in [17], the authors studied the resonance transition structures using
the continuation method. Then, they described how a 1 : 1 resonance is progressively
overlapped in the proximity of the first-order resonance through the increases in the
perturbation. They also proposed a technique to find these orbits as well as the transition
resonance with respect to the system of the Sun and Jupiter. Further considerable studies on
periodic orbits that would serve as an excellent guide to readers were performed in [18-27]

The innovative part of this study is the construction of the general perturbed equations
of an infinitesimal body under many different perturbations, which come from conservative
forces, such as a lack of sphericity and the radiation pressure or asteroid belt effect. Thus,
we will prove that the circular and elliptic periodic orbits of the planar rotating Kepler
problem can be prolonged to the periodic orbits of first and second type for the perturbed
two-body problem and the perturbed planar circular restricted three-body problem when
the sources of perturbations are conservative forces.

2. Perturbation and Mean Motion
2.1. Perturbed Forces

In dynamical astronomy or in stellar and solar system motion, perturbation is the
complex motion of a celestial body that is moving not only under the effect of the main force
of gravitation but is also subjected to other forces. These forces can involve the gravitational
attraction of another body; two, three, or more bodies instead of the resistance of drag
forces; the off-center oblate (or triaxial and misshapen body) attraction; or the effect from
asteroid belts and Kirkwood gaps.

The simple motion of a body under a mutual gravitation effect of another body can
be described in geometrical terms as conic sections, which are two unperturbed bodies in
Kepler motion, but this description originates only from a hypothetical or theoretical point
of view. The difference between the theoretical and real motion of celestial bodies considers
the effect of perturbation forces or the additional gravitational forces of the surrounding
and enclosure bodies.

If there is a third body (or multiple bodies) affecting the two-body motion, then the
motion becomes perturbed, and it can be considered a three-body (or N-body) motion.
However, the analytical solution with a closed form or a specified mathematical expression
to identify the locations and velocities of the body at any time only exists for Kepler motion.
Thus, the two-body problem becomes unsolvable if at least one of the two bodies has an
irregular shape.

In the motion of most dynamical systems, which include many gravitational attractions
(or other perturbed forces), there is one main body, which is predominant in its effect. The
other gravitational effects of the remaining bodies (or other perturbed forces) can be treated
as a perturbation for the hypothetical unperturbed motion of the planet (or satellite) around
its star or planet. In this context, we will construct the perturbed mean motion of a two-body
system in the next subsection.

2.2. Perturbed Mean Motion

We assume that the perturbed potential between two masses m; and m; can be written
in the following form:

Fi/’ = Gmimj

1
—+ Fij(Pijﬁij)} , 1
Pij
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where p;; is the distance between the two centers of the masses m; and m;. F ij(pij, sl-/-) is
the perturbation force such that it tends to zero (infinity) when p;; tends to infinity (zero);
it can be also written as f ; (p,-]-,si]) = €;;Y;j(pij), where Y;;(p;;) is differentiable n—times
with respect to p;;. In addition, ¢;; is a small parameter, and its value depends on the kind
of perturbation force.

Let p; and p; be the position vectors of masses 1 and m,, respectively, in the inertial
frame, while p1p = pp — p; is the relative position vector of my with respect to mj. In
addition, let F, (r = 1, 2) be the force between the masses m, and m;.

5P )
2

where p,, is the unit vector in the direction of p1, and I'y; is the perturbed potential
experienced by the second body given by Equation (1). Thus, the equations of motion of
the two bodies are

myp; = Fq,
mzpz = Fz.

®)

Utilizing Equations (1)-(3), the vectorial equation of motion of the mass m, with
respect to the first mass m is

. +
By = — (M) VT, )

my my
In 2dimensions, the operator V can be written in the polar coordinates (p12, ¢) as

d

. 1 0
vZPlZapT—i_

p1299’

PN

©)

where p1; is the radial distance and ¢ € [0,27] is the polar angle. Of course, p;, and ¢ are
two orthogonal unit vectors such that the first refers to the direction of the second body
related to the first one, and ¢ indicates the direction of the increasing polar angle ¢. Hence,
the vector acceleration in polar coordinates is identified by

], " 2\ A d
P12 = (P12 - Plzq’z)Plz o di (P124’>‘P (6)
Substituting Equations (5) and (6) into (4), we obtain

_ (my+mp)dly

1

L 2\ A N

(612 = 1297 )1 + o di (puqv)fp =T nm e P12 @)
From Equation (1), we obtain
oo 1 dYq, |

— = —-Gmymy|— —¢ . 8
o0 1My [P%z 12 0 | 8)

Now, utilizing Equations (7) and (8), we obtain

) . d AW 1 dY1p
- +— my+my)|— —¢€ . )
(Plz P12¢9 )Plz 012 dt (Plzq’)‘l’ G(m 1 _P%z 1277 dpij P12
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Equation (9) has particular solutions as p1, = constant and ¢ = @, where @ is the mean
motion, which can be written as

G(my+m 1 dY
o2 = Glm+m) T—€1zd12- (10)
P12 P12 Qij

Expression (10) represents the general formula for the perturbed mean motion when the
two bodies are moving under the effect of some conservative forces, such as a lack of
sphericity, oblateness, and triaxial and radiation pressure effects [28-31].

Kepler’s laws can be employed with Newton’s laws in the case where the force is
oriented toward a central fixed point and proportional to the inverse of distance square.
Although the sun is considered the source of the main force in solar system, it is not fixed;
rather, it experiences small accelerations due to the motions of the planets. In addition,
the planets attract each other, and their motions are affected in accordance with Newton'’s
second and third laws. Thus, the Sun is not only the source of effective force on the motions
of the planets. However, the other planets disturb the elliptical motion of the planet that
would have happened if the planet was the only body moving around the Sun. Thereby,
Kepler’s laws are considered as the only approximation for real motion, which motivated
us to find the mean motion in the perturbed sense.

3. Restricted Three-Body Motion
3.1. Unperturbed Restricted Three—Body Motion

We assume that 11 and m; are the two primary masses and m is the mass of the test par-
ticle, where its positions vectors with respect to the masses m; and m; are p; = (x1,Y1,21),
P2 = (x2,Y2,z2) while its position with respect to the origin of the inertial reference frame
OXYZis p = (x,y,z). We also suppose that the test particle does not affect the motion of
the primaries and moves under their mutual gravitational.

Now, the motion of the test particle can be written in the following vectorial form:

mp = V'V (11)

where V7 is the potential function with the following form:

Vilpr, p2) = m(’zll + ’Zj) (12)

The relative distances of the test particle are given by

pi=(—x)’+(y—y)+ (z—=2)?
05 =(x ="+ [y —y)*+ (z—2)° (13)
P2 =2 4P 42

We intend to study the periodic orbits of the perturbed motion for the test particle,
which has negligible mass with respect to the primary masses. Thus, we consider a synodic
frame O¢#(, which is moving around the {—axis with an angular velocity @ where  and
Zaxes are congruent.

To normalise the variable and use dimensionless coordinates, it is assumed that the
universal constant of gravitation, the distance between the two primaries, the sum of their
masses, and the angular velocity on the circular orbit are equal to one; see for details
[32]. Thus, the mass of the massive big primary is m; = 1 — u, and the mass of the small
primary is my = p, with p = my/(mq +my) € (0,1/2). In synodical coordinates, the
position of the massive primary is ({1, %1,1) = (—,0,0) and the position of the small one
is (82, 72,C2) = (1 — p,0), while the position of the test particle is (¢, #, {). Furthermore, we
denote the magnitudes of the vectors p, p1, and p by p, p2, and py, respectively. Then, the
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following vectorial equation of motion of the test particle in the framework of the classical
restricted three-body problem in normalized synodic coordinates is given in [32]:

p+20Np=VV, (14)

where .
R (15)
P1 02
The angular velocity and the position vectors in synodic coordinates are defined
as follows:

1

=0 0 o],

[
[
p2=[G+u-1 5 " (16)
[
[

p=[c n 7,
p=[& n 7,

where @ equals one. In Equation (16), the distances among the infinitesimal body and the
primaries are

pi=C+u*+ P+
05 =[E+pn—-172+n*+2% (17)
PP =+ + %

3.2. Perturbed Restricted Three—Body Motion

In the case that the motion of the infinitesimal body is perturbed by very small forces
with respect to the main gravitational forces of the primary bodies, the infinitesimal body
will be affected by an additional acceleration in a synodic frame, which is called the
perturbing acceleration .A. Using Equations (8), (14) and (15), the perturbed motion of the
infinitesimal body in synodic frame is given by

p+20Ap=VY, (18)

where V¥ = V(V + A), and A may be written as A = A; + A, + Aj. Here, the mag-
nitudes of the perturbing accelerations are A; = ¢1Y(p1) and A; = €,Y(p2) due to the
massive and smaller primaries, respectively, while A3 = e3Y(p), may represent some
additional perturbed forces, for example coming from asteroids belt. We mean that the
first two perturbed forces are regarding to the two primaries, such that they may be are
radiating bodies or have non—sphericity in their shapes (i.e. they are irregular bodies, these
mean that they are oblate or triaxial bodies). In small word, the sources of all perturbations
are conservative forces, which lead to total energy of the perturbed system is always has a
constant amount. Hence, ¥ will be given by

K

1 1-
¥ =@ @+ +—+ Eia (19)

P2

where p; and p; are given in (17). Using Equation (10), the perturbed mean motion @ can
be calculated by
@ =1—epY),, (20)

where Y,12 = dY12 /dplz when P12 = 1.
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Utilizing Equations (18) and (19), the three dimensional equations of motion in the
Cartesian synodic frame are controlled by

& — 201 =Yg,
ij +20¢ =Yy, (21)
g :‘PC/

where Yz = 0% /d¢, ¥y = dY/dy, ¥; = 0¥ /9.

Equations (21) represents the dynamical system of the perturbed motion of the in-
finitesimal body in the framework of the spatial-restricted three-body problem when the
perturbing forces are conservative. Thus, Equations (19) and (20) admit a Jacobian integral
of the following form:

E+ipP+P=2¥-cC, (22)

where C is the Jacobian constant, which can be used to identify the real motion as well as
the possible regions of motion.

4. Hamiltonian of Perturbed Motion

In classical mechanics, the Hamiltonian function is a mathematical expression constructed
in 1835 by Sir William Rowan Hamilton to characterize the evolution of a physical system
that is composed of a set of differential equations. The features of this expression are that it
provides significant insight into the properties of dynamical motion even if the physical
system has neither an analytical solution nor is solvable. One of the famous examples is
three-body systems in planetary and solar systems or stellar systems of motions. These
systems have neither analytical nor closed-form solutions to their own systems, where
Poincaré investigated that these systems revelation deterministic chaos in motion.

The total energy of a physical system (i.e., the sum of its kinetic energy and its potential
energy) is identified by the Hamiltonian function. If this function does not depend on
time, then the total energy of the system is conserved. One of the important aspects of
this feature is that an infinitesimal phase—-space volume is preserved [33]. A direct result
to this property is Liouville’s theorem, which states that in the Hamiltonian system, the
phase-space volume of a closed surface is preserved under time evolution.

In general, Hamiltonian systems are also called canonical systems, and if it has the
properties of the autonomous system (we mean that the Hamilton function is not an explicit
function of time), it may be indicated as a conservative system because the total energy of
system will be a constant along time of motion and the Hamiltonian functions will also be
called the first integral of motion. Thus, we will use the Hamiltonian function to describe
the perturbed motion of the restricted three-body problem to prove the main result of this
study, which is included in Theorem 1.

From [34] and using Equations (14) and (15), the Hamiltonian (#) of the spatial
unperturbed circular restricted 3—body problem in synodical coordinates is

’Ho:;(P§+P§+P§)+UP§—§PW—1p1ﬂ—§2, (23)
where Ho = Ho(E, 1,8, Pe, Py, Pr), and (Pg, Py, Pr) is the conjugate momentum of the
infinitesimal body at the position (&, 7, {).

In the case that the infinitesimal body is moving under some conservative perturbing
force or its motion is governed by System (21) and admits the Jacobian integral (22), the
Hamiltonian of the perturbed motion (X = H(¢, 1,7, Pg, Py, Pr)) is given by

H="Ho+epY (17'Pg — C’Py]) +e1Y(p1) +€2Y(p2). (24)

It is clear that the Hamiltonians (23) and (24) are equivalent in the absence of the
perturbing forces.
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Since the quantities €15, €1, €2, and €3 are small, they can be written with a factor A < 1,
i.e, €10 = AE1p, €1 = A&q, €0 = A& and €5 = A&3. In this context, the Hamiltonian (24)
becomes
H= (PR P24+PY) 4P — Py — L - L Lo
= (Pe+Py+P;)+nPe—¢ W_Pil_FTZ—'— (). (25)

NI~

We remark that the unperturbed motion of the infinitesimal body in the framework of the
restricted three-body problem can be represented by the Hamiltonian (25) in the case of the
whole perturbed forces are ignored. Moreover, if the mass ratio y is very small, such that
u = A ji, we have that the Hamiltonian (25) becomes

1
NEErEc

We must take care with O(A) because it has terms that go to infinity near the primaries;
therefore, we must exclude a neighborhood of the primaries. When the infinitesimal body is
moving in the primaries’ plane, we have that { = 0 and P; = 0; hence, the Hamiltonian (26)
becomes

1
H =5 (PE+Pi+Pf)+yP; =Py — O). (26)

1
—t
V1

Then, equations of motion related to the Hamiltonian (27) will take the following form:

H(E, 1, Pe Py) = 5 (P 4+ P) + 9P — Py - om. @

& =2mij + n?¢ — ('§2+§172)3/2 +0(),
| 28)
i :2n§+n211(§2_|_17172)3/2+0(/\).

Note that the Hamiltonian (27) and System (28) for A = 0 coincide with the planar
Kepler problem in a rotating reference frame. Hence, we will conclude the main result of
this study in the following theorem:

Theorem 1. The circular and elliptic periodic orbits of the planar rotating Kepler problem can be
prolonged to the periodic orbits of first and second type for the perturbed two-body problem and
the perturbed planar circular restricted three-body problem when the perturbation is made with
conservative forces.

5. Periodic Orbits of Perturbed Motion

In celestial mechanics, changes in two-body orbits occur rather slowly with respect to
the perturbations, and it is considered a good first approximation for the perturbed motion.
The perturbations can be applied if the perturbed forces are very small with respect to the
main or fundamental gravitational forces. General perturbation techniques are preferred
for some types of perturbed motions as the source of a certain predestined motion is easily
found. This is not necessary with respect to particular perturbations where the motion
would be predicted with similar reliability. However, there are no data on the configuration
of the perturbing bodies.

In the solar system, planets are subjected to periodic perturbations from other planets,
which pass in their orbit; these perturbations are composed of small impulses each time
a planet crosses or passes the orbit of the other planet. This leads to the motion of bodies
being periodic or quasi—periodic, such as the Moon in its strongly perturbed orbit. Thus, in
the next subsection, we study the existence of first- and second-type periodic orbits for the
perturbed problem.
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Proof of Theorem 1. It is clear that System (28) represents Kepler motion in the rotating
reference frame, also known as the so-called rotation Kepler problem when the parameter-
to-mass ratio (4 equals zero. This means that the third body or the infinitesimal body will
be moving under the effect of the gravitational field of the massive body only. In this case,
the massive body will take its place at the origin of the reference frame.

We also remark that if A = 0, the periodic solutions of System (28) are circular or
elliptical orbits, namely (&(¢), (17(t)) when the motion of the two-body system is bounded.
In general, these orbits are called the first (second) type when the unperturbed motion is
represented by circular (elliptical) orbits.

We emphasize that System (28) is the same or similar to the system in page 4 Equation (6)
of [2]. Therefore in the case of A = 0 (or A # 0, but small, which means that the mass ratio
u is also very small, and y # 0), the obtained results in [2] can be applied to our system
of perturbed motion (28). Hence, the results of Theorems 3.1, 3.2 and 5.1 in [2] can be
applied to perturbed circular restricted three-body motion. These theorems will be stated
and indexed in the present work as Theorems 2—4: [

Theorem 2. Assume that the restricted three-body problem is perturbed through a very small
perturbed force and that the perturbed system has a first integral. Additionally, we assume that
1/(1 —nj®) ¢ Z, where 1> # 1/n and 7 is the set of integer numbers. Then, the periodic orbits of
first type with angular momentum j can be continued to the perturbed circular restricted three-body
problem.

Theorem 3. Assume that the restricted three-body problem is perturbed through a small perturbing
force and that the perturbed system has a first integral. If 79 # (1 +1/2)7/nwith 1 € ", where
L™ is the set of positive integer numbers and € > 0 is very small, then the perturbed restricted
problem has periodic orbits, which tend to the periodic orbits of the first type during the tg— period
when € tends to zero.

Theorem 4. Assume that I and | are prime integers, K € Z, where Z is the set of integer numbers,
and T = 27l /|K|. Then, the elliptical solution with a T period for the rotating Kepler problem
satisfying

g0)=-m, H0)=mr, L¥0)=1/],

and such that it does not cross the location of the smaller primary can be continued to the perturbed
circular restricted three-body problem when € > 0 is small and its motion Equations (9) (in Refer-
ence [2]) come from Equations (6) (in Reference [2]), satisfying the following invariant symmetry

by (x,y,t) = (x, —y, —t).

Furthermore, the proof of Theorem 1 comes directly from the proofs of Theorems 3.1
and 5.1 in [2], here Theorems 2 and 4. Thereby, the circular (elliptical) periodic orbits of
the planar rotating Kepler problem can be prolonged in the periodic orbits of first (second)
types for the perturbed two-body problem and for the perturbed restricted three-body
problem by conservative perturbing forces. This means that both theorems are satisfied
when the perturbed model has a first integral or the perturbed motion has the so-called
Jacobian constant.

Now, we show that Theorem 1 can be applied to many models, for example, to the
perturbed two-body problem, by different perturbed conservative forces, some of these
models are listed in what follows.

1.  Perturbed two-body problem where both bodies are oblate [35].

2. An anisotropic perturbed Kepler problem [36].

3. Relativistic effect is a source of perturbation [37].

4. Perturbed two-body problem when the main body has a continuation fraction poten-
tial. [38].
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We can also list some related works for the perturbed restricted three-body problem,
as follows:

1.  The oblateness of a massive primary body is a source of perturbed force [28].

2. The oblateness of a smaller primary and the radiation of a bigger primary are sources
of perturbed forces [29].

3. Alack of sphericity of the three participants is a source of perturbed forces as well as
the primaries’ radiations [30].

4. The effect of zonal harmonic coefficients (J, and J4) of the massive body are considered [39].

5. The first primary is oblate, while the second is a source of radiation [40].

6.  Both primaries are oblate and radiating bodies, as well as subject to the asteroid belt
effect [41].

7. The effects of zonal harmonic coefficients (J, and J4) of both primary bodies are
considered [42].

8.  The triaxial of a massive primary body and the oblateness of a smaller primary [43].

9.  Both primaries are taken as triaxial rigid bodies [31].

10. The asteroid belt effect is considered a source of a perturbation force [44].

11.  Quantum corrections are considered a source of perturbation forces [45].

The perturbed models for two and three bodies with their own first integral are
not limited to those stated in the previous two lists, which are mentioned as examples.
Furthermore, we demonstrate that this study is an extension and generalization of the
obtained results in [2,46]. Theorem 1 can be applied in the case that the system is subjected
to conservative forces, by which we mean that all forces can be derivable from the total
energy of system, which must be a constant. However, the principle of conservation of
energy is an expression relating the velocity of the mass and its own position at any time it
has a fixed value for all time.

6. Conclusions

In this work, an overview of periodic orbits with their importance is stated in terms
of both celestial mechanics and astrodynamics. The general perturbed mean motion of the
two-body problem is derived if the perturbation forces are conservative, such as radiation
pressure oblateness and the asteroid belt effects. Thereby, the unperturbed and perturbed
motion of the test particle in the framework of the restricted three-body problem is also
derived under the conservative perturbed forces. Thus, we have proved that the first and
second types of periodic orbits of the rotating Kepler problem can persist for all perturbed
two-body and circular restricted three-body problems when the perturbation forces are
conservative or the perturbed motion has its own extended Jacobian integral. We emphasize
that the terminologies of Poincaré and canonical transformation using Delaunay’s variables
can be applied to prove the obtained results.
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