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Abstract

The metabolic control analysis (MCA) was applied to several subsystems selected from
the model of human erythrocyte energy metabolism. These subsystems represent varying
degrees of simplification of energy metabolism, from the simplest subsystem of the first
three glycolytic reactions that determine the steady-state rate of glycolysis, to an expanded
subsystem that includes all glycolytic reactions plus passive and active ion transport
across the cell membrane. The control coefficients of enzyme activities for the rate of
glycolysis are found to be very different in different subsystems. However, no specific trend
is observed in changes in control coefficients as the subsystem becomes more complex.
Thus, in subsystems containing only glycolysis, the control coefficients of hexokinase (HK)
and phosphofructokinase (PFK) together amount to 0.99. When ATPases are added, this
value decreases to 0.18 and below, and the maximum control coefficient goes to ATPase
(0.82–1.00). It would seem that there is a natural decrease in the contribution of HK and
PFK to the regulation of the rate of glycolysis as the dimension of the system increases.
However, disabling the allosteric regulation of PFK by AMP completely changes the picture.
In a subsystem containing only glycolysis, disabling this regulation does not affect the
control coefficients. After adding ATPase to such a subsystem, the HK and PFK control
coefficients increase, and the control coefficient of ATPase takes on a negative value. Thus,
we found that in extended subsystems involving glycolysis and ATPase or transmembrane
ion transport, information on the initial regulation of glycolysis may not be revealed in
the MCA results. It appears that the MCA alone cannot reveal regulatory mechanisms of
metabolic systems in the presence of strong allosteric and feedback regulation.

Keywords: systems biology; metabolic control analysis; control coefficients; glycolysis;
energy metabolism; ion homeostasis

1. Introduction
Over the past two decades, a vast amount of biochemical information has been accu-

mulated thanks to the development of various “omics” technologies. However, it remains
questionable to what extent this has expanded our knowledge of the regulation of cellular
metabolic processes. We are still very far from understanding how multiple metabolic pro-
cesses in the cell interact to ensure their coordinated functioning, which in turn maintains
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cellular homeostasis and physiology. Understanding the regulation of metabolic networks
in cells is impossible without a systems approach to cell biology, including mathematical
modeling of metabolic pathways.

In systems biology, a number of approaches have been developed for studying large
and complex metabolic systems (networks). These include metabolic control analysis,
biochemical system analysis (power-law approximation), and various versions of flux
analysis. However, the results of these analyses are highly dependent on the structure, size,
and complexity of the metabolic systems [1–7]. One of the main approaches to the analysis
of the regulation of metabolic pathways in systems biology is the metabolic control analysis
(MCA) [4–6]. This theoretical framework has been developed to elucidate in quantitative
terms to what extent the various reactions of metabolic pathways determine the fluxes
and metabolite concentrations. The MCA uses control coefficients to describe effects of
parameters on steady-state system properties such as metabolic flow rate. Mathematically,
all the control coefficients represent the fractional change in a system property, dX/X, in
response to a fractional change in a parameter dP/P, in the limit as dP tends to zero:

C =
dX
dP

·P
X

=
dlnX
dlnP

(1)

This theory may allow us to identify the stages in a metabolic system that have the most
significant impact on the metabolic flow in the system. The theory has been used to analyze
metabolic regulation in human erythrocyte glycolysis [8,9], in muscle glycolysis [10], in
cancer cell glycolysis [11], in the oxidative phosphorylation pathway [12], etc. The literature
describes attempts to obtain control coefficients in glycolysis using experimental changes
in the activity of all glycolytic enzymes [13].

How reliable are the results obtained using MCA? Naturally, one of the conditions
for the reliability of the results is the use of correct mathematical models. However, the
absolute correctness of models is always questionable, since we may not know all the
regulatory links in the modeled system.

In this work, we tested the robustness of the MCA results using simple theoretical
objects. To this end, we applied MCA to analyze the regulation of glycolytic flux in several
relatively simple model systems with well-studied regulation. These systems were selected
as subsystems of a “virtual cell,” a mathematical model of the human erythrocyte. This
model includes glycolysis, adenine nucleotide turnover, and ATPases, including Na/K-
ATPase transport. It also describes transmembrane ion transport and osmotic regulation
of cell volume [14]. This model was successfully used to explain the effect of glycolytic
enzyme deficiency on the viability and functional integrity of human erythrocytes [14].
These subsystems were obtained from the main model by simplifying it to different levels
and include the glycolytic pathway at constant [ATP], [ADP], and [AMP]; the glycolytic
pathway plus ATPase; and the glycolytic pathway plus passive and active ion transport
across the cell membrane. A detailed description of all subsystems considered in this work
is presented in the Materials and Methods and in Supplementary Materials sections. These
subsystems were used as theoretical objects of research in which we know and understand
all the regulatory mechanisms.

We found that MCA indicates a transfer of maximal control coefficients from hexoki-
nase and phosphofructokinase in the subsystems that include glycolysis only to ATPase
in the subsystem that includes ATP consumption and further to the permeability of the
cell membrane for cations in the subsystem with transmembrane ion transport. Thus,
information about the initial regulation of the rate of glycolysis by hexokinase and phos-
phofructokinase may be lost during the transition to subsystems with ATP consumption.
However, the transfer of the main control coefficients from hexokinase and phosphofructok-
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inase to ATPase does not occur in the absence of allosteric activation of phosphofructokinase
by AMP. Thus, the same extension of the system under study may or may not radically
change the distribution of control coefficients. It appears that the MCA alone cannot re-
veal regulatory mechanisms of metabolic systems in the presence of strong allosteric and
feedback regulation.

2. Materials and Methods
2.1. Mathematical Model Description

As it was mentioned above, the virtual cell was constructed to explain a dependence of
human erythrocyte viability and functional integrity on activities of glycolytic enzymes [14].
The virtual cell includes glycolysis, adenylate kinase equilibrium, synthesis and degrada-
tion of adenine nucleotides (ATP, ADP, and AMP), transport Na/K-ATPase, additional
ATPase, not associated in the model with any specific function, passive transmembrane
transport of Na+, K+, Cl−, and HCO3

− ions, and osmotic cell volume regulation [14]. The
main model (the virtual cell) was constructed based on an experimentally validated model
of glycolysis in human erythrocytes [15]. The main model explained why hemolytic ane-
mias occur with certain deficiencies in glycolytic enzyme activity [14]. Thus, this model was
validated against a large pool of experimental data. Later, modified quantitative models
of glycolysis in human erythrocytes were constructed based on the main model, which
provided a good description of the experimental data [16]. This can also be considered
a validation of the model. In this study, three main subsystems were selected from the
main model (virtual cell). The first subsystem (subsystem (1)) includes the glycolytic path-
way at constant levels of [ATP], [ADP], and [AMP] (Figure 1A). The second subsystem
(subsystem (2)) combines the glycolytic pathway with adenylate kinase equilibrium and
an ATPase whose reaction rate depends linearly on [ATP] (energy metabolism, Figure 1B).
The third subsystem (subsystem (3)) adds passive and active ion transport across the cell
membrane to the glycolytic pathway and adenylate kinase equilibrium (Figure 1C). Four
additional subsystems were developed on the background of these three main subsystems.
They included subsystem (1a) obtained from subsystem (1) by truncation of the lower part
of the glycolysis (the enzymatic reactions after phosphofructokinase); subsystem (1b) ob-
tained from subsystem (1) by removing the allosteric regulation by AMP from the equation
for the reaction rate of PFK; subsystem (2a) obtained from subsystem (2) by replacing the
linear ATPase with the hyperbolic dependence of the reaction rate on [ATP]; and subsystem
(2b) obtained by adding to subsystem (1b) an ATPase with a linear dependence of the
reaction rate on [ATP].

All subsystems include adenylate kinase equilibrium KAK
eq = [ATP][AMP]

[ADP]2
= 1. Reactions

of the 2,3-diphosphoglycerate shunt, which bypasses the ATP-producing PGK reaction,
were excluded from the subsystems. Concentrations of glucose, orthophosphate, pyruvate,
lactate, the sum of [ATP], [ADP], and [AMP] (pool of adenine nucleotides), and the sum of
[NAD] and [NADH] are considered constant and equal to 5 mM, 1 mM, 70 µM, 1.2 mM,
1.745 mM, and 50 µM, respectively.

The rate of ATP production in glycolysis in our models (except for subsystem (1a),
which is described separately) is equal to the following sum of reaction rates: VPK + VPGK

− VHK − VPFK. Here VHK, VPFK, VPGK, and VPK denote the rates of HK, PFK, PGK,
and PK reactions, respectively. According to the stoichiometry of glycolysis (Figure 1A),
after the aldolase reaction, the steady-state glycolytic flux increases twofold. Thus, the
steady-state rate of ATP production in our models is twice the rate of the HK and PFK
reactions and the rate of glucose consumption. In all subsystems, the normal physiological
steady-state rates of glucose consumption and ATP production are equal to 1.12 mM/h
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and 2.24 mM/h, respectively, at a normal ATP concentration of 1.47 mM. Below are more
detailed descriptions of the subsystems.

Figure 1. The main subsystems selected from the virtual cell for MCA. (A)—biochemical reactions
included in the first subsystem (glycolysis) for the MCA; (B)—the cell energy metabolism; (C)—the
model of a cell that maintains a non-equilibrium distribution of Na+ and K+ between the cytoplasm
and the environment. The red arrows show allosteric activation (+) and inhibition (−) of the PFK
reaction by ATP and AMP. The green arrows show the interconversions between ATP, ADP, and AMP.
The solid and dotted purple arrows show active and passive ion fluxes through the cell membrane,
respectively. The ion symbol size inside and outside the cell is proportional to the ion concentration.
Abbreviations used in the paper are described in Table 1.

2.1.1. Subsystem (1)

The first subsystem includes glycolysis at constant concentrations of ATP, ADP, and
AMP equal to 1.47, 0.237, and 0.038 mM, respectively. The ratio between these concentra-
tions corresponds to the equilibrium of the adenylate kinase reaction, and their absolute
values correspond to the normal physiological state in human erythrocytes [14]. The
description of glycolysis in the model includes all eleven enzymatic reactions shown in
Figure 1A. The equations for the reaction rates and parameter values were taken from [14].

2.1.2. Subsystem (1a)

This subsystem (truncated glycolysis) was obtained from subsystem (1) by removing
the enzymatic reactions from aldolase to lactate dehydrogenase. Concentrations of glucose,
orthophosphate, and the sum of [ATP], [ADP], and [AMP] in this model were the same
as in the first subsystem. Concentrations of pyruvate, lactate, and the sum of [NAD] and
[NADH] make no sense in this subsystem. The rate of ATP production in this subsystem is
equal to the rate of PFK reaction multiplied by two. The normal physiological steady-state
rates of glucose consumption and ATP production in this subsystem are the same as in
subsystem (1).
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Table 1. Abbreviations used in the paper.

1,3-DPG 1,3-diphosphoglycerate

2-PG 2-phosphoglycerate

3-PG 3-phosphoglycerate

AK adenylatekinase

ALD aldolase

Ani the sum of intracellular concentrations of anions penetrating the cell
membrane ([Cl−] + [HCO3

−])

DAP dihydroxyacetone phosphate

ENO enolase

F6P fructose-6-phosphate

FDP fructosediphosphate

G6P glucose-6-phosphate

GAP glyceraldehyde phosphate

GAPDH glyceraldehydephosphate dehydrogenase

GLU glucose

GPI glucose-6-phosphate isomerase

HK hexokinase

LAC lactate

LDH lactate dehydrogenase

MCA metabolic control analysis

PEP phosphoenolpyruvate

PFK phosphofructokinase

PGK phosphoglycerate kinase

PGM phosphoglycerate mutase

Pi phosphate inorganic

PK pyruvate kinase

PYR pyruvate

Perm relative non-selective cell membrane permeability for cations

Pump Na/K-Pump (Na/K-ATPase)

TPI triosephosphate isomerase

2.1.3. Subsystem (1b)

This subsystem is the same as subsystem (1), except that the allosteric regulation
(activation) of PFK by AMP was eliminated from the equation for the PFK reaction rate.
The original equation for the rate of the PFK reaction is as follows [14]:

VPFK = APFK

1.1[ATP][F6P]
(

1
1+[AMP]/K3

PFK
+ 2[AMP]

K3
PFK+[AMP]

)
(

K2
PFK + [ATP]

)(
K1

PFK + [F6P]
)(

1 + 108 (1+[ATP]/K4
PFK)

4

(1+[AMP]/K3
PFK)

4
(1+[F6P]/K5

PFK)
4

) (2)

The parameters in this equation have the following values: APFK = 380 mM/h,
K1

PFK = 0.1 mM, K2
PFK = 2 mM, K3

PFK = 0.01 mM, K4
PFK = 0.195 mM, and

K5
PFK = 3.7 · 10−4 mM.
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In this equation, the AMP concentration was replaced by a constant value of 0.038 mM
that is equal to the physiologically normal AMP concentration in human erythrocytes [14].
All other parameters were the same as in subsystem (1). This subsystem was considered to
test how changes in enzyme kinetics can affect the results of MCA without changes in the
subsystem dimension and complexity.

2.1.4. Subsystem (2)

In this subsystem, the glycolysis (subsystem (1)) was supplemented with ATPase with
the linear dependence of the reaction rate on [ATP]:

VL
ATPase = αL

ATPase[ATP] (3)

At normal physiological conditions the ATPase activity αL
ATPase is equal to 1.524 h−1

that provides the steady-state ATP consumption rate equal to the rate of ATP production in
glycolysis (2.24 mM/h).

In this subsystem, which represents cell energy metabolism, [ATP], [ADP], and [AMP]
are variables. The dynamics of the [ATP], [ADP], and [AMP] are determined from the
balance of production and consumption of ATP and ADP under the assumption that the
adenylate kinase reaction is in equilibrium and the sum of the concentrations of adenine
nucleotides is constant:

de
dt

= −VHK − VPFK + VPGK + VPK − VATPase (4)

KAK
eq =

[ATP][AMP]

[ADP]2
= 1 (5)

[ATP] + [ADP] + [AMP] = 1.744 mM (6)

e = 2[ATP] + [ADP] (7)

Here, VHK, VPFK, VPGK, VPK, and VATPase denote the rates of HK, PFK, PGK, PK and
ATPase reactions, respectively. KAK

eq denotes the equilibrium constant of the AK reaction.

2.1.5. Subsystem (2a)

This subsystem was obtained from subsystem (2) by replacing the ATPase with a linear
dependence of the reaction rate on [ATP] with an ATPase with a hyperbolic dependence of
the reaction rate on [ATP]:

VH
ATPase = αH

ATPase
[ATP]

[ATP] + KATPase
(8)

The value of the Michaelis constant for ATP in this equation was equal to 10 µM. At this
value of KATPase, the rate of the ATPase reaction is independent of [ATP] at physiological
levels of [ATP] in the model. Under normal conditions, the ATPase activity αH

ATPase

is equal to 2.255 mM/h. At this parameter value the normal steady-state rate of ATP
consumption is equal to the normal rate of ATP production in glycolysis.

2.1.6. Subsystem (2b)

This subsystem includes glycolysis with disabled allosteric regulation of phosphofruc-
tokinase by AMP (subsystem (1b)), and ATPase with a linear dependence of the reaction
rate on ATP. The ATPase activity (αL

ATPase) value in this subsystem is the same as in
subsystem (2). All other parameters have the same values as in subsystem (1b).
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2.1.7. Subsystem (3)

In subsystem (3), the model was extended compared with subsystem (2) by the addi-
tion of the Na+, K+, Cl−, and HCO3

− transport across the cell membrane. Transmembrane
transport of Na+ and K+ is both passive and active, whereas for anions that penetrate the
cell membrane (Cl− and HCO3

−), transport is only passive. The passive transmembrane
ion fluxes are described in Goldman approximation, taking into account the electroneu-
trality of the cell content and transmembrane potential [14]. The normal permeability of
the cell membrane for Na+ (GNa0) and for K+ (GK0) in the model is 0.0422 and 0.0424 1/h,
respectively. At these values of cell membrane permeability, the model ensures an ATP
consumption rate equal to the normal steady-state rate of ATP production in glycolysis
(2.24 mmol/h). We assume a non-selective increase or decrease in the permeability of the
cell membrane for cations as follows:

GNa = GNa0 + ∆; GK = GK0 + ∆ (9)

Here, ∆ denotes a value of a change in the cell membrane permeability for cations.
We also introduced the parameter Perm corresponding to the relative permeability of

the cell membrane for cations:

Perm =
GNa

GNa0
≈ GK

GK0
(10)

The validity of this equation follows from the fact that GNa0 ≈ GK0.

We assume that there is an equilibrium distribution of penetrating anions between the
cytoplasm and the environment due to the high permeability of the cell membrane for these
anions. Extracellular concentrations of Na+, K+, and the sum of extracellular concentrations
of anions penetrating the cell membrane (Cl− and HCO3

−) are constant and equal to 145, 5,
and 150 mM, respectively [14]. The non-functional ATPase of subsystem (2) was replaced
by the Na/K-ATPase (Na/K-pump), which transfers three Na+ ions from the cytoplasm to
the medium in exchange for the transfer of two K+ ions from the medium to the cytoplasm
through the hydrolysis of one ATP molecule. The rate of ATP consumption by the Na/K
pump is described by the following equation [14]:

Vpump = αpump[Na+][ATP] (11)

At normal conditions parameter αpump is equal to 0.152 mM/h.
With the chosen parameter values, the normal steady-state rates of glucose consump-

tion and ATP production in this model are 1.12 and 2.24 mM/h, respectively.
The cell volume is considered constant.
The models of all subsystems are systems of ordinary differential equations. These

equations describe the kinetics of glycolytic metabolite concentrations and other variables,
such as adenine nucleotides and Na+ and K+ ions. Additionally, algebraic equations
describe the conservation of cofactor pools and equilibrium reactions. The right-hand sides
of the differential equations contain the sum of the rates of accumulation and consumption
of the corresponding metabolites/variables.

Additional information on the subsystems is provided in the Supplementary Materials
Section (Equations (S1)–(S41)).

2.2. Mathematical Model Analysis

The CVODE (v7.2) library was used to calculate the kinetics of the models [17]. Steady
states were determined using the KINSOL (v7.2) library [17]. The steady-state rate of
glycolysis (the glycolytic flux) was determined as the steady-state rate of the PK reaction
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(as the steady-state rate of the PFK reaction multiplied by two in subsystem (1a)). Thus,
the glycolytic flux is equal to the rate of ATP production in glycolysis. To calculate the
control coefficients, we increased and decreased the enzyme activity or the cell membrane
permeability to cations by 0.1% compared to the initial value and calculated the correspond-
ing steady states of the model and the corresponding glycolytic flux values. The control
coefficients for the glycolytic flux when changing these parameters were calculated using
the following formula:

C =
f(p + ∆p)− f(p − ∆p)

2∆p
· p
f(p)

(12)

Here, p is the initial value of the parameter, and ∆p = 0.001p. f(p), f(p + ∆p), and
f(p − ∆p) are the steady-state values of the glycolytic flux at the initial value of the parame-
ter (p) and with an increase and the decrease in the parameter value by ∆p, respectively.
The dependence of the steady state of the model on the parameters was investigated using
the AUTO2000 package [18].

Modular metabolic control analysis (metabolic supply–demand analysis) [19–22] of
subsystem (2) was performed using MATLAB (v9.12) software [23]. During the analysis, the
steady-state dependence of the ATP production rate in the subsystem on ATP concentration,
taken as a parameter, was obtained using the MATLAB fsolve() function [23]. Using this
dependence and the dependence of the ATP consumption rate on [ATP], the steady state
of the subsystem was determined. For this steady state, elasticity values were calculated
for the ATP production and ATP consumption modules. Flux and concentration control
coefficients were calculated from the elasticity values according to [20].

The basal steady state of glycolysis is the same in all subsystems. To assess the devia-
tion of glycolytic reactions from equilibrium, mass-action ratios were calculated for each
reaction using the steady-state concentrations of metabolites obtained in subsystem (1). The
known value of the equilibrium constant of the reaction was divided by the corresponding
mass-action ratio, and the resulting quotient (R) was used as a measure of the deviation of
the reaction from equilibrium:

R =
Keq

∏ Pj/∏ Sj
(13)

Here Keq denotes the equilibrium constant of the reaction, and Pj and Sj denote the
reaction products and substrates, respectively. At equilibrium, R is equal to one and greater
than one if the reaction proceeds in the direction of glycolytic flow.

The values of equilibrium constants for glycolytic reactions were taken from [14] with
the exception of the HK, PFK, and PK reactions. The values of equilibrium constants for
these reactions were taken from [24].

The source files of the models can be downloaded from https://doi.org/10.5281/
zenodo.18753989, (accessed on 24 February 2026).

3. Results
3.1. Control Coefficients for Glycolytic Flux in Different Subsystems

In the subsystems, which include only glycolysis at constant concentrations of ATP,
ADP and AMP (subsystems (1), (1a), and (1b)), HK and PFK have the largest control coeffi-
cients for the glycolytic flux (Figure 2A, Table 2). The control coefficients of other enzymes
are negligible. Hexokinase has the lowest activity of the glycolytic enzymes [14], and it is
not surprising that changes in its activity have a significant impact on the glycolytic flux
and thus on the rate of ATP production in glycolysis. And PFK is the main regulatory
enzyme of glycolysis, which determines the glycolytic flux and the rate of ATP produc-
tion in response to changes in the concentration of adenine nucleotides, citrate, NH4

+,
pH, etc. [25–28]. Thus, the MCA confirms that in these subsystems the regulation of
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glycolytic flux is produced by HK and PFK, in accordance with much experimental and
theoretical data [11,15,26,27,29,30].

Table 2. Control coefficient values of glycolytic enzymes, ATPase, Na/K-pump, and cell membrane
permeability for cations for glycolytic flux in all subsystems studied in the paper.

Variable
Parameter—Activity of Enzyme or

Membrane Permeability

Subsystem a

(1) (1a) (1b) (2) (2a) (2b) (3)

HK 0.838335 0.838335 0.838346 0.151538 0.001248 1.248470 0.009794

GPI 0.012321 0.012321 0.012347 0.002223 0.000018 0.018380 0.000141

PFK 0.149360 0.149360 0.149322 0.026972 0.000222 0.222316 0.001696

ALD 0 b 0 0 0 0 0

TPI 0 0 0 0 0 0

GAPDH 0 0 0 0 0 −0.000147

PGK 0 0 0 0 0 0

PGM 0 0 0 0 0 −0.000002

ENO 0 0 0 0 0 −0.000122

PK 0 0 0 0 0 −0.000147

LDH 0 0 0 0 0 −0.000002

ATPase 0.819412 0.998514 −0.488747 0.050525

Perm 0.938336

Sum 1.000016 1.000016 1.000015 1.000145 1.000002 1.000419 1.000072
a Description of subsystems: (1) Glycolysis at constant [ATP], [ADP], and [AMP]; (1a) Truncated glycolysis—the
three first reactions of glycolysis at constant [ATP], [ADP], and [AMP]; (1b) Glycolysis with disabled allosteric
regulation of PFK by AMP at constant [ATP], [ADP], and [AMP]; (2) Glycolysis plus ATPase with the linear
dependence of the reaction rate on [ATP]; (2a) Glycolysis plus ATPase with the hyperbolic dependence of the
reaction rate on [ATP]; (2b) Glycolysis with disabled allosteric regulation of PFK by AMP plus ATPase with
the linear dependence of the reaction rate on [ATP]; (3) Glycolysis plus passive and active transmembrane ion
transport. b The absolute value of the control coefficient is less than 10−6.

It is interesting to note that a significant simplification of subsystem (1) by removing
all enzymes of the lower part of glycolysis (subsystem (1a)) did not affect the values of the
control coefficients in any way (Table 2). This is consistent with the idea that the steady-state
glycolytic flux is determined (regulated) by the enzymes of the upper part of glycolysis
(HK, GPI and PFK). Also, the exclusion of allosteric regulation of PFK by AMP does not
affect the control coefficients (subsystem 1b, Table 2). Thus, neither a significant change
in the system dimension (the transition between subsystems (1) and (1a)) nor a change
in the kinetics of the reaction rate of one of the key enzymes in the system (the transition
from subsystem (1) to subsystem (1b)) within glycolysis affects the values of the control
coefficients in these subsystems.

At the same time, a relatively small change in the system dimension by adding a linear
ATPase (subsystem (2)) leads to a sharp change in the values of the control coefficients
(Figure 2B, Table 2). The control coefficients of the HK and PFK decrease several times,
the control coefficients of other glycolytic enzymes remain negligible, and the maximum
control coefficient switches to ATPase activity. In the case of a hyperbolic dependence of
the rate of ATP consumption on [ATP], the decrease in the control coefficients of HK and
PFK and the increase in the control coefficient of ATPase are stronger than in the case of a
linear ATPase (Table 2). However, the effect does not change fundamentally. At the same
time, the addition of ATPase to the subsystem with disabled allosteric regulation of PFK
by AMP (subsystem (2b)) does not lead to a decrease in the control coefficients of HK and
PFK. They even increase (Table 2). In this case, the control coefficient of ATPase takes on
a rather large, but negative value (Table 2). Thus, adding ATP consumption to glycolysis
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may or may not result in significant changes in the control coefficients of HK and PFK
for glycolysis.

Figure 2. Control coefficient values of glycolytic enzymes, ATPase, Na/K-pump, and cell membrane
permeability for cations for glycolytic flux in different subsystems selected from the virtual cell.
(A)—glycolysis at constant concentrations of adenine nucleotides (subsystem (1)); (B)—glycolysis
with ATPase (subsystem (2)); (C)—glycolysis with passive transmembrane ion transport and Na/K-
pump (Na/K-ATPase) (subsystem (3)).

The results obtained indicate that in subsystems (2) and (2a), the activation of ATP
consumption causes an increase in glycolysis rate. Contrary to this, in subsystem (2b)
the rate of glycolysis, and consequently the rate of ATP production, decreases when ATP
consumption is activated.

Finally, in subsystem (3) that includes passive and active transmembrane ion transport
and in which all ATP consumption is associated with the active transport of Na+ and K+

across the cell membrane (Na/K-ATPase), the biggest control coefficient is associated with
the permeability of the cell membrane to cations (Figure 2C, Table 2). The control coefficient
of Na/K-ATPase (Na/K-pump) is significantly smaller, while the control coefficients of HK
and PFK become negligible (Figure 2C, Table 2). Thus, a change in the subsystem due to
the association of ATPase activity with the performance of a certain function (in our case,
with active transmembrane transport of cations) leads to the transfer of control coefficients
from HK, PFK and ATPase to the parameter regulating this function (the permeability of
the cell membrane to cations).

Please note that for all subsystems the sum of the control coefficients is very close to 1.
This is consistent with the MCA summation theorem [4–6]. The deviations of the sums of
control coefficients from 1 in Table 2 do not exceed 0.05% and are most likely due to the
errors in our calculations.

We would like to note that the ATP production control coefficients in all subsystems
were absolutely the same as for the glycolytic flux.

The results discussed above show that, under normal allosteric regulation of PFK by
AMP, the addition of ATP consumption processes to glycolysis leads to a redistribution of
control coefficients. This applies to both non-specific ATP consumption and ATP consump-
tion associated with transmembrane ion transport. In these cases, control is transferred
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from glycolytic enzymes to ATPase and to the permeability of the cell membrane to Na+

and K+ ions. However, neither ATPase nor cell membrane permeability directly controls
glycolytic flux. At the same time, the low control coefficients of glycolytic enzymes indicate
a loss of apparent control within glycolysis itself. This suggests that the regulation of
glycolytic flux is no longer carried out primarily by glycolytic enzymes. Below we will try
to consider how the regulation of glycolytic flow is carried out in subsystems containing
ATPase or ion transport. We will also try to understand whether the original regulation of
glycolysis is preserved in these systems.

3.2. Mechanisms of the Glycolytic Flux Regulation: The Role of HK and PFK

Our data obtained using subsystem (1) (simply glycolysis) confirm that glycolytic flux
is regulated by the interaction of HK and PFK [15,26,27,29]. The corresponding reactions
are the farthest from thermodynamic equilibrium among glycolytic reactions and are
practically irreversible (Figure 3). There is one more irreversible step in glycolysis—the PK
reaction. However, PK cannot regulate the steady-state glycolytic flux. Indeed, an increase
in PK activity should lead to a decrease in the concentration of its substrate, PEP, and all
other glycolytic intermediates between PK and PFK. But the PFK reaction is irreversible and
insensitive to all these metabolites, including its product (FDP). Thus, [PEP] will decrease
until the PK reaction rate decreases to the initial level equal to the steady-state glycolytic
flux determined by HK and PFK. Similarly, a decrease in PK activity should lead to an
increase in [PEP] until it stimulates the PK reaction rate to the initial level of the steady-state
glycolytic flux, determined by HK and PFK. Of course, it works until PK activity does not
decrease so low as to make PK a rate-limiting enzyme in glycolysis. At that point, the
steady state in metabolism disappears. Thus, changes in PK activity definitely affect the
steady-state metabolite concentrations but do not affect the steady-state glycolytic flux. It
is confirmed by a small control coefficient for PK (Figure 2A). An important role of PK in
glycolysis is that it prevents pyruvate and lactate from interfering with upstream reactions.

Figure 3. Deviation of glycolytic reactions from equilibrium (R). At R = 1 (the position is shown
by the dashed line), the reaction is at equilibrium. For the PGI, TPI, ALD, PGK, PGM, and LDH
reactions, the R value lies within the range of 1.004–1.04. The mass-action ratios were calculated
using the steady-state concentrations of metabolites obtained in subsystem (1).

The GAPDH reaction is also relatively far from equilibrium (Figure 3). Regarding
this reaction, one can say that under the intracellular conditions the reaction is reversible
and has no allosteric regulation. The reaction rate is proportional to the concentrations of
substrates and products and a change in GAPDH activity will cause just rearrangement
in its substrates and products concentrations that brings its rate equal to the glycolytic
flux determined by HK and PFK. Thus, despite being relatively far from equilibrium, this
reaction cannot regulate the steady-state glycolytic flux.

The PGI, TPI, ALD, PGK, PGM, and LDH reactions are close to thermodynamic
equilibrium. For these reactions, the ratio of the equilibrium constant to the corresponding
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mass-action ratio in the model (the R value) lies in the range 1.004–1.04 (Figure 3). The
enzymes that catalyze these reactions have relatively high activity [14]. Therefore, even
near the state of equilibrium, these reactions can provide normal glycolytic flux.

As it was mentioned above, the PFK is the main enzyme that regulates the glycolytic
flux in cells. The PFK reaction rate is sensitive to changes in concentration of different
metabolites, including adenine nucleotides, citrate, NH4

+, etc. [25–28]. However, to provide
a steady-state glycolytic flux, the rates of the preceding reactions must be adjusted to be
equal to the PFK reaction rate. In most cells in which glycolysis is not coupled to glycogen
metabolism, this is achieved due to a feedback regulation of the HK reaction rate via G6P,
which is a strong inhibitor of HK [15,26,27,29]. Activation of PFK causes a decrease in [G6P]
and an acceleration of the HK reaction, whereas inhibition of PFK causes an increase in
[G6P] and an inhibition of the HK reaction (Figure 4A).

Figure 4. Dependence of steady-state concentrations of metabolites and rates of enzymatic reactions in
subsystem (1) on the activity of PFK (A) and HK (B). All values are normalized to normal physiological
values of the corresponding parameters and variables.

This is why we note here that the glycolytic flux is regulated by the interaction of
phosphofructokinase and hexokinase. Activation or inhibition of HK causes a correspond-
ing increase or decrease in [F6P], the PFK substrate and activator, which in turn, causes
acceleration or inhibition of the PFK reaction (Figure 4B).

In subsystem (2), which includes glycolysis and ATPase, the MCA shows that ATPase
has the biggest control coefficient for glycolytic flux (Figure 2B). On the other hand, ATPase
itself has no direct effect on the rate of glycolysis. The influence of ATPase on glycolytic flux
is transmitted through the concentrations of ATP and AMP. Indeed, activation of ATPase
causes a decrease in [ATP] and accumulation of AMP in the cell, which activates the PFK
reaction (Figures 5A and 6A,B). The acceleration of the PFK reaction causes a decrease
in [F6P] and [G6P], which, in turn, leads to the acceleration of the HK reaction because
G6P is a strong inhibitor of HK (Figures 5A and 6A,B). Simultaneously, the rate of ATPase
reaction decreases due to the decrease in [ATP] (Figure 6A,B). Eventually, HK and PFK
establish a new steady-state glycolytic flux corresponding to the new ATP consumption rate
(Figures 5A and 6A,B). The described mechanism represents a negative feedback regulation
of glycolysis by [ATP].

However, this subsystem resists changes in the steady-state glycolytic flux even
in the case of significant changes in HK or PFK activity if ATPase activity does not
change (Figure 5B,C). For example, a twofold increase in HK activity causes a slight
increase in [ATP], a significant decrease in [AMP], and an accumulation of G6P and F6P
(Figures 5B and 6C). Ultimately, the accumulation of one PFK activator (F6P) and the de-
pletion of the other (AMP) compensate for each other and return the PFK reaction rate
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to almost the original level (Figure 6D). At the same time, the accumulation of G6P, an
inhibitor of HK, reduces the rate of the HK reaction and also brings it almost to the initial
level. Eventually, both reactions reach the same steady-state rate, which is about 10% higher
than the initial rate (Figure 6D). This rate corresponds to the rate of the ATPase reaction,
which increases slightly due to the increase in [ATP] (Figure 6C,D).

 

Figure 5. Dependence of steady-state concentrations of metabolites and rates of enzymatic reactions
in subsystem (2) on the activity of ATPase (A), HK (B) and PFK (C). All values are normalized to
normal physiological values of the corresponding parameters and variables.

Figure 6. Kinetics of metabolite concentrations and enzymatic reaction rates in subsystem (2),
representing cell energy metabolism, after a twofold increase in ATPase activity (A,B); HK activity
(C,D); and PFK activity (E,F). The parameter was changed at a time equal to 0.056 h.

A twofold increase in the activity of PFK causes a decrease in the concentrations of its
activators—F6P and AMP, a slight increase in [ATP], and a significant decrease in [AMP]
(Figures 5C and 6E). The decrease in [AMP], which is an activator of FPK, compensates for
the acceleration of the FPK reaction caused by the increase in its activity (Figure 6F). The
HK reaction rate slightly increases due to the decrease in [G6P]. Eventually, both reactions
reach the same rate, which is only a few percent higher than the initial rate (Figure 6F). As
with HK activation, this rate corresponds to the rate of ATPase reaction, which increases
slightly due to the increase in [ATP] (Figures 5C and 6E,F).

In subsystem (3), which includes transmembrane ion transport and a functional
ATPase (Na/K-pump), the permeability of the cell membrane to cations has the biggest
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control coefficient for the glycolytic flux (Figure 2C). Figures 7A and 8A,B show that an
increase in the permeability of the cell membrane to cations causes an accumulation of
Na+ ions in the cytoplasm, which leads to an increase in the Na/K-ATPase rate, since
it is proportional to [Na+] (Equation (11)). An increase in the rate of ATP consumption
causes an increase in glycolytic flux in the same way as in subsystem (2) with an increase in
ATPase activity. It is evident that the changes in the concentration of metabolites caused by
a twofold increase in the permeability of the cell membrane for cations in the subsystem (3)
(Figures 7A and 8A) are similar to the changes in the concentration of metabolites caused by
a twofold increase in ATPase activity in subsystem (2) (Figures 5A and 6A). Thus, changes
in the permeability of the cell membrane to cations affect the rate of ATP consumption,
which affects the concentration of ATP and AMP. This, in turn, affects the rates of the PFK
and HK reactions, which determine the steady-state glycolytic flux corresponding to the
rate of ATP consumption.

Figure 7. Dependence of steady-state concentrations of metabolites, [Na+], and rates of enzymatic
reactions in subsystem (3) on the permeability of the cell membrane to cations (A), on the activity of
Na/K-ATPase (B), HK (C) and PFK (D). All values are normalized to normal physiological values of
the corresponding parameters and variables. When the relative permeability of the cell membrane to
cations changes from 0.5 to 2.0 (B), the relative concentration of Na+ ions changes from 1.9 to 0.5.

However, unlike subsystem (2), an increase in the Na/K-ATPase activity alone in
subsystem (3) does not cause a significant activation of glycolysis (Figures 7B and 8C).
This occurs because an increase in Na/K-ATPase activity causes a decrease in [Na+] in the
cytoplasm (Figures 7B and 8C). Since the rate of the Na/K-ATPase reaction is proportional
to [Na+], this results in a decrease in the reaction rate (Figures 7B and 8C). As a result, the
initial increase in the Na/K-ATPase reaction rate due to the increase in its activity is almost
completely compensated by the decrease in the reaction rate caused by the decrease in the
concentration of [Na+] in the cytoplasm. A decrease in cytoplasmic [Na+] results in an
increase in passive Na+ influx due to an increase in the transmembrane ion gradient. Thus,
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the rate of the Na/K-ATPase reaction and the glycolytic flux increase only to compensate for
the increased passive Na+ influx. Finally, the steady-state reaction rates of Na/K-ATPase,
HK, and PFK increase only by a few percent.

Figure 8. Kinetics of metabolite concentrations, [Na+], [K+], and enzymatic reaction rates in subsystem
(3), which includes the transmembrane ion transport, after a twofold increase in the permeability of
the cell membrane to cations (A,B), and a twofold increase in Na/K-ATPase (C,D), HK (E,F), and PFK
(G,H) activity. Kinetics of [Na+] and [K+] are shown by the dashed lines. The parameter changed at
the time indicated by the vertical arrow.

An increase in HK or PFK activity in subsystem (3) has only a minor effect on glycolytic
flux, and changes in metabolite concentrations and reaction rates (Figures 7C,D and 8E–H)
are similar to those observed in the second subsystem (Figures 5B,C and 6C–F), which can
be explained by the same mechanisms as for subsystem (2).

Please note that in energy metabolism, the characteristic time to reach a new steady
state is 1–2 h (Figures 6 and 8E–H). In the ion homeostasis system, this time is significantly
longer, reaching 5–10 h (Figure 8A–D).

In Figures 6 and 8, the rates of enzymatic reactions after changing the parameters
converge to the same final steady-state value in relative coordinates. Please note, however,
that according to glycolysis stoichiometry (Figure 1A) the steady-state rate of ATP produc-
tion in glycolysis is equal to twice the rate of the HK or PFK reaction. Thus, in absolute
coordinates, the rates of the HK and PFK reactions and the rates of ATP consumption
converge to different levels.

The above discussion was conducted in the case of increasing key parameters
in the subsystems. A similar discussion can be conducted in the case of decreasing
these parameters.

The steady-state metabolite profiles obtained in three different subsystems at twofold
increase and a twofold decrease in parameters (HK, PFK, GPI, PGK, ATPase, and Na/K-
ATPase activities and the permeability of the cell membrane to cations) are shown in the
Supplemental Materials (Figures S1–S3).

The conducted model study of subsystems (2) and (3) shows that the initial regulation
of the rate of glycolysis in them is preserved, and the rate of glycolysis is determined by
the rates of HK and PFK reactions. In this case, both ATPase and the permeability of the
cell membrane to cations regulate the rate of glycolysis due to the allosteric regulation of
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the rate of the PFK reaction by ATP and AMP. However, in these cases, information on the
initial regulation of glycolysis is not revealed in the MCA results.

3.3. Modular Metabolic Control Analysis (MMCA) of the Subsystem Including Glycolysis and
ATPase (Subsystem (2))

We attempted to overcome the limitations of classical metabolic control analysis (MCA)
and to obtain more detailed information on the interaction between glycolysis and linear
ATPase. For this purpose, we used an approach based on dividing metabolism into mod-
ules of production and consumption of an intermediate metabolite. In different studies, this
approach has been referred to as modular analysis [19], modular metabolic control analy-
sis (MMCA) [21], metabolic supply–demand analysis [20], generalized supply–demand
analysis (GSDA) [22], and others. This approach was developed to extend infinitesimal
MCA and make it applicable to real metabolic systems with large changes in variables.
Accordingly, it is expected to provide a more adequate analysis of metabolic regulation in
realistic systems. Within MMCA, flux control coefficients are calculated not for individual
reactions, but for entire pathways (modules).

In our case, subsystem (2) is divided into modules of ATP production (glycolysis)
and ATP consumption (ATPase), with ATP acting as an intermediate metabolite. For
clarity, Figure 9 shows the steady-state dependencies of ATP production and consumption
rates on ATP concentration. In subsystem (2), the dependence of the ATP production
rate on [ATP] has a bell-shaped form with a steep descending branch in the range of
physiologically normal [ATP] values. The slope of the ATP consumption rate dependence
on [ATP] corresponds to ATPase activity. The intersections of these graphs define the steady
states of the subsystem.

Figure 9. Illustration of the interaction between steady-state dependencies of ATP production and
consumption rates on [ATP] in subsystems (2) and (2b). Solid and dashed red lines represent the
steady-state dependencies of ATP production rate on [ATP] in subsystems (2) and (2b), respectively.
Blue lines show the dependencies of ATP consumption rate on [ATP] at the normal physiological
steady state (point 1) and at a twofold increase in ATPase activity (points 2 and 3). Blue circles indicate
steady states. Black dashed lines indicate steady-state levels of metabolic rates and ATP concentra-
tions. Note that the steady-state dependencies of ATP production rate on [ATP] in subsystems (1)
and (1b) overlap with the solid and dashed red lines, respectively.

At the physiologically normal value of ATPase activity, MMCA yields the following

values for the elasticities in the steady state of subsystem (2): εp
ATP =

[ATP]·dVp
Vpd[ATP] = −4.57,
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εc
ATP = [ATP]·dVc

Vcd[ATP] = 0.99, and the corresponding flux control coefficient for ATP production

and ATP consumption modules are: CJ
p =

εc
ATP

εc
ATP−ε

p
ATP

= 0.18, and CJ
c =

−ε
p
ATP

εc
ATP−ε

p
ATP

= 0.82.

Here, the indices p and c denote ATP production and consumption, respectively.
The concentration control coefficients for ATP production and ATP consumption

modules are: CATP
p = 0.18 and CATP

c = −0.18.
The large negative value of the elasticity coefficient ε

p
ATP reflects the steep slope

of the descending branch of the ATP production rate dependence on [ATP]. The much
larger flux control coefficient of the ATP consumption module compared to the production
module indicates that the glycolytic flux in this subsystem is mainly determined by ATP
consumption. This result agrees well with the data shown in Figure 2. As seen in Figure 9,
activation of ATPase leads to an almost equivalent increase in the steady-state rate of
glycolysis. At the same time, the change in ATP concentration is small because of the steep
slope of the descending branch.

The results show that MMCA itself, similar to classical MCA, does not provide direct
information on the regulation of glycolysis in subsystem (2). It looks like a much more
informative approach is the analysis of the plots showing ATP production and consumption
rates as functions of [ATP]. The steady-state dependence of glycolysis rate on [ATP] does
not depend on the presence or absence of ATPase. Thus, it is clear that the intrinsic
regulation of glycolytic flux in this subsystem is preserved. The addition of ATPase merely
imposes an additional constraint that prevents the system from deviating strongly from the
steady state. Comparison of the graphs in Figure 9 allows estimation of the degree of ATP
concentration stabilization upon changes in ATPase activity. Moreover, it makes it possible
to determine the range of ATPase activity changes over which glycolytic regulation can
ensure an increase in ATP production in accordance with increased ATP consumption. This
range is determined by the maximum in the steady-state dependence of the glycolysis rate
on the ATP concentration.

Interestingly, when allosteric activation by AMP is removed from the phosphofruc-
tokinase rate equation (Equations (2) and (S28)), the steady-state dependence of glycolysis
rate on [ATP] becomes monotonically increasing (Figure 9). In this case, ATPase activation
leads to a decrease in the steady-state glycolysis rate (Figure 9). This explains the negative
control coefficient of ATPase in subsystem 2b (Table 2).

4. Discussion
Our results show that in different subsystems selected from the same initial model,

MCA points to different steps controlling the rate of glycolysis (Figure 2, Table 2). In
subsystems that include only glycolysis with constant concentrations of [ATP], [ADP], and
[AMP] (subsystems (1), (1a), and (1b)), HK and PFK have the maximum control coefficients
for the rate of glycolysis. Moreover, the values of the coefficients are practically independent
of the subsystem dimension and the presence of specific allosteric regulation of the PFK
by AMP (Table 2). In subsystems including glycolysis and ATPase, the maximum control
coefficient shifts from HK and PFK to ATPase activity in the presence of allosteric regulation
of PFK by AMP (subsystems (2) and (2a)). In the absence of allosteric regulation of PFK
by AMP (subsystem (2b)), HK and PFK retain high values of the control coefficients, and
the ATPase control coefficient takes on a negative value (Table 2). Finally, in the subsystem
that includes a functional ATPase coupled with active transmembrane transport of cations
(subsystem (3)), the maximum control coefficient shifts from HK, PFK, and ATPase to the
permeability of the cell membrane to cations (Figure 2C, Table 2).

It should be noted that the dependence of the rate of glycolysis on the activity of ATP
consumption or on the permeability of the cell membrane to cations (which determines
the rate of active transport of cations) corresponds to the main task of ATP-producing
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systems—to ensure the rate of ATP production is equivalent to the rate of its consump-
tion. In other words, the rate of ATP production (the rate of glycolysis) in cells should
increase in response to an increase in the rate of ATP consumption. For example, a similar
response of the rate of glycolysis to the rate of ATP consumption and the permeability
of the cell membrane to cations has been demonstrated in erythrocytes in a number of
experiments [15,31–33]. From this perspective, the regulation of glycolysis obtained in
subsystem (2b) (a decrease in the rate of glycolysis upon activation of ATP consumption)
appears biochemically and physiologically meaningless. The increase in the rate of glycol-
ysis upon activation of ATP consumption in eukaryotic cells occurs due to the allosteric
regulation of PFK by ATP and AMP [15,26,27,29]. Exclusion of allosteric regulation by AMP
from the equation for the rate of the PFK reaction disrupts the physiologically meaningful
regulation of the rate of glycolysis that is confirmed here using MCA. It is interesting to
note that a similar meaningless result (negative control coefficient of ATPase) was previ-
ously obtained in a model of yeast glycolysis that did not take into account the allosteric
regulation of PFK by AMP and ATP [34].

Thus, in the presence of correct allosteric regulation of PFK by ATP and AMP, MCA
reveals a physiologically meaningful dependence of the rate of glycolysis on the activity
of ATP-consuming processes in the cell or on the permeability of the cell membrane for
cations. But MCA does not reveal the mechanism of this regulation. As it was mentioned
above, neither ATPase nor cell membrane permeability directly controls glycolytic flux. At
the same time, low control coefficients of glycolytic enzymes in subsystems (2), (2a), and
(3) indicate that regulation of the glycolytic flux cannot be carried out within glycolysis
itself. However, a detailed model analysis of subsystems (2) and (3) performed in this work
shows that the internal regulation of glycolysis by HK and PFK is maintained in these
subsystems and the rate of glycolysis in them is determined by the interaction of PFK and
HK, which depends on the allosteric regulation of PFK by ATP and AMP (Figures 3–8). As
a result, it can be concluded that in the process of MCA, information about the internal
regulation of glycolysis in subsystems (2) and (3) is lost.

This loss of information can be explained from the point of view of glycolysis flux
regulation described above. As one can see from the analysis of subsystems (2) and (3), the
glycolytic flux is adjusted due to allosteric regulation of PFK and HK to provide the ATP
production rate equal to the rate of ATP consumption determined by ATPase activity or by
cell membrane permeability to cations (Figures 6 and 8). This regulation is quite perfect
and maintains the required rate of glycolysis even with significant variations in glycolysis
parameters, including variations in the activities of glycolytic enzymes (Figures 5 and 7).
Since the control coefficients in the MCA reflect the effect of changes in enzyme activity on
the glycolytic flux, the illusion is created that the rate of glycolysis is not regulated by PFK
and HK; that is, there is a loss of information about the internal regulation of glycolysis.

Impaired allosteric regulation of PFK does not affect the results of the MCA when
applied only to glycolysis (subsystem (1b)). However, the regulation of glycolytic flux is
impaired. As a result, in a system that includes ATPase (subsystem (2b)) MCA gives a phys-
iologically meaningless result (a negative control coefficient of ATPase). In such a system
(in contrast to subsystems (2) and (2a)) the rate of glycolysis depends significantly on the
activities of PFK and HK and the control coefficients of PFK and HK remain high (Table 2).
The negative control coefficient is not unusual from a metabolic point of view. It appears,
for instance, when the rate of metabolite production shows a hyperbolic dependence on
its concentration, whereas the rate of its consumption depends linearly on concentration.
This situation is exactly what occurs in subsystem (2b) (Figure 9). The intersection of the
production and consumption graphs determines the steady-state metabolite concentration
and the equal rates of its production and consumption. Under these conditions, an increase
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in the slope of the metabolite consumption graph (i.e., activation of metabolite consump-
tion) shifts the intersection point (steady state) toward lower metabolite concentrations and
metabolic rates (Figure 9). Thus, under these conditions, the metabolic rate decreases as
the activity of metabolite consumption increases. This behavior is described by a negative
control coefficient of metabolite consumption activity for the metabolite production flux.
However, this creates a problem in the context of energy metabolism, because it predicts
that an increase in the activity of ATP-consuming processes should lead to a decrease in
both the rate of ATP production and [ATP]. Such a metabolic response contradicts the basic
logic of energy metabolism. According to this logic, the rate of ATP production should
increase in response to increased ATP consumption.

Our data show that even when studying simple metabolic systems with fully known
and understood regulation, MCA can produce contradictory and confusing results. At
the same time, information about the regulation of metabolic pathways included in these
systems may be lost. A full understanding of the results obtained using MCA requires a
detailed study of the mathematical models describing these systems. Thus, it appears that
the MCA alone cannot reveal regulatory mechanisms of metabolic systems in the presence
of strong allosteric and feedback regulation.

The analysis of subsystem (2), which includes glycolysis and ATPase, using modular
metabolic control analysis (MMCA) did not yield fundamentally new results compared
with classical MCA. Similar to MCA, this analysis showed that, in a subsystem comprising
glycolysis and ATPase, the glycolytic rate is determined mainly by ATPase activity. How-
ever, this approach does not provide additional insight into the mechanisms underlying
regulation of the glycolytic rate in this subsystem. In our view, a much more informative
approach is to analyze the graphs of the steady-state dependencies of ATP production
and consumption rates on [ATP], shown in Figure 9. A comparison of these graphs indi-
cates that the intrinsic regulation of glycolytic flux in subsystem (2) is preserved, whereas
the inclusion of ATPase imposes an additional constraint that prevents the system from
deviating substantially from the steady state. Comparison of the curves in Figure 9 also
allows estimation of the degree of ATP concentration stabilization in response to changes
in ATPase activity. Moreover, it makes it possible to determine the range of admissible
changes in ATPase activity over which glycolytic regulation can ensure an increase in
ATP production in accordance with increased ATP consumption. In our earlier studies,
we proposed using graphical characteristics of metabolic systems for the analysis of their
regulation [15,29,35], but this approach had not been sufficiently developed until now.

5. Conclusions
Metabolic control analysis (MCA) was applied to several subsystems derived from the

model of human erythrocyte energy metabolism. In subsystems containing only glycolysis
and assuming constant concentrations of ATP, ADP, and AMP, MCA correctly identifies
the main regulatory steps of the system, namely hexokinase and phosphofructokinase
reactions, with control coefficients of 0.838 and 0.149, respectively.

However, in extended subsystems that include glycolysis together with ATPase activity
or transmembrane ion transport, the original regulatory mechanisms of glycolysis are no
longer clearly revealed in the MCA results. This limitation likely arises because MCA
identifies rate-limiting steps rather than true regulatory sites in metabolic systems.

In addition, the primary outputs of MCA are elasticities and control coefficients. These
parameters are differential characteristics of the system. They describe system behavior
only locally around the given steady state. As a result, MCA may not provide a sufficiently
complete description of metabolic system behavior and regulation.
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In our opinion, a more informative approach to understanding the behavior and regu-
lation of metabolic systems is the analysis of integral characteristics, such as steady-state
dependencies of key metabolite production and consumption rates on its concentration.

Supplementary Materials: The following supporting information can be downloaded at https://www.
mdpi.com/article/10.3390/life16030414/s1, Equations (S1)–(S41): description of model definitions
and parameters; Figure S1: Effect of changing the system parameters on the profile of glycolytic
metabolites in the subsystem (1); Figure S2: Effect of changing the system parameters on the profile
of glycolytic metabolites in the subsystem (2); Figure S3: Effect of changing the system parameters on
the profile of glycolytic metabolites and ions in the subsystem (3).

Author Contributions: Conceptualization, F.I.A. and V.M.V.; methodology, M.V.M. and F.I.A.; soft-
ware, M.V.M.; validation, M.V.M., E.S.P. and V.M.V.; formal analysis, M.V.M. and E.S.P.; investigation,
F.I.A., M.V.M., E.S.P. and V.M.V.; resources, E.S.P. and F.I.A.; data curation, M.V.M. and E.S.P.;
writing—original draft preparation, V.M.V.; writing—review and editing, M.V.M., F.I.A., E.S.P. and
V.M.V.; visualization, M.V.M. and E.S.P.; supervision, F.I.A., E.S.P. and V.M.V.; project administration,
F.I.A. and V.M.V.; funding acquisition, F.I.A. and E.S.P. All authors have read and agreed to the
published version of the manuscript.

Funding: This research was funded by the Russian Science Foundation, grant number 25-24-20177 to
E.S.P. and M.V.M.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The original contributions presented in this study are included in the
article/Supplementary Materials. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or
in the decision to publish the results.

References
1. Marashi, S.-A.; David, L.; Bockmayr, A. On Flux Coupling Analysis of Metabolic Subsystems. J. Theor. Biol. 2012, 302, 62–69.

[CrossRef] [PubMed]
2. De Atauri, P.; Fell, D.A.; Chassagnole, C.; Magret, D.; Mazat, J.P.; Cascante, M. Dependence of Control Coefficient Distribution

on the Boundaries of a Metabolic System: A Generalized Analysis of the Effects of Additional Input and Output Reactions to a
Linear Pathway. J. Theor. Biol. 2002, 215, 239–251. [CrossRef]

3. Hameri, T.; Fengos, G.; Hatzimanikatis, V. The Effects of Model Complexity and Size on Metabolic Flux Distribution and Control:
Case Study in Escherichia Coli. BMC Bioinform. 2021, 22, 134. [CrossRef]

4. Westerhoff, H.V. Control, Regulation and Thermodynamics of Free-Energy Transduction. Biochimie 1989, 71, 877–886. [CrossRef]
[PubMed]

5. Cornish-Bowden, A.; Cárdenas, M.L. (Eds.) Control of Metabolic Processes; Springer: Boston, MA, USA, 1990; ISBN 978-1-4757-9858-6.
6. Heinrich, R.; Schuster, S. The Regulation of Cellular Systems; Chapman & Hall [u.a.]: New York, NY, USA, 1996; ISBN 978-0-412-03261-5.
7. Savageau, M.A. Biochemical Systems Analysis: A Study of Function and Design in Molecular Biology; Addison-Wesley: Boston, MA,

USA, 1976; ISBN 0-201-06739-0.
8. Rapoport, T.A.; Heinrich, R.; Jacobasch, G.; Rapoport, S. A Linear Steady-State Treatment of Enzymatic Chains. A Mathematical

Model of Glycolysis of Human Erythrocytes. Eur. J. Biochem. 1974, 42, 107–120. [CrossRef] [PubMed]
9. Rapoport, T.A.; Heinrich, R.; Rapoport, S.M. The Regulatory Principles of Glycolysis in Erythrocytes in Vivo and in Vitro.

A Minimal Comprehensive Model Describing Steady States, Quasi-Steady States and Time-Dependent Processes. Biochem. J. 1976,
154, 449–469. [CrossRef]

10. Lambeth, M.J.; Kushmerick, M.J. A Computational Model for Glycogenolysis in Skeletal Muscle. Ann. Biomed. Eng. 2002, 30,
808–827. [CrossRef]

11. Marín-Hernández, Á.; Saavedra, E. Metabolic Control Analysis as a Strategy to Identify Therapeutic Targets, the Case of Cancer
Glycolysis. Biosystems 2023, 231, 104986. [CrossRef]

https://doi.org/10.3390/life16030414

https://www.mdpi.com/article/10.3390/life16030414/s1
https://www.mdpi.com/article/10.3390/life16030414/s1
https://doi.org/10.1016/j.jtbi.2012.02.023
https://www.ncbi.nlm.nih.gov/pubmed/22406036
https://doi.org/10.1006/jtbi.2001.2492
https://doi.org/10.1186/s12859-021-04066-y
https://doi.org/10.1016/0300-9084(89)90071-0
https://www.ncbi.nlm.nih.gov/pubmed/2508760
https://doi.org/10.1111/j.1432-1033.1974.tb03320.x
https://www.ncbi.nlm.nih.gov/pubmed/4364392
https://doi.org/10.1042/bj1540449
https://doi.org/10.1114/1.1492813
https://doi.org/10.1016/j.biosystems.2023.104986
https://doi.org/10.3390/life16030414


Life 2026, 16, 414 21 of 21

12. Brown, G.C. Control of Respiration and ATP Synthesis in Mammalian Mitochondria and Cells. Biochem. J. 1992, 284, 1–13.
[CrossRef]

13. Tanner, L.B.; Goglia, A.G.; Wei, M.H.; Sehgal, T.; Parsons, L.R.; Park, J.O.; White, E.; Toettcher, J.E.; Rabinowitz, J.D. Four Key
Steps Control Glycolytic Flux in Mammalian Cells. Cell Syst. 2018, 7, 49–62.e8. [CrossRef]

14. Martinov, M.V.; Plotnikov, A.G.; Vitvitsky, V.M.; Ataullakhanov, F.I. Deficiencies of Glycolytic Enzymes as a Possible Cause of
Hemolytic Anemia. Biochim. Biophys. Acta 2000, 1474, 75–87. [CrossRef]

15. Ataullakhanov, F.I.; Vitvitsky, V.M.; Zhabotinsky, A.M.; Pichugin, A.V.; Platonova, O.V.; Kholodenko, B.N.; Ehrlich, L.I. The
Regulation of Glycolysis in Human Erythrocytes: The Dependence of the Glycolytic Flux on the ATP Concentration. Eur. J.
Biochem. 1981, 115, 359–365. [CrossRef]

16. Protasov, E.; Martinov, M.; Sinauridze, E.; Vitvitsky, V.; Ataullakhanov, F. Prediction of Oscillations in Glycolysis in Ethanol-
Consuming Erythrocyte-Bioreactors. Int. J. Mol. Sci. 2023, 24, 10124. [CrossRef]

17. Gardner, D.J.; Reynolds, D.R.; Woodward, C.S.; Balos, C.J. Enabling New Flexibility in the SUNDIALS Suite of Nonlinear and
Differential/Algebraic Equation Solvers. ACM Trans. Math. Softw. 2022, 48, 1–24. [CrossRef]

18. Doedel, E.J.; Paffenroth, R.C.; Champneys, A.R.; Fairgrieve, T.F.; Kuznetsov, Y.A.; Sandstede, B.; Wang, X. AUTO 2000: Continuation
and Bifurcation Software for Ordinary Differential Equations (with HomCont); Technical Report; California Institute of Technology:
Pasadena, CA, USA, 2001.

19. Schuster, S.; Kahn, D.; Westerhoff, H.V. Modular Analysis of the Control of Complex Metabolic Pathways. Biophys. Chem. 1993, 48,
1–17. [CrossRef] [PubMed]

20. Hofmeyr, J.-H.S.; Cornish-Bowden, A. Regulating the Cellular Economy of Supply and Demand. FEBS Lett. 2000, 476, 47–51.
[CrossRef] [PubMed]

21. Acerenza, L.; Ortega, F. Metabolic Control Analysis for Large Changes: Extension to Variable Elasticity Coefficients. IEE Proc.-Syst.
Biol. 2006, 153, 323. [CrossRef]

22. Christensen, C.D.; Hofmeyr, J.-H.S.; Rohwer, J.M. Tracing Regulatory Routes in Metabolism Using Generalised Supply-Demand
Analysis. BMC Syst. Biol. 2015, 9, 89. [CrossRef] [PubMed]

23. The MathWorks Inc. MATLAB, Version: 9.12 (R2022a); The MathWorks Inc.: Natick, MA, USA, 2022.
24. Goldberg, R.N.; Tewari, Y.B. Thermodynamics of Enzyme-Catalyzed Reactions: Part 2. Transferases. J. Phys. Chem. Ref. Data 1994,

23, 547–617. [CrossRef]
25. Kühn, B.; Jacobasch, G.; Gerth, C.; Rapoport, S.M. Kinetic Properties of the Phosphofructokinase from Erythrocytes of Rats and

Rabbits: 1. The Influence of Potassium and Ammonium Ions and of Inorganic Phosphate. Eur. J. Biochem. 1974, 43, 437–442.
[CrossRef]

26. Newsholme, E.A.; Start, C. Regulation in Metabolism; John Wiley & Sons: London, UK; New York, NY, USA; Sydney, Australia;
Toronto, ON, Canada, 1973; ISBN 978-0-471-63530-7.

27. Rodwell, V.; Bender, D.; Botham, K.; Kennely, P.; Weil, A. (Eds.) Harper’s Illustrated Biochemistry, 31st ed.; McGraw-Hill Education:
Columbus, OH, USA, 2018; ISBN 1-259-83794-7.

28. Kühn, B.; Jacobasch, G.; Gerth, C.; Rapoport, S.M. Kinetic Properties of the Phosphofructokinase from Erythrocytes of Rats and
Rabbits: 2. The Influence of Effectors Under Nearly Cellular Conditions. Eur. J. Biochem. 1974, 43, 443–450. [CrossRef]

29. Ataullakhanov, F.I.; Vitvitskiı̆, V.M.; Zhabotinskiı̆, A.M.; Kholodenko, B.N.; Erlikh, L.I. Quantitative model of human erythrocyte
glycolysis. I. Relationship between the stationary rate of glycolysis and the ATP concentration. Biofizika 1977, 22, 483–488.
(In Russian)

30. Marín-Hernández, A.; Rodríguez-Enríquez, S.; Vital-González, P.A.; Flores-Rodríguez, F.L.; Macías-Silva, M.; Sosa-Garrocho, M.;
Moreno-Sánchez, R. Determining and Understanding the Control of Glycolysis in Fast-growth Tumor Cells: Flux Control by an
Over-expressed but Strongly Product-inhibited Hexokinase. FEBS J. 2006, 273, 1975–1988. [CrossRef] [PubMed]

31. Minakami, S.; Yoshikawa, H. Studies on Erythrocyte Glycolysis. J. Biochem. 1966, 59, 145–150. [CrossRef]
32. Blum, S.F.; Shohet, S.B.; Nathan, D.G.; Gardner, F.H. The Effect of Amphotericin B on Erythrocyte Membrane Cation Permeability:

Its Relation to in Vivo Erythrocyte Survival. J. Lab. Clin. Med. 1969, 73, 980–987. [PubMed]
33. Segel, G.B.; Feig, S.A.; Glader, B.E.; Muller, A.; Dutcher, P.; Nathan, D.G. Energy Metabolism in Human Erythrocytes: The Role of

Phosphoglycerate Kinase in Cation Transport. Blood 1975, 46, 271–278. [CrossRef] [PubMed]
34. Smallbone, K.; Messiha, H.L.; Carroll, K.M.; Winder, C.L.; Malys, N.; Dunn, W.B.; Murabito, E.; Swainston, N.; Dada, J.O.; Khan,

F.; et al. A Model of Yeast Glycolysis Based on a Consistent Kinetic Characterisation of All Its Enzymes. FEBS Lett. 2013, 587,
2832–2841. [CrossRef]

35. Ataullakhanov, F.I.; Vitvitsky, V.M. What Determines the Intracellular ATP Concentration. Biosci. Rep. 2002, 22, 501–511. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/life16030414

https://doi.org/10.1042/bj2840001
https://doi.org/10.1016/j.cels.2018.06.003
https://doi.org/10.1016/S0304-4165(99)00218-4
https://doi.org/10.1111/j.1432-1033.1981.tb05246.x
https://doi.org/10.3390/ijms241210124
https://doi.org/10.1145/3539801
https://doi.org/10.1016/0301-4622(93)80037-J
https://www.ncbi.nlm.nih.gov/pubmed/8257764
https://doi.org/10.1016/S0014-5793(00)01668-9
https://www.ncbi.nlm.nih.gov/pubmed/10878248
https://doi.org/10.1049/ip-syb:20060004
https://doi.org/10.1186/s12918-015-0236-1
https://www.ncbi.nlm.nih.gov/pubmed/26635009
https://doi.org/10.1063/1.555948
https://doi.org/10.1111/j.1432-1033.1974.tb03429.x
https://doi.org/10.1111/j.1432-1033.1974.tb03430.x
https://doi.org/10.1111/j.1742-4658.2006.05214.x
https://www.ncbi.nlm.nih.gov/pubmed/16640561
https://doi.org/10.1093/oxfordjournals.jbchem.a128275
https://www.ncbi.nlm.nih.gov/pubmed/5786463
https://doi.org/10.1182/blood.V46.2.271.271
https://www.ncbi.nlm.nih.gov/pubmed/166715
https://doi.org/10.1016/j.febslet.2013.06.043
https://doi.org/10.1023/A:1022069718709
https://doi.org/10.3390/life16030414

	Introduction 
	Materials and Methods 
	Mathematical Model Description 
	Subsystem (1) 
	Subsystem (1a) 
	Subsystem (1b) 
	Subsystem (2) 
	Subsystem (2a) 
	Subsystem (2b) 
	Subsystem (3) 

	Mathematical Model Analysis 

	Results 
	Control Coefficients for Glycolytic Flux in Different Subsystems 
	Mechanisms of the Glycolytic Flux Regulation: The Role of HK and PFK 
	Modular Metabolic Control Analysis (MMCA) of the Subsystem Including Glycolysis and ATPase (Subsystem (2)) 

	Discussion 
	Conclusions 
	References

