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Abstract

This paper studies predefined-time trajectory tracking for Euler–Lagrange systems with
composite uncertainties encompassing partially known dynamics, parametric variations,
and bounded disturbances. A two-step backstepping architecture is developed. In Step 1, a
predefined-time virtual control law is constructed for the position subsystem. In Step 2,
an energy-based torque controller is designed for the velocity subsystem using nominal
model compensation, adaptive parameter estimation, actor neural network approximation
of residual dynamics, a critic network for performance-oriented learning, and a continuous
robust term. A rigorous Lyapunov analysis shows that all closed-loop signals are uniformly
ultimately bounded and that the tracking errors converge to a computable residual set
within a predefined time for all initial conditions contained in the selected compact set.
Comparative simulations on a 2-DOF planar manipulator demonstrate that the proposed
method provides faster convergence and improved steady-state tracking accuracy than
both a PID baseline and a classical Slotine–Li adaptive baseline, while respecting the
predefined-time bound.

Keywords: Euler–Lagrange systems; predefined-time control; actor–critic reinforcement
learning; adaptive control; robotic manipulators

1. Introduction
Predefined-time control aims to drive a system state to a target set within a user-

assigned time bound that is independent of the initial condition [1]. For mechanical systems
described by Euler–Lagrange (EL) dynamics, this property is attractive because trajectory
tracking, path following, and cooperative manipulation frequently impose explicit transient
requirements [2]. Practical implementation is nevertheless complicated by inaccurate
inertial parameters, model-form effects such as friction and elasticity, bounded external
disturbances, trajectory constraints, and actuator limitations [3–5]. These factors make it
difficult to obtain a predefined-time guarantee without either requiring an exact dynamic
model or introducing excessively conservative compensation.

Finite-time stability was systematically characterized by Bhat and Bernstein [6], with
a settling time that generally depends on the initial state. Fixed-time stability subse-
quently removed this dependence and provided a uniform upper bound determined by
controller parameters [7]. Predefined-time stability further allows the designer to assign
the convergence-time parameter explicitly [8,9]. Related designs have been developed for
general nonlinear systems [10], mechanical systems [11,12], distributed EL systems [2],
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robotic manipulators with neural approximation [13,14], flexible-joint robots with event-
triggered implementation [15], and predefined-time EL systems with model uncertainties
and actuator faults [3]. Although these studies substantially advance convergence speed
analysis and robustness, many methods either employ exact or highly structured model
cancellation, represent all uncertain dynamics by one lumped term, or do not separate the
available nominal EL model from the residual model mismatch.

Adaptive control provides an effective mechanism for structured uncertainty. The
classical Slotine–Li controller exploits the linear-in-parameters property of rigid-body dy-
namics to obtain asymptotic tracking [16]. Subsequent developments include leakage-
and projection-based robust adaptive laws, composite learning methods, and neural ap-
proximators for unmodeled nonlinearities. Composite learning has been used to improve
parameter convergence and tracking performance [17,18], while finite-time adaptive de-
signs have addressed output constraints and uncertain robotic dynamics [19,20]. Adaptive
predefined-time tracking has also been investigated for nonlinear systems with unmod-
eled dynamics [21]. Directly assigning the entire model error to one adaptive or neural
approximator, however, does not exploit the common situation in which a reliable nominal
rigid-body model is available together with structured parametric mismatch and a smaller
nonparametric residual.

Reinforcement learning (RL) offers a complementary performance-oriented mech-
anism, and actor–critic architectures are widely used for continuous-state systems [22].
The actor generates a control or compensation signal, whereas the critic approximates a
value function and supplies a long-term performance signal. Actor–critic methods have
been developed through approximate dynamic programming and policy iteration formula-
tions [23]. In robotic control, model-based actor–critic learning has been studied for optimal
tracking under input saturation [24], for online PID tuning [25], and for energy-efficient
manipulator control [26]. Most such approaches establish asymptotic, optimality-oriented,
or uniformly ultimately bounded results rather than a user-assigned predefined-time track-
ing bound. Moreover, a Lyapunov-compatible critic must be specified through an explicit
regressor, temporal-difference (TD) residual, update law, and bounded actor-coupling
mechanism; its boundedness should not be imposed as an a priori assumption.

Recent reliability-oriented uncertainty studies have emphasized physics-guided learn-
ing, hierarchical decomposition, and dependency-aware surrogate modeling under limited
data. Although these directions mainly address offline reliability assessment rather than
closed-loop tracking, they motivate the separation of physically interpretable structures
from learned residual components. Following the same modeling principle in an online
control setting, the present work retains the nominal EL matrices in the implemented
torque, identifies a structured parameter mismatch, approximates the remaining model-
form residual by an actor network, and treats the final bounded remainder and exogenous
disturbance with a continuous robust term. Thus, parametric, model-form, and disturbance
uncertainties are not merged into one black-box channel.

The approaches that are closest to the present work differ in either their objective
or their uncertainty treatment. The predefined-time mechanical system design in [12]
establishes an initial condition-independent convergence bound but does not incorporate
the structured-adaptive and actor–critic architecture considered here. The predefined-time
EL controller in [3] addresses model uncertainty and actuator faults, whereas the present
framework separates nominal compensation, structured parameter adaptation, neural
residual approximation, and performance-oriented critic learning. The adaptive predefined-
time design in [21] treats unmodeled nonlinearities in a general nonlinear system setting,
while the controller developed here explicitly exploits the EL energy structure and uses
only the nominal inertia matrix in its online predefined-time damping. Conversely, the
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robot actor–critic methods in [24,26] pursue optimal or energy-efficient tracking without
deriving the practical predefined-time Lyapunov inequality used here.

To address these gaps, this paper proposes an actor–critic predefined-time adaptive
tracking controller for partially unknown EL systems. The main contributions are summa-
rized as follows:

(i) An implementable two-step backstepping architecture is developed using only the
known nominal matrices H0(q), C0(q, q̇), and g0(q). The true–nominal mismatch is
decomposed into a structured parametric term, an actor-approximated residual term,
and a bounded remainder handled by a continuous hyperbolic-tangent robust term.
The unknown true inertia matrix is used only in the Lyapunov analysis and not in the
online controller.

(ii) An explicit continuous-time actor–critic mechanism is integrated with the adaptive
controller. The critic regressor Λ(Zc) and TD residual are specified directly, and a
bounded squared TD residual gate modulates the stabilizing tracking-driven actor
update without reversing its direction or depending on an arbitrary offset of the
approximate value function. Critic boundedness is established through the TD term,
leakage, and dual-power regularization rather than being imposed as an a priori
boundedness assumption.

(iii) A composite Lyapunov analysis includes predefined-time dual-power dissipation for
the position, velocity, structured-parameter, actor, and critic error components. The
aggregation is therefore applied to the complete Lyapunov function. The analysis
establishes semi-global uniform ultimate boundedness and gives an explicit analytical
residual-bound expression in terms of the derived constants, which can be numerically
evaluated once the proof constants are instantiated.

The remainder of this paper is organized as follows. Section 2 introduces the EL system
and formulates the tracking problem. Section 3 presents the assumptions and preliminary
lemmas. Section 4 develops the controller and adaptive actor–critic laws. Section 5 states
and proves the main result. Section 6 presents the numerical study, and Section 7 concludes
the paper.

2. System Description and Problem Formulation
2.1. Euler–Lagrange Dynamics

Consider the n-DOF Euler–Lagrange system

H(q)q̈ + C(q, q̇)q̇ + g(q) = τ + d(t), (1)

where q, q̇, q̈ ∈ Rn are the generalized position, velocity, and acceleration vectors, re-
spectively; H(q) ∈ Rn×n is the inertia matrix; C(q, q̇) ∈ Rn×n is the Coriolis/centripetal
matrix; g(q) ∈ Rn is the gravity vector; τ ∈ Rn is the control torque; and d(t) ∈ Rn is a
bounded disturbance.

We assume that the rigid-body structure of the system is available, so that nomi-
nal matrices H0(q), C0(q, q̇), and g0(q) can be constructed. The true system may differ
from the nominal model because of structured parameter mismatch, residual model-form
uncertainty, and bounded disturbances.

2.2. Tracking Objective

Let qd(t) ∈ Rn be a sufficiently smooth desired trajectory. Define the position
tracking error

z1 ≜ q − qd. (2)

The control objective is to design a continuous torque input τ(t) and adaptive laws such that
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(i) all closed-loop signals remain bounded for all t ≥ 0;
(ii) the tracking errors converge to a small residual set in predefined time;
(iii) the adaptive estimates remain bounded and compensate for structured and residual

uncertainty online.

3. Assumptions and Preliminary Lemmas
3.1. Assumptions

Assumption 1. For all q ∈ Rn, the inertia matrix H(q) is symmetric positive definite, and there
exist known constants 0 < c0 ≤ c1 such that

c0 In ≤ H(q) ≤ c1 In. (3)

Moreover, the skew-symmetry property holds:

ξ⊤
(

Ḣ(q)− 2C(q, q̇)
)
ξ = 0, ∀ ξ ∈ Rn. (4)

Assumption 2. The nominal matrices H0(q), C0(q, q̇), and g0(q) are known and continuous.
There exists a known constant h0 > 0 such that

z⊤H0(q)z ≥ h0∥z∥2, ∀ z ∈ Rn, ∀ q. (5)

Assumption 3. The desired trajectory qd(t) is twice continuously differentiable, and there exist
known constants v̄d, ād > 0 such that

sup
t≥0

∥q̇d(t)∥ ≤ v̄d, sup
t≥0

∥q̈d(t)∥ ≤ ād. (6)

Assumption 4. The disturbance satisfies

∥d(t)∥ ≤ d̄, ∀ t ≥ 0, (7)

for a known constant d̄ > 0.

Assumption 5. Let
δ f ≜ α̇1 − v1 f , (8)

where v1 f is the command-filter output approximating α̇1. Define

Z ≜ col
(
q, q̇, qd, q̇d, q̈d, α1, α1 f , v1 f

)
(9)

and the lumped model mismatch

∆(Z) ≜ H(q)δ f +
(

H(q)− H0(q)
)
v1 f

+
(
C(q, q̇)− C0(q, q̇)

)
α1 +

(
g(q)− g0(q)

)
. (10)

For any prescribed compact approximation domain Ωa of Z, there exist a known continuous regressor
Y(Z) ∈ Rn×p, an unknown constant parameter vector θ∗ ∈ Rp, an unknown constant ideal actor
weight matrix W∗

a ∈ Rℓa×n, a continuously differentiable RBF basis vector Sa(Z) ∈ Rℓa , and an
approximation residual εa(Z) ∈ Rn such that

∆(Z) = Y(Z)θ∗ + (W∗
a )

⊤Sa(Z) + εa(Z), Z ∈ Ωa. (11)
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Furthermore, there exist known constants θ̄, W̄a, Ȳ, S̄a, ε̄a > 0 satisfying

∥θ∗∥ ≤ θ̄, ∥W∗
a ∥F ≤ W̄a, (12)

and
∥Y(Z)∥ ≤ Ȳ, ∥Sa(Z)∥ ≤ S̄a, ∥εa(Z)∥ ≤ ε̄a. (13)

Assumption 6. Let
Zc ≜ col(z1, z2) (14)

be the critic input. For any prescribed compact approximation domain Ωc of (Zc, Żc), there exist a
constant ideal critic weight vector W∗

c and a continuously differentiable basis vector Sc(Zc) such
that the approximate Hamilton–Jacobi–Bellman relation

ϕ(t) + (W∗
c )

⊤Λ(Zc) = εB(Zc) (15)

holds, where

Λ(Zc) ≜
∂Sc(Zc)

∂Zc
Żc. (16)

There exist known constants W̄c, S̄c, Λ̄, ε̄B > 0 such that

∥W∗
c ∥ ≤ W̄c, ∥Sc(Zc)∥ ≤ S̄c, (17)

and
∥Λ(Zc)∥ ≤ Λ̄, |εB(Zc)| ≤ ε̄B, (Zc, Żc) ∈ Ωc. (18)

Remark 1. Assumptions 5 and 6 impose approximation properties on designer-selected compact
domains; they do not assume a priori that all closed-loop signals are bounded. For any prescribed
compact set of initial conditions, the domains Ωa and Ωc are selected to contain the corresponding
Lyapunov sublevel set. The continuation argument in the proof shows that the trajectory cannot
leave this sublevel set. The resulting stability statement is therefore semi-global and practical.

3.2. Preliminary Lemmas

Lemma 1 ([8]). Let V(t) ≥ 0 be continuously differentiable. If there exist constants Tc > 0,
0 < β < 1, and σ ≥ 0 such that

V̇ ≤ − π

βTc

(
V1−β/2 + V1+β/2

)
+ σ, (19)

then V(t) converges to a residual set in a time

TP <
√

2 Tc (20)

for all initial conditions contained in the selected compact set.

Lemma 2. For any x ∈ R and ρ > 0,

0 ≤ |x| − x tanh(x/ρ) ≤ 0.2785 ρ. (21)

Consequently, for any z ∈ Rn,

0 ≤ ∥z∥1 − z⊤ tanh(z/ρ) ≤ 0.2785 nρ, (22)

where tanh(z/ρ) is applied componentwise.

https://doi.org/10.3390/machines14090963

https://doi.org/10.3390/machines14090963


Machines 2026, 14, 963 6 of 22

Lemma 3. Let Vi ≥ 0 for i = 1, . . . , m, and let V = ∑m
i=1 Vi. Then, for any 0 < β < 1,

m

∑
i=1

(
V1−β/2

i + V1+β/2
i

)
≥ κm

(
V1−β/2 + V1+β/2

)
, (23)

where
κm = m−β/2. (24)

Lemma 4. For a scalar, vector, or matrix estimate p̂, define the componentwise dual-power mapping

Rβ( p̂) ≜ | p̂|−β ⊙ p̂ + | p̂|β ⊙ p̂, 0 < β < 1, (25)

where |0|−β0 is defined as zero. Let p̃ = p∗ − p̂, where p∗ is constant, and define

Vp =
1

2rp
∥ p̃∥2 (26)

for vectors or the analogous Frobenius norm expression for matrices. Then, there exist constants
cp > 0 and C̄p ≥ 0 such that

cp

rp

〈
p̃,Rβ( p̂)

〉
≤ −cp

(
V1−β/2

p + V1+β/2
p

)
+ C̄p. (27)

Here, ⟨·, ·⟩ denotes the Euclidean inner product for vectors and the Frobenius inner product
for matrices.

Remark 2. The two components of Rβ(·) have distinct roles: | p̂|−β ⊙ p̂ generates the subquadratic
Lyapunov power, whereas | p̂|β ⊙ p̂ generates the superquadratic Lyapunov power. Both components
are therefore retained in the structured-parameter, actor, and critic update laws used below.

4. Actor–Critic Predefined-Time Controller Design
Define the position tracking error

z1 = q − qd. (28)

For each component z1,i, define the predefined-time kernel

α̂1,i(z1,i) ≜
πκ1

βTc

[
2β/2|z1,i|1+β sign(z1,i) + 2−β/2|z1,i|1−β sign(z1,i)

]
, (29)

where Tc > 0 is the user-specified time parameter, 0 < β < 1, and κ1 > 0 is a design gain.
The smooth virtual control is

α1 = −
z1 ⊙ α̂ 2

1√
z2

1 ⊙ α̂ 2
1 + ε2

11n

+ q̇d, (30)

where α̂1 = [α̂1,1, . . . , α̂1,n]
⊤ and ε1 > 0 is a smoothing constant. All vector powers,

products, divisions, and square roots in (30) are applied componentwise.
To avoid the direct differentiation of α1, introduce the second-order command filter

α̇1 f = v1 f , v̇1 f = −2ω f v1 f − ω2
f (α1 f − α1), (31)

where ω f > 0, with α1 f (0) = α1(0) and v1 f (0) = 0. The derivative approximation error is

δ f = α̇1 − v1 f . (32)
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Define the velocity error
z2 = q̇ − α1. (33)

For Lyapunov analysis, introduce the true mechanical energy

V2 =
1
2

z⊤2 H(q)z2. (34)

The quantity in (34) is used only in the proof. For online implementation, define the
nominal energy

V20 =
1
2

z⊤2 H0(q)z2 (35)

and the implementable predefined-time scaling

Π0(V20) ≜
πκ2

βTc

(
V−β/2

20 + Vβ/2
20

)
, V20 > 0. (36)

At z2 = 0, the product Π0(V20)H0(q)z2 is defined by its continuous extension as zero.
The commanded torque is

τ = H0(q)v1 f + C0(q, q̇)α1 + g0(q)− z1

− K2H0(q)z2 − KptΠ0(V20)H0(q)z2 + Y(Z)θ̂

+ Ŵ⊤
a Sa(Z)− kr tanh(z2/ρ), (37)

where K2, Kpt, kr, ρ > 0, and tanh(·) is applied componentwise.

Remark 3. The unknown true matrix H(q) is not required online. It appears only in (34). The
implemented predefined-time damping uses the measurable nominal energy V20 and the known
matrix H0(q). The relation between V20 and V2 is invoked only in the stability analysis.

Define the structured parameter estimation error

θ̃ = θ∗ − θ̂. (38)

The structured adaptive law is

˙̂θ = −rθY(Z)⊤z2 − σθ θ̂ − cθRβ(θ̂), (39)

where rθ , σθ , cθ > 0.
For the residual nonlinear mismatch, define

W̃a = W∗
a − Ŵa. (40)

The instantaneous cost is

ϕ(t) = Q1∥z1∥2 + Q2∥z2∥2 + R∥τ∥2, (41)

where Q1, Q2, R > 0. The critic provides an auxiliary long-term performance evaluation
signal as

J(Zc) ≈ Ŵ⊤
c Sc(Zc). (42)

For Zc = col(z1, z2),
Żc = col(z2 + α1 − q̇d, q̈ − α̇1). (43)
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The temporal-difference residual is

δTD = ϕ(t) + Ŵ⊤
c Λ(Zc), (44)

where Λ(Zc) is defined in (16). By Assumption 6 and W̃c = W∗
c − Ŵc,

δTD = −W̃⊤
c Λ(Zc) + εB(Zc). (45)

To provide a bounded critic-to-actor channel, define

gc(δTD) ≜
δ2

TD
δ2

TD + δ2
0

, δ0 > 0, (46)

so that 0 ≤ gc < 1, and define the effective actor learning rate

reff
a ≜ ra[1 + KI gc(δTD)], KI ≥ 0. (47)

The actor update law is

˙̂Wa = −reff
a Sa(Z)z⊤2 − σaŴa − caRβ(Ŵa), (48)

where ra, σa, ca > 0.

Remark 4. The gate in (46) is nonnegative, bounded, and invariant to an additive offset of the
approximate value function. It increases the magnitude of the stabilizing tracking-driven actor
update when the TD residual is large, but it cannot reverse the direction of this update. For KI = 0,
or when the critic is removed, (48) reduces to the corresponding actor-only law.

The critic update law is

˙̂Wc = −rcΛ(Zc)δTD − σcŴc − ccRβ(Ŵc), (49)

where rc, σc, cc > 0.

Remark 5. For the continuous-time analysis, Λ = (∂Sc/∂Zc)Żc. In the numerical implementa-

tion, a stable first-order filter ˙̇̂Zc = ωΛ(Żc − ˆ̇Zc) is used and Λ = (∂Sc/∂Zc)
ˆ̇Zc. The resulting

filter error is included in the bounded Bellman residual εB. The same filtered differentiation con-
struction can be used in an experimental implementation.

5. Main Result
Theorem 1. Consider the Euler–Lagrange system (1) under Assumptions 1–6. Apply the virtual
control (30), command filter (31), torque law (37), and update laws (39), (48), and (49). For any
prescribed compact set of initial conditions contained in the selected approximation domains, choose
the gains such that

kr ≥ d̄ + ε̄a (50)

and select some µg > 0 satisfying

λ2 ≜ K2h0 −
µg

2
> 0, λa ≜ σa −

K2
I S̄2

ara

µg
> 0. (51)

Furthermore, let
cV ≜ a0κ5, κ5 = 5−β/2, (52)
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where a0 is defined in (99), and choose the gains so that

cV ≥ π

βTc
. (53)

Then, all closed-loop signals are uniformly ultimately bounded. Moreover, the composite
Lyapunov function

V = V1 + V2 + Vθ + Va + Vc, (54)

where
V1 =

1
2
∥z1∥2, V2 =

1
2

z⊤2 H(q)z2, (55)

and
Vθ =

1
2rθ

∥θ̃∥2, Va =
1

2ra
∥W̃a∥2

F, Vc =
1

2rc
∥W̃c∥2, (56)

satisfies
V̇ ≤ −cV

(
V1−β/2 + V1+β/2

)
+ σ̄, (57)

where σ̄ ≥ 0 is given in (98). Consequently, (57) implies

V̇ ≤ − π

βTc

(
V1−β/2 + V1+β/2

)
+ σ̄, (58)

and the complete error state enters the associated residual set within TP <
√

2Tc, for all initial
conditions contained in the selected compact set.

Proof. The proof proceeds by analyzing the derivative of each component of (54).
Step 1: Derivative of V1

From (28) and (33),
ż1 = z2 + α1 − q̇d. (59)

Hence,
V̇1 = z⊤1

(
α1 − q̇d

)
+ z⊤1 z2. (60)

For any scalar x and ε > 0,
x2

√
x2 + ε2

≥ |x| − ε. (61)

Applying (61) componentwise to (30) gives

z⊤1
(
α1 − q̇d

)
≤ − πκ1

βTc

n

∑
i=1

[
2β/2|z1,i|2+β + 2−β/2|z1,i|2−β

]
+ nε1. (62)

Using
n

∑
i=1

|z1,i|2−β ≥ ∥z1∥2−β (63)

and
n

∑
i=1

|z1,i|2+β ≥ n−β/2∥z1∥2+β, (64)

one obtains
V̇1 ≤ −a1

(
V1−β/2

1 + V1+β/2
1

)
+ z⊤1 z2 + σ1, (65)

where
a1 ≜

πκ1

βTc
min

{
21−β, 21+βn−β/2

}
, σ1 ≜ nε1. (66)

Step 2: Derivative of V2

https://doi.org/10.3390/machines14090963

https://doi.org/10.3390/machines14090963


Machines 2026, 14, 963 10 of 22

Since z2 = q̇ − α1,
ż2 = q̈ − α̇1. (67)

Using (1), q̇ = z2 + α1, and the skew-symmetry property (4), one obtains

V̇2 = z⊤2
[
τ − H(q)α̇1 − C(q, q̇)α1 − g(q)

]
+ z⊤2 d(t). (68)

Substituting α̇1 = v1 f + δ f , (11), and (37) into (68) yields

V̇2 = − z⊤2 z1 − K2z⊤2 H0(q)z2 − KptΠ0(V20)z⊤2 H0(q)z2

− z⊤2 Y(Z)θ̃ − z⊤2 W̃⊤
a Sa(Z)− z⊤2 εa(Z)

+ z⊤2 d(t)− krz⊤2 tanh(z2/ρ). (69)

From (3) and (5),

V20 ≥ h0
c1

V2. (70)

Define

χ2 ≜ min

{(
h0
c1

)1−β/2
,
(

h0
c1

)1+β/2
}

. (71)

Since z⊤2 H0(q)z2 = 2V20,

KptΠ0(V20)z⊤2 H0(q)z2 =
2πKptκ2

βTc

(
V1−β/2

20 + V1+β/2
20

)
≥ a2

(
V1−β/2

2 + V1+β/2
2

)
, (72)

where

a2 ≜
2πKptκ2χ2

βTc
. (73)

Let
w(t) ≜ d(t)− εa(Z). (74)

Under (50),

z⊤2 w − krz⊤2 tanh(z2/ρ) ≤ kr

(
∥z2∥1 − z⊤2 tanh(z2/ρ)

)
≤ 0.2785 nkrρ ≜ σ2, (75)

where Lemma 2 has been used. Therefore,

V̇2 ≤ − a2

(
V1−β/2

2 + V1+β/2
2

)
− λ2,0∥z2∥2

− z⊤1 z2 − z⊤2 Yθ̃ − z⊤2 W̃⊤
a Sa + σ2, (76)

where
λ2,0 ≜ K2h0 > 0. (77)

Step 3: Derivative of Vθ

Since ˙̃θ = − ˙̂θ, using (39) gives

V̇θ = − 1
rθ

θ̃⊤ ˙̂θ

= z⊤2 Yθ̃ +
σθ

rθ
θ̃⊤ θ̂ +

cθ

rθ
θ̃⊤Rβ(θ̂). (78)
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Since θ̂ = θ∗ − θ̃, Young’s inequality gives

σθ

rθ
θ̃⊤ θ̂ ≤ −σθVθ +

σθ

2rθ
θ̄2. (79)

By Lemma 4, there exist cθ > 0 and C̄θ ≥ 0 such that

cθ

rθ
θ̃⊤Rβ(θ̂) ≤ −cθ

(
V1−β/2

θ + V1+β/2
θ

)
+ C̄θ . (80)

Consequently,

V̇θ ≤ z⊤2 Yθ̃ − σθVθ − cθ

(
V1−β/2

θ + V1+β/2
θ

)
+ σ0

θ , (81)

where
σ0

θ ≜
σθ

2rθ
θ̄2 + C̄θ . (82)

Step 4: Derivative of Va

Since ˙̃Wa = − ˙̂Wa, using (48) gives

V̇a = [1 + KI gc(δTD)]z⊤2 W̃⊤
a Sa +

σa

ra
tr(W̃⊤

a Ŵa) +
ca

ra

〈
W̃a,Rβ(Ŵa)

〉
. (83)

Using Ŵa = W∗
a − W̃a,

σa

ra
tr(W̃⊤

a Ŵa) ≤ −σaVa +
σa

2ra
W̄2

a . (84)

By Lemma 4, there exist ca > 0 and C̄a ≥ 0 such that

ca

ra

〈
W̃a,Rβ(Ŵa)

〉
≤ −ca

(
V1−β/2

a + V1+β/2
a

)
+ C̄a. (85)

The unit part of the tracking-driven actor term cancels out the corresponding term in
V̇2. The remaining TD-gated contribution is

Tg ≜ KI gc(δTD)z⊤2 W̃⊤
a Sa. (86)

Because 0 ≤ gc < 1 and ∥Sa∥ ≤ S̄a on the selected approximation domain,

|Tg| ≤ KI S̄a∥z2∥∥W̃a∥F

≤
µg

2
∥z2∥2 +

K2
I S̄2

ara

µg
Va, ∀ µg > 0. (87)

Therefore, under (51),

V̇a ≤ z⊤2 W̃⊤
a Sa +

µg

2
∥z2∥2 − λaVa − ca

(
V1−β/2

a + V1+β/2
a

)
+ σ0

a , (88)

where
σ0

a ≜
σa

2ra
W̄2

a + C̄a. (89)

Step 5: Derivative of Vc

Since W∗
c is constant, ˙̃Wc = − ˙̂Wc; hence,

V̇c = − 1
rc

W̃⊤
c

˙̂Wc. (90)
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Substituting (49) gives

V̇c = W̃⊤
c ΛδTD +

σc

rc
W̃⊤

c Ŵc +
cc

rc
W̃⊤

c Rβ(Ŵc). (91)

Using (45),

W̃⊤
c ΛδTD = −

(
W̃⊤

c Λ
)2

+ εBW̃⊤
c Λ ≤ −1

2

(
W̃⊤

c Λ
)2

+
1
2

ε̄2
B. (92)

Furthermore, because Ŵc = W∗
c − W̃c,

σc

rc
W̃⊤

c Ŵc ≤ −σcVc +
σc

2rc
W̄2

c . (93)

By Lemma 4, there exist cc > 0 and C̄c ≥ 0 such that

cc

rc
W̃⊤

c Rβ(Ŵc) ≤ −cc

(
V1−β/2

c + V1+β/2
c

)
+ C̄c. (94)

Consequently,

V̇c ≤ − 1
2

(
W̃⊤

c Λ
)2

− σcVc − cc

(
V1−β/2

c + V1+β/2
c

)
+ σ̄c, (95)

where
σ̄c ≜

1
2

ε̄2
B +

σc

2rc
W̄2

c + C̄c. (96)

Remark 6. The boundedness of Ŵc is not imposed in Assumption 6. Inequality (95) derives the
boundedness of W̃c directly from the critic update law. Since W∗

c is constant, Ŵc = W∗
c − W̃c is

consequently bounded. Thus, the critic analysis does not use a circular boundedness argument.

Step 6: Composite Lyapunov Analysis
Adding (65), (76), (81), (88), and (95), the pairs z⊤1 z2, z⊤2 Yθ̃, and z⊤2 W̃⊤

a Sa cancel out.
Using (51) gives

V̇ ≤ − a1

(
V1−β/2

1 + V1+β/2
1

)
− a2

(
V1−β/2

2 + V1+β/2
2

)
− cθ

(
V1−β/2

θ + V1+β/2
θ

)
− ca

(
V1−β/2

a + V1+β/2
a

)
− cc

(
V1−β/2

c + V1+β/2
c

)
− λ2∥z2∥2 − σθVθ − λaVa

− σcVc −
1
2
(W̃⊤

c Λ)2 + σ̄, (97)

where
σ̄ ≜ σ1 + σ2 + σ0

θ + σ0
a + σ̄c. (98)

Define
a0 ≜ min{a1, a2, cθ , ca, cc}. (99)

By Lemma 3 with m = 5,

∑
i∈{1,2,θ,a,c}

(
V1−β/2

i + V1+β/2
i

)
≥ κ5

(
V1−β/2 + V1+β/2

)
, (100)

where κ5 = 5−β/2.
Dropping the remaining nonpositive terms in (97) and using (100) yields

V̇ ≤ −cV

(
V1−β/2 + V1+β/2

)
+ σ̄, cV = a0κ5. (101)
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To verify the predefined-time coefficient condition explicitly, define

ξ1 ≜ min
{

21−β, 21+βn−β/2
}

, γT ≜
π

βTcκ5
. (102)

From (66) and (73), one has

a1 =
πκ1ξ1

βTc
, a2 =

2πKptκ2χ2

βTc
. (103)

A sufficient set of gain conditions for (53) is

κ1ξ1 ≥ 1
κ5

, 2Kptκ2χ2 ≥ 1
κ5

, (104)

together with
cθ ≥ γT , ca ≥ γT , cc ≥ γT . (105)

Indeed, the first inequality in (104) gives

a1 =
πκ1ξ1

βTc
≥ π

βTcκ5
= γT . (106)

Similarly, the second inequality gives

a2 =
2πKptκ2χ2

βTc
≥ π

βTcκ5
= γT . (107)

Combining (106), (107), and (105) yields

a0 = min{a1, a2, cθ , ca, cc} ≥ γT =
π

βTcκ5
. (108)

Multiplying both sides of (108) by κ5 > 0 gives

cV = a0κ5 ≥ π

βTc
. (109)

Therefore, since
V1−β/2 + V1+β/2 ≥ 0, (110)

inequality (101) implies

V̇ ≤ −cV

(
V1−β/2 + V1+β/2

)
+ σ̄

≤ − π

βTc

(
V1−β/2 + V1+β/2

)
+ σ̄. (111)

Inequality (111) is exactly the condition of Lemma 1, with σ = σ̄. Hence,

TP <
√

2 Tc, (112)

for all initial conditions contained in the selected compact set.
All components of V are nonnegative, so z1, z2, θ̃, W̃a, and W̃c are uniformly ultimately

bounded. The desired trajectory assumptions and stable command filters then imply the
boundedness of the remaining closed-loop signals. For a prescribed compact initial set, the
approximation domains are selected to contain the corresponding Lyapunov sublevel set.
The above inequality prevents escape from this set, completing the semi-global continuation
argument and the proof.
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Remark 7. Theorem 1 concerns the unsaturated commanded torque (37). Under hard actuator
saturation, the mismatch between the commanded and applied torque is an additional closed-loop
input and is not covered by the same theorem.

Corollary 1. Under the conditions of Theorem 1, define

η ≜ 1 − 1√
2

, dV ≜
σ̄

ηcV
=

(2 +
√

2)σ̄
cV

. (113)

Let

V̄ ≜ max
{

d
2

2−β

V , d
2

2+β

V

}
. (114)

If σ̄ = 0, set V̄ = 0. Then,

cV

(
V̄1−β/2 + V̄1+β/2

)
≥ σ̄

η
. (115)

Consequently, for every V ≥ V̄,

V̇ ≤ −cV

(
V1−β/2 + V1+β/2

)
+ σ̄

≤ − cV√
2

(
V1−β/2 + V1+β/2

)
.

(116)

Hence, the conservative residual set

ΩV̄ = {V : 0 ≤ V ≤ V̄} (117)

is positively invariant and is reached within

TP <
√

2Tc. (118)

For all t ≥ TP,

∥z1(t)∥ ≤
√

2V̄, ∥z2(t)∥ ≤

√
2V̄
c0

, (119)

and
∥θ̃(t)∥ ≤

√
2rθV̄, ∥W̃a(t)∥F ≤

√
2raV̄, ∥W̃c(t)∥ ≤

√
2rcV̄. (120)

6. Simulation Studies
A comprehensive numerical study is conducted on a 2-DOF planar manipulator.

Unless otherwise stated, the theorem validation simulations use the unsaturated com-
manded torque. The proposed controller is denoted PT-AC. Three internal comparators
are considered: PT-A, which retains nominal compensation, structured adaptation, and
predefined-time feedback but removes both neural networks; Slotine–Li with matched
nominal parameter initialization; and a model-free PID controller. In addition, an external
predefined-time baseline from [3], denoted as Wang-PT, is implemented for comparison
with a recently published predefined-time controller.

6.1. Plant, Reference, and Implementation

The true parameters are
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m1 = 1.20 kg, m2 = 0.90 kg,

ℓ1 = 0.50 m, ℓ2 = 0.40 m,

ℓc1 = 0.25 m, ℓc2 = 0.20 m,

I1 = 0.08 kg m2, I2 = 0.05 kg m2.

(121)

The nominal model uses m0
1 = 0.95, m0

2 = 0.70, I0
1 = 0.05, and I0

2 = 0.03. Smooth
Coulomb-plus-viscous friction is described by

fr(q̇) = fc ⊙ tanh(8q̇) + fv ⊙ q̇, (122)

with

fc = [0.25, 0.20]⊤ N m, fv = [0.35, 0.28]⊤ N m s/rad.

The bounded disturbance is

d(t) =

[
0.30 sin(2t) + 0.15 cos(5t) + 0.08 sin(7t)
0.25 cos(3t) + 0.12 sin(4t) + 0.06 cos(6t)

]
. (123)

The desired trajectory is

qd(t) =

[
0.5 sin(0.5t)

0.4 cos(0.4t)− 0.2

]
rad. (124)

The nominal initial condition is q(0) = [0.3,−0.3]⊤ rad and q̇(0) = 0. A fourth-
order Runge–Kutta scheme is used with a nominal step of 5 × 10−4 s. The integration
step is reduced when required to maintain numerical accuracy for different prescribed-
time settings.

For PT-AC, Tc = 2 s, β = 0.5, κ1 = κ2 = 0.75, Kpt = 1.3, K2 = 30, kr = 1.2, ρ = 0.15,
ω f = 70 rad/s, and ε1 = 10−3.

The structured update uses rθ = 12, σθ = 0.003, and cθ = 0.03. The actor uses
20 Gaussian RBFs with ra = 3.0, σa = 0.015, and ca = 0.03, whereas the critic uses
15 Gaussian RBFs with rc = 0.15, σc = 0.04, and cc = 0.02.

The derivative-filter bandwidth is ωΛ = 25 rad/s, δ0 = 0.5, and the critic-to-actor gain
is KI = 2.0. The cost weights are Q1 = 1, Q2 = 0.5, and R = 0.005.

The Slotine–Li parameter estimate is initialized with the same nominal rigid-body
parameter vector used by the proposed method. Thus, the nominal comparison is
initialization-matched. The settling time Ts(0.05) is defined as the permanent entry time
into ∥z1∥ ≤ 0.05 rad rather than the first threshold crossing. The 0.05 rad threshold is only
used as an empirical reporting metric and is not identified with the analytical residual set
in Corollary 1.

6.2. Nominal Tracking Comparison

PT-AC and PT-A exhibit the same principal predefined-time transient behavior in
the nominal case because both retain the predefined-time feedback term. The critic-gated
actor improves the post-transient performance by reducing the RMSE and ITAE compared
with PT-A. Therefore, the learning subsystem is interpreted as a refinement mechanism
for residual performance improvement rather than the source of the principal predefined-
time transient.
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6.3. External Predefined-Time Baseline Comparison

To further evaluate the predefined-time tracking capability against a recent external
approach, the controller proposed in [3] is implemented as an additional baseline. The
comparison is conducted on the same 2-DOF manipulator with identical initial conditions,
desired trajectories, disturbance profiles, integration steps, and simulation horizons.

The external baseline is denoted as Wang-PT. Unlike PT-AC, which combines struc-
tured adaptation, actor approximation, and critic modulation, Wang-PT employs a
predefined-time sliding-mode framework with adaptive uncertainty compensation. The
purpose of this experiment is to provide a numerical benchmark against a recent predefined-
time controller, rather than a theoretical equivalence comparison.

As shown in Figure 1, PT-AC and PT-A exhibit faster position-tracking convergence
than Slotine–Li and PID in the nominal case. The corresponding tracking error norms are
presented in Figure 2, where both predefined-time controllers achieve rapid error reduction
and remain below the practical residual reference level after the transient stage. The vertical
line indicates t =

√
2Tc = 2.83 s, while the horizontal line is included only as a practical

reference for numerical visualization rather than as the exact analytical residual bound. As
illustrated in Figure 3, PT-AC and PT-A achieve this tracking performance with lower peak
commanded torques than Slotine–Li and PID under the nominal simulation conditions.

Figure 1. Nominal Position Tracking.

Figure 2. Nominal Tracking Error Norm.
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Figure 3. Unsaturated Commanded Torques.

As shown in Figure 4, both predefined-time controllers achieve rapid error reduction.
PT-AC obtains smaller post-transient tracking errors while maintaining a comparable
control demand. This improvement is attributed to the additional adaptive approximation
and critic-modulated learning mechanism, which enhances the compensation of residual
modeling uncertainties after the predefined-time transient stage.

Figure 4. External predefined-time baseline comparison between PT-AC and the controller in [3].
(a) Tracking error norm. (b) Commanded control effort.

The quantitative tracking performance is further summarized in Table 1, where the
post-transient RMSE is evaluated after t =

√
2Tc.
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Table 1. Nominal Tracking Performance Comparison.

Controller Ts(0.05) RMSEpost ITAE τmax Eτ

(s) (Rad) (N m) (N2m2s)

PT-AC 0.3860 0.002015 0.08535 10.97 586.94
PT-A 0.3860 0.002435 0.09801 10.97 587.01
Slotine–Li 0.8565 0.01535 0.53298 23.96 588.58
PID 3.8775 0.04510 1.45958 30.00 611.34

6.4. Adaptive and Learning Signals

The adaptive trajectories remain bounded throughout the nominal simulation. This
numerical observation is consistent with the boundedness properties established in the
theoretical analysis. As shown in Figure 5, the structured estimate norm, the actor norm,
and the critic norm remain bounded during the nominal simulation, while the bounded TD
residual gate and the effective actor learning rate also evolve within bounded ranges. In
particular, the bounded critic trajectory observed in Figure 5 is not used as a replacement
for the analytical derivation of the critic boundedness condition.

Figure 5. Adaptive and Learning Signals.

6.5. Initial Condition and Tc Studies

The multi-initial-condition experiment changes only the magnitude of the initial
tracking error, while maintaining the same error direction. The results demonstrate that
PT-AC preserves a consistent convergence trend over a wide range of initial conditions.
A practical residual reference level is included only for visualization and should not be
interpreted as the exact analytical residual set.

For all tested prescribed-time parameters, Tc = 1, 2, and 5 s, the empirical permanent
entry time remains below

√
2Tc. A smaller Tc accelerates the transient response but requires

larger control effort, whereas a larger Tc reduces the required command magnitude. The
results illustrate the expected convergence–effort trade-off of the predefined-time design.

The multi-initial-condition experiment changes only the magnitude of the initial
tracking error, while maintaining the same error direction. As shown in Figure 6, PT-
AC preserves a consistent convergence trend over the tested initial conditions, and all
trajectories exhibit rapid error reduction relative to the predefined-time reference t =

√
2Tc.
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Figure 6. Initial-Condition Tracking Performance.

For the prescribed-time parameter study, Table 2 summarizes the empirical settling
time, peak commanded torque, and control energy for Tc = 1, 2, and 5 s. The corresponding
trends are illustrated in Figure 7. A smaller Tc accelerates the transient response but
requires a larger peak control effort, whereas increasing Tc reduces the required command
magnitude and slightly lowers the control energy, illustrating the expected convergence–
effort trade-off.

Table 2. Tc sensitivity with all other gains fixed.

Tc (s)
√

2Tc (s) Ts(0.05) (s) τmax (N m) Eτ

1.0 1.414 0.2026 28.67 613.92
2.0 2.828 0.3860 10.97 586.94
5.0 7.071 0.9490 9.42 582.19

Figure 7. Convergence–Effort Trade-Off for Different Tc Values.

The contribution of the main controller components is further examined in Figure 8.
The ablation results indicate that nominal compensation and structured adaptation make
the principal contributions to tracking performance, while the actor approximation and
critic modulation provide additional refinement of the residual performance.
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Figure 8. Component Ablation Study.

6.6. Scope of Numerical Evidence

The numerical studies provide evidence for several aspects of the proposed controller,
including predefined-time tracking behavior, residual accuracy, and adaptive boundedness.

The horizontal reference level shown in Figure 2 is introduced as a practical residual
reference level for numerical interpretation. It should not be confused with the exact ana-
lytical residual set derived in Corollary 1, because the latter depends on explicit Lyapunov
constants such as σ̄ and cV .

The reported simulations therefore distinguish between

• The theoretically established predefined-time and boundedness properties proved in
the analysis;

• The practical residual performance observed in numerical experiments.

This separation avoids attributing empirical simulation quantities to unverified ana-
lytical constants.

The numerical comparisons demonstrate that PT-AC provides lower post-transient
tracking errors than the considered baselines in the tested scenarios while preserving
bounded adaptive trajectories and acceptable control effort.

6.7. Discussion

The simulations illustrate the practical tracking performance of PT-AC and are consis-
tent with the theoretical predefined-time and boundedness results. The residual reference
level shown in the figures is used only for numerical visualization and should not be
interpreted as the analytical residual set, whose value depends on the Lyapunov constants
σ̄ and cV .

Under the considered simulation conditions, PT-AC achieves faster convergence and
smaller post-transient tracking errors than Slotine–Li and PID. The ablation results indicate
that nominal compensation and structured adaptation make the main contributions to
tracking performance, while the actor and critic provide additional residual performance
refinement. The comparison with Wang-PT offers an external numerical benchmark but
does not establish universal superiority over other predefined-time controllers. The Tc

sensitivity study confirms the expected convergence–effort trade-off. The current vali-
dation is limited to a 2-DOF manipulator and fixed neural basis functions; experimental
validation, higher-dimensional systems, and efficient real-time implementation remain for
future investigation.

7. Conclusions
This paper developed an actor–critic predefined-time adaptive tracking controller for

partially unknown Euler–Lagrange systems. The implemented torque retains the available
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nominal rigid-body model and combines structured parameter adaptation, actor-based
residual approximation, and continuous robust compensation. The critic modulates the
tracking-driven actor update through a bounded squared TD residual gate. The composite
Lyapunov analysis establishes the semi-global uniform ultimate boundedness of the closed-
loop signals and guarantees that the composite error enters an explicit residual set within
TP <

√
2Tc for initial conditions in the selected compact set.

The retained simulations demonstrate fast nominal tracking, consistent convergence
for the tested initial conditions, improved post-transient performance relative to the consid-
ered baselines, and the expected convergence–effort trade-off for different prescribed-time
parameters. The external predefined-time comparison and component ablation study fur-
ther support the effectiveness of the proposed architecture under the reported simulation
conditions. The current theorem concerns unsaturated state feedback control and does not
establish exact policy optimality. Future work will address actuator and state constraints,
output feedback learning, experimental validation, and real-time implementation.
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