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Abstract

In the machining process of high reduction ratio hypoid gears (HRHGs), cutter tool ge-
ometry errors (CGE) and machine tool setting parameters errors (MSE) significantly affect
tooth surface accuracy. Existing studies mainly focus on analyzing the effects of MSE alone
or investigate CGE and MSE under conventional reduction ratios, while comprehensive
research on the coupled effects of tooth top error (TTE), tooth root error (TRE), and root
mean square deviation (RMS) is limited. To address this gap, this paper proposes a tooth
surface correction method based on the integration of Sobol” sensitivity analysis and NSGA-
I optimization algorithms. A multidimensional mapping model was established between
CGE, MSE parameters, and tooth surface accuracy indices (TTE, TRE, and RMS) to achieve
coordinated error optimization. Sobol” global sensitivity analysis (GSA) was conducted
to identify the key influencing parameters of cutter geometry and machine settings. A
multi-objective optimization model was developed using the NSGA-II algorithm, targeting
TTE, TRE, and RMS. The fast non-dominated sorting mechanism effectively identified
the Pareto-optimal solutions, enabling inverse compensation of critical error factors and
significantly improving the machining accuracy of hypoid gears. The results revealed
that, on the concave flank, the deviations of tooth top, tooth root, and tooth mean square
decreased by a minimum improvement of 75.4%, 70.1%, and 73.3%. Furthermore, on the
convex flank, the corresponding deviations decreased by a minimum improvement of
78.1%, 75.0%, and 73.1%. These results verify the high accuracy of the proposed algorithm
in correcting the tooth flanks of HRHGs.

Keywords: high reduction ratio hypoid gears; error collaborative optimization; sensitivity
analysis; tooth surface accuracy

1. Introduction

In the manufacturing of high reduction ratio hypoid gears, factors such as machining
errors, elastic deformation, and thermal effects can cause deviations between the actual and
designed tooth surfaces, thereby impairing the transmission performance of the gear pair.
To improve tooth surface accuracy, coordinate measuring machines (CMM) are commonly
employed to capture the spatial coordinates of discrete points on the actual surface. Based
on these measurements, an error correction model is developed, and machining parameters
are adjusted to compensate for the deviations. This approach is widely regarded as an
effective means of enhancing the manufacturing precision of gear pairs. In recent years,
considerable research has been conducted on tooth surface error compensation [1-5].
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Su et al. [6] established a tooth surface error model suitable for CNC machining and
achieved the minimization and CNC correction of tooth surface errors by optimizing the
setting parameters of the cradle machine tool. On this basis, Wang et al. [7] constructed a
comprehensive analysis model including axial, tangential and radial tool setting errors to
quantitatively evaluate the influence of different setting errors on gear geometric accuracy.
Subsequently, Li et al. [8] proposed a digital inverse correction method based on one-
dimensional probe measurement data to improve the tooth surface geometric accuracy and
transmission quality of hypoid gears and minimize the tooth surface geometric deviation.
For circular arc bevel gears, Scholars [9,10] proposed a compensation method based on the
correction of key machining parameters to address the problem of easy accumulation of
tooth surface errors during machining. By analyzing the influence of multiple machining
parameters on tooth surface deviation, the main parameters were selected for optimization
and adjustment. Furthermore, Chen et al. [11] established a direct mapping relationship
between the machine tool motion axis and tooth surface geometric error, realizing real-time
dynamic compensation during machining and effectively reducing tooth surface deviation.

To accurately identify error sources and their coupling effects, sensitivity analysis has
gradually become an essential tool in tooth surface optimization. In this study, a global
sensitivity analysis (GSA) approach is employed, which utilizes a global sampling strategy
to evaluate the independent effects of input parameters and their higher-order nonlinear
interactions, making it well-suited for error analysis in complex nonlinear systems [12].
Among various GSA techniques, the Sobol” variance decomposition method [13,14] is
widely adopted, as it quantifies the influence of each input parameter on the output variable
by calculating its variance contribution, thereby revealing coupling relationships among
parameters. For instance, Li et al. [15] applied the Sobol” method to analyze the sensitivity
and coupling effects of geometric errors in horizontal machining centers. Han et al. [16]
combined an improved Sobol’ method with a quasi-Monte Carlo algorithm to conduct a
comprehensive sensitivity analysis of 38 geometric error components in a dual-lead double-
head grinding machine, elucidating the mechanism of error propagation. Building upon the
Sobol” GSA framework, Scholars [17-20] further considered the magnitude and randomness
of geometric errors, introduced specific indexing angles of the rotary axis, identified the key
geometric errors of five-axis machine tools, and evaluated error components and coupling
effects under different indexing angles, thereby providing a theoretical basis for error
compensation. In terms of tooth surface error compensation, this paper uses the NSGA-II
algorithm [21] through fast non-dominated sorting and crowding distance mechanism to
achieve convergence while maintaining the diversity of the solution set and efficiently
identify the Pareto optimal solution; it has strong adaptability to the high-dimensional,
nonlinear, non-convex and complex constraint problems solved in this paper and can
coordinate and optimize multiple error indicators at the same time. Existing research
mainly focuses on conventional reduction ratio bevel gears, focusing on analyzing the
influence of machine tool setting parameter error (MSE) on tooth surface accuracy. However,
cutter tool geometry error (CGE) [22,23] also has a significant impact on gear tooth surface
accuracy. Therefore, it is urgent to conduct a systematic study that comprehensively
considers the effects of CGE and MSE on tooth surface deviation (TTE, TRE, and RMS) in
high reduction ratio hypoid gears.

Based on the above research background, this study focuses on tooth surface correction
of HRHGs and conducts three main tasks:

(1) Develop a precise mathematical model of HRHGs, incorporating CGE and MSE to
provide a theoretical basis for subsequent error analysis and optimization;

(2) Systematically investigate the effects of CGE and MSE on TTE, TRE and RMS and
identify key error sources using Sobol” analysis;
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(3) Construct a multi-objective optimization model integrating CGE and MSE and pro-
pose a standard NSGA-II-based method to achieve coordinated enhancement of tooth
surface accuracy.

2. Tooth Surface Modeling Method for Pinion of High Reduction Ratio
Hypoid Gears

The Hypoid Gears with Format and Tilt method (HFT) is commonly employed for
the machining of high reduction ratio hypoid gears. In this method, the gear is typically
fabricated using the forming process, while the pinion tooth surface is generated through
the tilt method. Based on the face-milling principle, this study integrates spatial coordinate
transformation and gear meshing theory to establish both the theoretical tooth surface
model and the error tooth surface model for the pinion. The error model systematically
accounts for the influence of machine tool setting parameter errors and cutter geometry
errors on tooth surface accuracy.

2.1. Theoretical Tooth Surface Modeling of High Reduction Ratio Hypoid Gears

Gleason Corporation is a global leader in the manufacturing of spiral bevel gear
machining equipment. Figure 1 presents the main structural components of the Gleason
No. 116 gear milling machine. During the actual machining process, the cutter position is
adjusted through the coordinated control of Q, B, ] and I, which can be equivalently repre-
sented by parameters i1, j1, Sy; and g1. The workpiece position is determined by X1, E1, X1
and Xp1. The relative kinematic relationship between the cutter and the workpiece is gov-
erned by the sliding base denoted as Xp1, which ensures accurate gear tooth generation.

Eccentric wheel

Tilting body

Swivel body
Cradle

Figure 1. Main structure of the Gleason spiral bevel gear milling machine. X,s;—Machine root angle,
E;—Blank offset, X;—Machine center to back, Xp;—Sliding base, I,—Tilting body angle, ]| —Swivel
body angle, B—Eccentric wheel angle, Q—Cradle angle.

Taking the machining process of the pinion in a high reduction ratio hypoid gear as
the research object (with the concave surface machining as an example), Figure 2 illustrates
the geometric configuration of the cutter used for machining the concave surface. Figure 3
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shows the coordinate systems involved in the machining process: coordinate system S,
represents the tool body coordinate system rigidly connected to the cutter head; coordinate
system Se denotes the global reference coordinate system of the machine tool; coordinate
systems S. and S are fixed, respectively, to the cradle and the pinion. The remaining
coordinate systems serve as auxiliary references to comprehensively describe the relative
spatial motion between the cutter and pinion.

Figure 2. Cutter geometry for machining the pinion concave surface.

VY. A V.

Outer cutter

Ineer cutter

2.2y
P xb,xc
Oe >
nyyg X
Xy X P yl ¢
O,-,Og X
%
Z, ¢ Z; p 0,,0,
Xl .l.g"l}l’.x} : . E
2y

Figure 3. Coordinate systems involved in the machining process of the pinion tooth surface.
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The mathematical model of the tooth surface of the pinion machined by the HFT
method is derived as follows:

First, the radial vector r, and the corresponding unit normal vector np, at an arbitrary
point P on the cutter surface of the pinion are constructed. Based on Figure 2, these vectors
are expressed in the relevant coordinate systems Sy, as follows:

[(rp + up sinap) cos b,
o (11, B = (rp + upsinay) sin 6, 1)
PATPrTR —1lp COS Ap

1

— Cos ap os B
np = | —cosapsinb, (2)

— Sin Uép

Then, the equation of the cutter’s cone surface, initially defined in the tool coordinate
system, is transformed into the pinion coordinate system to establish the mathematical
model of the pinion tooth surface. The radial vector ; and unit normal vector n; of the
tooth surface corresponding to point P on the pinion in the coordinate system S is:

rl(up/ 6p/ (Pl) = Mlprp(upr 6p) (3)
nl(up,f)p,(pl) = Llpnp(up,(?p)

1 o 0 -X1
0 cos¢p —sing; 0

M. =
P 0 sin¢g; cos¢ 0
0 o 0 1
[ cosXM1 0 sinXM1 —XB1-sinXM1
0 1 0 E1l
—sinXM1 0 cosXM1 —XB1-cosXM1
L0 0 0 1
[ cos(q1 +io¢1)  sin(q1 +ing1) 0 0
—sin(q1 +iog1) cos(qr+ing1) 0 Of )
0 0 1 0
I 0 0 0 1
[—sin(j;) —cos(j;) 0 Sp
cos(j1) —sin(j;) 0 O
0 0 1 0
o 0 0 1
[ cos(i;) 0 sin(i;) 0
0 1 0 0
—sin(iy) 0 cos(i;) O
o0 0 0 1
Llp = M1p(1 : 3,1 : 3) (5)

Finally, the theoretical tooth surface is solved by combining the meshing equation
between the pinion tooth surface and its generating wheel.

ng! - vel =0 (6)
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To ensure the accuracy of the model, a 9 x 17 point cloud was selected to represent the
pinion tooth surface. The specific modeling process is illustrated in Figure 4. First, the tooth
surface is projected onto a rotational projection plane, followed by mesh division on the
projected surface. Then, the corresponding point cloud coordinates are calculated using the
aforementioned numerical method. Based on the obtained point cloud, the tooth surface is
reconstructed and the complete 3D model of the pinion is subsequently generated.

Figure 4. Schematic of the pinion model generation process. (a) Rotating projection; (b) 9 x 17 point
cloud; (c) tooth surface reconstruction; (d) a pinion model.

2.2. Error Tooth Surface Modeling of High Reduction Ratio Hypoid Gears Considering CGE
and MSE

During the actual machining process, the accuracy of the tooth surface is influenced
not only by errors of the machine tool setting parameters (MSE) from their nominal design
values but also by cutting tool geometric errors (CGE). This study focuses specifically on two
types of CGE: tool radius error and tooth profile angle error. These errors alter the meshing
relationship between the cutter and the pinion, thereby affecting the final tooth surface
geometry. The combined effects of MSE and CGE lead to discrepancies between the as-
machined tooth surface and the theoretical design surface. Therefore, a comprehensive error
model that incorporates both CGE and MSE can effectively characterize the distribution of
tooth surface errors during the machining process, providing a more accurate representation
of the differences between the machined and theoretical tooth surfaces and offering a solid
theoretical foundation for subsequent error compensation and optimization.

The cutting tool geometric errors (CGE) equation can be expressed as:

(rp + Arp + up sin(ap + Aap)) cos O
o + Arp + up sin(ap, + Ay ) ) sin @
iy = | (77l e 2
P p P

1
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The machine tool setting parameters error can be denoted as AZ;(AX 1, AE1, AXq, AXps,
Aiy, Aj1,AS1, Aqy, Aigr); the machine tool setting parameters errors (MSE) equation is
formulated as:

XMle = XMl + A)<M1/ Ei = El + AEl’Xg = Xl + AX]
Xp1© = Xp1 + AXpy, i = i1+ Aiy, jj = 1+ Afy ®
Srle = 5,1 +AS,, ‘I‘i =4q1+ Aqlfigl = iOl + AiOl

The normal error between the error tooth surface and the theoretical tooth surface
discrete point can be expressed as:

(P; — "((”p/ Op, 4’1)1-/ 1)) - ”((”p/ 9pr¢1)i/ &) =h )

This study considers the tooth top errors (TTE) frr and tooth root errors (TRE) frrp
in the tooth shape error, expressed as:

frre = || + [has| (10)

frre = |ho| + s3] (11)

The root mean square (RMS) frs of the tooth surface error is denoted as:

(12)

where i represents the i-th sampling point and n((up, 0p, ¢1),,&;) denotes the radial and
normal vectors corresponding to the theoretical surface discrete point at the sampling point,
as shown in Figure 5.

Figure 5. Schematic diagram of RMS calculation based on tooth surface normal deviation.

2.3. Numerical Example

Table 1 gives the basic geometric parameters of the pinion of the HRHGs. Based on
the HFT method, the corresponding cutter parameters and machine tool setting parameters
can be obtained. The specific values are shown in Table 2.
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Table 1. Main geometric parameters of pinion.

Item Value
Number of pinion teeth 3
Number of gear teeth 60
Nominal pressure angle/(°) 20
Mean spiral angle/(°) 60
Shaft angle/(°) 90
Pinion offset/mm 30

Face width/mm 35.8
Pitch distance/mm 189.36

Table 2. Initial value of machine tool setting parameters of pinion.

Value
Ttem Concave Convex

Cutting tool radius/mm 95.972 84.973

Cutting tool profile angle/(°) 14 35
Tilt angle/(°) —4.92 —6.86
Swivel angle/(°) 116.34 82.12
Radial distance/mm 79.71 75.94
Center roll position/(°) 106.41 98.52
Blank offset/mm 27.98 32.24
Machine root angle/(°) —3.66 —3.48
Machine center to back/mm 0.71 —0.16
Sliding base/mm 11.73 16.11
Ratio of roll 19.52 20.29

3. Global Sensitivity Analysis (GSA) of CGE and MSE on Tooth Surface
Errors Based on Sobol” Method

3.1. Global Sensitivity Analysis (GSA) Based on the Sobol” Method

To improve the tooth surface accuracy of high reduction ratio hypoid gears during
actual machining, it is essential to optimize both the cutter tool geometry parameters
(CGE) and machine tool setting parameters (MSE). This study introduces the Sobol” Global
Sensitivity Analysis (GSA) method based on variance decomposition to quantitatively
evaluate the effects of CGE and MSE on tooth surface deviations, thereby providing a
theoretical basis for parameter optimization.

The Sobol” method decomposes the total variance of the model output into contribu-
tions from individual input parameters and their interactions, making it well-suited for
nonlinear and high-dimensional complex systems. Specifically, the model output function
can be expressed as:

Y =f(&)=f(&, &, ..., &) (13)

Among them, Y is the model output, and &, to &, are input parameters. The model
function is further expanded into multiple sub-functions superimposed [22]:

4
fE) =fo+ Y fiG)+ Y fi(G &)+ + fiop(E1 &2, Ep) (14)
i=1

i<j

where fj is equal to the output, f;(;) is the independent contribution of the individual
changes, fi]-(&i, Ej) is the alternating effect of the individual changes, and the subsequent
high-frequency interaction.
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The total variance of the model output V(Y) is defined as [24]:

p
VY)=Y Vi+) Vi+-4+Vig.» (15)
i=1 i<j

where V; is the variance contributed by the individual parameter &; and Vj; represents the
variance contribution from interactions between parameters.

Due to the model’s nonlinear nature, analytical integration is infeasible; therefore, the
Monte Carlo method is employed to estimate the variance by random sampling within the
reasonable parameter ranges based on their normal distributions:

L1 N 2
V=5 Ll -5l (16)

To improve computational accuracy, the Sobol” method utilizes two independent
N X p sample matrices and calculates partial variances as follows:

A 1 N 2
V= 3 [ e, 68) - 1]
N—-1;5 (17)
A 1 N 2
=Nk £ - (&0, e - i

where V; denotes the variance caused by the i-th parameter, and V_.; represents the variance
caused by all parameters except the i-th.

Based on these, the sensitivity indices are defined as:

First-order sensitivity index:

v
Si = é (18)
Total effect sensitivity index:
V.
Sti=1- \71 (19)

Higher-order sensitivity index and this paper only considers the higher-order interac-

tion contribution:
S(i~y = S1i — Si (20)

These sensitivity indicators can identify the cutter tool geometry parameters and
machine tool setting parameters that have a significant impact on the tooth surface er-
ror, thus laying the foundation for subsequent parameter optimization and improving
machining accuracy.

3.2. Global Sensitivity Analysis (GSA) of CGE and MSE on Tooth Surface RMS, TTE and TRE

Figure 6a,b illustrate the influence of cutter geometry errors (CGE) on the root mean
square deviation (RMS), total tooth error (TTE), and tooth root error (TRE) of the tooth
surface during the machining of high reduction ratio hypoid gears. The results indicate
that deviations in the cutter radius have a significant impact on all error metrics, with
RMS, TTE, and TRE reaching 9.50, 41.13, and 30.47 um, respectively. The corresponding
heatmaps reveal that such deviations can cause substantial disturbances in the spiral angle
of the tooth surface, which may seriously impair meshing performance. In contrast, errors
in the cutter’s profile angle have a relatively minor effect on RMS, TTE, and TRE, and their
influence on the pressure angle of the tooth surface is also limited and localized.
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Figure 6. Effect of CGE on work surface RMS, TTE and TRE.

Figure 7a—i illustrate the influence of various machine setup parameter errors (MSE) on
tooth surface error metrics, including root mean square deviation (RMS), total tooth error
(TTE), and tooth root error (TRE), during the machining of high reduction ratio hypoid
gears. The results indicate that the roll ratio iy, radial distance S,1, and machine center to
back X; have the most significant impact on these error metrics, while the effects of tilt
angle i1, swivel angle j;, blank offset E;, machine root angle X1, and sliding base Xp;
are comparatively minor. The influence of center roll position g; is found to be negligible.
As shown in the corresponding heatmaps, deviations in the iy and 5,1 notably affect the
spiral angle across the entire working tooth surface. Specifically, the S,; determines the
spatial location of the cutting blade during machining, and any variation in this position
leads directly to changes in the spiral curvature of the tooth surface. The ip; defined as the
number of revolutions the pinion makes per full rotation of the cutter about the cradle is
particularly sensitive; even slight deviations can cause significant alterations in the tooth
surface spiral pattern and result in large-scale form errors. Moreover, small changes in the
X can shift the entry and exit points of the blade, leading to substantial diagonal deviations
across the tooth surface. It is also noteworthy that the g; has the least effect on RMS, TTE
and TRE. This is because its influence on the tooth surface is transmitted through a long and
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complex error propagation path, during which its effect is significantly attenuated. This
observation is consistent with practical machining experience and supports the validity of
the sensitivity analysis.

In order to more intuitively and accurately reflect the impact of CGE and MSE on RMS,
TTE and TRE, the error values shown in Table 3 are assigned to CGE and MSE.

Table 3. The values of the CGE and MSE.

Item Ag; Error Values
Cutting tool radius/mm Arp
Cutting tool profile angle/(°) Aay
Tilt angle/(°) Aiq
Swivel angle/(°) Ajy
Radial distance/mm AS,q [—0.05, —0.025, +0.025, +0.05]
Blank offset/mm AEq
Machine root angle/(°) AXw
Machine center to back/mm AXq
Sliding base/mm AXpy
Ratio of roll Aigy [—0.005, —0.0025, +0.0025, 4-0.005]
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Figure 7. Cont.
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Figure 7. Effect of MSE on work surface RMS, TTE and TRE.

As illustrated in Figures 8-10, the influence of CGE and MSE on RMS, TTE, and
TRE exhibits a clear linear trend. Specifically, small variations in individual CGE or MSE
parameters lead to approximately linear changes in these performance indicators. Moreover,
the effects of positive and negative error values are nearly symmetric, indicating that the
system responds uniformly to perturbations within this error range (It should be noted that
the change value of the ratio of roll Aiy; in the figure is [—0.005, —0.0025, +-0.0025, +-0.005]).
Among all parameters, ratio of roll iy, radial distance S,1 and cutting tool radius r, has the
most significant impact on RMS, TTE and TRE. It should be noted that this paper treats
second-order sensitivity as an interaction contribution (higher-order effect) and does not
consider higher-order effects.

RMS of working tooth surface at different CGE and MPE values (Unit:um

Tool geometry and machine tool setting parameters

Aiy, 8.665

-0.05 -0.025 +0.025 +0.05
Error values

Figure 8. RMS of working tooth surface at CGE and MSE values.

In actual machining processes, due to the inherent randomness of errors, the algorith-
mic model defines upper and lower bounds for each parameter. Under the assumption
of a normal distribution, these parameters are randomly perturbed within their specified
ranges. Specifically, the perturbation range for angular parameters is set to [—0.05, +0.05],
and the same range is applied to linear parameters. Considering the significant influence
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of the rolling ratio on machining outcomes, its perturbation range is strictly limited to
[—0.005, +0.005]. Based on these settings, a specific number of Sobol” samples were gen-
erated for each processing parameter, as shown in Table 4. To ensure the accuracy of the
analysis while controlling computational cost, the total sample size was set to N = 10,000,
providing a solid foundation for the subsequent sensitivity analysis.

TTE of working tooth surface at different CGE and MPE values (Unit:um)

Tool geometry and machine tool setting parameters

Al 70.65 3532

-0.05 -0.025 +0.025 +0.05
Error values

Figure 9. TTE of working tooth surface at CGE and MSE values.

TRE of working tooth surface at different CGE and MPE values (Unit:pm)

Tool geometry and machine tool setting parameters

Ay, 28.98

-0.05 -0.025 +0.025 +0.05
Error values

Figure 10. TRE of working tooth surface at CGE and MSE values.

In this study, Sobol” global sensitivity analysis (GSA) was employed to systemati-
cally evaluate the effects of cutter tool geometry errors (CGE) and machine tool setting
parameters errors (MSE) on the RMS, TTE, and TRE of high reduction ratio hypoid gears.
As shown in Figures 11-13, the first-order sensitivity S; indices indicate that the ratio of
roll ipy, radial distance S,1, and cutting tool radius r, have the most significant impact on
all three error metrics, while the machine center to back X; also exhibits notable sensitiv-
ity. Other parameters show comparatively minor effects, consistent with local sensitivity
analysis results.
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Table 4. Random perturbation point values that satisfy normal distribution.

Item p ap i j1 S
95.959 14.045 —4.897 116350 79.676
96.019 14.033 —4.949 116.308 79.678
95.951 13.987 —4.924 116.369 79.680
Value
95.929 13.986 —4.958 116.376 79.722
96.011 13.997 —4.963 116.361 79.736
95.933 13.953 —4.906 116.321 79.711
Item 7 Eq Xm1 Xq Xp1 io1
106.376 27.936 ~3.623 0.720 11.751 19.515
106.390 27.982 —3.667 0.689 11.741 19.516
106.411 27.989 —3.705 0.710 11.697 19.524
Value
106.393 27.936 —3.669 0.736 11.683 19.515
106.416 28.007 —3.679 0.693 11.703 19.521
106.451 27.955 —3.628 0.754 11.753 19.523
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Sobol' Global Sensitivity Analysis Results of RMS
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T T T T

rooay iy S ey Ep X XXy i

p
Cutter tool geometry parameters and machine tool setting parameters
()
Figure 11. Global sensitivity analysis results of RMS.
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Figure 12. Global sensitivity analysis results of TTE.
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Sobol' Global Sensitivity Analysis Results of TRE
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Figure 13. Global sensitivity analysis results of TRE.

The higher-order interaction contribution sensitivity S;.. indices reveal strong interac-
tions among the four key parameters ip;, S;1, 7p, and Xy, which significantly influence tooth
surface accuracy. By combining the S; and S;. indices, the normalized total sensitivity
indices St; confirm that ip;, S;1, and r, are the dominant factors, followed by X;. The
remaining parameters have relatively limited influence. The overall ranking of parameter
impact on errors is: ig; > S > 1 > X1 > ap & iy ~ j1 & Ey = Xy = X1 > q1.

These findings provide a scientific basis for optimizing critical parameters in the
machining process of hypoid gears, contributing to improved tooth surface accuracy and
transmission performance.

4. Tooth Surface Correction Method for HRHGs Considering CGE and
MSE Based on Standard NSGA-II Algorithm

In the previous section, the influence of cutter tool geometric errors (CGE) and ma-
chine tool setting errors (MSE) on tooth surface accuracy was thoroughly investigated
using the Sobol” method. The results indicated that parameters ip;, S;1, 7p and X; have a
pronounced effect on tooth surface accuracy, making it difficult to meet practical application
requirements. To reduce the sensitivity of the tooth surface to these highly influential errors,
this study proposes a modified NSGA-II-based tooth surface modification method for high
reduction ratio hypoid gears (HRHGs), which simultaneously accounts for CGE and MSE,
thereby enhancing the stability and reliability of the manufacturing process.

4.1. Objective Function Settings

Based on the foregoing analysis, variations in CGE and MSE exert a significant influ-
ence on the RMS, TTE, and TRE of the tooth surface. To reduce computational cost, four
parameters with the highest sensitivity to these deviations are selected as optimization
variables. A multi-objective optimization model is then formulated with the goal of simul-
taneously minimizing RMS, TTE, and TRE, so as to determine the optimal combination
of cutter tool geometry parameters and machine tool setting parameters. The resulting
multi-objective optimization problem can be expressed as:
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minfrre(x) = TTE(x)
minfTRE (x) = TRE(X)
7Y minfians () = RS (x)
min X) = X
fRMS (21)

St (X)in < x < (¥)
Aigy € [~0.005,40.005], AS,; € [—0.05, +0.05]
Ar, € [—0.05,40.05], AX; € [—0.05,+0.05]

max

where x represents the error vector between the cutter tool geometry and machine tool set-
tings to be optimized; TTE, TRE and RMS represent the tooth top error, tooth root error, and

tooth root mean square error for the parameter combination to be minimized; (x)_;, and

min
(X) max Tepresent the upper and lower bounds of the optimization variables, respectively.
In order to quantify the optimization termination condition, the relative error judgment
criterion between the above error and the target tooth surface is introduced. When the
objective function value of the optimal individual in the Pareto front solution set during
i-th generation meets the following conditions, the optimization goal is considered to have

been achieved and the optimization process can be terminated:

TTE! — TTECP
TTEOP!

TRE! — TRE®Pt
TRE®P

RMS' — RMS°Pt

RVSOPt < erms (22)

<eéerrg N < eéerre N

where TTE/, TRE!, RMS' represents the error value of the optimal individual of the i-th
generation; TTE®P!, TRE®P!, RMS°F! is the preset expected target value; eTTE, ETRE, ERMS iS
the convergence accuracy threshold of the error.

4.2. Algorithm Settings

The traditional NSGA-II algorithm uses a randomly generated initial population. Due
to its randomness, the spatial distribution is uneven, which affects the convergence speed
and stability of the algorithm. To improve this, this paper adopts a population initialization
method based on the optimal point set and generates the initial population individuals
through the following formula:

Xyj = X+ mod(2ncos(8),K) X (Xhmax — x].)

(23)

Among them, Xj,; is the j-th parameter in the n-th optimization parameter setting pa-

rameters; x{nax and xinin are the upper and lower bounds of the j-th parameter, respectively;
M is the number of parameters and M = 4 in this paper; K is the smallest prime number
greater than 2M + 3 and K = 11 in this paper; and 6 is the angle variable.

In order to improve population diversity and local search capabilities during the evo-
lution process, this paper further introduces non-uniform mutation and guided crossover
strategies. In guided crossover, if the former is better than the latter among the two par-

1ol

ent individuals p!(x},x3, x]) and p?(x3,x3, sz), the j-th gene value is generated by the

following method.

c]1- = x} + 01
) ) (24)
c]- = x]- + 02

where c;’ represents the j-th gene of the n-th offspring, x]” represents the j-th gene of the
n-th parent, and v, can be obtained by the following formula:
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v1 =0 7(x]1 - sz) +1 5r1(x]1 (+51)) +06r2(x]2 (41)) -
12
02—07(x]1—x]2)+15r3(x]1—( L5 ]))+O6r4(x]2—(x’2 )

In terms of mutation operations, a non-uniform mutation method is used to achieve
adaptive contraction of the intergenerational mutation range, enhancing the balance be-
tween early exploration and late convergence. The mutation operator is as follows:

¢j=xj+ (Xhax — x)(1— p(=t/iten)y s < 05

cj=xj— (xj— X/ ) (1= r(l_t/it”)b),s > 0.5

m

(26)

Among them, ¢; is the j-th gene of the offspring; x; is the corresponding gene of the
parent; r,s € (0,1) are uniform random numbers; ¢ is the current iteration number; iter
is the maximum iteration number; b is the uniform control coefficient; and the control
variation range decreases with the number of generations. The NSGA-II parameters were
set as follows: the population size was 100, the maximum number of generations was
200, the crossover probability was 0.9, and the mutation probability was 0.1. The default
crowding distance sorting mechanism was adopted. The termination criterion was defined
as no significant improvement of the Pareto front over 20 consecutive generations (the
variation in the objective function was less than 10~°). In addition, a fixed random seed
(seed = 1) was used to ensure the repeatability of the optimization results.

The specific NSGA-II algorithm flow is shown in Figure 14 below [25,26].
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| level and congestion

C start )
Fr——————— —— - —— 1 r—-——————-——-—-———————————— = |
| 1.Parameter setting | I 17 Calculated congestion ||
| Initialization parameters | | ' Two individuals from 'When dominance levels are the |
: population size N : 4'* the parent population }samc, crowding is calculated to]!
| number of independent variables Aiy, AS,, ,Ar,, AX, | | are randomly selected Imake the selection. _!:
| upper and lower limits of the value range (x),;,»(X), | | ' for crossover. i I |
maximum number of iterations iter : : | I8.Sort by dominance —i|
|

| objective function F'(x) | .
——————————————————— I 5.Mutation

|

| (The designated individual is
Randomly | | | parent population is | (selected to enter the next cycle. |

|

|

|

: |

———— e — | | | An individual from the
:2.ln1t1al population

generate | I'| randomly selected for
individuals | |

The size of the

|

: D £ 5 | !_mitaﬂoi. ______ The crowding degree is |

| value ? | Y S recalculated for the new | ||

| : ' :6.N0n—d0minated sort population, the new !

!_ __________________ 1 I |Non-dominant sorting, to population is reordered. : :
,,,,,,,,,,,,,,,,,,, - | lfind the first rank of

|

|

|

15 . !
3.Begin to evolve Imdividuals; And based on |
|

|

|

|

|

 Ithe individuals of the first

|

|
. ) |
he number of iterations | | |rank, find the individuals
| L
|
|
1

meets the set value ? iter =iter +1

|
|
|
|
| Iof the next rank.
e N 7. e T T T T T T

Figure 14. The specific NSGA-II algorithm flow.

4.3. Pareto Front Solutions

After performing the NSGA-II-based optimization, the Pareto front solution set was
obtained, representing the trade-offs among RMS, TTE, and TRE. From the Pareto front,
four representative optimal solutions were selected, as summarized in Table 5.

These solutions demonstrate the trade-offs between the three objectives, providing
flexibility for selecting the optimal combination of cutter tool geometry and machine tool
settings depending on practical manufacturing requirements.
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Table 5. Representative Pareto front solutions of RMS, TTE, and TRE.
Solution p Sn X1 101 RMS TTE TRE
1 95.928 79.735 0.682 19.518 2.87 8.8 10.1
2 95.932 79.734 0.682 19.519 3.15 8.8 10.12
3 95.930 79.738 0.684 19.520 3.14 8.8 10.14
4 95.931 79.735 0.681 19.521 2.89 8.82 10.13

Figure 15 illustrates the 3D Pareto front of RMS, TTE, and TRE, where the reference
optimum point is marked in red. The spatial distribution of Pareto solutions highlights that
all selected solutions are slightly worse than the reference optimum, which is consistent
with the purpose of evaluating the sensitivity and trade-offs of the design parameters. In
the four representative Pareto solutions, Solution 1 was selected as the final design because
it exhibits the best performance in terms of the objective functions (TTE, TRE, and RMS).

Pareto Front of Multi-Objective Optimization

Unit: um PY
10.25 ®
® Pareto Front Points
% Reference Optimum
)
10.2 4
o O e ©
24
- i @ 3 D @
10.15 ® o
@ Reference Optimum
S [95.928, 79.735, 0.682, 19.518]

10.1
8.8

3.2

TTE 89 3.6 RMS

Figure 15. Three-dimensional Pareto front of RMS, TTE, and TRE.

5. Results and Discussion

Combined with the GSA analysis results, this paper successfully identified the key
tool geometry and machine setting parameters that influence the TTE, TRE, and RMS of
high reduction ratio hypoid gears. By analyzing first-order and higher-order interaction
contribution sensitivity indices, the contribution of each parameter to tooth surface error
was further clarified. Based on these analysis results, this paper utilizes the standard
NSGA-II algorithm to inversely determine the corrected values for cutter tool geometry
and machine setting parameters to minimize tooth surface error and improve machining
accuracy. The number of gear pairs used in the experiment was 3 x 60 tooth gear pairs.
Each tooth surface was measured three times to ensure repeatability. The measurements
were conducted using a Gleason 350 coordinate measuring machine.

This paper takes the Gleason high reduction ratio hypoid gear pair as an example to
verify the application-oriented method of combining Sobol’-based sensitivity analysis with
NSGA-II optimization. The gear is manufactured using the forming method, whereas the
pinion is manufactured using the generating method. The main geometric parameters of
the gear pair are shown in Table 1, the initial values of the machine setting parameters for
the pinion are shown in Table 2, and the corrected machining parameters and parameter
variations are shown in Table 6. The iterative process of the NSGA-II algorithm is shown in
Figure 14. Before conducting the measurement experiments, the measurement probe was
calibrated, as shown in Figure 16a, and the calibration results are presented in Figure 16b,
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with a standard deviation of 0.00024 mm, to ensure the accuracy and reliability of the
measurement system. Subsequently, the reference positions of the gear to be measured
were determined, and the form deviations of the axial bottom and radial outer references
were found to be 0.00229 mm and 0.00257 mm, respectively, as shown in Figure 17a,b,
providing a basis for the subsequent tooth surface error detection; it should be noted that
each division in Figure 16 represents 0.001 mm. The corrected cutter tool geometry and
machine setting parameters further verify the effectiveness of this method. The results
of measuring the actual machined pinion on a three-dimensional coordinate measuring
machine are shown in Figure 18. The tooth surface error measurement results before and
after correction for the critical machining errors are shown in Figures 19 and 20, respectively.
This effectively verifies the effectiveness and robustness of the proposed method. Multiple
tooth surface measurements show that the tooth surface errors are significantly reduced
after correction. The results with the smallest changes before and after correction are: the
TTE on the concave side of the gear decreases from 35.8 to 8.80 um; the TRE decreases from
33.8 to 10.10 um; the RMS decreases from 10.73 to 2.87 um; the TTE on the convex side
of the gear decreases from 30.8 to 6.70 pm; the TRE decreases from 30.80 to 7.70 um; and
the RMS decreases from 9.08 to 2.44 um, meeting practical application requirements. It
should be noted that the above experiment was based only on repeated measurements of
the same pair of manufactured gears. And, in order to ensure the modeling accuracy in
the early stage of this paper, a 9 x 17 dot matrix was selected. In the actual measurement
experiment, a 5 X 9 dot matrix can accurately represent the tooth surface accuracy [27].

Table 6. Values of cutter tool geometry machine tool setting parameters after correction.

Item Before Correction  After Correction = Changing Value
Cutting tool radius/mm 95.972 95.928 —0.044
Radial distance/mm 79.71 79.735 0.025
Machine center to 071 0.682 0,028
back/mm
Ratio of roll 19.52 19.518 —0.002
Probe name 2xPlus
Operator GMS App
Machine 7853 GMS Cal 350GMS

Workbench center

X 150.39272 mm Ball installation radius ~ 97.30224 mm
Y 110.32136 mm Number of ball positions 3
Z 326.42081 mm

Probe calibration

Actual probe diameter 2.0013 mm
Calibration sphere radius 7.5 mm
Temperature calibration 13.11°C

Calibration accuracy

Point 18

Standard Deviation 0.00024 mm
Standard Deviation Tolerance 0.03000 mm
Maximum runout for all ball positions 0.00054 mm

Calibration normal

(b)

Figure 16. Probe calibration process and calibration results. (a) Calibration procedure; (b) calibration results.
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Figure 17. Form deviations of the reference positions of the gear. (a) Axial bottom reference; (b) radial

outer reference.
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Figure 18. Measurement of the tooth surface discrete points after actual machining.
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Figure 19. Tooth surface error diagram before compensation.
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Figure 20. Tooth surface error diagram after compensation.

6. Conclusions

This study proposes a comprehensive method for high reduction ratio hypoid gears.
This method integrates Sobol’ sensitivity analysis with NSGA-II optimization to accurately
identify the key error factors affecting tooth tip error (TTE), tooth root error (TRE), and root
mean square deviation (RMS) of the tooth surface and to perform targeted optimization
and compensation of the corresponding parameters. The main conclusions are as follows.

(1) The proposed method simultaneously considers the combined effects of cutter tool
geometry errors (CGE) and machine tool setting parameters errors (MSE) on TTE, TRE,
and RMS. It effectively identifies key error sources and implements targeted optimiza-
tion and compensation. Experimental results demonstrate that, after compensation,
the tooth surface TTE, TRE, and RMS are significantly reduced, validating the effec-
tiveness and robustness of this method in compensating gear manufacturing errors.

(2) Based on Sobol’ global sensitivity analysis (GSA), this study identified four key
parameters that most significantly affect TTE, TRE, and RMS: the ratio of roll iy;, radial
distance S,1, cutting tool radius ), and machine center to back X;. Notably, the higher-
order interaction contribution between ip; and S, has a particularly pronounced
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impact on tooth surface deviations, providing crucial insights for the formulation of
optimization strategies.

(3) After identifying the key parameters, the standard NSGA-II algorithm was used for
multi-objective optimization to minimize TTE, TRE, and RMS. Multiple measurement
results showed that the tooth surface error decreased significantly after correction.
Multiple tooth surface measurement results showed that the tooth surface error
decreased significantly after error correction. The minimum changes before and
after correction are as follows: TTE on the concave side of the gear decreased from
35.8 to 8.80 um; TRE decreased from 33.8 to 10.10 um; RMS decreased from 10.73 to
2.87 um; TTE on the convex side of the gear decreased from 30.8 to 6.70 um; TRE
decreased from 30.80 to 7.70 um; and RMS decreased from 9.08 to 2.44 um. These
results demonstrate the effectiveness of the proposed error correction method.

Tooth surface machining accuracy is affected by multiple factors, including machine
tool setting deviation, assembly error, thermal deformation, and fluctuations in operating
conditions. Future research will comprehensively consider these error sources, conduct
more systematic sensitivity evaluations, and develop more targeted tooth surface correction
strategies to further improve machining quality and operational stability.
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