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Abstract

To reveal the nonlinear instability mechanism by which the three-degree-of-freedom rotor
system of a magnetic-liquid double suspension bearing transforms from stable suspension
to periodic vibration, a nonlinear dynamic model considering electromagnetic suspension
force, hydrostatic supporting force, rotor unbalance force, and liquid film resistance is
established. The equilibrium point of the system is linearized, and the Hopf bifurcation
boundary is determined using the Routh-Hurwitz criterion. Numerical simulations are
then carried out to investigate the effects of the initial current iy, supply flow rate qp, and dif-
ferent initial disturbances on the displacement time histories, phase trajectories, and spatial
phase trajectories of the rotor. The results show that, under the given system parameters,
the Hopf bifurcation boundary is 0.61 A for the initial current and 9.62 x 10> m3/s for the
supply flow rate. Current variation mainly affects electromagnetic stiffness and nonlinear
electromagnetic force, whereas flow rate variation primarily changes the hydrostatic load
capacity and oil film damping characteristics. Under different initial disturbances, the sys-
tem may exhibit amplitude attenuation, recovery to stable suspension, or finite amplitude
periodic vibration. Experimental results show good agreement with numerical simulations
in terms of frequency spectra, displacement time histories, and phase trajectories, thereby
verifying the effectiveness of the proposed three-degree-of-freedom dynamic model and
Hopf bifurcation analysis method. The results can provide theoretical guidance for parame-
ter matching, stability evaluation, and self-excited vibration suppression of magnetic-liquid
double suspension bearings.

Keywords: magnetic liquid double-suspension bearing; three-degree-of-freedom rotor
system; Hopf bifurcation; Routh-Hurwitz criterion; nonlinear stability

1. Introduction

With the development of high-performance rotating machinery toward medium-to-
high rotational speeds, heavy loading, high precision, and high stability, bearing systems
are required to provide high load-carrying capacity, supporting stiffness, damping per-
formance, and dynamic regulation capability. Active magnetic bearings offer several
advantages, including non-contact support, active control, and vibration suppression, and
have therefore been widely used in flexible rotor dynamic control and stability studies of ro-
tating machinery. Hydrostatic bearings, in contrast, are characterized by high load-carrying
capacity, high stiffness, and high operating accuracy, which make them particularly valu-
able for heavy-load and high-precision equipment [1-3]. However, a single supporting
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configuration often cannot simultaneously satisfy the requirements for active regulation,
high load-carrying capacity, and high damping. To improve the supporting performance
of rotor systems under medium-speed, heavy-load, and frequent start-stop operating
conditions, the magnetic liquid double-suspension bearing integrates electromagnetic sus-
pension support with hydrostatic support. In this configuration, electromagnetic support
provides active regulation, whereas the hydrostatic oil film enhances the load-carrying
capacity and supporting stiffness. This combined supporting mechanism gives the bearing
considerable potential for high-stability rotating machinery [4,5].

Although the hybrid supporting structure can improve the load capacity and regula-
tion performance of the rotor system, the coupled action of electromagnetic support and
hydrostatic support also leads to more complex dynamic behavior. In active magnetic
bearing rotor systems, the electromagnetic force usually exhibits a nonlinear dependence
on the coil current and air gap. Variations in operating parameters may therefore alter
the static equilibrium position, periodic response, and bifurcation behavior of the system.
In liquid bearing or oil film-supported systems, the oil film force, stiffness, and damping
may also vary with rotational speed, load, and liquid film state, giving rise to pronounced
nonlinear characteristics. Previous studies on rotating machinery have shown that changes
in supporting parameters and operating conditions may induce nonlinear phenomena
such as Hopf bifurcation, multivalued responses, limit cycle oscillations, and oil film
instability [6-8]. For a magnetic liquid double-suspension bearing, the electromagnetic
suspension force and hydrostatic supporting force act on the rotor simultaneously and,
together with the rotor unbalance force and liquid film resistance, determine the stability of
the system. When the current, flow rate, or external disturbance, is not properly matched,
the rotor may lose its stable suspension state and evolve into finite-amplitude periodic
vibration. Hopf bifurcation describes the critical process in which an equilibrium point
loses stability, and a periodic response emerges. It is therefore well-suited for analyzing the
dynamic mechanism by which a magnetic liquid double-suspension bearing rotor system
transitions from stable suspension to self-excited vibration. Hopf bifurcation and vibration
control in magnetic bearing rotor systems have also been used to explain changes in the
stability of periodic motion under nonlinear magnetic forces [9].

In recent years, nonlinear dynamics and bifurcation theory have been widely applied
to stability analyses of magnetic bearings, liquid bearings, and rotor bearing systems. For
active magnetic bearing systems, Ji and Hansen [10] investigated the influence of time delay
in PD feedback control on the dynamic stability of a magnetic bearing rotor. They estab-
lished a two-DOF nonlinear differential equation model incorporating time-delay coupling
terms and showed that, when the time delay exceeds a critical value, the rotor equilibrium
position becomes unstable and undergoes Hopf bifurcation, giving rise to different forms
of periodic motion. Zhang et al. [11] further examined the stability and Hopf bifurcation of
a magnetic suspension system with delayed position and velocity feedback. The stability
conditions were derived using the characteristic root method, and the bifurcation direction,
stability of periodic solutions, and period estimation were analyzed based on the center
manifold theorem and the Poincaré normal form. These studies indicate that feedback
control, time delay, and electromagnetic force nonlinearity in electromagnetic supporting
systems substantially influence local stability and are important factors that may trigger
Hopf bifurcation and periodic vibration. In addition to time-delay effects and feedback con-
trol, recent studies have paid increasing attention to nonlinear magnetic force modeling and
parameter-dependent stability in active magnetic bearing rotor systems. Wang et al. [12]
investigated nonlinear vibration control of a magnetic bearing system, considering posi-
tive and negative stiffness, showing that feedback gains and stiffness characteristics may
induce complex nonlinear responses. Yao and Inayat-Hussain [13] analyzed the nonlinear
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dynamics of a geared rotor system supported by active magnetic bearings and indicated
that the nonlinear relationship among magnetic force, air gap, and coil current, together
with the coupling between orthogonal magnetic actuators, can significantly affect rotor
dynamic responses. Kandil [14] further developed a generalized pole pair model for active
magnetic bearings, in which rotor oscillations governed by nonlinear differential equations
were analyzed using harmonic balance and Floquet theory. These studies indicate that elec-
tromagnetic nonlinearity, control parameters, air gap variation, and support coupling are
important factors affecting the stability and bifurcation behavior of magnetically supported
rotor systems.

For liquid bearings and oil film-supported rotor systems, existing studies have mainly
focused on how oil film force, supporting stiffness, damping, and rotational speed affect
nonlinear system responses. Shen et al. [15] developed a fluid film force model considering
Reynolds boundary conditions and applied it to the nonlinear dynamic analysis of a rigid
rotor supported by elliptical bearings. Their results showed that a balanced rotor undergoes
supercritical Hopf bifurcation as the rotational speed increases, whereas an unbalanced
rotor may exhibit complex responses, including synchronous motion, subharmonic motion,
quasiperiodic motion, and chaos. Wang and Khonsari [16] proposed a stability envelope
prediction method for rotor bearing systems based on Hopf bifurcation theory. The method
was used to determine the instability boundary of the system, and its predictions were
compared with previously reported results obtained by trial-and-error methods. Recently,
Lee et al. [6] performed nonlinear steady state and stability analyses of a rotor system
supported by hydrodynamic bearings using the harmonic balance method. They pointed
out that linearization methods are insufficient for capturing nonlinear response features
such as superharmonic components and resonance. These studies indicate that the stability
of liquid film-supported systems is governed not only by their static load-carrying capacity
but also by nonlinear oil film forces, damping characteristics, and the evolution of post-
bifurcation responses.

With the development of hybrid supporting technologies, the dynamic behavior of
hybrid-supported rotor systems has also attracted increasing attention. Zhang et al. [17]
investigated the nonlinear dynamic characteristics of a rotor supported by hybrid foil
and magnetic bearings and validated the rotor dynamic model through run-down tests.
Their results indicated that the operating mode and load-sharing ratio have a pronounced
influence on rotor dynamic performance, and that an appropriate load distribution can
improve system stability. For magnetic liquid double-suspension bearings, Zhao et al. [4]
investigated the influence of controller parameters on the static bifurcation behavior. They
established a mathematical model of the magnetic liquid double-suspension bearing and
analyzed how control parameters affect the properties of singular points, phase trajectories,
and basins of attraction. Their study showed that the coupled action of electromagnetic sup-
port and hydrostatic support increases the likelihood of bifurcation and affects operational
stability. Zhang et al. [18] further examined the chaotic dynamic behavior of a magnetic
liquid double-suspension bearing under rub-impact faults. They formulated the rotor
dynamic equations for the rub-impact condition and analyzed the effects of structural and
operating parameters on the bifurcation behavior of the system using bifurcation diagrams,
phase portraits, and experimental results.

In summary, previous studies have clarified the influence of supporting parameters
and nonlinear forces on system stability from the perspectives of magnetic bearing systems,
liquid bearing systems, and fault dynamics of magnetic liquid double-suspension bearings.
These studies provide an important basis for bifurcation analysis of hybrid-supported rotor
systems. Nevertheless, several issues remain unresolved. Existing studies on magnetic
liquid double-suspension bearings have mainly focused on single-DOF supporting models,
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static bifurcation, the influence of control parameters, or complex responses under rub-
impact faults. In contrast, the Hopf bifurcation boundary of a three-DOF rotor system under
normal suspension conditions has not been sufficiently investigated. Moreover, under the
combined action of electromagnetic suspension force, hydrostatic supporting force, rotor
unbalance force, and liquid film resistance, coupled dynamic characteristics exist among
the x and y radial directions and the rotational degree of freedom. A single-DOF model is
therefore insufficient to fully describe the post-bifurcation evolution of time histories, phase
trajectories, and limit cycles. It is therefore necessary to establish a three-DOF dynamic
model of a magnetic liquid double-suspension bearing rotor system and further analyze its
Hopf bifurcation boundary and post-bifurcation dynamic responses.

To address these issues, this study focuses on a three-degree-of-freedom rotor system
supported by a magnetic liquid double-suspension bearing. The main contributions of this
study are summarized as follows. First, a nonlinear dynamic model of the three-degree-of-
freedom rotor system is established by incorporating the electromagnetic suspension force,
hydrostatic supporting force, rotor unbalance force, and liquid film resistance, thereby
providing the modeling basis for subsequent stability analysis. Second, the equilibrium
point of the system is linearized to construct the Jacobian matrix, and the Hopf bifurcation
boundary is determined based on the Routh-Hurwitz criterion, thereby providing a theo-
retical basis for evaluating the local stability of the rotor system. Third, the current iy and
supply flow rate g are selected as the main operating parameters, and their individual and
coupled effects on the Hopf bifurcation characteristics are analyzed through time histories,
phase trajectories, and spatial phase trajectories under different parameter combinations
and initial disturbance conditions. This analysis clarifies the dynamic mechanism by which
the rotor system transitions from stable suspension to periodic vibration. Finally, rotor
displacement signals are acquired using a magnetic liquid double-suspension bearing
test system, and the experimental results are compared with the numerical simulations to
validate the proposed model and Hopf bifurcation analysis method. This study provides a
theoretical basis for operating parameter matching, stability evaluation, and self-excited
vibration suppression in magnetic liquid double-suspension bearings.

2. Three-Degree-of-Freedom Dynamic Model and Hopf Bifurcation
Analysis Method

A magnetic liquid double-suspension bearing consists of electromagnetic suspension
support and hydrostatic support. The stable suspension state of the rotor is governed by
the combined effects of electromagnetic force, hydrostatic supporting force, rotor unbal-
ance force, and liquid film resistance. The electromagnetic suspension force is nonlinearly
dependent on the coil current and working air gap, while the hydrostatic supporting
force is also nonlinearly dependent on the supply flow rate and the liquid film thickness.
Therefore, variations in operating parameters, such as current and flow rate, may cause
Hopf bifurcation near the equilibrium position of the rotor system, leading to self-excited
vibration. To investigate the influence of electromagnetic and hydrostatic coupling param-
eters on rotor stability, a three-degree-of-freedom dynamic model of the magnetic liquid
double-suspension bearing rotor system is established, and the Hopf bifurcation boundary
is determined based on the Routh-Hurwitz criterion.

2.1. Three-Degree-of-Freedom Rotor Dynamic Model

For modeling convenience, the following assumptions are adopted: magnetic leakage
in the electromagnetic coils is neglected; the liquid flow in the supporting chambers
is assumed to be laminar; and the rotor undergoes small-amplitude motion near the
equilibrium position, so that variations in the supporting clearance can be approximated
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by the rotor displacement [19]. Under these assumptions, the electromagnetic suspension
forces and hydrostatic supporting forces acting on the rotor in the x- and y-radial directions
can be obtained from electromagnetic suspension theory and hydrostatic bearing theory.

The electromagnetic supporting force of the magnetic liquid double-suspension bear-
ing is produced by the attraction between the stator magnetic poles and the rotor. Its
magnitude depends mainly on the coil current and the working air gap. Under the centered
equilibrium condition, the forces generated by two opposite magnetic poles are balanced.
Once the rotor is displaced from the equilibrium position, the opposite air gaps vary in
opposite directions. The control current is then differentially added to and subtracted from
the bias current, producing an unbalanced electromagnetic force that acts as the restoring
force of the rotor.

In the equilibrium state, the clearances between the bearing rotor and the upper and
lower supporting units are identical. The initial current in the electromagnetic coils wound
on the stator is denoted as i, and the initial control current is denoted as i.. According
to Maxwell’s electromagnetic equations, the electromagnetic forces F4; and Fg4, acting on
the rotor of the magnetic liquid double-suspension bearing when it is located at the center
position can be expressed as follows:

N
Fy = 2k U0=ie)” o5 9

%
Fp = 2k% cos 6 g
where
N — number of turns of the electromagnetic coil, dimensionless
6p — airgap (m), dg=ho+2!
) —  coating thickness (m)
k — electromagnetic constant (H-m), k = poN2S/4.
S — iron core area (m?)
Ho — magnetic permeability (H/m), po = 47t x 1077

When the bearing rotor is subjected to an external disturbance, the equilibrium position
shifts. As a result, the lower air gap h, decreases, whereas the upper air gap h; increases. If
the rotor displacement is denoted as x, the air gaps can be expressed as follows:

61 =69+ xcosb
_ (2)
0y = 0y — xcosb

To restore the bearing rotor to the equilibrium position, a PD control law is adopted:
icy = iy, + Kpx + Kyx, where iy is the control current, Ky is the derivative coefficient, and
K} is the proportional coefficient.

Substituting Equation (2) into Equation (1) gives the electromagnetic suspension forces
F41 and Fg; acting on the upper and lower sides of the bearing rotor as follows:

(ig+ic+Kpx+Kx')?
(8o+x cosB)> 3
(ig—ic—Kpx—Kyx')? )
et ) cos 6
(6p—xcos0)

Fy =2k cos 6

Fp =2k

The oil supply mode of the hydrostatic supporting system for the bearing rotor is
based on a constant flow rate. The basic structure of the hydrostatic supporting chamber is
shown in Figure 1.

As shown in Figure 1, in the equilibrium state, the liquid film thickness between the
upper and lower supporting units and the bearing rotor is #y. The inlet flow rate of the
supporting chamber is equal to the outlet flow rate of the proportional valve. Therefore, the
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load-carrying forces Fy; and Fy; of the hydrostatic supporting chamber can be expressed

as follows:
Fyl = FyZ = l}]oRer cos 6 (4)

where

go — initial flow rate (m3/s)

Rop — initial hydraulic resistance (N-s/ m°), Ry = u/ Ehg

A, — load-carrying area of the oil chamber (m?)

6 — included angle between supporting chambers (deg)

u  — hydraulic oil viscosity (Pa-s)

B — support coefficient, dimensionless

sealing land I b 1
supporting O oil inlet B

. ,| chamber

a

‘ A ’

Figure 1. Basic structure of the hydrostatic supporting chamber.

The oil film thicknesses /7 in the upper supporting chamber and h; in the lower sup-
porting chamber vary with the actual operating conditions. Their mathematical expressions
are given as follows:

hi1 = hy + xcos6

hy = hg — xcos 0

Similarly, the flow rates q; and g, in the upper and lower supporting chambers can be

q1 = qo — Aph} ©)
42 = qo + Aplth

expressed as follows:

where
A, — squeeze area of the supporting chamber (m?)
g1 — flow rate in the upper supporting chamber (m?/s)
g2 — flow rate in the lower supporting chamber (m3/s)

Substituting Equation (6) into Equation (4) yields the mathematical expressions for
the hydrostatic supporting force Fy; in the upper supporting chamber and the hydrostatic
supporting force Fy; in the lower supporting chamber under actual operating conditions:

Fyl = q1R1 A, cos 6 (7)
Fyz = quzAg cos 6
where -
Ry — hydraulic resistance of the upper supporting chamber (N-s/m?’), Ry = p/Bh3
R, — hydraulic resistance of the lower supporting chamber (N-s/m?’), R, = j/Bh3

The mechanical model and three-dimensional structural schematic of the three-degree-
of-freedom rotor supporting system are shown in Figure 2. Figure 2a shows the mechanical
model, and Figure 2b presents the rotor with left- and right-hand support units.
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(a) Mechanical model of the radial supporting system
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(b) Three-dimensional schematic of the rotor with left- and right-hand supports

Figure 2. Mechanical model and three-dimensional structural schematic of the three-degree-of-
freedom rotor supporting system.

The three-degree-of-freedom model is developed from the single-degree-of-freedom
radial support model by accounting for the coupled radial and rotational motion of the rotor.
Specifically, the translational motions in the x and y directions are governed by Newton'’s
second law, and the rotational motion is governed by the angular momentum theorem.
The electromagnetic supporting force, hydrostatic supporting force, rotor unbalance force,
and gravity are included in the translational force balance, while the liquid film resistance
produces the moment associated with the rotational degree of freedom. Combining the
electromagnetic suspension force given in Equation (3) with the hydrostatic supporting
force given in Equation (7), the dynamic equations of the three-degree-of-freedom magnetic
liquid double-suspension bearing can be obtained as follows.

1. Electromagnetic Suspension Force

The three-degree-of-freedom bearing rotor system is still controlled using a PD control
strategy. Based on the electromagnetic suspension force expression for the single-degree-
of-freedom system, the electromagnetic suspension forces of the three-degree-of-freedom
bearing rotor system can be formulated as follows:

Fax = Fpx1 — Fumx2
Fy, = F F ®)
dy — Myl — tMy,2
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where
j+1

2
PMx,j = 2kCOSG.; (—1)

; 2
o+ (—1) (e + kpx + kdx’)]
j=1

©)

j+1

2
Fyy,j = 2k cos 9];1 (-1)

2. Hydrostatic Supporting Force

Considering the actual operating conditions, the squeezing effect of the bearing rotor
on the hydraulic oil film during rotation is incorporated. The hydrostatic supporting forces
of the three-degree-of-freedom bearing rotor system can then be formulated as follows:

Fro = Frx2 — Fran 10)
FLy - FLy,Q — FLy,l
where .
— A x/ 2 ] . 3
Fryj= %‘Z (-1 {(ho + (—=1)xcos9)
(60 — Apy) ]Zl i1 ‘ , 11)
Fry; = %Xl (=1 [(ho + (=1)ycos®) }
]:

3.  Rotor Unbalance Force

The bearing rotor is inevitably subjected to unbalance forces caused by manufacturing
and assembly errors. By decomposing the rotor unbalance force along the x and y directions,
the unbalance force components uy and uy can be expressed as follows:

{ Uy = mew? cos(wt + a) (12)
uy = mew?sin(wt + )
where

uy — axial unbalance force (N)

uy — radial unbalance force (N)

e — rotor eccentricity (um)

&  — initial phase angle of the mass-center offset (rad)

— rotor angular velocity (rad/s)
For subsequent analysis, the rotor unbalance is decomposed into eccentricity compo-
nents along the x and y directions. The corresponding unbalance force components u, and
uy can then be simplified as follows:

1y = meyw? cos(wt) + meyw? sin(wt) (13)
uy = —meyw? sin(wt) + meyw? cos(wt)
where
ex, ey — eccentricity components in the x and y directions (m)

4. Three-Degree-of-Freedom Dynamic Equations

According to Figure 2, the liquid film resistance acting on the bearing rotor at different
rotational speeds is denoted as F;. The three-degree-of-freedom dynamic equations are
then established as follows:

Fry + Fpy + uy = mx”
Fry + Fuy + uy + mg = my” (14)
]9” = —Ftr
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where
Fy  — liquid film resistance (N)
r — shaft radius (m)
] — moment of inertia (kg-m?)

The three-degree-of-freedom dynamic equations of the magnetic liquid double-
suspension bearing system derived in Equation (14) are reduced to an autonomous system
for analysis. In the local stability analysis near the equilibrium point, the synchronous
unbalanced excitation of the rotor is treated as a steady excitation term under a prescribed
operating condition. The analysis therefore focuses on the effects of variations in electro-
magnetic support and hydrostatic support parameters on the characteristic roots of the
lateral vibration subsystem.

X1 = X2
xé = %(FLx + Fypx + Uy)
X3 = X4
(15)
Xy = %(FLy + Fumy + Uy +mg)
X5 = Xg
xg = —7(Fr)

where

X1, X2, .

xl 2 — displacement terms of the system
3

xh, xy, xp — velocity terms of the system

Fax, . . . N

FMx — electromagnetic suspension forces in the x and y directions (N)
My

Uy, Uy — axial unbalance force and radial unbalance force (N)

r — rotor radius (m)

m — mass of the bearing rotor (kg)

J — moment of inertia of the rotor (kg-mz)

F; — liquid film resistance (N)

To improve the reproducibility of the theoretical analysis and numerical simulations,
the main parameters used in this study are summarized in Table 1.

Table 1. Main parameters used in the theoretical analysis and numerical simulations.

Value Parameter Value

Included angle between supporting chambers 0 (°) 225 iron core area S (mm?) 1080
Magnetic permeability yo (H/m) 47t x 1077 Current ig (A) 1.4
Number of turns of the electromagnetic coil N 50 Gravitational acceleration g (m/ %) 9.8
Squeeze area of the supporting chamber A; (mm?) 56 Mass of the bearing rotor m (kg) 10
Hydpraulic oil viscosity y (m Pa-s) 41.36 Liquid film thickness hy (um) 70
Support coefficient, dimensionless B 0.6820 Load-carrying area of the oil chamber A, (mm?) 416
Initial flow rate g (m3/s) 5x 107 Air gap 69 (mm) 0.5

2.2. Hopf Bifurcation Criterion

Several methods can be used for stability analysis of nonlinear rotor-bearing systems,
such as eigenvalue analysis, Lyapunov stability theory, Nyquist criterion, Floquet theory,
and numerical continuation methods. These methods are suitable for different stability
problems. For the present study, the Hopf bifurcation boundary is determined from the
local stability of the equilibrium point after linearization. Therefore, the Routh—-Hurwitz
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criterion is adopted because it can provide algebraic stability conditions directly from the
characteristic polynomial of the linearized system.

In this study, the bifurcation parameters are selected according to the supporting
mechanism of the magnetic liquid double-suspension bearing. The current iy directly affects
the electromagnetic suspension force and its equivalent stiffness, whereas the supply flow
rate qg directly influences the hydrostatic supporting force, oil film load-carrying capacity,
and damping characteristics. Therefore, iy and gy represent the dominant regulation
effects of the electromagnetic support subsystem and the hydrostatic support subsystem,
respectively. By analyzing the Hopf bifurcation behavior induced by their individual and
coupled effects, the influence of electromagnetic and hydrostatic coupling parameters on
rotor stability can be clarified.

The full three-degree-of-freedom model includes the radial translational motions in the
x and y directions and the rotational motion of the rotor. In this study, the Hopf bifurcation
is mainly related to the local stability loss of the radial suspension state. Therefore, the
lateral vibration subsystem is extracted from the full model to establish the Hopf bifurcation
criterion. The rotational degree of freedom is still retained in the complete model and
affects the dynamic response through the liquid film resistance and coupling terms.

The equilibrium point O = (0, 0, 0, 0, 0, 0) is defined with respect to the static suspension
equilibrium position of the rotor. At this position, the electromagnetic supporting force,
hydrostatic supporting force, gravity, and steady excitation terms are balanced. Therefore,
the origin represents the stable suspension state of the rotor in the relative displacement
coordinate system.

The Jacobian matrix of the bearing rotor system at the equilibrium point O = (x1, x,
X3, X3, X5, X6) = (0,0, 0,0, 0, 0) is obtained as follows:

e o A [0 1 0 0 0 0]
CESINCESY 9x1
gvﬁ gqcz g{ca aq a 0 0 0 O
X2 X2 X2
9x, oxy T 0% 0 0 0 1 0 O
Dfi(xou) = | ™ ™ S| = 16
Fx(xo, 1) : : - 0 0 a3 a4 0 O (16)
ks ke g 0 0 0 0 1 0
o 9x2 o%s 0 0 0 0 0 as]
where
. 4ck ([ 2ciy? 300ioK, 6A.c?qou
1= — - - ;
m (ho + 21)3 (l’lo + 21)2 (Bl(l’lo + 21)4)
8ipkkjcost  4Apuqocosf
c= 5 + =
40 Bhy
_ 1200cigkK;  2ApAcc*u
m(ho+21)%>  By(ho+21)>
_ 2k 2cig? __ 300ipKp 2ciy? _ 300igK,
3= T ((h0+21+cg)3 (hg+21+cg)2> +26k<(hg-&-21—cg)3 (ho—i-?.l—cg)Z) .
3A.c2qou . 3A.c2qou ’
(By(hg+2l+cg)®)’  Bi(ho+2l—cg)*
. 1 600cigkK 600cigkK N ApAcctu ApAcctu
4=~ ;
m\ (hy+ 21 + cg)2 (ho + 21 — cg)2 Bi(hg+ 21 + cg)3 Bi(hg + 21 — cg)3
1
a5 = T(Fﬂ’).

Because this study focuses on the lateral vibration stability in the x and y radial
directions, the rotational degree of freedom mainly affects the damping characteristics of
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the system through the liquid film resistance term. Therefore, the Hopf bifurcation criterion
is established for the four-dimensional lateral subsystem. The characteristic polynomial of
the Jacobian matrix at the rotor equilibrium point is obtained as follows:

M+ RIAP+RAZ4+R3A+Ry =0 (17)
where
A — independent variable of the characteristic polynomial
R1 — coefficient, Ry =a + ay
R, — coefficient, Ry =ay + az + aay
R; — coefficient, R3 = aq a4 + a»a;3
Ry —  coefficient, Ry = aqa;3

The Routh-Hurwitz criterion for Hopf bifurcation of the system is given as follows:

Ry >0
R, >0
RiRy —R3 >0 (18)
R13 —4RiRy +4R3 >0
Ry = 41{11{211{{13271232
For the characteristic polynomial of the lateral vibration subsystem, the Routh-
Hurwitz criterion is used to determine whether all characteristic roots remain in the left half
of the complex plane. When the system parameters vary and the critical equality condition
is satisfied, a pair of conjugate roots crosses the imaginary axis while the remaining roots
remain stable. This condition is taken as the Hopf bifurcation boundary in this study.
When the characteristic equation has a pair of purely imaginary roots, Hopf bifurcation
occurs near the equilibrium point of the system. By varying i and qo, the Hopf bifurcation
boundaries can be obtained for three cases: current as the only varying parameter, flow
rate as the only varying parameter, and current and flow rate varied simultaneously.
After the theoretical bifurcation boundaries are obtained, numerical integration is further
employed to analyze the post-bifurcation dynamic responses. Small and large initial distur-
bances are prescribed separately, and the time histories, phase trajectories, and spatial phase
trajectories of the rotor are calculated under different parameter combinations. The bifurcation
response characteristics of the system are then identified by examining whether the response
converges, whether a limit cycle is formed, and how the vibration amplitude evolves.

3. Hopf Bifurcation Characteristics Under the Effects of Current and
Flow Rate

Based on the three-degree-of-freedom dynamic model of the magnetic liquid double-
suspension bearing rotor system, the current iy and supply flow rate g are selected as the
main bifurcation parameters. The Hopf bifurcation behavior is analyzed under variations
in the electromagnetic support parameters, the hydrostatic support parameters, and their
coupled effects. The current iy mainly affects the electromagnetic suspension force and its
equivalent stiffness, whereas the supply flow rate gy primarily influences the hydrostatic
supporting force, liquid film load-carrying capacity, and oil film damping characteristics.
Therefore, these two parameters characterize the regulatory effects of the electromagnetic
and hydrostatic support subsystems on rotor stability. In the preceding section, the Hopf
bifurcation analysis method was established based on the three-degree-of-freedom model,
the Jacobian matrix, and the Routh—-Hurwitz criterion. The numerical calculations and
simulations were performed using MATLAB R2018a (MathWorks, Natick, MA, USA).
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3.1. Effect of Current iy on Hopf Bifurcation Behavior

The current iy is a key operating parameter in the electromagnetic support system.
According to the expression of the electromagnetic suspension force, the electromagnetic
force exhibits a pronounced nonlinear dependence on the coil current and working air
gap. When the current varies, the gradient of the electromagnetic suspension force changes
accordingly, thereby affecting the equivalent stiffness and local stability of the rotor system.
Taking the current iy as the single bifurcation parameter while keeping the other structural
and operating parameters unchanged, the characteristic equation is evaluated together
with the Routh-Hurwitz criterion. The Hopf bifurcation boundary of the three-degree-of-
freedom rotor system is then obtained as iy = 0.61 A.

When the current crosses this critical value, the real part of the characteristic roots
passes through zero, and the stability of the equilibrium point changes. Consequently, the
rotor system transitions from stable suspension to periodic vibration.

Under a small initial disturbance, a numerical simulation is performed at iy = 1 A. The
time-history response in Figure 3 shows that the rotor remains in a stable suspension state
in the x direction for approximately the first 2.3 s. The vibration amplitude then increases
gradually and eventually develops into a stable periodic response with an amplitude range
of approximately (—1.3 x 1077, 1.3 x 10~7) m. In the y direction, the rotor maintains stable
suspension for approximately the first 2.0 s, after which small-amplitude vibration appears.
During 2.3-2.5 s, the vibration amplitude increases rapidly and finally evolves into a periodic
response with an amplitude range of approximately (—1.4 x 1077, 1.4 x 10~7) m.
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Figure 3. Bifurcation diagram of current iy under a small initial disturbance.
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The phase trajectory gradually expands outward from the vicinity of the equilibrium
point and eventually forms a closed orbit, indicating the emergence of limit cycle motion
under the effect of current variation. This behavior demonstrates that, once the current
exceeds the Hopf bifurcation boundary, the rotor system loses its stable suspension state
and transitions to periodic vibration.

The spatial phase trajectories indicate that, as the current i, increases from the bi-
furcation boundary of 0.61 A to 6 A, the system exhibits instability-induced bifurcation
characteristics in both the x and y directions. In the range of iy € (4.5, 6) A, the maximum
vibration amplitude in the x direction is approximately (=2 x 1077, 2 x 10~7) m, while
that in the y direction is approximately (—3 x 1077, 3 x 10~7) m.

This indicates that the influence of the electromagnetic support force on rotor stability
becomes stronger as the current increases. However, once the current exceeds a reasonable
operating range, the system becomes more prone to self-excited vibration.

Under a large initial disturbance, the initial displacement and velocity of the rotor
deviate considerably from the equilibrium position. As shown in Figure 4, compared with
the small-disturbance case, the rotor system enters the nonlinear response region more
rapidly under a large disturbance. The vibration frequency increases, the instability process
develops faster, and the post-bifurcation limit cycle exhibits a larger amplitude. This
behavior indicates that the current-induced Hopf bifurcation is governed not only by the
electromagnetic support parameters, but also by the magnitude of the initial disturbance.
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Figure 4. Bifurcation diagram of current iy under a large initial disturbance.
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From the viewpoint of the dynamic mechanism, an increase in the current iy enhances
the nonlinearity of the electromagnetic suspension force with respect to air gap variation,
thereby changing the equivalent stiffness and equivalent damping of the system. When
the current approaches the bifurcation boundary, the characteristic roots associated with
the lateral vibration modes cross the imaginary axis, causing the equilibrium point to lose
stability and giving rise to periodic vibration. A larger initial disturbance makes the system
more likely to exceed the boundary of the local stability domain, which results in a faster
instability process and a more pronounced limit cycle response.

3.2. Effect of Flow Rate q9 on Hopf Bifurcation Behavior

The supply flow rate g is a key operating parameter in the hydrostatic support
system. Variations in flow rate affect the supporting chamber pressure, liquid film thickness,
hydraulic resistance, and oil film damping, thereby changing the hydrostatic supporting
force and the restoring capability of the system. Therefore, by taking the flow rate g as
the bifurcation parameter, the influence of the hydrostatic support subsystem on the Hopf
bifurcation behavior of the rotor can be analyzed.

According to the Routh-Hurwitz criterion, the Hopf bifurcation boundary of the
three-degree-of-freedom rotor system under the effect of the flow rate g is obtained
as qo = 9.62 x 1075 m3/s. When the supply flow rate approaches this critical value, the
equilibrium state of the system loses stability, and a periodic response emerges near the
equilibrium point.

Under a small initial disturbance, the flow rate is set to go = 2 x 10~% m3/s for
simulation. The time-history response in Figure 5 shows that the rotor remains in stable
suspension in the x direction only during the first approximately 0.4 s. The vibration
amplitude then increases rapidly and, after a transition lasting about 0.1 s, develops
into self-excited vibration with a stable amplitude range of approximately (—1.3 x 1077,
1.3 x 1077) m. In the y direction, the rotor remains in stable suspension during 0-0.2 s.
During 0.2-0.5 s, the vibration amplitude increases rapidly and reaches a maximum range
of approximately (—7.5 x 10~7,7.5 x 10~7) m. Subsequently, during 0.2-1.6 s, the vibration
amplitude gradually decays and stabilizes within a range of approximately (—2 x 1077,
2 x 10~7) m, forming a self-excited vibration.

The spatial phase trajectories show that, as the flow rate gy increases from the bifurca-
tion boundary of 9.62 x 107> m3/sto 1 x 1073 m?/s, the x-direction response consistently
exhibits subcritical Hopf bifurcation. In the y direction, the system exhibits subcritical
Hopf bifurcation when the flow rate is lower than 5 x 10~* m?/s, whereas supercritical
Hopf bifurcation occurs when the flow rate exceeds 5 x 10~% m3/s. This indicates that
variations in flow rate not only determine whether bifurcation occurs but also affect the
type of bifurcation.

From the viewpoint of the physical mechanism, the flow rate gq directly affects the oil
supply condition in the hydrostatic supporting chamber. At relatively low flow rates, the
oil film load-carrying capacity and damping effect are insufficient. As a result, the rotor
is less able to return to the equilibrium position after being disturbed, and the system is
more prone to self-excited vibration. When the flow rate increases to a certain range, the
hydrostatic supporting capacity is enhanced and the oil film damping increases, which
improves the disturbance suppression capability of the system. Under this condition,
the bifurcation behavior may transition from subcritical Hopf bifurcation to supercritical
Hopf bifurcation.
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Figure 5. Bifurcation diagram of flow rate go under a small initial disturbance.

Under a large initial disturbance, the initial state of the rotor is far from the equilibrium
position. As shown in Figure 6, the rotor exhibits a strong disturbance recovery capability
in both the x and y directions. The vibration amplitude gradually decreases, and the rotor
eventually returns to stable suspension near the equilibrium position. Therefore, under
this operating condition, the system exhibits supercritical Hopf bifurcation characteristics.

Compared with the small-disturbance case, the system under a large disturbance
does not continuously develop a large amplitude limit cycle, but instead decays gradually
toward the vicinity of the equilibrium position. This indicates that the influence of flow rate
on system stability is related to the magnitude of the initial disturbance. When the restoring
force and damping effect provided by the hydrostatic support are sufficient, the system
may return to a stable suspension state even under a relatively large initial disturbance.
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Figure 6. Bifurcation diagram of flow rate gy under a large initial disturbance.

3.3. Two-Parameter Hopf Bifurcation Behavior with Respect to Current iy and Flow Rate qq

The essential feature of a magnetic liquid double-suspension bearing is the combined
action of electromagnetic suspension support and hydrostatic support. Varying only the
current or the flow rate reflects the influence of a single supporting subsystem on rotor
stability. In practical operation, however, the current iy and flow rate gq usually affect the
dynamic characteristics of the system simultaneously. It is therefore necessary to further
investigate the Hopf bifurcation behavior under their coupled effects.

3.3.1. Hopf Bifurcation Boundary with Respect to Current i and Flow Rate g

Bifurcation diagrams can generally be generated using direct numerical integration,
the Poincaré section method, the numerical continuation method, or the stability-criterion-
based method. Taking the current iy and flow rate g simultaneously as bifurcation parame-
ters, the two-parameter Hopf bifurcation boundary is determined by substituting them into
the characteristic equation of the system and applying the Routh-Hurwitz criterion. The
stable and unstable regions in the current-flow-rate parameter plane can then be obtained.

https:/ /doi.org/10.3390/machines14060697


https://doi.org/10.3390/machines14060697

Machines 2026, 14, 697

17 of 28

In this process, the iy-qo parameter plane is scanned over the prescribed ranges, while the
other parameters are kept constant. For each parameter combination, the coefficients of
the characteristic polynomial are calculated and substituted into the Routh—-Hurwitz crite-
rion. The parameter points satisfying the Hopf critical condition are regarded as boundary
points. By plotting and connecting these critical points, the two-parameter Hopf bifurcation
boundary shown in Figure 7 is obtained.

3% 107

2 ~ N N\
@ AN Hopt bifurcation
t":g ] \\\\ i \//,
g2 0 4
f no limit cycle
E -1 bifurcation boundary

-2

Current 7y(A)
Figure 7. Hopf bifurcation boundary with two varying parameters.

As shown in Figure 7, under the physical constraint that both the current and the flow
rate are positive, the Hopf bifurcation boundary of the system in the two-parameter case is
obtained within the ranges iy € (0, 6) A and g¢ € (0, 0.02) m3/s. This boundary divides the
parameter plane into a stable region and a Hopf bifurcation region. When the parameter
combination is located in the stable region, the rotor maintains stable suspension. Once the
combined current and flow rate cross the bifurcation boundary, the equilibrium point of
the system loses stability, and periodic vibration is generated.

It should be noted that the Hopf bifurcation boundary under the combined effects
of the two parameters is not a simple superposition of the single-parameter boundary for
current and the single-parameter boundary for flow rate. Variations in current change the
electromagnetic supporting stiffness, whereas variations in flow rate alter the hydrostatic
supporting stiffness and oil film damping. Together, these effects determine the distribution
of the characteristic roots of the system. Therefore, even if either parameter alone does not
fully satisfy the instability condition, the system may still enter the bifurcation region when
the combination of the two parameters is inappropriate.

3.3.2. Hopf Bifurcation Response Under Two-Parameter Coupling with Current as
the Variable

Based on the two-parameter bifurcation boundary, the current i is first selected as the
varying parameter, while the flow rate is fixed at gy = 0.04 m3/s. The system responses
under small and large initial disturbances are then analyzed separately.

As shown in Figure 8, under a small initial disturbance, the rotor exhibits self-excited vi-
bration in both the x and y directions. The vibration amplitude is approximately (—1 x 1078,
1 x 1078) m in the x direction and approximately (—3 x 1078, 3 x 10~8) m in the y direction.
The phase trajectories form closed orbits, indicating that Hopf bifurcation occurs under the
small-disturbance condition.
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Figure 8. Bifurcation diagram of the two-parameter system with current as the variable under a small
initial disturbance.

The spatial phase trajectories show that, when the current iy varies within the range
of (0, 6) A, the x-direction response consistently exhibits subcritical Hopf bifurcation. At
approximately iy = 3 A, the x-direction amplitude reaches its peak value of about 2 x 108
m. In contrast, the y-direction amplitude gradually decreases as the current varies and
eventually approaches the vicinity of the equilibrium position. This indicates that, under
the specified flow-rate condition, current variation is more likely to induce a limit cycle
response in the x direction, whereas the y-direction response shows a tendency to transition
from subcritical Hopf bifurcation to supercritical Hopf bifurcation.

As shown in Figure 9, under a large initial disturbance, the vibration amplitudes of the
rotor in both the x and y directions decrease gradually with time, and the rotor eventually
returns to stable suspension near the equilibrium position. This result indicates that, under
this parameter combination, the large disturbance leads to a more intense initial response,
but the system can ultimately resist the external disturbance and recover its stability. The
response, therefore, exhibits the characteristics of supercritical Hopf bifurcation.
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Figure 9. Bifurcation diagram of the two-parameter system with current as the variable under a large
initial disturbance.

A comparison between Figures 8 and 9 indicates that the initial disturbance amplitude
affects the post-bifurcation response pattern of the system. Under a small disturbance, the
system is more likely to develop a stable limit cycle. Under a large disturbance, however,
the system may cross the attraction domain of the local limit cycle and return to the vicinity
of the equilibrium position under the combined effects of supporting restoring force and
damping. Therefore, under current-flow-rate coupling, the bifurcation type of the system
may transition from subcritical Hopf bifurcation to supercritical Hopf bifurcation.

3.3.3. Hopf Bifurcation Response Under Two-Parameter Coupling with Flow Rate as the
Variable

The flow rate gy is further selected as the varying parameter, while the current is fixed
atip =7 A. The response of the rotor system to variations in flow rate under two-parameter
coupling is then analyzed.

As shown in Figure 10, under a small initial disturbance, the vibration amplitude of
the rotor in the x direction gradually decreases but still develops into self-excited vibration
with a finite amplitude. The stable amplitude is approximately 2 x 10~® m. In contrast,
the y-direction amplitude decays gradually, and the rotor eventually returns to the vicinity
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of the equilibrium position. These responses indicate that under this operating condition,
the x-direction motion remains periodic, whereas the y-direction motion exhibits greater
stability recovery capability.
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Figure 10. Bifurcation diagram of the two-parameter system with flow rate as the variable under a
small initial disturbance.

The flow rate scanning results further show that, as g is varied, the x-direction
response undergoes subcritical Hopf bifurcation. Its amplitude first decreases and then
reaches a stable level of approximately 2 x 10~° m. In the y direction, the system exhibits
subcritical Hopf bifurcation when g9 € (0, 5) x 1073 m3/s, whereas it exhibits supercritical
Hopf bifurcation when gq € (5, 30) x 103 m3/s. This result suggests that variations in flow
rate have a more pronounced regulating effect on the stability of the y-direction response.

As shown in Figure 11, under a large initial disturbance, the rotor amplitude in the x
direction first increases and then gradually decays, eventually approaching a stable state.
In contrast, the y-direction amplitude gradually increases and then remains within a finite
range, forming a stable periodic response with a stable amplitude of approximately 2 x
107 m. This indicates that, under two-parameter coupling with flow rate as the varying
parameter, a large initial disturbance alters the amplitude evolution process of the system.
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The x-direction response exhibits stronger decay and recovery capability, whereas the
y-direction response is more likely to develop into a stable limit cycle.
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Figure 11. Bifurcation diagram of the two-parameter system with flow rate as the variable under a
large initial disturbance.

From the mechanistic perspective, variations in flow rate directly affect the load-
carrying capacity and damping characteristics of the hydrostatic oil film. The y-direction
response is also governed by the balance between gravity and supporting force, making it
more sensitive to flow rate variation. When the flow rate is in a relatively low range, the oil
film damping is insufficient, and the system is more prone to subcritical Hopf bifurcation.
As the flow rate increases, the hydrostatic support becomes stronger and the recovery
capability of the system improves, so that the bifurcation type gradually tends to shift
toward supercritical Hopf bifurcation.

4. Experimental Validation

To validate the effectiveness of the three-degree-of-freedom dynamic model of the
magnetic liquid double-suspension bearing rotor system and the corresponding Hopf
bifurcation analysis results, a magnetic liquid double-suspension bearing test system is
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constructed. The displacement responses of the rotor are acquired under stable suspension
and parameter disturbance conditions. By comparing the frequency spectra, time histories,
and phase trajectories obtained from numerical simulations and experiments, the predictive
capability of the three-degree-of-freedom dynamic model for rotor vibration characteristics
and bifurcation response trends is evaluated.

4.1. Experimental System and Measurement Method

The magnetic liquid double-suspension bearing test system (self-developed, Yanshan
University, Qinhuangdao, China) consists mainly of three parts: the bearing body, the
oil-supply hydraulic pump station, and the electronic control system. The bearing body
provides combined electromagnetic and hydrostatic support for the rotor. The oil-supply
hydraulic pump station supplies a stable flow rate to the hydrostatic supporting chambers,
while the electronic control system regulates the coil current and control parameters to
control the rotor suspension position. The overall structure and main components of the
test rig are shown in Figures 12-14.

displacement sensor

2\
Variable-spee
motor

(a) The overall structure of the bearing body (b) Rotating shaft and displacement sensor

Figure 12. Magnetic liquid double-suspension bearing body.

As shown in Figure 12, the bearing body mainly consists of a variable-speed motor, a
rotating shaft, a bell-shaped housing, radial and axial bearings, and displacement sensors.
To monitor rotor displacement in real time, displacement sensors are installed at the
right end of the radial bearing. The acquired displacement signals are transmitted to the
industrial computer through a data acquisition card for rotor suspension monitoring and
data processing.

As shown in Figure 13, the hydraulic pump station mainly includes an electro-
hydraulic pump, a control valve block, an accumulator, a pressure gauge, a flowmeter, and
a filter, and is used to provide a stable oil supply for the hydrostatic supporting units. The
electronic control system consists of an electrical control cabinet, a power amplifier, a sensor
signal acquisition module, and a magnetic liquid-coupled bearing acquisition and control
program, which are used to achieve coordinated control of the electromagnetic support
and hydrostatic support.

During the experiment, the electronic control system and hydraulic pump station
are started first. The initial rotor offset is adjusted in the acquisition and control program
so that, under the stationary condition, the rotor is located near the relative center of the
radial and axial bearings. The coupled electromagnetic and hydrostatic control mode is
then activated. The voltage offset and PID parameters are adjusted, and the variable-speed
motor is started to enable stable rotational suspension of the rotor near the center position.

After the system reaches a stable operating state, the displacement data transmit-
ted from the displacement sensors to the data-acquisition card are extracted. The rotor
frequency spectrum is then obtained and compared with the numerical simulation re-
sults under the same operating conditions. Subsequently, the current iy and flow rate
qo are adjusted to match the operating conditions used in the three-degree-of-freedom
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two-parameter simulations. The rotor displacement data are collected to generate phase
trajectories and time-history curves, which are used to evaluate the reliability of the simula-
tion results. In the Hopf bifurcation experiments for the three-degree-of-freedom system,
the displacement data are used to construct frequency spectra, phase trajectories, and time
histories for comparison with the numerical simulations.
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Figure 13. Oil supply hydraulic pump station of the magnetic liquid double-suspension bearing.
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Figure 14. Electronic control system of the magnetic liquid double-suspension bearing.

4.2. Frequency Spectrum Response Validation

To validate the ability of the three-degree-of-freedom dynamic model to predict the
dominant frequency components of the rotor, frequency spectrum analysis is performed
on the rotor displacement signals under stable suspension conditions, and the results are
compared with those obtained from numerical simulations.
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As shown in Figure 15, within the dimensionless frequency ratio range of 0-5, both
the numerical simulation and experimental results exhibit frequency components at w—-9w.
This indicates that the established three-degree-of-freedom dynamic model can capture the
dominant frequency response characteristics of the magnetic liquid double-suspension bearing
rotor system. In particular, good agreement between the simulation and experimental results
is observed near the 2w component, where the response amplitude is relatively large. The
amplitude distributions at the other frequency components also follow similar trends.

0.12 T

2w
0.10 simulation
-------- experiment

2 0.08 r
£ 006 1 W
= '
<

0.04

0.02

0.00

Frequency ratio

Figure 15. Frequency spectra obtained from numerical simulation and experiment.

The frequency spectrum results show that the rotor response is not limited to a single
fundamental vibration but contains multiple harmonic components. This indicates that the
magnetic liquid double-suspension bearing rotor system exhibits pronounced nonlinear
response characteristics under the combined action of electromagnetic force, hydrostatic
supporting force, and rotor unbalance force. The agreement between the simulation and
experimental results at the dominant frequency components demonstrates that the three-
degree-of-freedom model can describe the principal frequency and harmonic responses
of the system with reasonable accuracy, thereby providing experimental support for the
subsequent analysis of Hopf bifurcation responses.

4.3. Validation Based on Time Histories and Phase Trajectories

On the basis of the frequency spectrum validation, the time histories and phase
trajectories of the rotor in the x and y directions are further compared to evaluate the ability
of the three-degree-of-freedom model to describe post-bifurcation periodic responses and
limit cycle characteristics.

As shown in Figure 16, the rotor displacement responses obtained from both simu-
lation and experiment exhibit periodic vibration characteristics. In the x direction, both
the simulated and experimental phase trajectories form closed orbits, indicating that the
system develops a stable periodic response under this operating condition. The corre-
sponding time-history curves also show a relatively stable periodic vibration pattern. In
the y direction, the simulation and experimental results likewise exhibit periodic response
characteristics, demonstrating that limit cycle motion associated with Hopf bifurcation is
formed in both radial directions. Figure 16 presents the simulated and experimental phase
trajectories and time histories in the x direction, along with the corresponding simulated
and experimental results in the y direction.
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Figure 16. Comparison of simulated and experimental time histories and phase trajectories under
two-parameter variation.

The comparison in Figure 16 shows that the simulation and experimental curves are in
good agreement in terms of vibration trend, phase-trajectory pattern, and amplitude order.
The closed-phase trajectories indicate that the rotor develops stable periodic motion after
bifurcation. The time-history curves exhibit sustained periodic variations, suggesting that
the system does not diverge but enters a finite-amplitude self-excited vibration state. This
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behavior is consistent with the Hopf bifurcation response characteristics obtained from the
Routh-Hurwitz criterion and numerical simulations discussed above.

To further strengthen the comparison between simulation and experiment, repre-
sentative quantitative information is added based on the existing results. The dominant
frequency component of both the numerical simulation and experiment appears near 2w,
showing consistency in the main frequency response. In addition, the simulated and
experimental response amplitudes in both radial directions are within the same order of
magnitude. For example, the x-direction response amplitude obtained from the simulation
is approximately (—1.0 x 1078, 1.0 x 10_8) m, while the experimental result is approxi-
mately (—1.2 x 1078, 1.2 x 1078) m. The y-direction amplitudes obtained from simulation
and experiment are both approximately within (—3.0 x 1078, 3.0 x 10~8) m. These results
indicate that the proposed model can reasonably capture the dominant frequency and
representative amplitude characteristics of the rotor system.

Nevertheless, certain discrepancies remain between the simulated and experimental
curves. These discrepancies can be attributed mainly to the following factors. First, local
linearization and approximate treatments are adopted in the theoretical model, whereas the
nonlinearities associated with electromagnetic force, oil film force, and structural errors are
more complex in the actual system. Second, machining and assembly errors in the bearing
body may cause a slight deviation between the actual motion center of the rotor and the
theoretical equilibrium point. Third, fluctuations in the oil supply flow rate and pressure
of the hydraulic system may lead to transient variations in the hydrostatic supporting
force. In addition, the displacement sensors and data acquisition system may introduce
measurement noise. The experimental summary also indicates that the overall operating
trends obtained from simulation and experiment are basically consistent, although certain
deviations remain in rotor vibration velocity, amplitude, and frequency owing to model
approximations and manufacturing errors of the test rig.

Taken together, the frequency spectra, time histories, and phase trajectories indicate
that the three-degree-of-freedom dynamic model can predict the dominant frequency
responses and post-bifurcation periodic motion characteristics of the magnetic liquid
double-suspension bearing rotor with reasonable accuracy. The experimental results val-
idate the rationality of the theoretical model and numerical simulations from both the
frequency-domain and time-domain perspectives. These findings demonstrate that the
established model is suitable for analyzing the Hopf bifurcation behavior of the rotor under
the coupled effects of current and flow rate.

5. Conclusions

This study investigated a three-degree-of-freedom rotor system supported by a mag-
netic liquid double-suspension bearing. A nonlinear dynamic model incorporating elec-
tromagnetic suspension force, hydrostatic supporting force, rotor unbalance force, and
liquid film resistance was established. Based on the Routh—-Hurwitz criterion, the Hopf
bifurcation behavior of the system was analyzed under the effects of current iy, supply flow
rate gg, and their coupling. Numerical simulations and experimental validation led to the
following conclusions:

(1) The established three-degree-of-freedom rotor dynamic model can describe the cou-
pled nonlinear characteristics of electromagnetic support and hydrostatic support
in the magnetic liquid double-suspension bearing. Based on equilibrium point lin-
earization and the Routh-Hurwitz criterion, the Hopf bifurcation boundary of the
rotor system under current and flow rate parameters can be obtained. This provides
a theoretical basis for analyzing the transition of the rotor from stable suspension to
periodic vibration.
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(2) The current iy has a substantial influence on the stability of the rotor system. Under
the parameter conditions considered in this study, the Hopf bifurcation boundary
with current as the single parameter is iy = 0.61 A. When the current exceeds this
critical value, the nonlinearity of the electromagnetic suspension force with respect to
air gap variation is enhanced, and the equivalent stiffness and damping characteristics
of the system change accordingly. As a result, periodic vibration may occur in both
the x and y directions. A larger initial disturbance amplitude makes the system more
likely to enter the nonlinear response region rapidly.

(3) The supply flow rate g9 mainly affects rotor stability by changing the load-carrying
capacity and damping characteristics of the hydrostatic oil film. Under the parameter
conditions considered in this study, the Hopf bifurcation boundary with flow rate
as the single parameter is gg = 9.62 x 107> m3/s. When the flow rate approaches
the critical value, the equilibrium state of the system loses stability and a periodic
response is generated. Compared with the effect of current, the influence of flow rate
on the stability in the y direction is more pronounced, because the y direction is also
affected by the balance between gravity and hydrostatic supporting force.

(4) Under the coupled effects of current and flow rate, system stability is no longer
determined by a single parameter, but by the combined effects of electromagnetic
supporting stiffness, hydrostatic supporting stiffness, and oil film damping. The two-
parameter Hopf bifurcation boundary indicates that appropriate matching between
current and flow rate can enlarge the stable suspension region of the system. When
the two parameters are not properly matched, the system may still enter the Hopf
bifurcation region and generate self-excited vibration, even if neither parameter
individually exceeds the stable range.

(5) The initial disturbance amplitude affects the post-bifurcation amplitude evolution
and limit cycle response. Under small initial disturbances, the rotor is more likely
to develop finite amplitude periodic vibration near the bifurcation boundary. Under
large initial disturbances, the system may exhibit amplitude decay, stable recovery, or
sustained periodic response. This indicates that the stable operation of the magnetic
liquid double-suspension bearing depends not only on the matching of current and
flow rate, but also on the intensity of external disturbances.

(6) The experimental results agree well with the numerical simulation results in terms of
frequency spectrum distribution, time-history evolution, and phase-trajectory pattern.
The dominant frequency components in the rotor displacement spectrum can be pre-
dicted by the model with reasonable accuracy. Comparisons of the phase trajectories
and time histories further indicate that the model can capture the periodic response
characteristics generated after the Hopf bifurcation. Therefore, the established three-
degree-of-freedom dynamic model and bifurcation analysis method can provide a
useful reference for operating parameter design and stability regulation of magnetic
liquid double-suspension bearings.
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