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Abstract

Conventional finite element method (FEM) has a complex model and a long optimization
time for Halbach array PM machines. This paper proposes a hybrid analytical method
that combines the subdomain method (SM) and the magnetic circuit method (MEC) for
analyzing a high-torque-density, three-segment Halbach array rotor permanent magnet
(PM) machine, accounting for Halbach array magnetization and end leakage flux. Firstly,
to address the challenge posed by complex PM shapes in the Halbach array PM machine, a
novel subdivision equivalence method is conducted. Then, the magnetic equivalent circuit
(MEC) of the stator and rotor is established, and the axial leakage flux and nonlinearity
of the iron core are taken into account. In addition, electromagnetic performance, such as
air gap flux density, cogging torque, electromagnetic torque, and back electromotive force
(back-EMF), is obtained based on the proposed hybrid analytical model. The analytical
results are verified by using the finite element method (FEM), and the results show that
the error is less than 2%. Finally, a 15 kW prototype PM machine with a Halbach array PM
rotor is manufactured and tested, and the results validate the accuracy and efficiency of the
analytical method.

Keywords: analytical modeling; Halbach array PM; leakage flux; permanent magnet
machine; subdomain model

1. Introduction
In recent years, permanent magnet (PM) machines have been widely adopted in

various fields with the rapid electrification of transportation systems, such as electric
vehicles (EVs), aerospace electric propulsion, and hybrid power systems, due to their
high-power density, torque density, and efficiency [1–3].

Generally, the PM machines can be classified into surface-mounted PM (SPM) ma-
chines and interior PM (IPM) machines according to the position of the PMs. Concentrated
winding SPM machines have a simpler rotor structure and higher torque density compared
with IPM machines. As a special SPM machine, the Halbach array PM rotor can provide
higher and sinusoidal air gap flux density to obtain higher power density, lower rotor
weight, and excellent dynamic performances, and it has been studied in some of the litera-
ture [4–6]. To improve the efficiency, a Halbach array considering the third harmonic air
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gap flux density is proposed. The electromagnetic performances of the proposed Halbach
array are compared with the PM machine with a conventional Halbach array [7]. In [8], a
270 kW dynamo motor is designed with a Halbach array using samarium–cobalt PMs, and
the results show that the Halbach array motor is superior to a surface-mounted PM motor
in torque performance. The PM widths and magnetization angles are optimized to obtain
maximum torque for the Halbach PM machines in [9]. It is noted that the appropriate PM
thickness, split ratio, and segment number can improve the torque density for Halbach
PM machines. However, it is difficult to build the finite element (FE) model compared
with other PM machines due to the special magnetization method for Halbach array PM
machines, which leads to a long optimization cycle. The PM losses reduction method
is investigated for the Halbach array PM to improve the efficiency [10]. Halbach array
consequent-pole PM machine is proposed, and the torque quantification analysis of the
main-order and modulated magnetic field harmonics is identified [11].

Accurately and quickly calculating the air gap magnetic field is the theoretical basis of
PM machine design, optimization, and analysis. Compared with the finite element method
(FEM), the subdomain method (SM) has obvious advantages, such as faster calculating
speed, clearer physical mechanism, being highly instructive, and so on. The SM model
for different PM machines has been presented in [12–14], including surface PM machine,
surface-inset PM machine, and Halbach PM machine. However, the accuracy of the
linear SM model is low because the effect of saturation is not taken into account. To
solve the saturation problem, a nonlinear subdomain and magnetic circuit hybrid model
for surface-mounted PM machines has been proposed in [15]. In [16,17], the winding
function combined with MEC is proposed to obtain the air gap flux density under on-load
conditions to reduce the error of the analytical model. An analytical method is proposed
for calculating PM machine magnetic fields to consider the saturation effect by using the
variable remanence method [16]. In [18,19], the magnetic saturation and eddy currents are
considered by utilizing the MEC to obtain the solution for the nonlinear magnetic circuit.
However, this method does not take into account the influence of the end leakage magnetic
field. The spoke-type PM machines with trapezoidal and rectangular magnets are analyzed,
and the PM is equivalent to two segments when considering the leakage magnetic field.
Nevertheless, the proposed method is only appropriate for the spoke-type PM machines.

Although various PM machines with Halbach array PM and analytical method have
been proposed and studied in previous investigations, the analytical method of the PM ma-
chine with Halbach array PM considering end leakage flux and PM magnetization has not
been studied. Therefore, this article mainly focuses on presenting an analytical method to
calculate the Halbach PM machine magnetic field considering Halbach PM magnetization,
saturation, and axial end leakage. The main contributions can be summarized as follows:

(1) The production error of the analytical model is studied for a PM machine with
a Halbach array PM under high torque density, and the SM modeling is proposed by
considering the magnetization direction of the PM.

(2) The hybrid analytical model combining the SM and MEC is proposed to predict
electromagnetic performance by considering the iron core saturation and end leakage effect,
which improves the precision of the conventional method.

The rest of this paper is organized as follows: In Section 2, the configuration of the
Halbach PM machine is introduced, and the key parameters are listed. Then, the analytical
model is proposed to predict electromagnetic performance in Section 3. In Section 4, the
air gap flux density, back-EMF, and electromagnetic torque under different conditions are
calculated using the proposed analytical model, and the results are compared with the FEM
model. Finally, a 15 kW prototype is manufactured and tested to validate the proposed
analytical model in Section 6.
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2. Topology of Halbach PM Machine
Figure 1 shows the configuration of a PM machine with Halbach array PM rotor, and

the main parameters are listed in Table 1. It can be seen that the Halbach array PM is
divided into three segments. In addition, the stator winding is fractional slot concentrated
winding, which can reduce winding end length and improve efficiency. In addition, the
configuration of Halbach array PM is shown in Figure 1c, and the θm is the angle between
the magnetization direction of the associate pole and the main pole, and the θm is 90◦ in
this paper to simplify the manufacturing process of the prototype.
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Figure 1. Configuration of Halbach array PM machine. (a) Stator; (b) rotor, (c) Halbach PM array.
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Table 1. Main parameters of the Halbach array PM machine.

Parameters Value Parameters Value

Stator outer diameter 290 mm Stator inner diameter 201 mm
Rotor outer diameter 196 mm Axial length 40 mm

Pole pairs 8 Stator slots 18
Air gap length 2.5 mm PM outer diameter 196 mm
Rated current 40 A Rated power 15 kW

To obtain the analytical model of the PM machine with Halbach array PM rotor, the
opening position of the stator i-th slot can be expressed as

αi =
2πi
Qs

− π

Qs
, 1 ≤ i ≤ Qs (1)

where Qs is the number of stator slot.
Then, the k-th main N-pole position of the Halbach PM rotor can be expressed as

γk =
2π(k − 1)

p
+ δ, 1 ≤ k ≤ p (2)

where p is the number of pole pairs, and δ is the angle between the first N-pole PM and the
position of the first stator slot opening.

3. Solution of the Subdomain with Field Source Excitation
In order to simplify the analytical model, the following basic assumptions are carried

out: (1) The electrical conductivities for each of the parts are neglected. (2) The magnetic
permeability of the core material is infinitely large. (3) PM material has the property of
linear demagnetization. (4) The Halbach array PM is equivalent to the arc-shaped PM.
(5) The current density has only a component along the z-axis direction.

The conventional SM of the PM machines is proposed in some of the literature [12,13],
and an improved 2-D subdomain model accounting for Halbach array PM rotor is designed,
as shown in Figure 2. In the proposed model, the PM machine is divided into five layers
based on differences in excitation source and magnetic medium, which consist of the
Halbach array PM layer (I), air gap layer (II), stator tooth tip (III), stator tooth layer (IV),
and armature winding layer (V). Here, R1, Rm, Rs, Rc and Ry are the rotor yoke diameter,
PM outer diameter, stator inner diameter, stator slot inner diameter, and stator slot bottom
diameter, respectively. In addition, θt, θs, θtw and θsw are the stator tooth tip width, stator
slot opening width, stator tooth width, and stator slot width, respectively.

Figure 2. Analytical model and parameter illustration.
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3.1. Stator Slot Subdomain

Due to the magnetic intensity vector not existing in the stator slots, the armature
current serves only as field-source excitation, and the internal vector magnetic potential
distribution satisfies the Poisson equation, which can be expressed as follows [15]

∂2 A5j

∂r2 +
1
r

∂A5j

∂r
+

1
r2

∂2 A5j

∂θ2 = −µcopper Jjc (3)

where µcooper is the copper permeability, Jjc is the current density, A5j is the stator slot vector
magnetic potential, r is the radial coordinate, and θ is the tangential coordinate.

Then, the distribution of current density under the j-th stator slot is followed by [17]

Jjc =

Jj1 θsj − γsl ≤ θ ≤ θsj

Jj2 θsj ≤ θ ≤ θsj + γsl
(4)

The winding current density is periodically distributed, which can be expressed as a
Fourier series

Jjc = Jj0 +
∞

∑
n=1

Jjn · cos
(

nπ

γsl

(
θ − θsj +

1
2

γsl

))
(5)

Jj0 =

(
Jj1 + Jj2

)
2

(6)

Jjn =
2

nπ

(
Jj1 + Jj2 cos nπ

)
sin

nπ

2
(7)

Therefore, the vector magnetic potential distribution function can be obtained

A5j = Acom
5j + Apar

5j

= a5j0 +
1
4

µcopper Jj0

(
2Rsl

2 ln r − r2
)
+

∞
∑

q=1
b5jn


(

r · Rt

Ry
2

)nπ

θs
+

(
r

Rt

)−
nπ

θs

 · cos
(

nπ

δ

(
θ − θsj +

δ

2

))

+
∞
∑

n=1

µcopper Jjn(
nπ

θs

)2
− 4

r2 − 2θs

nπ
Ry

2
(

r
Ry

)nπ

θs

 · cos
(

nπ

θs

(
θ − θsj +

Ry

2

)) (8)

a4j0 is the coefficient of stator slot vector magnetic potential, which can be obtained by
non-homogeneous equations.

3.2. PM Subdomain

In addition, the magnetization intensity of three-segment Halbach array PM can be de-
composed into radial and tangential components in the two-dimensional polar coordinate
system. Therefore, the radial magnetization intensity Mr(θ) and tangential magnetization
intensity Mθ(θ) can be obtained according to the magnetization direction of each PM.

Mr(θ) =



Br
µ0

cos θm, θ ∈ [γk − θ1 − θ2
2 , γk − θ2

2 ]
Br
µ0

, θ ∈ [γk − θ2
2 , γk +

θ2
2 ]

Br
µ0

cos θm, θ ∈ [γk +
θ2
2 , γk + θ1 +

θ2
2 ]

− Br
µ0

cos θm, θ ∈ [γk + θ1 +
θ2
2 , γk + 2θ1 +

θ2
2 ]

− Br
µ0

, θ ∈ [γk + 2θ1 +
θ2
2 , γk + 2θ1 +

3θ2
2 ]

− Br
µ0

cos θm, θ ∈ [γk + 2θ1 +
θ2
2 , γk + 3θ1 +

3θ2
2 ]

(9)
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Mθ(θ) =



Br
µ0

sin θm, θ ∈ [γk − θ1 − θ2
2 , γk − θ2

2 ]

0, θ ∈ [γk − θ2
2 , γk +

θ2
2 ]

− Br
µ0

sin θm, θ ∈ [γk +
θ2
2 , γk + θ1 +

θ2
2 ]

− Br
µ0

sin θm, θ ∈ [γk + θ1 +
θ2
2 , γk + 2θ1 +

θ2
2 ]

0, θ ∈ [γk + 2θ1 +
θ2
2 , γk + 2θ1 +

3θ2
2 ]

− Br
µ0

sin θm, θ ∈ [γk + 2θ1 +
θ2
2 , γk + 3θ1 +

3θ2
2 ]

(10)

where Br is the residual flux density, and µ0 is the vacuum permeability.
Similarly, the magnetization intensity can also be expressed as a complex form of

Fourier series based on Fourier transformation principle.

Mr(θ) =
N

∑
n=−N

M̂r,ne−jnθ (11)

Mθ(θ) =
N

∑
n=−N

M̂θ,ne−jnθ (12)

3.3. Air Gap Subdomain

According to the differential equation, the stator slot opening area (III) solution can be
followed by

A3j = a3j0 + b3j0 ln(r) +
∞

∑
n=1

c3jn

(
r

Rt

)nπ

γ + d3jn

(
r

Rs

)−
nπ

γ

 cos
(

nπ

γ

(
θ − θsj +

γ

2

))
(13)

a3j0 and b3j0 are the coefficient of air gap subdomain vector magnetic potential, which can
be obtained through non-homogeneous equations.

The subdomain without external source excitation is mainly the air gap domain (II),
which is required solving the homogeneous Laplace equation. The air gap equation solution
can be expressed as follows

A2j =
∞

∑
n=1

[
a2n

(
r

Rs

)n
+ b2n

(
r

Rr

)−n
]

cos(nθ) +
∞

∑
n=1

[
c2n

(
r

Rs

)n
+ d2n

(
r

Rr

)−n
]

sin(nθ) (14)

a2j0 is the coefficient of air gap subdomain vector magnetic potential, which can be obtained
through non-homogeneous equations. Rs and Rr are the stator inner radius and rotor outer
radius, respectively. a2n and b2n are the integration coefficient in this paper.

It can be noted that Equations (1)–(14) are the general form of the equation. Based on
this, when harmonic orders are incorporated into the vector potential distribution function
is considered the, the calculation accuracy is achieved. However, the number of unknown
coefficients existed in the expression, which significantly increased the difficulty of the
calculation. Therefore, the maximum harmonic order is considered when calculating the
vector potential expression, achieving a balance between the calculation amount and the
calculation accuracy.

3.4. Analysis of Magnetic Leakage Characteristic

Due to the fundamental assumption of magnetic permeability in the core region within
the SM, the accuracy is reduced, especially for high torque density, high air gap magnetic
flux, and high core saturation. Meanwhile, the magnetic resistance of the main magnetic
path is significantly increased under high-load conditions, which leads to an increase in the
leakage magnetic flux, and the torque output capacity of the PM machine is also decreased.
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Figure 3 shows the distribution of leakage flux under high-load conditions. It can be
seen that the leakage flux consists of rotor air gap leakage flux and rotor end leakage flux.
According to the MEC, the rotor axial leakage permeance and stator tooth axial leakage
permeance can be expressed as follows [20,21]

Psen = 0.264µ0 × Hsn (15)

Pten =
Hsn

π
·

µ0 · ln(1 + π(Rao.n+Rai.n)
(0.5×Qs)

− Wsn)

Wsn
(16)

where Rao_n and Rai_n denote the outer and inner radius of the n-th air region, respectively.

(a) 

 
(b) 

2FPM1

2RPM1

FPM2

RPM2

2FPM1

2RPM1

Rg

Rg

Rt

Rt

RyRe1

Re2

Re2

Figure 3. Distribution of leakage flux. (a) FEM results; (b) leakage magnetic equivalent circuit.

Therefore, the main magnetic flux under non-ideal conditions can be obtained as

Φnonideal =
Fpm

Rpm + Ral ∥ Rbl ∥
(

2Rrp + Rgl ∥ R1

) · Ral ∥ Rbl

Ral ∥ Rbl +
(

2Rr + Rgl ∥ R1

) ·
Rgl

Rgl + R1
(17)
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To consider the influence of stator tooth magnetic resistance on air gap flux density, the
stator tooth magnetic resistance is integrated with the air gap magnetic resistance proposed
in this paper, which can be expressed as

Rtj = Rtj1 + Rtj2 +
(

Rttj1 ∥ Rttj2 ∥ Rttj3
)

(18)

Ragj =
1

µair

δ

Wt · Le f
(19)

where j = 1, 2, 3, 4, . . ., 18. The equivalent air gap magnetic permeability for the analytical
model can be expressed as follows

µeqj =
δ

Wt · Le f

1
Ragj + Rtj

(20)

where Wt denotes stator tooth width.
To achieve data coupling between the MEC and the SM, the magnetic flux flowing

into the stator inner surface can be obtained by integrating the air gap flux density along
the inner circle of the stator based on the SM, which is then regarded as another excitation
source for the stator magnetic circuit. This can be expressed as

Φj1 = RsLe f

θsj−αst/2∫
θsj−(αst+αso)/2

Br(Rs, θ)dθ (21)

Φj2 = RsLe f

θsj+αst/2∫
θsj−αst/2

Br(Rs, θ)dθ (22)

Φj3 = RsLe f

θsj+(αst+αso)/2∫
θsj+αst/2

Br(Rs, θ)dθ (23)

Then, the nodal voltage matrix equation of the Halbach array PM machine is obtained
based on Kirchhoff’s laws [22–24]:

G U = Φ (24)

where G is the magnetic conductance matrix.

3.5. Ai -Gap Flux Density and Torque

Finally, the electromagnetic performance of the Halbach array PM machine is predicted
based on the magnetic field solution, including air gap flux density, cogging torque, back-
EMF, and electromagnetic torque.

Based on the expression of vector potential, the no-load air gap flux density can be
expressed as

Br =
1
r

∂A
∂θ

(25)

Bθ = −∂A
∂θ

(26)

For double-layer stator windings, the phase A back-EMF can be expressed as follows

EA = −dΨA
dt

=
2NcLe f

Ss
(
∫ Rsl

Rt

∫ θsj

θsj−δ/2
A4jrdrdθ−

∫ Rsl

Rt

∫ θsj−1+δ/2

θsj−1

A4j−1rdrdθ) (27)
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The no-load cogging torque can be obtained based on the Maxwell stress tensor
method, and it can be expressed as

Tct =
Le f r2

µair

∫ 2π

0
BrBθdθ =

πLe f r2

µair

K

∑
k=1

BrckBθck+BrskBθsk (28)

On the other hand, the on-load electromagnetic torque can be calculated when the
stator winding has a current source, and it can be expressed as follows:

Te =
EA IA + EB IB + EC IC

Ω
(29)

4. Comparison and Analysis of Electromagnetic Performance
4.1. No-Load Characteristics

A 2-D FE model is established to verify the analytical modeling since the stator core
saturation level is low. Figure 4 shows the distribution of flux density and line of the Hal-
bach array PM machine based on the FE model. It can be seen that the stator core maximum
flux density is about 2.1 T, and it is lower than the core saturation magnetic density.

  
(a) (b) 

Figure 4. Distribution of flux density and line of the Halbach array PM machine. (a) Flux density
distribution; (b) magnetic line distribution.

In addition, the radial and tangential air gap flux densities are calculated through
FEM and the proposed analytical model, as shown in Figure 5. It can be observed that the
analytical model waveform is greatly consistent with the FEM waveform. The maximum
radial air gap flux density is about 1.15 T based on the FEM model, which is lower than
the prediction of the analytical model of about 1.13 T. The tiny differences between the
two waveforms are caused by the saturated iron material and the higher-order harmonics.
As can be seen from Figure 5a, there are noticeable dips in the amplitude of the air gap
magnetic flux density at some angular positions. This is mainly due to the fact that the
tangential PMs in the Halbach Array are directly facing the stator slot. Figure 5b shows
the tangential air gap flux density. It can be seen that it is not perfectly sinusoidal because
the tangential flux density is the circumferential component of the magnetic field, which
inherently has a smaller amplitude, is more sensitive to field distortion, and possesses a
higher harmonic content. In addition, it can be observed that the tangential component of
the flux density is relatively small compared with radial flux density.
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Figure 5. No-load air gap flux density. (a) Radial component; (b) circumferential component.

Figure 6 shows the comparison between no-load back-EMF and cogging torque wave-
forms. It can be seen that the waveforms of analytical results are in very good agreement
with the FEM results. However, the amplitude of analytical cogging torque is lower than
that obtained through the FEM, which is caused by the small error between the analytically
and FEA-calculated air gap flux density. One source of error is mesh generation in the
FE model, and another source of error stems from the need to integrate the radial and
tangential magnetic flux densities along the circumference, which can accumulate errors
in the cogging torque calculation based on the Maxwell stress tensor method used in this
paper. From this, it can be seen that the accuracy of the proposed analytical model under
no-load condition is very close to that of the FEM model.

https://doi.org/10.3390/machines14060683

https://doi.org/10.3390/machines14060683


Machines 2026, 14, 683 11 of 16

(a) 

(b) 

−200

−100

0

100

200

0 5 10 15 20 25 30 35 40 45

B
ac

k-
E

M
F 

(V
)

Rotor position (mech.deg)

FEM Analytical

−200

−100

0

100

200

0 1 2 3 4 5

C
og

gi
ng

 to
rq

ue
 (

m
N
ꞏm

)

Rotor position (mech.deg)

FEM Analytical

Figure 6. No-load back-EMF and cogging torque. (a) back-EMF; (b) cogging torque.

4.2. On-Load Characteristics

The electromagnetic torque under different phase currents is shown in Figure 7a. It
can be seen that the output torque increases linearly with the increase in phase current.
The maximum torque can achieve 353 N·m and 351 N·m based on 2-D FEM and analytical
models without end leakage flux, but the maximum torque is only 262 N·m and 275 N·m.
The error is about 25.7%, and the reason for this is that the end leakage flux is considered
based on the 3-D FEM and the hybrid analytical model. The hybrid analytical model
and 3-D FEM results are in very good agreement in this paper due to the fact that end
leakage flux is considered. The slight error in the torque waveforms is generated due to the
accumulation of errors in the calculated air gap flux density over time.
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Figure 7. On-load torque characteristics. (a) Torque versus phase current; (b) torque waveform.

In addition, the average torque waveforms of the FEM and analytical model are shown
in Figure 7b. It can be seen that the average torque is about 101 N·m and 100 N·m under
rated current density, respectively. The error is lower than 2%, and the changing trend of
the two results is highly consistent.

5. Experimental Verification
In order to verify the correction of analytical modeling results, a 15 kW PM machine

with three-segment Halbach array PM rotor has been fabricated. Figure 8a,b show the
prototype of stator and rotor assembly. The carbon fiber sleeve is employed to ensure the
PM machine’s secure operation. Then, to evaluate the performance of the prototype, the ex-
perimental platform is established, including the PM prototype, prime motor, oscilloscope,
torque sensor, and so on, as shown in Figure 8c.
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(a) (b) (c) 

Figure 8. Prototype and experimental platform. (a) Rotor; (b) stator; (c) platform.

First, the no-load test is carried out, and the no-load back-EMF is measured under
2400 r/min, as shown in Figure 9. It can be seen that the no-load back-EMF is closely
resembles a sinusoidal waveform. The effective value of tested back-EMF is about 213 V,
which is in good agreement with the FEM and analytical modeling. However, a deviation
remains between the amplitude of the tested back-EMF and analytical modeling, and
the reason for this stems from the inherent errors arising from the assumption and the
actual model.

 
Figure 9. Measured line back-EMF under 2400 r/min.

In addition, the torque sensor is connected between the PM machine prototype and
prime motor, and the electromagnetic torque versus phase current performance is shown
in Figure 10. It can be seen that the tested results and the hybrid analytical model are in
excellent agreement due to the fact that iron core saturation and axial leakage flux are
considered. The phase current waveform is shown in Figure 11. The comparison between
the analytical and experimental results indicates that the proposed analytical modeling
method has great accuracy when used for predicting the electromagnetic performance of
the high-torque-density Halbach array PM machine.
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Figure 10. Measured torque versus phase current under 2400 r/min.

 

Figure 11. Measured phase current waveform under 3000 r/min.

6. Conclusions
This paper presents a hybrid analytical model for predicting the field distribution and

electromagnetic characteristics of the high-torque-density Halbach array PM machine by
considering end leakage flux and special rotor structure. The end leakage flux MEC model
is built considering the stator iron core saturation and end axial end leakage flux, which
reduces calculation error for traditional analytical model. Successful validation within 5%
error was performed against 3-D FEM and experimental results from prototype Halbach
array PM machine. The models derived for no-load air gap flux density, back-EMF, cogging
torque, and average torque, are the most useful for preliminary design. According to a
comprehensive comparison study, the proposed hybrid analytical model demonstrates
great speed superiority without sacrificing accuracy. In addition, although the topic of this
paper is focused on three-segment Halbach array PM machine, for SPM machines with
regular-shaped PM, the new proposed AM is still more efficient than traditional analytical
model, especially for high-torque and high-power-density PM machine.
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