. machines

Article

Prescribed-Time Formation Tracking Control of Fixed-Wing
UAVs with Disturbance and Failures

Gongxian Lou

W) Check for updates

Academic Editor: Tao Li

Received: 20 April 2026

Revised: 7 May 2026

Accepted: 11 May 2026

Published: 12 May 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

and Maolong Lv *

School of Air Traffic Control and Navigation, Air Force Engineering University, Xi’an 710051, China;
18829501370@163.com
* Correspondence: maolonglv@163.com

Abstract

This paper proposes a novel prescribed-time formation tracking control farmework of
multi-fixed-wing UAVs under external disturbance and actuator failures. As the complex-
ity of aerial missions intensifies, achieving precise position and attitude tracking within
a user-defined upper bound of settling time becomes a paramount challenge for intelli-
gent swarm systems. Unlike traditional finite or fixed-time methods, where convergence
depends on initial states or suffers from conservative estimation, the proposed approach
ensures stability within a prescribed time independent of initial conditions. A key in-
novation is the introduction of a piecewise reference convergence differential function.
This mechanism eliminates the need for state transitions, thereby reducing computational
complexity while ensuring smooth tracking without control surface chattering across the
entire mission. Additionally, a prescribed-time sliding mode disturbance observer is devel-
oped to provide precise and timely compensation for external disturbances and actuator
faults. Rigorous Lyapunov analysis proves that all closed-loop signals are bounded and
the tracking errors converge to a small neighborhood of zero within the predefined time.
Numerical simulations demonstrate that, under time-varying disturbances and actuator
faults, the disturbance estimation errors converge within 4 s, while both attitude and veloc-
ity tracking errors converge within 6 s, achieving fast transient response and high tracking
accuracy. The UAV swarm successfully maintains the desired formation during aggressive
maneuvers, including speed variations, climbing, and diving. These results verify that the
proposed method provides a computationally efficient, robust, and high-precision solution
for time-critical formation control of fixed-wing UAV swarms under complex uncertainties.

Keywords: prescribed-time stability; tracking control; sliding mode control; fixed-wing
UAYV swarm; non-vanishing uncertainties

1. Introduction

As the exploration of aerial domains intensifies, the flight control technology for fixed-
wing unmanned aerial vehicle (UAV) swarms has seen rapid development and become
a focal point in both military and civil applications [1]. Compared with single aircraft
or rotorcraft [2], fixed-wing UAV swarms offer distinct advantages such as high cruise
speeds, extended endurance, and the ability to cover vast geographical areas, making
them indispensable for large-scale tasks such as persistent wide-area surveillance [3], long-
range collaborative strikes [4], and atmospheric research [5]. In a swarm configuration, the
necessity to maintain strict formation geometry while adapting to high-speed maneuvers
requires each agent to achieve simultaneous and precise position and attitude tracking
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control [6,7]. Meanwhile, in complex mission, fixed-wing UAV swarms need to face not only
external disturbances but also the stringent requirements of time-critical coordination [8,9].
Thus, against unknown disturbances and model uncertainties, how to achieve precise
position and attitude tracking within an accurate, user-defined UST becomes a paramount
challenge for the next generation of intelligent swarm systems.

In swarm missions, position tracking ensures the spatial coordination and collision
avoidance, while attitude tracking is the prerequisite for generating the necessary aerody-
namic lift and maintaining flight stability [10]. Currently, various control methods have
been designed from aspects such as trajectory tracking accuracy and the upper bound
of settling time (UST), including PID control [9,11,12], neural network control [13-16],
and sliding mode control (SMC) [17], achieving fruitful research outcomes. Among these
methods, SMC has garnered widespread attention due to its strong robustness against
uncertainties and disturbances. It is worth noting that traditional sliding mode control
can only guarantee asymptotic stability and cannot provide an accurate upper bound of
settling time [18-20]. In practical control engineering for UAV swarms, there are special
tasks that need to be completed within a specified time, such as rapid formation assembly
and emergency obstacle avoidance. Failure to meet the above requirements can result in
significant losses or collisions between aircraft. To address this issue, finite-time terminal
sliding mode control methods have been applied to various aerial vehicles, achieving good
control effects [21,22]. However, the convergence time of finite-time stability is usually
related to the system’s initial state, which may be difficult to obtain or even impossible to
measure in a dynamic swarm environment. To solve this problem, fixed-time control (FXTC)
was investigated to make the convergence time independent of the initial state. Compared
with finite-time control, FXTC has faster transient response and convergence speed [23,24].
By combining SMC with FxTC, fixed-time sliding mode control (FXTSMC) has been verified
on many experimental platforms. However, when the system state is in the singular region,
most current research solves the singularity problem by switching the controller into other
function forms. Thus, considering a more direct way to solve the singularity problem
is urgent. Meanwhile, although FxTC offers advantages, the UST obtained through it is
still conservative and has a complex relationship with controller parameters. Considering
the rigorous application requirements of fixed-wing swarms, prescribed-time stability
(PTS) has been introduced, allowing users to pre-set the UST [25,26]. However, many
existing methods only guarantee prescribed-time stability in the reaching phase without
considering the sliding phase, or vice-versa [27,28]. In addition, the lemmas for prescribed
stability in the literature are often relatively strict, making it difficult to combine with other
algorithms to solve practical position-attitude coordination problems [29,30]. Therefore, an
SMC scheme with prescribed-time convergence in both the sliding and reaching phases is
an interesting approach to achieve tracking control.

Furthermore, previous prescribed-time controls (PTC) usually adopt state transitions
with time-scaling functions, inevitably causing tedious calculations that are unfavorable for
the onboard processors of fixed-wing UAVs. To overcome this defect, control strategies us-
ing reference convergence differential functions (RCDFs) have been explored [31]. However,
existing PTC schemes without state transitions are merely proposed for specific nonlin-
ear systems, and their scope of application is limited. Establishing a PTC without state
transition for the position and attitude of fixed-wing UAV swarms to reduce calculation is
worthy of study. It is crucial to recognize that most current PTC methods primarily address
regulation within a specified time and do not extend beyond it. Although some approaches
are applicable over the entire time interval, they involve switching mechanisms that can
lead to non-smooth behavior and chattering in the UAV’s control surfaces. Consequently,
it is important to explore a new approach that avoids transition mechanisms and enables
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the system to maintain effective tracking control throughout the entire time interval. For

clarity of presentation, existing studies are systematically summarized in Table 1.

Table 1. Summary of existing control approaches and problem definition.

Approach

Key Findings

Advantages

Disadvantages

Traditional Sliding Mode
Control (SMC) [17-20]

Utilizes a sliding manifold
to drive system states to
equilibrium.

Shows strong robustness
against uncertainties and
disturbances.

Can only guarantee
asymptotic stability and
cannot provide an accurate
upper bound of settling
time (UST).

Finite-time terminal
SMC [21,22]

Introduces finite-time
stability into
traditional SMC.

Meets requirements for
tasks needing completion
within a specified time.

The convergence time is
related to the system’s
initial state, which may be
difficult or impossible to
measure in dynamic
swarm environments.

Fixed-time control
(FxTC) [23,24] & FXTSMC

Investigated to make the
convergence time
independent of the
initial state.

Has faster transient
response and convergence
speed compared with
finite-time control.

The obtained UST is still
conservative and has a
complex relationship with
controller parameters.

Traditional
Prescribed-time control
(PTC) [25-28]

Investigated to make the
convergence time strictly
depend on a
user-defined threshold.

Allows users to accurately
pre-set the Upper bound of
Settling Time (UST).

Usually adopts state
transitions causing tedious
calculations, non-smooth
behavior, and control
surface chattering.

On the other hand, due to the disturbance of complex and unpredictable aerial envi-

ronments, such as stochastic wind gusts, atmospheric turbulence, and varying air densities,

and the inherent model uncertainties like aerodynamic coefficient disturbance, the issue

of how to make fixed-wing UAV swarms move along the desired trajectories has been

extensively studied [32,33]. To solve this, sliding-mode disturbance observers (SMDOs) are

favored for their ability to estimate and compensate for dynamic disturbances. However,

existing finite-time and fixed-time SMDOs provide a rough estimation time; this time is

still affected by the initial values and observer parameters [34,35]. In the observer-based

prescribed-time control framework, the coordination between the controller and the ob-

server is a key factor. Thus, it is also indispensable to design a prescribed-time sliding
mode disturbance observer (PTSMDO).

Unlike existing finite-time or fixed-time control methods [18-24], which are often
limited by dependence on initial states or conservative estimation and fail to ensure
prescribed-time convergence in both the reaching and sliding phases, a prescribed-
time sliding mode control architecture for fixed-wing UAVs is proposed based on
the prescribed-time stability mechanism. This architecture achieves prescribed-time
tracking throughout the entire process of both phases, resulting in high-precision
control where the convergence time is completely decoupled from initial conditions
and can be accurately pre-defined by the user.

Compared with existing prescribed-time controls [25-30] that rely on complex time-
scaling functions for segmented switching, a novel continuous and smooth piecewise
reference convergence differential function is introduced to provide a more versatile
approach. By employing this PRCDE, the system achieves a flexible convergence
rate for tracking errors while avoiding state transitions in the controller design. This
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mechanism seamlessly maintains tracking effectiveness over the entire time interval,
which substantially lowers computational complexity.

* In contrast to existing sliding mode observers [32-35], where estimation time is highly
sensitive to environmental disturbances and initial conditions cannot be determined a
priori, a prescribed-time sliding mode disturbance observer is proposed. This observer
is designed by integrating an integral sliding mode with a prescribed-time convergence
operator. Rapid and accurate online estimation of unknown complex aerodynamic dis-
turbances and actuator faults is achieved. Furthermore, full disturbance compensation
is completed before the convergence of the controller states, leading to a significant
improvement in system tracking accuracy under strong interference environments.

The rest of this article unfolds as follows. The problem formulation and preliminaries
are introduced in Section 2. In Section 3, the prescribed-time formation tracking control
strategy integrated with a sliding mode disturbance observer is synthesized. The numerical
simulations and hardware-in-the-loop experiments are presented in Section 4 to verify the
theoretical findings. Conclusion and discussion are summarized in Section 5.

2. Problem Formulation and Preliminaries
2.1. Fixed-Wing UAV Modeling

Let us start by considering a formation of fixed-wing UAVs, which includes one leader
and a group of N followers. As per the architectural descriptions in [1], the six-degree-of-
freedom (6-DOF) dynamics for any i-th UAV (indexed as i € {0,1,...,N}) is visualized in
Figure 1 and can be formulated as follows:

pi = Rl((Pi)vi/

0; = —S(w;)vi + 3 + R ()8 + 1 + dy, "

9; =Ry (@) wi,

Jiwi = —w; X Jjw; + Fp; + Cid; + J;dyi,
where ¢, = [¢;, Gi,wi]T denotes the attitude vector (roll, pitch, and yaw), while
v; = [u;,0;, Vi|T and p; = [x;,y;,2]" signify the body-frame linear velocity and the inertial-
frame position, respectively. The control inputs for the system consist of §; = [d,;, dy;, 2] T
and the thrust vector Fr; = [Fry;,0,0]T. Furthermore, let m; be the UAV’s mass and

g = [0,0,¢]T represent the gravitational acceleration. The matrices Ry(-) and Ry(-) are
defined as the mapping from Euler rate to angular velocity and the transformation from
body to inertial coordinates, respectively. Define J; as the inertia tensor matrix, assuming
symmetry across the x — z plane. These matrices are explicitly structured as:

COSyiCoi  —SypiSepi + CyiSeiSpi  SypiSei T CypiSeiCei
Ry = | syicoi  cyiCpi +SyiSeiSpi  —CypiSpi T+ SyiSeiCei | /
L 56i CoiS¢i CoiCoi @)
1 0 —Syi Jxxi 0 —Jazi
Ry= |0 cyi syicoi|, Ji=1| 0 Jpi 0 |,
10 —sei  Cypicei —Jexi 0 Jzi

where the trigonometric terms cos(-) and sin(-) are abbreviated as c. and s., respectively.
Regarding the aerodynamic effects, Fj; and F; refer to the moments and forces, expressed as
Foi = §iSiRs(a;, Bi) 1 [—Cp;, Cy,, —Cr,]%, Fyi = 7:Si[bCy,, ¢Cuy;, bCy,]T, where the geometric
parameters S;, &;, b; denote the wing area, mean aerodynamic chord, and wingspan. The
dynamic pressure is defined as §; = 3&kV?, in which  is the density of air and V; = ||v;| is
the magnitude of the total velocity. Reference [36] provides the dimensionless coefficients
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Ck,- fork € {l, m,n,D,Y, L}. The transformation matrix R3(-), which relates the body frame
to the virtual wind frame based on relative motion, is given by:

CaiCBi  Spi SaiCpi
R3 = | —cuisgi cpi —SaiSpi |/ 3)
—Swi 0 Coi

where the sideslip angle ; = arcsin(v;/V;) and the angle of attack a; = arctan(V,;/u;) are
defined. The control effectiveness is determined by the gain matrix C;:

biCisai 0 biCrsri
Ci=qSi| 0 CiCingei 0o . 4)
b;Cyrsai 0 b;Cyrsri

uFy; Fy;

Inertial Frame

Figure 1. 6-DoF fixed-wing UAV model.

The operator S(w;) denotes the skew-symmetric cross-product matrix. For the fol-
lower seti € {1,...,N}, external disturbances affecting the rotational and translational
subsystems are represented by dy,, and d,, respectively, which are assumed to be bounded
but unknown. Regarding the leader (UAV 0), we assume the disturbances d,,o and d, are
zero, while Fyy and F, are treated as known parameters.

2.2. Modeling of Disturbance and Actuator Failures

(1) Translational kinematics: Differentiating the relation w; = Ry (¢; )¢, leads to the
expression @; = Ro(¢;)¢; + Ra(@;)¢;. By substituting this into (8), the second-order
derivative of the Euler angles is obtained as:

@; = (JiR2) 1 Ci0; + (JiR2) " (—JiRog; + S(JiRog;) Rogp; + Fyp. + Jiddy, ). (5)

Considering the intricacies of flight environments, parameters such as aerodynamic
coefficients and rotational inertia inevitably exhibit uncertainties. Consequently, we decom-
pose terms like (J;R;) ~'Fy,, (J;:R2) "'S(J;R29;) Rogp;, and (J;R;) ' C;d; into their nominal
components: (Jo;Rz) " Fy,, (JoiR2) 'S(JoiRo9;) Rogp;, (JoiR2) ~' Co;i6;, and the correspond-
ing perturbed terms: A((J;R2) "'Fy,), A((J;R2) 'S(J;Ro¢;) Rogp;), and A((J;R2) 71 C;) 6;.

Furthermore, we account for potential rudder anomalies during actual operation.
Individual failure models are formulated for the elevator, ailerons, and rudder:

0i = Q5,90 + dif, (6)

where the nominal control command is ;) = [dy;o, dyio, (5zi0]T, and the unknown bias fault is
8if = [bxif, byif, 02if]". The term @ 5; = diag{osvi, Qsyi, 0szi } represents the efficiency factor of
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the actuators with three cases: (i) fault-free: ¢5;; = 1,6;; = 0; (ii) partial loss of effectiveness:
Qsji S <0’1)’5]1f =0 (111) bias fault: 0sji = 1, 5/lf 7& 0.

Based on parameter uncertainties and rudder failures, the whole rotational dynamics
(1) can be rewritten as:

91’1‘ n 033
P; Biigs,
where B;; = (JioR2) 'Cjp and Bjp = (JioR2) 'Fy, — R, 'Rogp; + (JioR2) "' S(JioRogo;) Rogp; are

known function terms, Bi3 = A((JiR2) “'S(JiRog;) Ro;) + A((JiR2) "' Fy,) + A((JiR2) 71Ci) 6 +

Ry 1dw,- + (JooR2) ~1Cipd; £ is an uncertain function term.
With ¢; = M;, we have:

03x3
Bi» + Biz

P;

. Jip +
P;

/ )

03x3 03x3

_ |fh><3 I3

A ®
§; = Bi1dig + Dy,
where D‘Pi = Bj + B3+ Bj; (péi —I3)d).
(2) Translational kinematics: According to dynamic (1) and the definition of V}, the
derivative of scalar speed is obtained that:

Ty, of

. [ Fr. F,.
V- = ! — 1| — . . 1 RT i i ).

In order to achieve the engine thrust, (9) further obtains as

T
_ Y%

. F,. u; Fry;
T a; T
Vi= 5 <R1 <¢i>g+a +dvi> +—

m;V;

, (10)

where v!S(w;)v; = 0. Similarly, the aerodynamic force F,, is decomposed into known
term F;,, and uncertain term AF,,, and the engine failure is considered as:

Fryvi = oriFrio + Frxif, (11)

where Fry;o is the desired thrust, or; € [0,1] is the unknown effectiveness factor of the
thrust and Fry;s is unknown bias fault. The term ¢7; represents the efficiency factor of
the actuators with three cases: (i) Normal Condition: or; = 1, Fryif = 0; (ii) Efficiency Loss:
ori € (0,1), Fryif = 0; (iii) Bias fault: o1 = 1, Fryif # 0.

Consequently, the temporal evolution of the scalar speed V; is derived as follows:

T
o uioriFraio | 9 (o1 Foy  AF,, uiFryif

A i (R (0. i0 id ) 12
l m;V; +Vi( 1(@)g m; - i il )T m;V; 12

Furthermore, we can simplify the speed dynamics into the following compact form:
Vi = foi + &oiFrxio + Dvi (13)
F, 2i0 uj z)T AF,,

T ) )
where f,; = 3 (Rig + 780), g = 747, and Dy; = ot [(seri — 1) Fraio + Fraif] + 3 (552 +
dy;) is the lumped disturbance.
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Utilizing the identical analytical procedure, the rotational dynamics of the lead-UAV
(UAV 0) are structured in state-space form:

Xo| |03 I3 ||Xon 033
= , (14)
Xo2 03x3  03x3]| | Xo2 Go(Xo)

while the corresponding translational motion is governed by Xg3 = Fo(Xp), where

Xo1 = @, denotes attitude, Xpp» = ¢, is angular rate, and Xo3 = vy is velocity vector.
The combined state vector is denoted by X = [XJ;, X(,, X{;]T. The nonlinear mappings
Fy and Gy are expanded as: Gy = (JoR2) 1 (Fpo + Codo — S(JoRagy) Rogpy — JoRogp,), and
Fy = % + R?g — S(wo)v() + I;T"g.

2.3. Lemma and Assumption

Definition 1 ([37]). Let us investigate the class of nonlinear uncertain systems x = f(t,x),x(0) =
xo, with state vector x € R" and a continuous nonlinear mapping f : R* x R" — R". The
equilibrium point of this system is categorized as prescribed-time stable if the states converge to
the origin within a prescribed duration T(xg) that is upper-bounded by a user-defined constant
Tmax, regardless of the initial condition xyg € R". Furthermore, define the system as practical
prescribed-time stable if for any given T € R™, there exists a small neighborhood @ such that
|x(t; x0)|| < @ holds forall t > T.

Assumption 1. Within the 6-DOF framework, all parameter uncertainties and external environ-
mental disturbances are assumed to be constrained within specific bounds, satisfying: ||de,|| < de.,
[Bisll < Biz, |80, || < Doy, [16i¢]l < Sif, |Fraif| < Fraip, and ||dy,|| < do,.

Assumption 2. Regarding the leader aircraft, the nonlinear functions G and F are assumed to
satisfy the localized Lipschitz condition with respect to their arguments, such that: ||Fo(Xo) —
Fo(Yo)[l < m1Xo = Yoll, [[Go(X0) = Go(Yo)[| < 72[|Xo — Yol

Assumption 3. The temporal variation of the total disturbance D is assumed to be constrained,
such that its derivative satisfies || D(t)| < M, where M is a positive, albeit unknown, scalar.

Lemma 1 ([31]). Consider a differentiable Reference Convergence Function (RCF), denoted as
{(z), which satisfies the following differential relationship:

C(Z) — _Uﬁ(€<z;>ir:(€<z)> — —K(é(z),f) (15)

withz = (T —t)" and y > 1. The RCF {(z) and its associated derivative function x({(z), t)
possess the subsequent properties: (i) At the terminal time t = T, both ((z) and x({(z),t)
vanish (i.e., equal to zero). (ii) On [0, T], {(z) maintains continuity and monotonic behavior,
where T signifies the pre-assigned settling time. (iii) Asymptotic behavior is exhibited as z — 0
satisfies {(z) ~ z and lim,_,¢[{(z)/z] = 1. (iv) The terms are related via arc|{(z)] = z and

Ble(2)] = 9x/y.
Lemma 2. The mapping h(x) = (1 + x?) arctan(x) is established as a convex function.

Lemma 3 ([38]). Define a convex function f(x), and a set of weights p; such that Y"1 p; = 1;
then the following inequality holds:

ipih(xi) < h(i Pm')/ Vx; € L. (16)
izl

i=1
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In the specific case where p; = 1/m for all i, this simplifies to:

S
™=

fxi) < f(; im)- (17)

i=1

Control Objective: The primary goal of this study is to design a control law to achieve
high-precision formation tracking control for fixed-wing UAVs within a prescribed time,
ensuring robustness against actuator faults and external disturbance throughout the entire
operational duration. Figure 2 depicts the overall architecture of learning-based safety

External Disturbances
& Actuator Faults

6-DOF Fixed-Wing UAV Dynamics

control design.

P ‘\ « _l\ « _l\ ! _‘\
(/7,',(?, (p, s a)] I I/; I/o

Translational PTSMDO

(69)

Attitude PTSMDO
(18)

Attitude Subsystem

[ Translational PTSMC

Translational Subsystem

| |
| I
| I
- | I y
D(,;,l | | DVil
Attitude PTSMC : |
41) | \ (81)
J—————-- ! (R —— F-—————--
9.,0,;,0.; Friio

yi>Yzi

Figure 2. Overall architecture of the learning-based safety control scheme.

3. Prescribed-Time Formation Tracking Control Strategy with Sliding
Mode Disturbance Observer
3.1. Attitude Control via Prescribed-Time Sliding Mode Control Strategy

Define the tracking errors for the attitude subsystem as follows:

el =@, —@, ep=M;—¢, (18)

where @, = ¢y, 0, ;] signifies the reference trajectory. The vectors epil = [elqn-l, eiﬂ, efp AT
and eyip = [e}m, e?m, ‘%z‘z]T represent the tracking error.

By integrating the kinematics and dynamics from (8), the error dynamics are:

o1 ~ Cpi2 ) 19)
épi2 = Bi1dip + Dyi — &,

3.1.1. Prescribed-Time Sliding Mode Disturbance Observer

A primary challenge in the error model is the requirement for precise knowledge of the

total disturbance D ,;, which is typically inaccessible in practical flight. To circumvent this,

(pi/
we propose a prescribed-time observer to estimate the uncertain term D ;. An auxiliary
state variable ¢ ,; = [04i1, Opi2, 19(,,1-3}T € R3 is formulated:

T
Byi = —HKgil /0 (Birdio + #ginB i )dv + Kpin M 20
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L, <-—

where the positive definite matrices are denoted by x,;; = diag|x 1¢11, ézl’

diag[K}oiz, Kéiz, qnz] By differentiating ¢ ,; with respect to time, it can be shown that this new

?011] and Kq)iZ =

state acts as a first-order filter for the lumped disturbance with ﬂq,l = —Kpi1Kpin®i + Kpi1 D yi-
Let 1A9(P,« be the estimate of #,;, and define the estimation discrepancy as z,jp = ¢; —
Uy € R3. Subsequently, we introduce an integral sliding surface Zyi1 such that:

T
Zpil = Zpi0 +/o Cyiodv (21)

where g(piO = diag[ ¢i0’ g(plO’ g(plO] and Zoi1l = [ }Pil'zzfﬂﬂ'zz’il]T'
Theorem 1. For the UAV attitude dynamics subject to compound disturbances, consider the
observer architecture designed as:
12 - 194)1 + g(sz + gq)zl (22)
D, = K(P,219(Pl + K(Pllﬂ
where D y; signifies the estimated value of D ;. The gains Coil = d1ag[C¢ll, éq)ll, §(p11] are config-
ured as:
kwl(lJr( WO) )arctan(zzio)

0<t< Ty,
Td(plO +kl;l-3 9i0

Ghio = o (23)
@i0 k kP .
lexp< i2 2 3) rm — 1] ZgyiO t> Td(piO
@i

P
k<p13 t Td + (/?1 k gaiS

kqjl4(l+(z¢,1) ) arctan(zzn-l)

<
Td vy 0<t< qu,ﬂ
gp’ = 1% " P (24)
@il VKb s k
exp [ Y22 "”5 1 ""4 -1zl t>T,
(/)16 t Td kp k':,,é gmé ¢il gil

where p € {1,2,3}, and the parameters k!

kzil > kP 0i3 and k” gid > K" gi6" Under these conditions, the estimation of the lumped disturbance D y;
is achieved precisely within the pre-specified time.

gil” .,k;i6 are strictly positive constants satisfying

Proof of Theorem 1. Utilizing (24), the dynamics of the sliding variable can be described
by 2,11 = —g oi1 - 10 evaluate the stability of this observer, we select a Lyapunov candidate
sz = 2z (Pllzfpﬂ. The analysis is conducted across two cases:

Case 1: For t € [0, Td(p“ ), the derivative of the Lyapunov function yields:

4|Z¢11|(1+( 1)? )arctan(\z¢ll|)
Ta,, —t+k(Pl6

Loy = —ConZoin = Z £ (25)

By defining the auxiliary mapping &(z gml) (1+(z qnl) ) arctan(|zz)il |) and invoking
Lemma 1 and Lemma 3, we can bound the derivative as:

31’n1n{kga14/ it 14}I|Z<p11||1€(|z(pil||1>. 1
Ty

| /\

3 3 pil —t+ max{kq)16’ @i6’ goi6}

e (26)
3mln{k(pl4’ q)z4’ 4714} Lz(ptl LZ¢i1 1

3 Tay —t—f—max{k(mé, i 4716}
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mln{k¢14'k%pz4’qul4 }E( <P’1)

L, .
Let myi, = /L, . /3. Itis described by #i1,;; = —22— < —
@il Zpil / y il 6\/% - 6(Td t+max{k(p16’ i6” q)16})

Further, one has:

min{kl k> q014} l—l—m ;1) arctan (1 )

m(/;il < - @id’ ~ @id’
6(Td il —t+ max{kqoz6’ Qi6’ 9016}> (27)
2
< mln{k(pl4’ kq)l4’ q)i4} m
>~ = @il
3
6 (Td¢1 t+ max{kq}z@ @i6’ kq)ié})
Solving this inequality leads to:
jot _ mm{kw4 kq)14 q)z4} ds
T, —t+max{k
Myin < myi1(0)e Tyt )
mm{kw4 zp14 4114} (28)

qunl t+ max{k(pzé’ @i6’ 4716}
= mgoil( T il
dyit erax{ @i6’ (pzé’ (pi6}

This means that by selecting a suitable parameter, 14, as well as L; ,,, it can converge
to a small domain before t = Td(/’il ; thus, one has that z,;; converge on t < Td(pﬂ. Another
inequality of L; ;, can be expressed as

(k}pl‘l

Ta,y 7t+m1n{kq)16, i (Pl6}

@id + kqoz4) (pile( \/ LZ(pil)

3
—t+ mm{k(’%, it k(pié}

+k(pl4 9014)||Z¢11H°°8<||Z({711||°°)

Lzpy = =ConnZoin = —

(29)

(kL. + k2

@id
= T,

@il

L., (KL iy 2y K iy e(mgin)
Let myp = /L, . ,and its derivative is i1y = — —2— > — gid gid T gid ) My .
@i2 Zgil Pi2 2 [Lgi 2(Ty pit t+m1n{kw6, ey (pi()})
Following the properties of Gronwall’s inequality and the results in [31], it is concluded that
L, converges. Combined with the previous analysis and applying the squeeze theorem, we
confirm that z,,;; reaches a neighborhood near zero.
Case 2: Fort € [wa.l, o), the following equation can be satisfied:

3 kP kP kP
, B @i5 @i5 @id 2
Lz, =— Z exp P 7 11 zn
i=1 ¥i6 t— quzil + k k(pz6 $i6
kL, k! KL
5
< —2L; , minq exp il S Gl P _ 1,
9i6 t— qu)il + k k(pzé ¢i6
k2, K2 k2.
5
exp o ¢ @i5 + k;pz4 _1, (30)
@i6 t— Td(pil + k kq)16 Pi6
3 3 3
kq)iS k(plS k(pi5
exp e — — N 1
¢i6 t— Td(pzl k kq)16 i6
/
< o[ exp Kois Kpis T
- - - Zpi
kois - Tagn + 1/ Kopiskoie it o
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where k¢4 = m1n{k¢l4,kfpl4, ¢14} k(Pl6 = max{k¢l6, e q016} kq)5 = mm{kq)ls, 9i5’ 901-5}.
Through the application of Gronwall’s lemma, it follows that:

K, / ’
. i5 Kk K .
jTtd -2 |:exp ( L 915 — |+ kfpl4 —1|ds
@il ‘/”5 2910~ Td 1 T4/ (pi5k4)i6 9i6
Lzzpz — Lz(pll (0> ’

t \ k;’iS K i5 K

_ _ @t .

2'de4’1'1 oF Kois i0-Td 1 1 [KoisKipi6 “ _2<k;m'4 _1> (t=Tagir)
_ quzil (0)6 “p @il [ZEN e ¢i6

Hence, by tuning the observer parameters, the estimation error remains bounded

(31)

within a negligible region following the specified time.

A similar Lyapunov analysis can be applied to L, ;,, = %ziioz(mo, demonstrating that
Z9i0 = —{yip ensures prescribed-time convergence.

Case 1: For t € [0, TZ(W.0 ), the following relation is established:

(1+ (ZZiO)Z) arctan(|zio|?)

(32)
P
TZ(piO —t+ k(piS

3 kp, |z . |
; T @il!1= @i0
LZqziZ = 7€(piozi0 = - } :

Let us define the auxiliary function e(zy) = (1 + z2 9i0
properties established in Lemma 1 and Lemma 3, the temporal derivative of L; ,, can be

)arctan(|zy;o|). Based on the

bounded as: izl 7 zoml
Zgi0ll1 Zgi0ll1
i < _ 3m11’1{k¢11, @il” q)zl} g( 3 )
Zopid —
I Tzq) —t+K 0i3
/L, . /L, . (33)
3 Z(plZ Zgi2
3mln{kq)zl’ q)zl’kgvil} 3 8( 3 >
<
TZ({)ZO t + kq)l3
L,
where k/ oiz = = max{k! 9i3r K2 i3/ fPi3}' We now introduce the auxiliary variable m;; = TM'
L - S . Lz, min{ky;; k5 k5 Ye(mi)
P @i2 _ @il pil (pzl
Its derivative satisfies the following inequality m;z = N < 6Ty 1+ F )

Furthermore, it follows that:

e rnm{k(pﬂ,kfpll, il}(l + m%) arctan(m;3) __ mln{k(pﬂ,kq)il,kfpﬂ}mg ”
i3 = >
6(Tz,, —t+ k(Pl3) 6(Tz, —t+ k(Pl3)
By integrating both sides, we obtain:
mm{k }

Tz mln{k i1 pil” 11} M

1410 rpbtplsv ds Ty — —t+ K 6
mi < m(0)e g0 = o) = g ( M K - o

qvtO + q)l3

The result above demonstrates that through a proper configuration of parameters,
g0 T Kgiz. Consequently,
the error vector zyg is guaranteed to enter a compact neighborhood within £ < Tz, + k3.

both ;3 and L, ;, are capable of converging prior to the time t = T,
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Additionally, another bound for the trajectory of L, ;, is expressed as:

(k}pzl

+ kzzl + kq)ll)||Z§0i0||0°€(||zqoi0||0°)

I, = —C i02i0 > —
2 i0<i0 =
@i 4 Td

@il

— t + min{k!

(k}pzl + kq)ll + kqnl) \ LZ(pizs(\/ Lz(pil)

3’ 37 3}
Qi zpt (pz (36)

- Ta,, —t+ min{k!

i3’ q013’ 4113}

I, .
Letting mjy = /L, ,, the corresponding derivative is given by #1;y = e >
gi 2, /L.

(kg +KG 11+k<p11)(1+m;24) arCtan(lmAl)
2(T, 010 —t+min{k!

q)13’ q)zS/ (p13 })

- This implies that the convergence of myj; and L, is

achieved after. By invoking the squeeze theorem, we conclude that the state z,;; converges

exactly at the prescribed moment.
Case 2: For t € [T

c0), the system satisfies the following dynamics:

@i0”
3 K K’ K
. 2
i, L= Z exp p#’z _ @i2 Z;ll 1 Zzio
! =] ks t—T. Kok, ki y
p i3 anO q)l] ¢i3
kL. kL
2
< —ZLZ(W.2 min< exp i L 912 kfﬂ —1,
@i3 t— TZq)lO k(pleq)zl i3
k2, K2, K2,
2 2 1
exp kzq)l — 7 + k;pl -1, (37)
Qi3 t— TZq)iO + k k({”3 i3
3 3
kng kq)iz kgozl 1
exp . = k3 k3 + 3
i3 t— Zpi0 + 2% pi3 i3
K / ’
2 K
< -2 exp k/l - 2 + kil 1 chp:z
i3 t—Tz, + kiykis i3
where the lumped coefficients are defined as kﬁp4 = mm{kq)l4, pid7 (’”4} k(Plé =

max{kgﬁ, kZ&, kg@}, and ki5 = min{kgﬁl, k’;’,SZ, k’;53}.
Applying Gronwall’s lemma, the following inequality is obtained:

/
\ Foiz K K
f]t -2 exp /(p - 9i2 +-#1 1 )ds

L <1 (0) 290 koi3 Si_Td¢io+ /k/qzizki,;,'] Koi3
zon = bz,
@i2

2} /"o iz d Koin

- ex s _ _ _

R - kpizkiyi1 . 2 1) (= Tzg0)

(38)

T, /
i3 s dmil kqu

=1L, (0)e

9i2 (
where k;,ﬂ = min{k%oil,kfpil,k;ﬂ }, k;,l-z = mjn{k}PiZ, kfpiz, kf’piZ}, and k;,lg = max{k%mg, kfpia, kf’l)l?)}.
Consequently, the estimation error is maintained within a negligible bound within the pre-
scribed time.

From the foregoing analysis, it is evident that z,;y achieves convergence within the
specified timeframe. Defining the estimation error as Dy; = D; — 1) i, we have:

. N 14
Dq)i = D(pi - D(pi = Kpi2Zgpi0 T K(leﬂ(pi - (anZﬁ(pz + K(Pﬂﬂ(,v) (39)
= K9i2Z2¢i0
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Thus, according to Theorem 1, D ; successfully converges to the origin, validating the
performance of the proposed observer. This concludes the proof. O

Remark 1. In the proposed PTSMDO, the upper bound of the convergence time is explicitly
dictated by the predefined time parameters rather than the observer gain parameters ki1 through
kgie- By employing a time-scale separation principle the system guarantees that full disturbance
compensation is achieved prior to controller state convergence. Consequently, while the gain
parameters ki1 to kyie do not alter the predefined total settling time, they are instrumental in
shaping the transient dynamic trajectory, requlating the initial convergence rate, and determining
the ultimate steady-state precision of the disturbance estimation.

3.1.2. Prescribed-Time Sliding Mode Control

The fundamental principle of sliding mode control involves the synthesis of a sliding
manifold and a corresponding switching law. This combination is designed to compel the
system’s states to reach and subsequently reside on a pre-defined manifold. Specifically, the
process is bifurcated into two cases: the reaching phase, where trajectories move from initial
conditions toward the manifold, and the sliding phase, where they converge toward the
origin along said manifold. Consequently, the SMC architecture developed here comprises
two vital steps: first, the construction of a sliding variable Zpi that encapsulates the desired
control performance; and second, the derivation of a control law that ensures the manifold
zpi = 0is reached within a finite duration from any state in the space.

To achieve stability within a strictly pre-negotiated duration, we define the follow-
ing prescribed-time sliding surface: z,; = &1 + {,;- In this formulation, the term
Coit = [g}vﬂ, ééil, §3(pi1]T is characterized by:

’7:)[1(1+(eii1)2) arctan(eiil)

—— 0<t<Tz,
gp Zpi1 + @il (40)
L= 7
il Vil Thit Moit Cq1lp >
exp|( 5 5 | T 57 lle oil t> Tz,
gil b=Tz iy 1/ TpinOn gil

where the index p € {1,2,3}, and the positive scalars ’7(7)1‘1/ U(’;ﬂ, 55)1‘1 are design parameters.
The constant T, represents the allotted time for the reaching phase. Differentiating the
sliding variable z,; with respect to time yields the following manifold dynamics:

29i = egin + L it (41)

Within the SMC framework, the total control effort is partitioned into two distinct com-
ponents: Ty = Tyie + Tyis- The equivalent control term 7, is responsible for maintaining
the system trajectory on the manifold once contact is established, while the switching (or
reaching) component 7 ;s is designed to drive the states toward the sliding surface from
the outside. This integrated structure is essential for guaranteeing both the stability and
the robustness of the closed-loop system.

Based on the error dynamics defined in (21), the equivalent controller is formulated as:

—1(5 ..
Tq)ie = _Bil (gq)il - q’r) (42)
To handle uncertainties, the reaching control law T;; is synthesized as:

Tyis = ~B" (42 + Do) (43)
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where the vector {;, = [{} gi2’ (Plz, 4 4)12} is defined by the following piecewise function:

775,‘2(1+(zs)i)2) arctan(zgi)

P
Tz(piz _t+§q)i2

z 7 p
(p12 [ o’
@i2 _ @i2 _ .
%12 [exp( DA S ) * 5712 1] 5 E2 Ty

@i2 (pzZ @i2

0<t<T,,
(44)

in which 5” pi27 p‘Z are positive constants, and T; , specifies the duration of the slid-

g012’ gm
ing phase.

Theorem 2. Consider the attitude tracking error system governed by (7). By applying the
prescribed-time control law T ,; defined as:

Tyi = =By (Cyir — @, + Lo + Dy (45)

global tracking is achieved despite non-vanishing disturbances. Specifically, the tracking errors are
guaranteed to converge to an infinitesimal neighborhood of the origin within the pre-assigned time
case and remain within a compact residual set thereafter.

Proof of Theorem 2. To Verify the stability of the entire scheme, we propose the following
Lyapunov candidate: Ly;1 = 2 (Plzq,l +1 5 q)zlzll +1 5 411029010 Taking the time derivative of
Lyi1 leads to:
Loit = zgizgi — Lginzin — LginZio
. (46)
=z ( i10i0 + Dyi — ¢, + C(pil) — Cpinzin — GpinZio

By substituting the control law and observer relations into the above, we obtain:

Loin = 2 (_gqﬁi —Dyi + Dq,l-) — EoinZon — EginZgio
= 2y (_Qpiz + Dw’) = LoitZein — LpioZgi0 (47)

T
< =24l + i

For the reaching phase ¢ € [0, Iz , ), the following inequality holds:
. 3
Lon = — Z 2tz + Ty

(48)
P2 P
Noia|24i| (14 1(2},)?]) arctan(|z},]) e

@i
TchfZ t+ 5@12

<%

Invoking (1 + w?) arctan(w) > w, the Lyapunov derivative is bounded by:

3 ’7Zi2|22i (1+|(z p.)2| arctan(|z$i )

Lot < =) + Iy,
pil = @i
p=1 TZ<p12 t+ 5(;}12
mm{;y 2/’7 i 1] 2}
@i27 " @i2’ 'l pi P
z (14 |( arctan( |z’ . +1I1,; 49
S T 2\ (@] arctan(|zh, )| + Ty 49)

S
_ min{7,, Mis ’7<pi2}
< T, —t+ iy gi2
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where (54,21 denotes the maximum of the time constants, &’ gi2 = max{(S gi2/ q)z2’ q012} Let us
redefine the Lyapunov components as Vy; = Vyi1 + Vipio = Lyin, Viin = szl %( 4’1') ,and
Voin = 22:1 %(zg q)?+ %(SZ[»Z)Z. Then, we arrive at the following constraint:
2min{140, Moo Mpin }
Vi < — LAt el LS VAT § (50)
Qi = @il Qi
TZq)zZ t + (5(p12
It can thus be concluded that V,;; remains bounded.
Consequently, we have:
corl 2 3 sl 2 3
V. < _me{’?q)izf Toiz Mgz} ) 2min{ 15/ Mins ’7<pi2}v ) TL 51)
[ @ i Qi
¢ TZ(plZ t+ 5(,)12 Tzqnz t+ 5(pz2 y

By invoking the results from [39] and applying Gronwall’s inequality, one has:

_ min{ 7(p12 '74712 '7({)12} 72] {’711)12 '74712 '7({)12}
0 Ty - —s+0 0 1 o —std
Vyi(t) <e o g2 V<pi(0) +e fon

@i2
gl 23
. 1 ) 3 @ m‘“{”q;iz'”(piz"/(piz}
E(2min{1] g0, 50 Toin } 20— e, O
X = 5 Veir T 1y e v do
0 Zgi2 -+ @i2

As the time variable ¢ approaches the pre-assigned threshold T ,, it can be verified

¢ mi {’7(/;;2"7@2/’7@2}

@i2

(52)

that limt_)TZW_2 Vyi(t) < Vi exp< 2/, )ds vanishes. Consequently, the

T; 2—S+<5;)12
Lyapunov function is bounded by:
. mln{)y 2’7 i/ ,2} . 1 2 3 min{y i2Mpinl 12}
,2]0 4)17‘{7 I(P ds ¢ 2m1n{77 ‘2,’7 ‘2/’7 '2} 2]0 ¢7‘P ,((’ ds
Ve<e T PR Vg + Ty Je e e o (53)
0 Tzq) -0+ gi2

Furthermore, by employing L'Hospital’s rule, it is demonstrated as:

{'7(/)12 ’7@2 lszZ}d

2jO Tz .o —@+0!
Vl-2+H(pi>e K I 1)

tf 2 min{r/}piZ’”foiZ'”iQ}
0 ¢

Tz ., —@+0
lim Vg < lim 92 ”

— — min{ql. /172. ,173. }
t—=T; Zgi2 t—>TZq)i2 fo/ - ¢,2+5q/”2 7q5112 d
e 2i2 T pi2
ot mm{;ywz '7(/)12 174012}
Zmin{rll .2,772 »2,173 .2} j(] ord!
(stviz +T0g Je = T (54)
. 1.
< lim ~ ¢ - ;
t—T, . . ’74912 '7(/)12 7(/712
92 2mm{77}p,2ﬂ7$12ﬂ73,2} 24y~ T sy
TZ(plZ +5(()12
( an + 5 )H(pi
< lim Voiz 3
=T, 2 min {774’1'2’ ’74)1'2' 17¢i2}
From the above derivation, it is evident that:
( Zpi2 + 5 )quz
= Agil (55)

im
t=T, @i2 2 mln{ﬂq)lz, 17(,)12’ 1/](,)12}

Ultimately, through the selection of appropriate control parameters, it can be ascer-
tained that lim;_,7, 5 Vyi1 < agi1- This confirms that the state tracking error enters the
[
bound a,;; within the prescribed time horizon TzwiZ'
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Fort € [TZW.Z, +00), the evolution of the Lyapunov candidate is expressed as:

Vi (£) = Vgin (1) + Vpia < =208 gip + i

3 A /0’p» a'p.
P @i2 @i2 1 P \2
S - Z 17(pi2 exp 5].7 - + 5T -1 (Z(Pi) +H(Pi
P:1 4712 t— TZ(plZ 59012 (PIZ
ol » 56)
Pi2 Oyio 1 (
< —277;;1‘2 bt £ p S L Vin
@i2 t— Tzqn-z + 5(])12 @i2
ol /
\V g2 Tpiz 1
+ 21745 | €XP v ~ — | T = 1| Voo + 1T
@i2 t— TZq)iZ + 54)12 @i2

where we denote a;m-Z = min{a;ﬁ, Uéiz'ggiz}T and ’7;)1‘2 = min{;y(lpiz, 17571.2, Wiiz}T' In light of
Gronwall’s lemma and the methodology in [39], the solution satisfies:

o
v o2 “oi2 A1 ds
4)1 471'2

~2z J1. H |SXP -
(1) <e e o Tyt

5.
@i2
Vii
t \/ % o 1
' ¢i2 i2
x / 21gip | eXP 5 ~ — | T = 1| Voir + 1y | d@
iz 9i2 @ — Tz(pil + 54)12 Pi2
, (57)
[T0in o
21! f}z ) exp ,?l pi2 +%—1 ds
# pi2 Soi 5Tz o+ Jo! o, Soi2
X e ¢ @i2 @i2" gi2 4 d(D
\ Tpi2 T
2 o [} |:exp( ? + , —1|d
92Tz [ st
zpzZ s—Tz ot/ -25 in ng
+e 91 Qi2"gi V(pi(TZq,iz)
As time tends toward infinity (f — o), the transient term associated with V(pi(Tan'z)
decays to zero. Thus, the steady-state bound is obtained as:
. 1
lim Vo (t) < X
freo t 0(’(,1'2 pi2 1
2n' . ex] — +——1|ds
limt . 774)12 fTZgoiZ p 1520’,2 S7T2¢i2+ 4”25;”2 0;1.2
— 00
/ /
t o . o’ .
. Pi2 @i2 1
lim 21’ . |ex — — — 1| Vo + 11, | x
220 T Toiz | Spin @ =Ty, + /0" 6 i Spi2 v "
i2
[ q)l @1 (58)
17/ . /
y \/ i i
2’]:/)1'2 fg ” |:EXP< AP +(p12 ) +(£1} ds
e [ @i2 Zpi2 pi2 4”2 @i2 do
H .
) i
< Vq)zZ + \/7
21" . |ex CACH I S |
Moi2 P ‘7;;1‘2 o (’piZ

In a similar manner, by tuning the design parameters, we can show that:

5
lim Vi1 (£) < o2!] = 0y (59)

Agi2
t—00 /0’ ] ¢
@i2
271;1'2 l‘szpiz exp < 3 ) +1- ‘5;;12]
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In conclusion, the Lyapunov function V; is confirmed to be bounded, ensuring that
the system trajectories converge to a predefined residual set within the specified time T;
and remain stable thereafter. [J

Theorem 3. Upon the sliding manifold reaching the region Agin, the error states e iy and ey are
guaranteed to settle within a small neighborhood of the origin within a finite time T; ;, , thereby
fulfilling the requirements for practical prescribed-time stability.

Proof of Theorem 3. Through the meticulous selection of design parameters, the conver-
gence region can be tuned to be infinitesimally small. Depending on the specific value of
agiz, the stability analysis is bifurcated into the following two cases.

Case 1: We first consider the case where the sliding manifold has reached the vicinity
of the origin. From the relation in (42) and (43), it follows that &1 = —( pil- To evaluate the
convergence, a Lyapunov candidate is defined as W, = %egﬂeq,ﬂ.

During the reaching phase ¢ € [0,T; ), the temporal derivative of the Lyapunov
function is given by:

3 ;75){1|egi1\(1 + (EZH)Z) arctan(\e(pzl|

A T . T
W(pi = e(pilewil = _e(pﬂC(pil = - Z T t+(5
p=1 Zpil @il (60)
cofl 2 3
mln{’7¢i1r’7¢i1r’7<pi1} 2 ’7;)11
>~ i1 = T L
Tepn —t+050 31 “oi TZ«) t+5q)zl

where 17 1= mln{I/](Pll, 17@1, 17@1} and 54011 = max{éwl, ils q)il} are consolidated param-
eters. By integrating this differential inequality via Gronwall’s Lemma, it is derived:

. . Tz, . 77/ i1
< ) il o [}
Wi < Wi (0) exp </0 —Tz(m - ds

, 25"
< AT @il (pll
< Wq,l(O) exp [/0 —Tzwl oy %11 d(TZ(p -5+ 5¢11) (61)

¢ 2}74711
SWei(0) [ 1- ——— = ayi3
" ( Ten + 5@1) "

Consequently, as t — T ,,, the tracking error converges within the residual set a;3.

Fort e [T2¢i11 o), the dynamics are expressed as:

i T . T
Woi = egin8pit = —€4i104in
0'/ . ! /
\/ i1 i ; (62)
< —2|exp ,q)l - o1l + U:Pll — 1| Wy
Opit  t=Topy + /0018 | i

o1l 2
where %11 = mm{%ﬂ, Tois

ogy in [39], it follows that:

(73)1.1 }. Drawing upon Gronwall’s inequality and the methodol-

o . o
il il Tgil
fj{z -2 [exp( —— % )+ v 1} ds
il 9 T .
Wi(t) < Wy(To)e Mt ) o (63)

Zgil )
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Note that the exponential term within the integral is a monotonically increasing
function. Utilizing the definition of the derivative and the integral property, we have:

f Vi L 1,
/ ~2]exp | L it S 1| ds < 2P0 ) (64
Zpil @il S — thpll +.,/0 ‘Pl 5(,)11 (pil @il
Thus, (71) is simplified to the following form:
ol L (-Te, )
. . 5 il
Wi(t) < ani(Tzq,,-l) e (65)
. . -2 0]7”1 (t TZq,,'l)
In the limit as t — oo, we obtain lim;_, Wq,i < limy o0 W(Pl- TZW. ) il = dyig,

Therefore, the state variable s is confirmed to settle within the bound 4,y within the pre-
assigned time T .

Case 2: Consider the case where z,; # 0, and the convergence of the tracking error is
represented by T'y; = [[ i1, Tpi2, I’q,lg]T The sliding surface relation zy; = éi1 + {1 = Ty

1mp11es that the error rate is eZn = l"p - gil" We proceed to analyze each error component
<Pi individually for p = 1,2, 3.
Fort € [0, Tz, ), the error dynamics satisfy:

ngil(l + (e p- D)%) arctan(egﬂ)

;P — P _ P
gin(1) = ~Cgn + Ty = To, —t+00, o
pil i
y ! (66)
< _ @il e _i_l—,p'
> @il
Topy —t+ 5(,)11 ¢
In accordance with [39] and applying Gronwall’s Lemma, we yield:
p
T Moi1
el <exp / —*ds el (0)
ot = ( 0 T, t+(5(P11 ) o1l
T , ,
+exp (/ S ) / l"qn1 exp (/ ol ds) dw
0 TZqJ/] t+ (S(pll TZqJ/] s+ 5q}ll
(67)
( )(1 : )Wl
< eun(0 -
= Coil P
ngoil + ‘quil
P (Te,, + 6" )b — _—
@il\~Zgpil @il/ T oil Nyi1 Nyi1
- 1—nhy |:(Tz(p -t 54711) B ( zn + (54711) }
As time approaches the threshold T; ,, the limit of the tracking error is given by:
5P 1 17<p11
lim €’ (t) < lim e’ —
Hl%? e‘Pl( ) tngl Coin © (TZ Lo
‘/:7’7 ¢ (68)
F [Tz 400, ) 1o 1-1", _—
il rpzl p Moi1 Toit|
e (o) T (B )] = s
@il

Through the proper selection of parameters, the convergence of the tracking error to
the set a5 is ensured.
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For t € [Tz, ), the system satisfies:
/P P P
[ o, no:
. il @il @il
Cpit = — |exp | “5— — = | T 1 egil + rZi (69)
54’“ t— TZq;il + (Tqai15q0i1 5‘Pi1
By invoking Gronwall’s Lemma once more, we have:
\/l; : - n s
t 1 1 1
i1 s=Tz ;0 + /00 400 il
(1) < e (T Tt
Vot Tpil Tpit
ff. _|exp _pq’l - a +_;,'" —1|ds
Te “pi dpit s Tegn t\ [0t | it
, NG ob. b
@ Qil @il @il
‘ fTZ"’” {eXp( Spit 5T+ fob o +5p,-1 e
% / ine [ @il @il%pil [ deo (70)
Zpil
P NG o b
i1 ot [ @il @il “1l4
—(-T. )t Jr, [QXP( P T 8
<el (T, )e el fe ™ T s Ty Tintpn ) o
— il @il
: Vit Tt Tpin
t Tz i oF. B PP oF.
T, .
@il
In the limit as t — o9, it is found that:
NG o e
[1 TPexp|[2 lexp| 2t — el + 4 —1|ds|d@
T, . " @i T, . 57 p_sP T
gil @il @il s=T; .. +4/0 ,-15 il @il
lim e’ . < lim o e
oo Pl = e I’ \/;Zil 051.1 ;75)1.1 p
T, .. |€XP 7 +———1|ds
. Zgil ‘5({”‘1 57T2¢i1+\/(7£755;i1 ‘Sq)il (71)

14
(= Tzy)

= = Ayi6
t—o0 exp<ﬁzil> + 75)1‘1 1 ¢

P P
§¢il 0¢il

This demonstrates that the tracking error remains confined within a minute residual

domain. In conclusion, based on Definition 1, we have verified that the proposed con-

trol framework achieves practical prescribed-time stability for the attitude system. This

concludes the proof. [J

3.2. Prescribed-Time Sliding Mode Controller for Translational Subsystem

The velocity tracking deviation is characterized by e,; = V; — V), where V; represents

the reference speed commanded by the virtual leader. By differentiating e,; with respect to

time, the first-order error dynamics are formulated as:

évi = foi + 8viFrxio + Dvi — V4

(72)

The primary control aim consists of synthesizing the thrust command Fr,;g such that

the speed error e,; is driven into a minute neighborhood of the origin within a pre-stipulated

time T,;, even under the influence of the unknown and non-vanishing perturbation Dy;.
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3.2.1. Prescribed-Time Sliding Mode Observer

In view of the fact that flight integrity is often compromised by unknown aerodynamic
disturbances and potential thrust inefficiencies Dy;, we develop a reduced-order scalar ob-
server based on prescribed-time sliding mode theory to achieve high-precision estimation.

To this end, define an auxiliary variable 8,; = —I fOT (fui + SviFrxio + loa By )dv +
I,1V;, where I; and I, denote positive design constants for the observer. The temporal
evolution of this state is governed by &,; = —I,11,20; + l,1 Dy;, which effectively functions
as a first-order filter for the lumped disturbance term. By letting z,ip = &,; — . represent
the estimation discrepancy, a scalar integral-type sliding manifold z,;; is constructed

. T
Zyil = Zpio T fo Cw‘odl/-

Theorem 4. Under the framework of the translational subsystem’s first-order dynamics for a
fixed-wing UAV, consider the following sliding mode disturbance observer:

P T
Ovi = Qoit + Coio + fo Coiodv
Dy; = LBy + 1190

vil Vvl

(73)

In this structure, Dy; signifies the estimated value of the unknown disturbance Dy;, while {0
and (i1 are defined as scalar prescribed-time reference convergence differential functions following:

koin (1+222}01-) arctan(z,(;)

: e 05t o (74)
vi0 = Vi _ koip kn _q)z0 t>T
exp( Y- + e Zoig 2 Tz,
i3 t— TZviO +v/koinkois vi3 ”
Koin (1422, t i
w4( ;:Z%,ﬂ_):liia‘n(zwl) 0 S < TZU,']
- = (75)
vil Vs _ kus Mt 11z t>T
exp - + [ Zoil = TZyin
0i6 tiTZvil +/ koinkyie vi6 b

where kyi1, koo, kviz, kvia, kois, kvie are positive constants, with kyyy > kyiz, kvia > koi, Tz, and
T,,,, are prescribed time; the convergence of the estimation error Dyi = Dy; — Dy; to zero is
guaranteed within time horizon T, ., + T ;.

Proof of Theorem 4. Utilizing the observer dynamics, the derivative of the sliding variable

can be described by Z,;; = —Cyi1. To evaluate the stability of this sliding manifold, we select
2

vil*
T.,,, the analysis is partitioned into two temporal phases:

the following Lyapunov candidate L, ,, = %z Based on the prescribed convergence time

Case 1: For t € [0, T, ), the time derivative of the Lyapunov function yields:

kyig|zon | (1 + zzz)ﬂ) arctan(|zy;1|)

76
sz —t+ kvi6 ( )

szil = ZyinZovil = _Zvilgvil = -

2
vil
the properties of convex functions from Lemma 1 and Lemma 3, the derivative can be

k’(}i4 \/ ZLZm'le( \/ 2L2m'1> (77)

Tzv,vl —t+ kvi6

By defining the auxiliary mapping €(z,1) = (1 + zZ;;) arctan(|z,;1|) and invoking

bounded as:

szil =
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We introduce the auxiliary variable m,;; = /2L, . Its dynamic evolution satisfies

the following inequality rit,;; = Lzzz"l < - T“’“%Tﬁ? )_6. Further, utilizing the property
Zpil Zoil ot

e(myin) = (14 m2,) arctan(my;) > my;, it can be obtained that:

I koia(1+ m3y;) arctan(mq;) <_ koightin 78)
Tzv,-l —t+ kvi6 sz-] —t+ kvi6
By integrating both sides, we obtain

T, . —t+kyis ) koia
Myi1 (1) < mpip (0) | —2—-——= 79
wl( ) = vzl( )( TZm‘l +kvi6 ( )

This demonstrates that, with an appropriate selection of observer parameters, #1,;; and
L, , converge to a minute neighborhood of the origin before t = T ., + k. By invoking
the squeeze theorem, we confirm that the sliding variable z,;; reaches equilibrium exactly
at the prescribed time.

Case 2: For the steady-state phase ¢t € [Tzvil’ 00), due to the introduction of the expo-
nential decay term in the piecewise function, the system dynamics satisfy:

[ {exp (\/kviS B kois > o Koia _ 1} 2

koie t = Tz, + Vkoviskoie kvie ol (80)
kyi kyi kyi
< —2|ex vi5 vi5 )+m—1:|L-
B |: p( kvié t— Tzvil +v kviSkvié kvi6 il
Through the application of Gronwall’s lemma, it follows that:
A o )
szil(t) < szil(Tzvil)e< szvil P\ s 5= Tz, +v/koiskoie kyie s (81)

Hence, by tuning the parameters, the observation error L, , is maintained within

vil
a negligible bound after the specified time. This confirms that the sliding manifold z,;
achieves prescribed-time convergence.

Once the sliding manifold is reached (i.e., z,;; — 0), the error dynamics simplify
to Zyi0 = —{oio- We define a similar Lyapunov candidate function L, ,, = %Z?}io for the
estimation discrepancy.

Case 1: For t € [0, T ,,), substituting the definition of {,;o:

kvil |sz'0| (1 + Z%io) arctan( |Zvi0 ‘)
TzviO - t + k‘UZ3

szio = —Zpioloi0 = — (82)

Defining the auxiliary variable ;3 = /2L, the integration process mirrors Phase
1, proving that z,;y and its associated energy function converge prior to t = T ,, + ky;3.
Similarly, through the squeeze theorem, the state z,;y reaches equilibrium exactly within
the prescribed time.

Case 2: For t € [T; ,, o), the derivative is bounded by:

szio < 2 lexp< Vkuin B kyin ) n kyi1 _ 1] L. (83)

kyiz t— Tz + \/%kvﬁ koiz

By applying Gronwall’s lemma, the error state z, is strictly constrained within a
minuscule boundary, confirming the successful convergence of the observation error.

The ultimate objective is to prove the convergence of the lumped disturbance estima-
tion error, defined as Dy; = Dy; — Dy;. From the auxiliary variable dynamics, the actual
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total disturbance can be rewritten as: Dy; = [,p8%,; + l;% i Simultaneously, the observer’s
output is: Dyi = Lin8,; + l'u_i%@w"
Subtracting the estimated value from the actual value yields the error dynamics as a

linear combination of the state discrepancy z,jp = ¢, — 0y;:

A

Dyi = Loin (80 — B0i) + 11 (001 — Bui) = LoinZio + 11 Zoi0 (84)

Based on the thorough derivations in the preceding steps, both the observation er-
IO Zyip and its time derivative Z,;y converge to an infinitesimally small neighborhood of
the origin within the total prescribed time horizon T ,; + T, ,,. Consequently, it directly
follows that Dy; — 0. This confirms the fast and precise estimation capability of the pro-
posed sliding mode disturbance observer for the translational subsystem. This concludes
the proof. O

3.2.2. Prescribed-Time Sliding Mode Controller

In the context of first-order systems, the construction of a conventional cascaded
sliding manifold is obviated. Instead, we leverage the continuous and smooth properties of
the RCDF to directly regulate the error dynamics é,;. By integrating this with feedforward
compensation derived from the observer, the thrust control law is formulated as follows.

Theorem 5. Regarding the velocity error dynamics, consider the control law designed as:
e A
Fryio = &4 (Va — foi — Dvi — Cui) (85)
where {,; denotes a continuous, piecewise prescribed-time convergence function, where

i (14¢2;) arctan (e;) '
Toi = I Ve = S— S

\/Fﬂ_#i) Toi } ' '
[eXp( Ooi t=Tyi+\/0piby; 5 —Lew t 2Ty

Under this control scheme, the closed-loop system exhibits global practical prescribed-time

(86)

stability. The velocity tracking error e,; is guaranteed to settle within a compact residual set centered
at the origin by the pre-assigned time T,;. Furthermore, this formulation inherently eliminates the
chattering effect in the control input.

Proof of Theorem 5. To verify the stability of the translational subsystem and ensure con-
sistency with the attitude control analysis, we propose the following composite Lyapunov
1.2

candidate function L,; = %egi + %z%il + 525, Taking the time derivative of L,; along the

system trajectories yields:
Lyi = eyibyi — CoitZoit — CoioZouio

. 87)
= eyi(foi + &viFrxio + Dvi — Vi) — CoitZuit — CvioZoio

By substituting the prescribed-time thrust command Fr,;y and the observer relations

into the above, we obtain:

Lyi = €0i(—oi — Dvi + Dvi) — LoitZoit — {vioZoio

(88)
< *evigvi + Hvi

where I1,; represents the bounded lumped terms associated with the observation errors
and disturbances.
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Case 1: For the reaching phase t € [0, T;;), utilizing the piecewise RCDF (;, the
following inequality holds:

Moici(1 + €2;) arctan (e,;)

Ly < — + 11,
o= Tvi - t + 5’01’ o (89)
 hileal (1 4|3 arctan(fe)) | |
o Tvi _t+(svi o

To facilitate the subsequent stability analysis, we utilize the property (1 + w?) arctan(w) >
w. Invoking this property, the Lyapunov derivative is bounded by:

i Moi 2
L, < ——T9% % + 1L, 90
o) u— Tm _ t + 5271 evl + (4 ( )
Let us redefine the Lyapunov components as V,,; = Vi1 + Vyio = Ly, where Vi = %e%i
and V,p = %ziﬂ + %ziio. Then, we arrive at the following constraint:
. 21,
Vvi < _¢Vvil + Hvi

It can thus be concluded that V,; remains bounded. By invoking the results from [37]
and applying Gronwall’s inequality, the following relationship is established:

-2 [ 728 ot i
Vi (t) <e jo T —5+0y; ds Vi(O) Le 2 [y T

t 21y 2 [ S| —
Vi 4 TL.: |20 Toimst5,,%5 4
/0 (Tvi_w‘i“svi vi2 + vz)e w

ds
(92)

As the time variable t approaches the pre-assigned threshold T, it can be verified that
the transient term associated with V,,;(0) vanishes. Furthermore, by employing L'Hospital’s
rule to evaluate the limit, we demonstrate that:

fow T, —s+3,; Tui 5 ds
m Vo < 1 fo( m—w+5 Voo + Hvz) it dw
im V; im

t—=Ty T 15Ty, ez Iy wag; 5 ds 93)
: (Tvi —t 5vi)IIvi
< 1 V . — .
=, Hﬁi( vi2 210 Ayil

This confirms that the state tracking error enters the bound a,;; within the prescribed
time horizon T,;.

Case 2: For the steady-state phase t € [T, +o0), the evolution of the Lyapunov
candidate is expressed as:

Voi(t) = Voir (£) 4+ Voin < —euiloi + Iy
Vool Ol ) 1 ]
< =21, | ex - - + — = 1|V,
T { p( i t— Ty + /0pidy; i vz
\/U'Ui Opi
+ 21, {ex (
e P i t— Ty + /0pidy;

(94)

1
) : 1] Viia + 1y
'Ul
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As the time variable tends toward infinity (! — o), the transient term associated with
Vui(Tyi) decays to zero. Thus, the steady-state bound is obtained as:

H .
lim V,;(t) < Viin + L
2nfor () &1 o
95
5viHvi

" baep(E) 10, "

In conclusion, the Lyapunov function V;; is confirmed to be bounded, ensuring that
the system trajectories converge to a predefined residual set within the specified time T,
and remain stable thereafter. This concludes the proof. [

Remark 2. As illustrated in (23) and (24), (40), (44), (74) and (75) and (86), the RCDF provides a
more computationally efficient framework by combining a time-varying scaling function with the
tracking error. This approach avoids the need for complex transition mechanisms and addresses
tracking control across the entire temporal horizon. Following the insights in [31], the error
convergence rate can be precisely modulated by adjusting the parameters.

Remark 3. The RCDF maintains continuity at the terminal time t = T, satisfying lim;_,1 1 p =
(T —t+6)"T~1 = 0. The asymptotic behavior is given by ; ~ (T —t+ )"~ and 1/11.("_1)

(T —t+6)"". Provided that the design parameters satisfy 11; > n + 1 — i, the derivatives of
each ; vanish as t tends toward T. Based on these properties, we define the unary mapping
h(v) = v®(v) = v(1 + kv?) arctan(v), which is proven to be a convex function. For a more
comprehensive discussion, the reader is referred to [31].

Remark 4. While the theoretical analysis guarantees system stability within any user-defined
prescribed time, the practical implementation on a QUAV is fundamentally constrained by physical
actuator limits. In a real-world scenario, the required control effort is inversely proportional to the
prescribed settling time. Consequently, two specific scenarios can lead to severe actuator saturation
and increased failure risk: (1) setting an extremely short convergence time when the initial attitude
error is excessively large; and (2) encountering a sudden, massive external disturbance during the
flight, causing the controller to demand infinite torque to eliminate the newly generated error within
a tightly constrained time window. Therefore, in practical engineering applications, the selection of
prescribed time must not be arbitrary. It requires a cautious trade-off, ensuring that the maximum
demanded control torque does not exceed the physical saturation threshold of the airframe’s actuators,
thereby preserving structural integrity and flight safety.

4. Simulation Experiment

This section evaluates the proposed control strategy through numerical simulations,
aimed at verifying its feasibility and performance advantages in practical cases.

Parameter Setting

According to existing work [36], to verify the effectiveness of the proposed con-
trol strategy, the parameters of the prescribed-time sliding mode disturbance observers
and controllers are strictly set in the simulation, where the subscript i € {1,2,3,4} de-
notes the four UAVs. The observer parameters of the attitude subsystem are identical
for all UAVs, specifically chosen as kg1; = [45,45,45]", kgoi = [7,7,7]%, kgai = [1,1,1]7,
kpsi = [0.1,0.1,0.1], kg5 = [15,15,15]7, kp; = [0.1,0.1,0.1]7, x41; = diag(50,50,50),
and xgo; = diag(1,1,1); the attitude controller parameters are set as Noti = [5,5, 5]T,
Nooi = 7,77, 0p1i = 0goi = [2,2,2]", and 641; = Jgpi = [0.2,02,0.2]T. The ob-
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server parameters of the translational subsystem are configured as k,;; = 4, kyin = 0.5,
kyis = 0.1, kyis = 4, kyis = 0.5, kyig = 0.1, I,; = 50, and [, = 1; its corresponding
controller parameters are selected as 0v,; = 7, §,; = 3, and 1,; = 4. To test the system
robustness, continuous, time-varying, and non-vanishing external disturbances are intro-
duced in the simulation. The disturbances injected into the attitude channels of the four
UAVs are respectively set as dgy = [0.1cos(0.5¢),0.1cos(0.5¢) + 0.1sin(t),0.1sin(0.5¢)]7,
dgr = 0.7[1 4 sin(0.3t) + cos(0.8t), —1 + sin(0.6t) — cos(0.4t), 1 + sin(0.5¢) + cos(0.2¢)]T,
dg3 = 0.5[0.75sin(0.7t) + 3 cos(0.3t), sin(0.9¢) + 0.5 cos(0.4t),1 + sin(1.2t) 4 0.7 cos(1.2¢)]T,
and dy4 = 0.6[1 4 1.2sin(0.9¢) + 0.8 cos(t), —1 +sin(1.8¢) — 1.5cos(0.3t), 1 + 0.5sin(0.5¢) +
1.3 cos(0.2)]T; meanwhile, the uniform external disturbance acting on the translational sub-
systems is defined as d,,; = 0.5[1 + 0.5sin(1.3t); 1 + 0.9sin(0.6t); 1 + 0.9c0s(0.8¢)];T. And the
prescribed time is Td@o =4s, wa1 =4s, TZ(P,.] =685, Tzqn.2 =6s,1;, =4s, T, = 4s. Mean-
while, UAV 2 operates under healthy conditions without any actuator anomalies throughout
the entire mission. Furthermore, we introduce an actuator fault case for UAV 1 within the
time window ¢ € [15,20], affecting the elevator, rudder, and ailerons. This is represented by
the bias d15 = [0,0.8,0]T and the efficiency factor matrix @5 = diag{0.8,0.8,0.8}. Similarly,
we introduce an actuator fault case for UAV 3 within the time window t € [15,25], affecting
the elevator, rudder, and ailerons. This is represented by the bias J3 = [0,0.8, O]T and the
efficiency factor matrix ¢z, = diag{0.85,0.85,0.85}. Finally, we introduce an actuator fault
case for UAV 4 within the time window t € [10,15], affecting the elevator, rudder, and
ailerons. This is represented by the bias d4r = [0,0.8, 0]T and the efficiency factor matrix
05, = diag{0.85,0.85,0.85}. The starting states for the formation are detailed in Table 2.
The initial value of UAVs are shown in Table 3.

Table 2. Airframe parameter values of UAV.

Coefficient Value Unit Coefficient Value Unit
g 9.8 m-s2 14 1.29 kg - m?
m; 20.64 kg S; 1.37 m?

b; 1.96 m G 0.76 m
CLoi 0.1 / CLai 0.25 rad~!
Cloi —0.001 / Clpi —0.038 rad~!
CDo; 0.5 / Cypgi —0.1 rad—!
Cm0i 0.022 / Conai —0.473 rad !
Ch0i 0.022 / Coi 0.036 rad—!
Clpi —0.213 rad 1-s Clyi 0.114 rad7!-s
Clsai —0.056 rad~! Clri 0.014 rad !
Croai —0.036 rad~! Crsri —0.055 rad~!
Congi —3.449 rad !-s Cnsi —0.364 rad !
Cupi —0.151 rad!-s Cori —0.195 rad ! -s
i 1.607 kg - m? Jyyi 7.51 kg - m?
Loz 7.18 kg - m? Jszi 0.59 kg - m?

Table 3. Initial state values of UAV.

x;(0) yi(0) z;(0) ¢i(0)  0;(0) ¥;(0) Vi(0)

UAV 0 40 m Om 150 m 0° 1° 0° 20m/s
UAV 1 10 m —20m 150 m 0.2° 1° 0° 25m/s
UAV 2 10 m 20m 150 m 1° 1° 0° 20m/s
UAV 3 —10m —35m 150 m 0° 1° —0.5° 19.5m/s
UAV 4 —10m 35m 150 m 0.2° 1.5° —0.2° 15m/s
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The mission objective requires the multi-UAV system to execute a low-altitude traver-
sal task while precisely following the prescribed velocity V; and orientation ¢, profiles:

20+ 597, 0s<t<10s 0,00T,  0s<t<5s
V,=420+ 52, 10s<t<20s, @(t)=141052,0T, 55s<t<20s (%)
20+ 2%, t>20s [0,0,0]T, t>20s

Figure 3 illustrates the flight trajectories of the fixed-wing UAV swarm in both a three-
dimensional isometric view (Figure 3a) and a horizontal X-Y projection (Figure 3b). Under
the proposed control scheme, the four follower UAVs successfully assemble and maintain the
desired formation with the leader (UAV 0) throughout the complex traversal mission, which
includes continuous maneuvering, climbing, and diving phases. Figure 4 further details the
actual state trajectories of the UAVs across the speed (V;), roll (¢;), pitch (¢;), and yaw (;)
channels. The system states dynamically and smoothly follow the time-varying reference
commands within the prescribed time. Notably, when the reference velocity V; shiftsatt = 10s
and t = 20 s, all UAVs adjust their speeds rapidly and uniformly, demonstrating the excellent
transient performance of the velocity controller. Furthermore, despite the sequential injection
of actuator faults across different UAVs, the state trajectories exhibit no noticeable oscillations
or divergence. This directly infers the strong structural robustness of the proposed dual-
channel control architecture against unexpected hardware anomalies. The dynamic evolution
of the tracking errors (e,;, e4i1, €11, €yi1) is presented in Figure 5. Governed by the proposed
controller, these errors converge to a small neighborhood near zero within the prescribed time,
despite the continuous external disturbances. It is visually evident from the subgraphs that
the convergence moments exactly align with the pre-set theoretical time boundaries, verifying
that the settling time is strictly independent of initial conditions. Moreover, the error curves
remain completely smooth after reaching the sliding phase, which physically confirms that
the proposed continuous reference convergence differential function (RCDF) successfully
eliminates the chattering phenomenon inherent in traditional sliding mode control. The
efficacy of the prescribed-time sliding mode disturbance observer is evaluated in Figures 6-8.
Figures 6 and 8a demonstrate that the estimated values closely track the actual time-varying
lumped disturbances in both the attitude and translational subsystems. Correspondingly,
Figures 7 and 8b confirm that the estimation errors (D(pif D) strictly converge within the
prescribed estimation time. This rapid and accurate convergence ensures that the observer fully
captures the complex aerodynamic variations well before the main controller’s settling time.
Consequently, this precise and timely feedforward compensation serves as the fundamental
reason why the UAV swarm can maintain high-precision tracking without steady-state offsets
under severe and non-vanishing disturbance.

In summary, the simulation results confirm that the integration of the proposed
strategy provides robust, high-precision, and chattering-free tracking control for fixed-wing
UAV swarms, effectively accommodating external disturbance and actuator fault within
strict time constraints.

Remark 5. Despite the robust tracking performance demonstrated under prescribed-time con-
straints, several limitations within the current study must be acknowledged. Firstly, the validation
of the proposed control architecture currently relies on theoretical proofs and numerical simulations.
While these simulations rigorously verify the mathematical stability bounds, they cannot fully
capture the unmodeled physical aerodynamic complexities and sensor noise inherent in real-world
environments. Thus, further empirical validation through extensive hardware-in-the-loop (HIL)
testing using physical flight controllers, such as Pixhawk platforms, is required. Secondly, the
proposed framework assumes an ideal, continuous transmission of reference states from the leader
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to the followers. In practical operational environments, communication delays and data packet
losses between the leader and followers are inevitable, which could affect formation accuracy and the
deterministic bounds of the prescribed time. Additionally, the current theoretical derivation does
not explicitly account for absolute physical actuator saturation limits. Finally, the current scope is
strictly confined to low-level continuous trajectory tracking and disturbance rejection. It does not yet
integrate high-level intelligent autonomous decision-making or dynamic task allocation mechanisms,
which are critical for the strategy generalization of large-scale UAV swarms. Addressing these
constraints will be the primary focus of our subsequent research.
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30

10 ——UAV 0 ----UAV 3 ——UAV 0 ----UAV 3
L0 — --UAV 1 UAV 4 10 /oamms — —_UAV 1 UAV 4
F UAV 2 / 20 \ --UAV 2
@ 5 5 | \
" 7 || ¥ — e
"""" ) =, 0 =
a4 = 0 \/""" [ /\'—*“ = N
= g \/ | [ < 50 [—
2 ;
——UAV0----UAV 3 . UAV 0----UAV 3 10 x /
PN S ~-UAV1 - UAV4 - -10 SUAV1 - UAV 4
7 Y\ S 1 A I | A I | S—— - UAV 2
38 -15 20
0 10 20 30 40 50 0 10 20 30 40 50 o 10 20 30 4 50 10 20 30 40 50
(a) Time [sec] (b) Time [sec] (c) Time [sec] (d) Time [sec|
Figure 4. Actual states trajectories of UAVs: (a) speed channel; (b) ¢ channel; (c) 6 channel; (d) i channel.
15 10 6 10
——UAVI----UAV 3 ——UAV1----UAV 3 ——UAVI----UAV 3 ——UAV1----UAV3
1 UAV 2 UAV 4 8 UAV 2 UAV 4 4 UAV2 - UAV 4 05 UAV2 - UAV4
- Prescribed time
0.5 b — Prescribed time .6 Prescribed time
= | S &0
~ ok ———— e o
g ~_ < . =4
TL-05 osf, | 3 :
< . o] | @ 2 : :
» o X © N ]
sl ! |
-15 -1 I of !
0 2 4 6 8 T Prescribed time 0 2 4 6
-2 -2 -6
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 ) 10 20 30 40 50

(a) Time [sec]

(b) Time [sec]

(c) Time [sec]

(d) Time [sec]

Figure 5. Tracking error of UAVs: (a) speed channel; (b) ¢ channel; (c) 6 channel; (d) ¢ channel.
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Figure 6. Estimated error of lumped disturbance in attitude subsystem: (a) UAV 1; (b) UAV 2; (c) UAV
3;(d) UAV 4.
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5. Discussion and Conclusions

In this paper, a novel prescribed-time sliding mode control strategy integrated with a
prescribed-time sliding mode disturbance observer (PTSMDO) has been successfully devel-
oped for the 6-DOF formation tracking of fixed-wing UAV swarms under non-vanishing
external disturbances and actuator faults. Qualitatively, the introduction of a continu-
ous and smooth piecewise reference convergence differential function (RCDF) effectively
eliminates the need for complex state transitions and time-scaling functions. This design
addresses the inherent singularity problems and ensures smooth, chattering-free control
surface behavior across the entire temporal horizon. Consequently, the convergence rate is
seamlessly modulated, and the tracking time is rendered completely independent of the
system’s initial conditions and environmental variations. Quantitatively, numerical simu-
lations validate the strict exactness of the proposed architecture. The PTSMDO achieves
highly accurate estimation of complex time-varying aerodynamic disturbances and actua-
tor faults strictly within the user-defined timeframe of 4 s. Subsequently, the closed-loop
controller drives all translational and attitude tracking errors into an infinitesimally small
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neighborhood of zero within their respective prescribed times. Furthermore, the system
demonstrates robust fault tolerance, maintaining tight formation bounds even when sub-
jected to severe actuator anomalies. Ultimately, the proposed strategy provides a robust,
computationally efficient, and high-precision solution for time-critical aerial swarm oper-
ations. Future work will focus on validating these theoretical results through extensive
hardware-in-the-loop experiments under complex communication topologies.
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