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Abstract

This paper proposes a novel prescribed-time formation tracking control farmework of
multi-fixed-wing UAVs under external disturbance and actuator failures. As the complex-
ity of aerial missions intensifies, achieving precise position and attitude tracking within
a user-defined upper bound of settling time becomes a paramount challenge for intelli-
gent swarm systems. Unlike traditional finite or fixed-time methods, where convergence
depends on initial states or suffers from conservative estimation, the proposed approach
ensures stability within a prescribed time independent of initial conditions. A key in-
novation is the introduction of a piecewise reference convergence differential function.
This mechanism eliminates the need for state transitions, thereby reducing computational
complexity while ensuring smooth tracking without control surface chattering across the
entire mission. Additionally, a prescribed-time sliding mode disturbance observer is devel-
oped to provide precise and timely compensation for external disturbances and actuator
faults. Rigorous Lyapunov analysis proves that all closed-loop signals are bounded and
the tracking errors converge to a small neighborhood of zero within the predefined time.
Numerical simulations demonstrate that, under time-varying disturbances and actuator
faults, the disturbance estimation errors converge within 4 s, while both attitude and veloc-
ity tracking errors converge within 6 s, achieving fast transient response and high tracking
accuracy. The UAV swarm successfully maintains the desired formation during aggressive
maneuvers, including speed variations, climbing, and diving. These results verify that the
proposed method provides a computationally efficient, robust, and high-precision solution
for time-critical formation control of fixed-wing UAV swarms under complex uncertainties.

Keywords: prescribed-time stability; tracking control; sliding mode control; fixed-wing
UAV swarm; non-vanishing uncertainties

1. Introduction
As the exploration of aerial domains intensifies, the flight control technology for fixed-

wing unmanned aerial vehicle (UAV) swarms has seen rapid development and become
a focal point in both military and civil applications [1]. Compared with single aircraft
or rotorcraft [2], fixed-wing UAV swarms offer distinct advantages such as high cruise
speeds, extended endurance, and the ability to cover vast geographical areas, making
them indispensable for large-scale tasks such as persistent wide-area surveillance [3], long-
range collaborative strikes [4], and atmospheric research [5]. In a swarm configuration, the
necessity to maintain strict formation geometry while adapting to high-speed maneuvers
requires each agent to achieve simultaneous and precise position and attitude tracking
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control [6,7]. Meanwhile, in complex mission, fixed-wing UAV swarms need to face not only
external disturbances but also the stringent requirements of time-critical coordination [8,9].
Thus, against unknown disturbances and model uncertainties, how to achieve precise
position and attitude tracking within an accurate, user-defined UST becomes a paramount
challenge for the next generation of intelligent swarm systems.

In swarm missions, position tracking ensures the spatial coordination and collision
avoidance, while attitude tracking is the prerequisite for generating the necessary aerody-
namic lift and maintaining flight stability [10]. Currently, various control methods have
been designed from aspects such as trajectory tracking accuracy and the upper bound
of settling time (UST), including PID control [9,11,12], neural network control [13–16],
and sliding mode control (SMC) [17], achieving fruitful research outcomes. Among these
methods, SMC has garnered widespread attention due to its strong robustness against
uncertainties and disturbances. It is worth noting that traditional sliding mode control
can only guarantee asymptotic stability and cannot provide an accurate upper bound of
settling time [18–20]. In practical control engineering for UAV swarms, there are special
tasks that need to be completed within a specified time, such as rapid formation assembly
and emergency obstacle avoidance. Failure to meet the above requirements can result in
significant losses or collisions between aircraft. To address this issue, finite-time terminal
sliding mode control methods have been applied to various aerial vehicles, achieving good
control effects [21,22]. However, the convergence time of finite-time stability is usually
related to the system’s initial state, which may be difficult to obtain or even impossible to
measure in a dynamic swarm environment. To solve this problem, fixed-time control (FxTC)
was investigated to make the convergence time independent of the initial state. Compared
with finite-time control, FxTC has faster transient response and convergence speed [23,24].
By combining SMC with FxTC, fixed-time sliding mode control (FxTSMC) has been verified
on many experimental platforms. However, when the system state is in the singular region,
most current research solves the singularity problem by switching the controller into other
function forms. Thus, considering a more direct way to solve the singularity problem
is urgent. Meanwhile, although FxTC offers advantages, the UST obtained through it is
still conservative and has a complex relationship with controller parameters. Considering
the rigorous application requirements of fixed-wing swarms, prescribed-time stability
(PTS) has been introduced, allowing users to pre-set the UST [25,26]. However, many
existing methods only guarantee prescribed-time stability in the reaching phase without
considering the sliding phase, or vice-versa [27,28]. In addition, the lemmas for prescribed
stability in the literature are often relatively strict, making it difficult to combine with other
algorithms to solve practical position–attitude coordination problems [29,30]. Therefore, an
SMC scheme with prescribed-time convergence in both the sliding and reaching phases is
an interesting approach to achieve tracking control.

Furthermore, previous prescribed-time controls (PTC) usually adopt state transitions
with time-scaling functions, inevitably causing tedious calculations that are unfavorable for
the onboard processors of fixed-wing UAVs. To overcome this defect, control strategies us-
ing reference convergence differential functions (RCDFs) have been explored [31]. However,
existing PTC schemes without state transitions are merely proposed for specific nonlin-
ear systems, and their scope of application is limited. Establishing a PTC without state
transition for the position and attitude of fixed-wing UAV swarms to reduce calculation is
worthy of study. It is crucial to recognize that most current PTC methods primarily address
regulation within a specified time and do not extend beyond it. Although some approaches
are applicable over the entire time interval, they involve switching mechanisms that can
lead to non-smooth behavior and chattering in the UAV’s control surfaces. Consequently,
it is important to explore a new approach that avoids transition mechanisms and enables
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the system to maintain effective tracking control throughout the entire time interval. For
clarity of presentation, existing studies are systematically summarized in Table 1.

Table 1. Summary of existing control approaches and problem definition.

Approach Key Findings Advantages Disadvantages

Traditional Sliding Mode
Control (SMC) [17–20]

Utilizes a sliding manifold
to drive system states to
equilibrium.

Shows strong robustness
against uncertainties and
disturbances.

Can only guarantee
asymptotic stability and
cannot provide an accurate
upper bound of settling
time (UST).

Finite-time terminal
SMC [21,22]

Introduces finite-time
stability into
traditional SMC.

Meets requirements for
tasks needing completion
within a specified time.

The convergence time is
related to the system’s
initial state, which may be
difficult or impossible to
measure in dynamic
swarm environments.

Fixed-time control
(FxTC) [23,24] & FxTSMC

Investigated to make the
convergence time
independent of the
initial state.

Has faster transient
response and convergence
speed compared with
finite-time control.

The obtained UST is still
conservative and has a
complex relationship with
controller parameters.

Traditional
Prescribed-time control
(PTC) [25–28]

Investigated to make the
convergence time strictly
depend on a
user-defined threshold.

Allows users to accurately
pre-set the Upper bound of
Settling Time (UST).

Usually adopts state
transitions causing tedious
calculations, non-smooth
behavior, and control
surface chattering.

On the other hand, due to the disturbance of complex and unpredictable aerial envi-
ronments, such as stochastic wind gusts, atmospheric turbulence, and varying air densities,
and the inherent model uncertainties like aerodynamic coefficient disturbance, the issue
of how to make fixed-wing UAV swarms move along the desired trajectories has been
extensively studied [32,33]. To solve this, sliding-mode disturbance observers (SMDOs) are
favored for their ability to estimate and compensate for dynamic disturbances. However,
existing finite-time and fixed-time SMDOs provide a rough estimation time; this time is
still affected by the initial values and observer parameters [34,35]. In the observer-based
prescribed-time control framework, the coordination between the controller and the ob-
server is a key factor. Thus, it is also indispensable to design a prescribed-time sliding
mode disturbance observer (PTSMDO).

• Unlike existing finite-time or fixed-time control methods [18–24], which are often
limited by dependence on initial states or conservative estimation and fail to ensure
prescribed-time convergence in both the reaching and sliding phases, a prescribed-
time sliding mode control architecture for fixed-wing UAVs is proposed based on
the prescribed-time stability mechanism. This architecture achieves prescribed-time
tracking throughout the entire process of both phases, resulting in high-precision
control where the convergence time is completely decoupled from initial conditions
and can be accurately pre-defined by the user.

• Compared with existing prescribed-time controls [25–30] that rely on complex time-
scaling functions for segmented switching, a novel continuous and smooth piecewise
reference convergence differential function is introduced to provide a more versatile
approach. By employing this PRCDF, the system achieves a flexible convergence
rate for tracking errors while avoiding state transitions in the controller design. This
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mechanism seamlessly maintains tracking effectiveness over the entire time interval,
which substantially lowers computational complexity.

• In contrast to existing sliding mode observers [32–35], where estimation time is highly
sensitive to environmental disturbances and initial conditions cannot be determined a
priori, a prescribed-time sliding mode disturbance observer is proposed. This observer
is designed by integrating an integral sliding mode with a prescribed-time convergence
operator. Rapid and accurate online estimation of unknown complex aerodynamic dis-
turbances and actuator faults is achieved. Furthermore, full disturbance compensation
is completed before the convergence of the controller states, leading to a significant
improvement in system tracking accuracy under strong interference environments.

The rest of this article unfolds as follows. The problem formulation and preliminaries
are introduced in Section 2. In Section 3, the prescribed-time formation tracking control
strategy integrated with a sliding mode disturbance observer is synthesized. The numerical
simulations and hardware-in-the-loop experiments are presented in Section 4 to verify the
theoretical findings. Conclusion and discussion are summarized in Section 5.

2. Problem Formulation and Preliminaries
2.1. Fixed-Wing UAV Modeling

Let us start by considering a formation of fixed-wing UAVs, which includes one leader
and a group of N followers. As per the architectural descriptions in [1], the six-degree-of-
freedom (6-DOF) dynamics for any i-th UAV (indexed as i ∈ {0, 1, . . . , N}) is visualized in
Figure 1 and can be formulated as follows:

ṗi = R1(φi)vi,

v̇i = −S(ωi)vi +
FTi
mi

+ RT
1 (φi)g + Fai

mi
+ dvi,

φ̇i = R−1
2 (φi)ωi,

Jiω̇i = −ωi × Jiωi + Fbi + Ciδi + Jidwi,

(1)

where φi = [ϕi, θi, ψi]
T denotes the attitude vector (roll, pitch, and yaw), while

vi = [ui, vi, Vi]
T and pi = [xi, yi, zi]

T signify the body-frame linear velocity and the inertial-
frame position, respectively. The control inputs for the system consist of δi = [δxi, δyi, δzi]

T

and the thrust vector FTi = [FTxi, 0, 0]T. Furthermore, let mi be the UAV’s mass and
g = [0, 0, g]T represent the gravitational acceleration. The matrices R2(·) and R1(·) are
defined as the mapping from Euler rate to angular velocity and the transformation from
body to inertial coordinates, respectively. Define Ji as the inertia tensor matrix, assuming
symmetry across the x − z plane. These matrices are explicitly structured as:

R1 =

cosψicθi −sψisϕi + cψisθisϕi sψisϕi + cψisθicϕi

sψicθi cψicϕi + sψisθisϕi −cψisϕi + sψisθicϕi

−sθi cθisϕi cθicϕi

,

R2 =

1 0 −sψi

0 cψi sψicθi

0 −sθi cψicθi

, Ji =

 Jxxi 0 −Jxzi

0 Jyyi 0
−Jzxi 0 Jzzi

,

(2)

where the trigonometric terms cos(·) and sin(·) are abbreviated as c. and s., respectively.
Regarding the aerodynamic effects, Fbi and Fai refer to the moments and forces, expressed as
Fai = q̄iSiR3(αi, βi)

−1[−CDi , CYi ,−CLi ]
T, Fbi = q̄iSi[bCli , ĉCmi , bCni ]

T, where the geometric
parameters Si, ĉi, bi denote the wing area, mean aerodynamic chord, and wingspan. The
dynamic pressure is defined as q̄i =

1
2 κ̄V2

i , in which κ̄ is the density of air and Vi = ∥vi∥ is
the magnitude of the total velocity. Reference [36] provides the dimensionless coefficients
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Cki
for k ∈ {l, m, n, D, Y, L}. The transformation matrix R3(·), which relates the body frame

to the virtual wind frame based on relative motion, is given by:

R3 =

 cαicβi sβi sαicβi

−cαisβi cβi −sαisβi

−sαi 0 cαi

, (3)

where the sideslip angle βi = arcsin(vi/Vi) and the angle of attack αi = arctan(Vφi/ui) are
defined. The control effectiveness is determined by the gain matrix Ci:

Ci = q̄iSi

biClδai 0 biClδri

0 c̄iCmδei 0
biCnδai 0 biCnδri

. (4)

Figure 1. 6-DoF fixed-wing UAV model.

The operator S(ωi) denotes the skew-symmetric cross-product matrix. For the fol-
lower set i ∈ {1, . . . , N}, external disturbances affecting the rotational and translational
subsystems are represented by dVφi and dvi , respectively, which are assumed to be bounded
but unknown. Regarding the leader (UAV 0), we assume the disturbances dw0 and dv0 are
zero, while Fb0 and Fa0 are treated as known parameters.

2.2. Modeling of Disturbance and Actuator Failures

(1) Translational kinematics: Differentiating the relation ωi = R2(φi)φ̇i leads to the
expression ω̇i = Ṙ2(φi)φ̇i + R2(φi)φ̈i. By substituting this into (8), the second-order
derivative of the Euler angles is obtained as:

φ̈i = (JiR2)
−1Ciδi + (JiR2)

−1(−JiṘ2φ̇i + S(JiR2φ̇i)R2φ̇i + Fbi
+ Jidφi

)
. (5)

Considering the intricacies of flight environments, parameters such as aerodynamic
coefficients and rotational inertia inevitably exhibit uncertainties. Consequently, we decom-
pose terms like (JiR2)

−1Fbi
, (JiR2)

−1S(JiR2φ̇i)R2φ̇i, and (JiR2)
−1Ciδi into their nominal

components: (J0iR2)
−1Fbi

, (J0iR2)
−1S(J0iR2φ̇i)R2φ̇i, (J0iR2)

−1C0iδi, and the correspond-
ing perturbed terms: ∆

(
(JiR2)

−1Fbi

)
, ∆
(
(JiR2)

−1S(JiR2φ̇i)R2φ̇i
)
, and ∆

(
(JiR2)

−1Ci
)
δi.

Furthermore, we account for potential rudder anomalies during actual operation.
Individual failure models are formulated for the elevator, ailerons, and rudder:

δi = ϱδi
δi0 + δi f , (6)

where the nominal control command is δi0 = [δxi0, δyi0, δzi0]
T, and the unknown bias fault is

δi f = [δxi f , δyi f , δzi f ]
T. The term ϱδi

= diag{ϱδxi, ϱδyi, ϱδzi} represents the efficiency factor of
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the actuators with three cases: (i) fault-free: ϱδji = 1, δji f = 0; (ii) partial loss of effectiveness:
ϱδji ∈ (0, 1), δji f = 0; (iii) bias fault: ϱδji = 1, δji f ̸= 0.

Based on parameter uncertainties and rudder failures, the whole rotational dynamics
(1) can be rewritten as:[

φ̇i
φ̈i

]
=

[
03×3 I3

03×3 03×3

][
φi
φ̇i

]
+

[
03×3

Bi1ϱδi

]
δi0 +

[
03×3

Bi2 + Bi3

]
, (7)

where Bi1 = (Ji0R2)
−1Ci0 and Bi2 = (Ji0R2)

−1Fbi
− R−1

2 Ṙ2φ̇i + (Ji0R2)
−1S(Ji0R2φ̇i)R2φ̇i are

known function terms, Bi3 = ∆
(
(JiR2)

−1S(JiR2φ̇i)R2φ̇i
)
+∆

(
(JiR2)

−1Fbi

)
+∆

(
(JiR2)

−1Ci
)
δi +

R−1
2 dωi + (Ji0R2)

−1Ci0δi f is an uncertain function term.
With φ̇i = Mi, we have: φ̇i = Mi

φ̈i = Bi1δi0 + Dφi
(8)

where Dφi = Bi2 + Bi3 + Bi1(ρδi − I3)δi0.
(2) Translational kinematics: According to dynamic (1) and the definition of Vi, the

derivative of scalar speed is obtained that:

V̇i =
vT

i v̇i

Vi
=

vT
i

Vi

(
−S(wi)vi +

FTi

mi
+ RT

1 (φi)g +
Fai

mi
+ dvi

)
. (9)

In order to achieve the engine thrust, (9) further obtains as

V̇i =
vT

i
Vi

(
RT

1 (φi)g +
Fai

mi
+ dvi

)
+

uiFTxi
miVi

, (10)

where vT
i S(wi)vi = 0. Similarly, the aerodynamic force Fai is decomposed into known

term Fai0 and uncertain term ∆Fai , and the engine failure is considered as:

FTxi = ϱTiFTxi0 + FTxi f , (11)

where FTxi0 is the desired thrust, ϱTi ∈ [0, 1] is the unknown effectiveness factor of the
thrust and FTxi f is unknown bias fault. The term ϱTi represents the efficiency factor of
the actuators with three cases: (i) Normal Condition: ϱTi = 1, FTxi f = 0; (ii) Efficiency Loss:
ϱTi ∈ (0, 1), FTxi f = 0; (iii) Bias fault: ϱTi = 1, FTxi f ̸= 0.

Consequently, the temporal evolution of the scalar speed Vi is derived as follows:

V̇i =
uiϱTiFTxi0

miVi
+

vT
i

Vi

(
RT

1 (φi)g +
Fai0

mi
+

∆Fai

mi
+ dvi

)
+

uiFTxi f

miVi
. (12)

Furthermore, we can simplify the speed dynamics into the following compact form:

V̇i = fvi + gviFTxi0 + DVi (13)

where fvi =
vT

i
Vi
(RT

1 g + Fai0
mi

), gvi =
ui

miVi
, and DVi =

ui
miVi

[(κTi − 1)FTxi0 + FTxi f ] +
vT

i
Vi
(

∆Fai0
mi

+

dvi) is the lumped disturbance.
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Utilizing the identical analytical procedure, the rotational dynamics of the lead-UAV
(UAV 0) are structured in state-space form:[

Ẋ01

Ẋ02

]
=

[
03×3 I3

03×3 03×3

][
X01

X02

]
+

[
03×3

G0(X0)

]
, (14)

while the corresponding translational motion is governed by Ẋ03 = F0(X0), where
X01 = φ0 denotes attitude, X02 = φ̇0 is angular rate, and X03 = v0 is velocity vector.
The combined state vector is denoted by X0 = [XT

01, XT
02, XT

03]
T. The nonlinear mappings

F0 and G0 are expanded as: G0 = (J0R2)
−1(Fb0 + C0δ0 − S(J0R2φ̇0)R2φ̇0 − J0Ṙ2φ̇0), and

F0 = FT0
m0

+ RT
1 g − S(ω0)v0 +

Fa0
m0

.

2.3. Lemma and Assumption

Definition 1 ([37]). Let us investigate the class of nonlinear uncertain systems ẋ = f (t, x), x(0) =
x0, with state vector x ∈ Rn and a continuous nonlinear mapping f : R+ × Rn → Rn. The
equilibrium point of this system is categorized as prescribed-time stable if the states converge to
the origin within a prescribed duration T(x0) that is upper-bounded by a user-defined constant
Tmax, regardless of the initial condition x0 ∈ Rn. Furthermore, define the system as practical
prescribed-time stable if for any given T ∈ R+, there exists a small neighborhood ϖ such that
∥x(t; x0)∥ ≤ ϖ holds for all t ≥ T.

Assumption 1. Within the 6-DOF framework, all parameter uncertainties and external environ-
mental disturbances are assumed to be constrained within specific bounds, satisfying: ∥dωi∥ ≤ d̄ωi ,
∥Bi3∥ ≤ B̄i3, ∥∆vi∥ ≤ ∆̄vi , ∥δi f ∥ ≤ δ̄i f , |FTxi f | ≤ F̄Txi f , and ∥dvi∥ ≤ d̄vi .

Assumption 2. Regarding the leader aircraft, the nonlinear functions G0 and F0 are assumed to
satisfy the localized Lipschitz condition with respect to their arguments, such that: ∥F0(X0)−
F0(Y0)∥ ≤ γ1∥X0 − Y0∥, ∥G0(X0)− G0(Y0)∥ ≤ γ2∥X0 − Y0∥.

Assumption 3. The temporal variation of the total disturbance D is assumed to be constrained,
such that its derivative satisfies ∥Ḋ(t)∥ ≤ M, where M is a positive, albeit unknown, scalar.

Lemma 1 ([31]). Consider a differentiable Reference Convergence Function (RCF), denoted as
ζ(z), which satisfies the following differential relationship:

ζ̇(z) = −ηβ(ζ(z)) arc(ζ(z))
T − t

= −κ(ζ(z), t) (15)

with z = (T − t)η and η > 1. The RCF ζ(z) and its associated derivative function κ(ζ(z), t)
possess the subsequent properties: (i) At the terminal time t = T, both ζ(z) and κ(ζ(z), t)
vanish (i.e., equal to zero). (ii) On [0, T], ζ(z) maintains continuity and monotonic behavior,
where T signifies the pre-assigned settling time. (iii) Asymptotic behavior is exhibited as z → 0
satisfies ζ(z) ∼ z and limz→0[ζ(z)/z] = 1. (iv) The terms are related via arc[ζ(z)] = z and
β[ζ(z)] = ∂x/∂y.

Lemma 2. The mapping h(x) = (1 + x2) arctan(x) is established as a convex function.

Lemma 3 ([38]). Define a convex function f (x), and a set of weights pi such that ∑m
i=1 pi = 1;

then the following inequality holds:

m

∑
i=1

pih(xi) ≤ h

(
m

∑
i=1

pixi

)
, ∀xi ∈ I. (16)

https://doi.org/10.3390/machines14050543

https://doi.org/10.3390/machines14050543


Machines 2026, 14, 543 8 of 30

In the specific case where pi = 1/m for all i, this simplifies to:

1
m

m

∑
i=1

f (xi) ≤ f

(
1
m

m

∑
i=1

xi

)
. (17)

Control Objective: The primary goal of this study is to design a control law to achieve
high-precision formation tracking control for fixed-wing UAVs within a prescribed time,
ensuring robustness against actuator faults and external disturbance throughout the entire
operational duration. Figure 2 depicts the overall architecture of learning-based safety
control design.

Figure 2. Overall architecture of the learning-based safety control scheme.

3. Prescribed-Time Formation Tracking Control Strategy with Sliding
Mode Disturbance Observer
3.1. Attitude Control via Prescribed-Time Sliding Mode Control Strategy

Define the tracking errors for the attitude subsystem as follows:

ei1 = φi −φr, ei2 = Mi − φ̇r (18)

where φr = [ϕr, θr, ψr]T signifies the reference trajectory. The vectors eφi1 = [e1
φi1, e2

φi1, e3
φi1]

T

and eφi2 = [e1
φi2, e2

φi2, e3
φi2]

T represent the tracking error.
By integrating the kinematics and dynamics from (8), the error dynamics are:{

ėφi1 = eφi2

ėφi2 = Bi1δi0 + Dφi − φ̈r
(19)

3.1.1. Prescribed-Time Sliding Mode Disturbance Observer

A primary challenge in the error model is the requirement for precise knowledge of the
total disturbance Dφi, which is typically inaccessible in practical flight. To circumvent this,
we propose a prescribed-time observer to estimate the uncertain term Dφi. An auxiliary
state variable ϑφi = [ϑφi1, ϑφi2, ϑφi3]

T ∈ R3 is formulated:

ϑφi = −κφi1

∫ T

0
(Bi1δi0 + κφi2ϑφi)dν + κφi1Mi (20)
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where the positive definite matrices are denoted by κφi1 = diag[κ1
φi1, κ2

φi1, κ3
φi1] and κφi2 =

diag[κ1
φi2, κ2

φi2, κ3
φi2]. By differentiating ϑφi with respect to time, it can be shown that this new

state acts as a first-order filter for the lumped disturbance with ϑ̇φi = −κφi1κφi2ϑi + κφi1Dφi.
Let ϑ̂φi be the estimate of ϑφi, and define the estimation discrepancy as zφi0 = ϑφi −

ϑ̂φi ∈ R3. Subsequently, we introduce an integral sliding surface zφi1 such that:

zφi1 = zφi0 +
∫ T

0
ζφi0dν (21)

where ζφi0 = diag[ζ1
φi0, ζ2

φi0, ζ3
φi0] and zφi1 = [z1

φi1, z2
φi1, z3

φi1]
T.

Theorem 1. For the UAV attitude dynamics subject to compound disturbances, consider the
observer architecture designed as:{ ˙̂ϑφi = ϑ̇φi + ζφi0 + ζφi1

D̂φi = κφi2ϑ̂φi + κ−1
φi1ϑ̇φi

(22)

where D̂φi signifies the estimated value of Dφi. The gains ζφi1 = diag[ζ1
φi1, ζ2

φi1, ζ3
φi1] are config-

ured as:

ζ
p
φi0 =


kp

φi1(1+(zφi0)
2) arctan(zp

φi0)

Tdφi0
−t+kp

φi3
0 ≤ t < Tdφi0[

exp

(√
kp

φi2

kp
φi3

−
kp

φi2

t−Tdφi0
+
√

kp
φi2kp

φi3

)
+

kp
φi1

kp
φi3

− 1

]
zp

φi0 t ≥ Tdφi0

(23)

ζ
p
φi1 =


kp

φi4(1+(zφi1)
2) arctan(zp

φi1)

Tdφi1
−t+kp

φi6
0 ≤ t < Tdφi1[

exp

(√
kp

φi5

kp
φi6

−
kp

φi5

t−Tdφi1
+
√

kp
φi5kp

φi6

)
+

kp
φi4

kp
φi6

− 1

]
zp

φi1 t ≥ Tdφi1

(24)

where p ∈ {1, 2, 3}, and the parameters kp
φi1, . . . , kp

φi6 are strictly positive constants satisfying

kp
φi1 > kp

φi3 and kp
φi4 > kp

φi6. Under these conditions, the estimation of the lumped disturbance Dφi

is achieved precisely within the pre-specified time.

Proof of Theorem 1. Utilizing (24), the dynamics of the sliding variable can be described
by żφi1 = −ζφi1 . To evaluate the stability of this observer, we select a Lyapunov candidate
Lzφi1 = 1

2 zT
φi1zφi1. The analysis is conducted across two cases:

Case 1: For t ∈ [0, Tdφi1
), the derivative of the Lyapunov function yields:

L̇zφi1 = −ζφi1zφi1 = −
3

∑
i=1

kp
φi4|z

p
φi1|(1 + (zp

φi1)
2) arctan(|zp

φi1|)
Tdφi1

− t + kp
φi6

(25)

By defining the auxiliary mapping ε(zp
φi1) = (1 + (zp

φi1)
2) arctan(|zp

φi1|) and invoking
Lemma 1 and Lemma 3, we can bound the derivative as:

L̇zφi1 ≤ −
3 min{k1

φi4, k2
φi4, k3

φi4}∥zφi1∥1

3
ε

(∥zφi1∥1

3

)
· 1

Tdφi1
− t + max{k1

φi6, k2
φi6, k3

φi6}

≤ −
3 min{k1

φi4, k2
φi4, k3

φi4}
√

Lzφi1

3
ε


√

Lzφi1

3

 · 1
Tdφi1

− t + max{k1
φi6, k2

φi6, k3
φi6}

(26)
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Let mφi1 =
√

Lzφi1 /3. It is described by ṁφi1 =
L̇zφi1

6
√

Lzφi1
≤ −

min{k1
φi4,k2

φi4,k3
φi4}ε(mφi1)

6(Tdφi1
−t+max{k1

φi6,k2
φi6,k3

φi6})
.

Further, one has:

ṁφi1 ≤ −
min{k1

φi4, k2
φi4, k3

φi4}(1 + m2
φi1) arctan(mφi1)

6
(

Tdφi1
− t + max{k1

φi6, k2
φi6, k3

φi6}
)

≤ −
min{k1

φi4, k2
φi4, k3

φi4}

6
(

Tdφi1
− t + max{k1

φi6, k2
φi6, k3

φi6}
)mφi1

(27)

Solving this inequality leads to:

mφi1 ≤ mφi1(0)e

∫ t
0 −

min{k1
φi4,k2

φi4,k3
φi4}

6
(

Tdφi1
−t+max{k1

φi6,k2
φi6,k3

φi6}
) ds

= mφi1(0)

(
Tdφi1

− t + max{k1
φi6, k2

φi6, k3
φi6}

Tdφi1
+ max{k1

φi6, k2
φi6, k3

φi6}

)min{k1
φi4,k2

φi4,k3
φi4}

6

(28)

This means that by selecting a suitable parameter, mφi1, as well as Lzφi1 , it can converge
to a small domain before t = Tdφi1

; thus, one has that zφi1 converge on t ≤ Tdφi1
. Another

inequality of Lzφi1 can be expressed as

L̇zφi1 = −ζφi1zφi1 ≥ −
(k1

φi4 + k2
φi4 + k3

φi4)∥zφi1∥∞ε(∥zφi1∥∞)

Tdφi1
− t + min{k1

φi6, k2
φi6, k3

φi6}

≥ −
(k1

φi4 + k2
φi4 + k3

φi4)

√
Lzφi1 ε(

√
Lzφi1)

Tdφi1
− t + min{k1

φi6, k2
φi6, k3

φi6}

(29)

Let mφi2 =
√

Lzφi1 , and its derivative is ṁφi2 = −
L̇zφi1

2
√

Lzφi1
≥ −

(k1
φi4+k2

φi4+k3
φi4)ε(mφi2)

2(Tdφi1
−t+min{k1

φi6,k2
φi6,k3

φi6})
.

Following the properties of Gronwall’s inequality and the results in [31], it is concluded that
Lzφi1 converges. Combined with the previous analysis and applying the squeeze theorem, we
confirm that zφi1 reaches a neighborhood near zero.

Case 2: For t ∈ [Tdφi1
, ∞), the following equation can be satisfied:

L̇zφi1 = −
3

∑
i=1

exp


√

kp
φi5

kp
φi6

−
kp

φi5

t − Tdφi1
+
√

kp
φi5kp

φi6

+
kp

φi4

kp
φi6

− 1

z2
φi1

≤ −2Lzφi1 min

exp


√

k1
φi5

k1
φi6

−
k1

φi5

t − Tdφi1
+
√

k1
φi5k1

φi6

+
k1

φi4

k1
φi6

− 1,

exp


√

k2
φi5

k2
φi6

−
k2

φi5

t − Tdφi1
+
√

k2
φi5k2

φi6

+
k2

φi4

k2
φi6

− 1,

exp


√

k3
φi5

k3
φi6

−
k3

φi5

t − Tdφi1
+
√

k3
φi5k3

φi6

+
k3

φi5

k3
φi6

− 1


≤ −2

exp


√

k′φi5

k′φi6
−

k′φi5

t − Tdφi1
+
√

k′φi5k′φi6

+
k′φi4

k′φi6
− 1

Lzφi1

(30)
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where k′
φ4 = min{k1

φi4, k2
φi4, k3

φi4}, k′
φi6 = max{k1

φi6, k2
φi6, k3

φi6}, k′
φ5 = min{k1

φi5, k2
φi5, k3

φi5}.
Through the application of Gronwall’s lemma, it follows that:

Lzφi1 ≤ Lzφi1(0)e

∫ t
Tdφi1

−2

exp


√

k′
φi5

k′
φi6

−
k′

φi5

zφi0−Tdφi1
+
√

k′
φi5k′

φi6

+
k′

φi4
k′

φi6
−1

ds

= Lzφi1(0)e
−2
∫ t

Tdφi1
exp


√

k′
φi5

k′
φi6

−
k′

φi5

zφi0−Tdφi1
+
√

k′
φi5k′

φi6

ds

e
−2

(
k′

φi4
k′

φi6
−1

)
(t−Tdφi1

)

(31)

Hence, by tuning the observer parameters, the estimation error remains bounded
within a negligible region following the specified time.

A similar Lyapunov analysis can be applied to Lzφi2 = 1
2 zT

φi0zφi0, demonstrating that
żφi0 = −ζφi0 ensures prescribed-time convergence.

Case 1: For t ∈ [0, Tzφi0), the following relation is established:

L̇zφi2 = −ζT
φi0zi0 = −

3

∑
i=1

kp
φi1|z

p
φi0|(1 + (zp

φi0)
2) arctan(|zφi0|p)

Tzφi0 − t + kp
φi3

(32)

Let us define the auxiliary function ε(zφi0) = (1 + z2
φi0) arctan(|zφi0|). Based on the

properties established in Lemma 1 and Lemma 3, the temporal derivative of Lzφi2 can be
bounded as:

L̇zφi2 ≤ −
3 min{k1

φi1, k2
φi1, k3

φi1}
∥zφi0∥1

3 ε
( ∥zφi0∥1

3

)
Tzφi0 − t + k′φi3

≤ −
3 min{k1

φi1, k2
φi1, k3

φi1}
√

Lzφi2

3 ε

(√
Lzφi2

3

)
Tzφi0 − t + k′φi3

(33)

where k′φi3 = max{k1
φi3, k2

φi3, k3
φi3}. We now introduce the auxiliary variable mi3 =

√
Lzφi2

3 .

Its derivative satisfies the following inequality mi3 =
L̇zφi2

6
√

Lzφi2
≤ −

min{k1
φi1,k2

φi1,k3
φi1}ε(mi3)

6(Tzφi0−t+k′φi3)
.

Furthermore, it follows that:

ṁi3 ≤ −
min{k1

φi1, k2
φi1, k3

φi1}(1 + m2
i3) arctan(mi3)

6(Tzφi0 − t + k′φi3)
≤ −

min{k1
φi1, k2

φi1, k3
φi1}mi3

6(Tzφi0 − t + k′φi3)
(34)

By integrating both sides, we obtain:

mi3 ≤ mi3(0)e

∫ Tzφi0
0

−min{k1
φi1,k2

φi1,k3
φi1}

6(Tzφi0−s+k′
φi3)

ds
= mi3(0)

(
Tzφi0 − t + k′φi3

Tzφi0 + k′φi3

)min{k1
φi1,k2

φi1,k3
φi1}

6
(35)

The result above demonstrates that through a proper configuration of parameters,
both mi3 and Lzφi2 are capable of converging prior to the time t = Tzφi0 + kφi3. Consequently,
the error vector zφi0 is guaranteed to enter a compact neighborhood within t ≤ Tzφi0 + kφi3.
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Additionally, another bound for the trajectory of Lzφi2 is expressed as:

L̇zφi2 = −ζφi0zi0 ≥ −
(k1

φi1 + k2
φi1 + k3

φi1)∥zφi0∥∞ε(∥zφi0∥∞)

Tdφi1
− t + min{k1

φi3, k2
φi3, k3

φi3}

≥ −
(k1

φi1 + k2
φi1 + k3

φi1)
√

Lzφi2 ε(
√

Lzφi2)

Tdφi1
− t + min{k1

φi3, k2
φi3, k3

φi3}

(36)

Letting mi4 =
√

Lzφi2 , the corresponding derivative is given by ṁi4 = −
L̇zφi2

2
√

L̇zφi2

≥

−
(kφi1+k2

φi1+k3
φi1)(1+m2

i4) arctan(|mi4|)
2(Tzφi0−t+min{k1

φi3,k2
φi3,k3

φi3})
. This implies that the convergence of mφi2 and Lzφi1 is

achieved after. By invoking the squeeze theorem, we conclude that the state zφi1 converges
exactly at the prescribed moment.

Case 2: For t ∈ [Tzφi0 , ∞), the system satisfies the following dynamics:

L̇zφi2 = −
3

∑
p=1

exp


√

kp
φi2

kp
φi3

−
kp

φi2

t − Tzφi0 +
√

kp
φi2kp

φi1

+
kp

φi1

kp
φi3

− 1

z2
φi0

≤ −2Lzφi2 min

exp


√

k1
φi2

k1
φi3

−
k1

φi2

t − Tzφi0 +
√

k1
φi2k1

φi1

+
k1

φi1

k1
φi3

− 1,

exp


√

k2
φi2

k2
φi3

−
k2

φi2

t − Tzφi0 +
√

k2
φi2k2

φi3

+
k2

φi1

k2
φi3

− 1,

exp


√

k3
φi2

k3
φi3

−
k3

φi2

t − Tzφi0 +
√

k3
φi2k3

φi3

+
k3

φi1

k3
φi3

− 1


≤ −2

exp


√

k′i2
k′i3

−
k′i2

t − Tzφi0 +
√

k′i2k′i3

+
k′i1
k′i3

− 1

Lzφi2

(37)

where the lumped coefficients are defined as k′
φ4 = min{k1

φi4, k2
φi4, k3

φi4}, k′
φi6 =

max{kp
φ61, kp

φ62, kp
φ63}, and k′

φ5 = min{kp
φ51, kp

φ52, kp
φ53}.

Applying Gronwall’s lemma, the following inequality is obtained:

Lzφi2 ≤ Lzφi2(0)e

∫ t
Tzφi0

−2

exp


√

k′
φi2

k′
φi3

−
k′

φi2

si−Tdφi0
+
√

k′
φi2k′

φi1

+
k′

φi1
k′

φi3
−1

ds

= Lzφi2(0)e
−2
∫ t

Tzφi0
exp


√

k′
φi2

k′
φi3

−
k′

φi2
s−Tdφi1

+
√

kφi2k′
φi1

ds

e
−2

(
k′

φi1
k′

φi3
−1

)
(t−Tzφi0 )

(38)

where k′φi1 = min{k1
φi1, k2

φi1, k3
φi1}, k′φi2 = min{k1

φi2, k2
φi2, k3

φi2}, and k′φi3 = max{k1
φi3, k2

φi3, k3
φi3}.

Consequently, the estimation error is maintained within a negligible bound within the pre-
scribed time.

From the foregoing analysis, it is evident that zφi0 achieves convergence within the
specified timeframe. Defining the estimation error as D̃φi = Dφi − D̂φi, we have:

D̃φi = Dφi − D̂φi = κφi2zφi0 + κ−1
φi1ϑ̇φi − (κφi2ϑ̂φi + κ−1

φi1ϑ̇φ)

= κφi2zφi0

(39)

https://doi.org/10.3390/machines14050543

https://doi.org/10.3390/machines14050543


Machines 2026, 14, 543 13 of 30

Thus, according to Theorem 1, D̃φi successfully converges to the origin, validating the
performance of the proposed observer. This concludes the proof.

Remark 1. In the proposed PTSMDO, the upper bound of the convergence time is explicitly
dictated by the predefined time parameters rather than the observer gain parameters kφi1 through
kφi6. By employing a time-scale separation principle the system guarantees that full disturbance
compensation is achieved prior to controller state convergence. Consequently, while the gain
parameters kφi1 to kφi6 do not alter the predefined total settling time, they are instrumental in
shaping the transient dynamic trajectory, regulating the initial convergence rate, and determining
the ultimate steady-state precision of the disturbance estimation.

3.1.2. Prescribed-Time Sliding Mode Control

The fundamental principle of sliding mode control involves the synthesis of a sliding
manifold and a corresponding switching law. This combination is designed to compel the
system’s states to reach and subsequently reside on a pre-defined manifold. Specifically, the
process is bifurcated into two cases: the reaching phase, where trajectories move from initial
conditions toward the manifold, and the sliding phase, where they converge toward the
origin along said manifold. Consequently, the SMC architecture developed here comprises
two vital steps: first, the construction of a sliding variable zφi that encapsulates the desired
control performance; and second, the derivation of a control law that ensures the manifold
zφi = 0 is reached within a finite duration from any state in the space.

To achieve stability within a strictly pre-negotiated duration, we define the follow-
ing prescribed-time sliding surface: zφi = ėφi1 + ζφi1. In this formulation, the term
ζφi1 = [ζ1

φi1, ζ2
φi1, ζ3

φi1]
T is characterized by:

ζ
p
φi1 =


η

p
φi1(1+(ep

φi1)
2) arctan(ep

φi1)

Tzφi1−t+δ
p
φi1

0 ≤ t < Tzφi1[
exp

(√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

t−Tzφi1+
√

σ
p
φi1δ

p
φi1

)
+

η
p
φi1

δ
p
φi1

− 1

]
ep

φi1 t ≥ Tzφi1

(40)

where the index p ∈ {1, 2, 3}, and the positive scalars η
p
φi1, σ

p
φi1, δ

p
φi1 are design parameters.

The constant Tzφi1 represents the allotted time for the reaching phase. Differentiating the
sliding variable zφi with respect to time yields the following manifold dynamics:

żφi = ėφi2 + ζ̇φi1 (41)

Within the SMC framework, the total control effort is partitioned into two distinct com-
ponents: τφi = τφie + τφis. The equivalent control term τφie is responsible for maintaining
the system trajectory on the manifold once contact is established, while the switching (or
reaching) component τφis is designed to drive the states toward the sliding surface from
the outside. This integrated structure is essential for guaranteeing both the stability and
the robustness of the closed-loop system.

Based on the error dynamics defined in (21), the equivalent controller is formulated as:

τφie = −B−1
i1

(
ζ̇φi1 − φ̈r

)
(42)

To handle uncertainties, the reaching control law τis is synthesized as:

τφis = −B−1
i1

(
ζφi2 + D̂φi

)
(43)
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where the vector ζi2 = [ζ1
φi2, ζ2

φi2, ζ3
φi2]

T is defined by the following piecewise function:

ζ
p
φi2 =


η

p
φi2(1+(zp

φi)
2) arctan(zp

φi)

Tzφi2−t+δ
p
φi2

0 ≤ t < Tzφi2

η
p
φi2

[
exp

(√
σ

p
φi2

δ
p
φi2

−
σ

p
φi2

t−Tzφi2+
√

σ
p
φi2δ

p
φi2

)
+ 1

δ
p
φi2

− 1

]
si t ≥ Tzφi2

(44)

in which η
p
φi2, δ

p
φi2, σ

p
φi2 are positive constants, and Tzφi2 specifies the duration of the slid-

ing phase.

Theorem 2. Consider the attitude tracking error system governed by (7). By applying the
prescribed-time control law τφi defined as:

τφi = −B−1
i1

(
ζ̇φi1 − φ̈r + ζφi2 + D̂φi

)
(45)

global tracking is achieved despite non-vanishing disturbances. Specifically, the tracking errors are
guaranteed to converge to an infinitesimal neighborhood of the origin within the pre-assigned time
case and remain within a compact residual set thereafter.

Proof of Theorem 2. To verify the stability of the entire scheme, we propose the following
Lyapunov candidate: Lφi1 = 1

2 zT
φizφi +

1
2 zT

φi1zi1 +
1
2 zT

φi0zφi0. Taking the time derivative of
Lφi1 leads to:

L̇φi1 = zT
φi żφi − ζφi1zi1 − ζφi0zi0

= zT
φi

(
Bi1δi0 + Dφi − φ̈r + ζ̇φi1

)
− ζφi1zi1 − ζφi0zi0

(46)

By substituting the control law and observer relations into the above, we obtain:

L̇φi1 = zT
φi

(
−ζφ2i − D̂φi + Dφi

)
− ζφi1zφi1 − ζφi0zφi0

= zT
φi

(
−ζφi2 + D̃φi

)
− ζφi1zφi1 − ζφi0zφi0

≤ −zT
φiζφi2 + Πφi

(47)

For the reaching phase t ∈ [0, Tzφi2), the following inequality holds:

L̇φi1 ≤ −
3

∑
p=1

zp
φiζ

p
φi2 + Πφi

≤ −
3

∑
p=1

η
p
φi2|z

p
φi|(1 + |(zp

φi)
2|) arctan(|zp

φi|)
Tzφi2 − t + δ

p
φi2

+ Πφi

(48)

Invoking (1 + ω2) arctan(ω) ≥ ω, the Lyapunov derivative is bounded by:

L̇φi1 ≤ −
3

∑
p=1

η
p
φi2|z

p
φi|(1 + |(zp

φi)
2|) arctan(|zp

φi|)
Tzφi2 − t + δ

p
φi2

+ Πφi

≤ −
min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − t + δ′φi2

[
3

∑
p=1

|zp
φi|(1 + |(zp

φi)
2|) arctan(|zp

φi|)
]
+ Πφi

≤ −
min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − t + δ′φi2

3

∑
p=1

(zp
φi)

2 + Πφi

(49)
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where δφ2i denotes the maximum of the time constants, δ′φi2 = max{δ1
φi2, δ2

φi2, δ3
φi2}. Let us

redefine the Lyapunov components as Vφi = Vφi1 + Vφi2 = Lφi1, Vφi1 = ∑3
p=1

1
2 (s

p
φi)

2, and

Vφi2 = ∑3
p=1

1
2 (z

p
φi1)

2 + 1
2 (s

p
φi2)

2. Then, we arrive at the following constraint:

V̇φi ≤ −
2 min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − t + δ′φi2

Vφi1 + Πφi (50)

It can thus be concluded that Vφi remains bounded.
Consequently, we have:

V̇φi ≤ −
2 min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − t + δ′φi2

Vφ1 +
2 min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − t + δ′φi2

Vφi2 + Πφi (51)

By invoking the results from [39] and applying Gronwall’s inequality, one has:

Vφi(t) ≤ e
−2
∫ t

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds
Vφi(0) + e

−2
∫ t

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds

×
∫ t

0

(
2 min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − ϖ + δ′φi2

Vφi2 + Πφi

)
e

2
∫ ϖ

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds
dϖ

(52)

As the time variable t approaches the pre-assigned threshold Tzφi2 , it can be verified

that limt→Tzφi2
Vφi(t) ≤ Vφi(0) exp

(
−2
∫ t

0
min{η1

φi2,η2
φi2,η3

φi2}
Tzφi2−s+δ′φi2

)
ds vanishes. Consequently, the

Lyapunov function is bounded by:

Vφi ≤ e
−2
∫ t

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds ∫ t

0

(
2 min{η1

φi2, η2
φi2, η3

φi2}
Tzφi2 − ϖ + δ′φi2

Vφi2 + Πφi

)
e

2
∫ ϖ

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds
dϖ (53)

Furthermore, by employing L’Hospital’s rule, it is demonstrated as:

lim
t→T−

zφi2

Vφi ≤ lim
t→T−

zφi2

∫ t
0

(
2 min{η1

φi2,η2
φi2,η3

φi2}
Tzφi2−ϖ+δ′φi2

Vφi2 + Πφi

)
e

2
∫ t

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−ϖ+δ′
φi2

ds
dϖ

e
2
∫ ′

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2+δ′
φi2−s

ds

≤ lim
t→T−

zφi2

(
2 min{η1

φi2,η2
φi2,η3

φi2}
Tzφi2−t+δ′φi2

Vφi2 + Πφi

)
e

2
∫ t

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds

2 min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2+δ′φi2−t e
2
∫ t

0

min{η1
φi2,η2

φi2,η3
φi2}

Tzφi2−s+δ′
φi2

ds

≤ lim
t→T−

zφi2

Vφi2 +
(Tzφi2 + δ′φi2 − t)Πφi

2 min {η1
φi2, η2

φi2, η3
φi2}

(54)

From the above derivation, it is evident that:

lim
t→Tzφi2

(Tzφi2 + δ′φi2 − t)Πφi

2 min{η1
φi2, η2

φi2, η3
φi2}

= aφi1 (55)

Ultimately, through the selection of appropriate control parameters, it can be ascer-
tained that limt→Tzφi2

Vφi1 ≤ aφi1. This confirms that the state tracking error enters the
bound aφi1 within the prescribed time horizon Tzφi2 .
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For t ∈ [Tzφi2 ,+∞), the evolution of the Lyapunov candidate is expressed as:

V̇φi(t) = V̇φi1(t) + V̇φi2 ≤ −zT
φiζφi2 + Πφi

≤ −
3

∑
p=1

η
p
φi2

exp


√

σ
p
φi2

δ
p
φi2

−
σ

p
φi2

t − Tzφi2 +
√

σ
p
φi2δ

p
φi2

+
1

δ
p
φi2

− 1

(zp
φi)

2 + Πφi

≤ −2η′
φi2

exp


√

σ′
φi2

δ′φi2
−

σ′
φi2

t − Tzφi2 +
√

σ′
φi2δ′φi2

+
1

δ′φi2
− 1

Vφi1

+ 2η′
φi2

exp


√

σ′
φi2

δ′φi2
−

σ′
φi2

t − Tzφi2 +
√

σ′
φi2δ′φi2

+
1

δ′φi2
− 1

Vφi2 + ΠΠi

(56)

where we denote σ′
φi2 = min{σ1

φi2, σ2
φi2, σ3

φi2}
T and η′

φi2 = min{η1
φi2, η2

φi2, η3
φi2}

T . In light of
Gronwall’s lemma and the methodology in [39], the solution satisfies:

Vφi(t) ≤ e
−2η′φi2

∫ t
Tzφi2

exp


√

σ′
φi2

δ′
φi2

−
σ′

φi2

s−Tzφi2+
√

σ′
φi2δ′

φi2

+ 1
δ′
φi2

−1

ds

×
∫ t

Tzφi2

2η′
φi2

exp


√

σ′
φi2

δ′φi2
−

σ′
φi2

ϖ − Tzφi2 +
√

σ′
φi2δ′φi2

+
1

δ′φi2
− 1

Vφi2 + Πφi

dϖ

× e
2η′φi2

∫ ϖ
Tzφi2

exp


√

σ′
φi2

δ′
φi2

−
σ′

φi2

s−Tzφi2+
√

σ′
φi2δ′

φi2

+ 1
δ′
φi2

−1

ds

dϖ

+ e
−2η′φi2

∫ t
Tzφi2

exp


√

σ′
φi2

δ′
φi2

−
σ′

φi2

s−Tzφi2+
√

σ′
φi2δ′

φi2

+ 1
δ′
φi2

−1

ds

Vφi(Tzφi2)

(57)

As time tends toward infinity (t → ∞), the transient term associated with Vφi(Tzφi2)

decays to zero. Thus, the steady-state bound is obtained as:

lim
t→∞

Vφi(t) ≤
1

limt→∞ e
2η′φi2

∫ t
Tzφi2

exp


√

σ′
φi2

δ′
φi2

−
σ′

φi2

s−Tzφi2+
√

σ′
φi2δ′

φi2

+ 1
δ′
φi2

−1

ds

×

lim
t→∞

∫ t

Tzφi2

2η′
φi2

exp


√

σ′
φi2

δ′φi2
−

σ′
φi2

ϖ − Tzφi2 +
√

σ′
φi2δ′φi2

+
1

δ′φi2
− 1

Vφi2 + Πφi

×

e
2η′φi2

∫ ϖ
Tzφi2

exp


√

σ′
φi2

δ′
φi2

−
σ′

φi2

s−Tzφi2+
√

σ′
φi2δ′

φi2

+ 1
δ′
φi2

−1

ds

dϖ

≤ Vφi2 +
Πφi

2η′
φi2

[
exp

(√
σ′

φi2

σ′
φi2

)
+ 1

σ′
φi2

− 1

]

(58)

In a similar manner, by tuning the design parameters, we can show that:

lim
t→∞

Vφi1(t) ≤
δ′φi2Πφi

2η′
φi2

[
δ′φi2 exp

(√
σ′

φi2

δ′φi2

)
+ 1 − δ′φi2

] = aφi2 (59)
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In conclusion, the Lyapunov function Vφi is confirmed to be bounded, ensuring that
the system trajectories converge to a predefined residual set within the specified time Tzφi2

and remain stable thereafter.

Theorem 3. Upon the sliding manifold reaching the region aφi2, the error states eφi1 and eφi2 are
guaranteed to settle within a small neighborhood of the origin within a finite time Tzφi1 , thereby
fulfilling the requirements for practical prescribed-time stability.

Proof of Theorem 3. Through the meticulous selection of design parameters, the conver-
gence region can be tuned to be infinitesimally small. Depending on the specific value of
aφi2, the stability analysis is bifurcated into the following two cases.

Case 1: We first consider the case where the sliding manifold has reached the vicinity
of the origin. From the relation in (42) and (43), it follows that ėφi1 = −ζφi1. To evaluate the
convergence, a Lyapunov candidate is defined as Wφ = 1

2 eT
φi1eφi1.

During the reaching phase t ∈ [0, Tzφi1), the temporal derivative of the Lyapunov
function is given by:

Ẇφi = eT
φi1ėφi1 = −eT

φi1ζφi1 = −
3

∑
p=1

η
p
φi1|e

p
φi1|(1 + (ep

φi1)
2) arctan(|ep

φi1|)
Tzφi1 − t + δ

p
φi1

≤ −
min{η1

φi1, η2
φi1, η3

φi1}
Tzφi1 − t + δ′φi1

3

∑
p=1

e2
φi1 = −

2η′
φi1

Tzφi1 − t + δ′φi1
Wφi

(60)

where η′
φi1 = min{η1

φi1, η2
φi1, η3

φi1} and δ′φi1 = max{δ1
φi1, δ2

φi1, δ3
φi1} are consolidated param-

eters. By integrating this differential inequality via Gronwall’s Lemma, it is derived:

Ẇφi ≤ Ẇφi(0) exp

(∫ Tzφi1

0
−

η′
φi1

Tzφi1 − s + δ′φi1
ds

)

≤ Ẇφi(0) exp

[∫ Tzφi1

0

2η′
φi1

Tzφi1 − s + δ′φi1
d(Tzφi1 − s + δ′φi1)

]

≤ Ẇφi(0)

(
1 − t

Tzφi1 + δ′φi1

)2η′φi1

= aφi3

(61)

Consequently, as t → Tzφi1 , the tracking error converges within the residual set aφi3.
For t ∈ [Tzφi1 , ∞), the dynamics are expressed as:

Ẇφi = eT
φi1ėφi1 = −eT

φi1ζφi1

≤ −2

exp


√

σ′
φi1

δ′φi1
−

σ′
φi1

t − Tzφi1 +
√

σ′
φi1δ′φi1

+
η′

φi1

δ′φi1
− 1

Wφi
(62)

where σ′
φi1 = min{σ1

φi1, σ2
φi1, σ3

φi1}. Drawing upon Gronwall’s inequality and the methodol-
ogy in [39], it follows that:

Ẇφi(t) ≤ Ẇφ(Tzφi1)e

∫ t
Tzφi1

−2

exp


√

σ′
φi1

δ′
φi1

−
σ′

φi1

s−Tzφi1+
√

σ′
φi1δ′

φi1

+
η′

φi1
δ′
φi1

−1

ds

(63)
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Note that the exponential term within the integral is a monotonically increasing
function. Utilizing the definition of the derivative and the integral property, we have:

∫ t

Tzφi1

−2

exp


√

σ′
φi1

δ′φi1
−

σ′
φi1

s − Tzφi1 +
√

σ′
φi1δ′φi1

+
η′

φi1

δ′φi1
− 1

ds ≤ −2
η′

φi1

δ′φi1
(t − Tzφi1) (64)

Thus, (71) is simplified to the following form:

Ẇφi(t) ≤ Ẇφi

(
Tzφi1

)
e
−2

η′
φi1

δ′
φi1

(t−Tzφi1 )

(65)

In the limit as t → ∞, we obtain limt→∞ Ẇφi ≤ limt→∞ Ẇφi

(
Tzφi1

)
e
−2

η′
φi1

δ′
φi1

(t−Tzφi1 )

= aφi4,
Therefore, the state variable s is confirmed to settle within the bound aφi4 within the pre-
assigned time Tzφi2 .

Case 2: Consider the case where zφi ̸= 0, and the convergence of the tracking error is
represented by Γφi = [Γφi1, Γφi2, Γφi3]

T. The sliding surface relation zφi = ėφi1 + ζφi1 = Γφi

implies that the error rate is ėp
φi = Γ

p
φi − ζ

p
φi1. We proceed to analyze each error component

ep
φi individually for p = 1, 2, 3.

For t ∈ [0, Tzφi1), the error dynamics satisfy:

ėp
φi1(t) = −ζ

p
φi1 + Γp

φi = −
η

p
φi1(1 + (ep

φi1)
2) arctan(ep

φi1)

Tzφi1 − t + δ
p
φi1

+ Γp
φi

≤ −
η

p
φi1

Tzφi1 − t + δ
p
φi1

eφi1 + Γp
φi

(66)

In accordance with [39] and applying Gronwall’s Lemma, we yield:

ep
φi1 ≤ exp

(∫ T

0
−

η
p
φi1

Tzφi1 − t + δ
p
φi1

ds

)
ep

φi1(0)

+ exp

(∫ T

0
−

η
p
φi1

Tzφi1 − t + δ
p
φi1

ds

) ∫ T

0
Γp

φi1 exp

(∫ ϖ

0

η
p
φi1

Tzφi1 − s + δ
p
φi1

ds

)
dϖ

≤ eφi1(0)

(
1 − t

Tzφi1 + δ
p
φi1

)η
p
φi1

+
Γp

φi1(Tzφi1 + δ
p
φi1)η

p
φi1

1 − η
p
φi1

[(
Tzφi1 − t + δ

p
φi1

)1−η
p
φi1 −

(
Tzφi1 + δ

p
φi1

)1−η
p
φi1
]

(67)

As time approaches the threshold Tzφi1 , the limit of the tracking error is given by:

lim
t→Tzφi1

ep
φi1(t) ≤ lim

t→Ti
ep

φi1(0)

(
δ

p
φi1

Tzφi1 + δ
p
φi1

)η
p
φi1

+
Γp

φi(Tzφi1 + δ
p
φi1)

η
p
φi1

1 − η
p
φi1

[(
δ

p
φi1

)1−η
p
φi1 −

(
Tzφi1 + δ

p
φi1

)1−η
p
φi1
]
= aφi5,

(68)

Through the proper selection of parameters, the convergence of the tracking error to
the set aφi5 is ensured.
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For t ∈ [Tzφi1 , ∞), the system satisfies:

ėφi1 = −

exp


√

σ
p
φi1

δ
p
φi1

−
σ

p
φi1

t − Tzφi1 +
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

− 1

ep
φi1 + Γp

φi (69)

By invoking Gronwall’s Lemma once more, we have:

ep
φi1(t) ≤ ep

φi1(Tzφi1)e

∫ t
Tzφi1

exp

√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

−1

ds

+ e

∫ t
Tzφi1

exp

√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

−1

ds

×
∫ t

Tzφi1

Γp
φie

∫ ϖ
Tzφi1

exp

√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

−1

ds

dϖ

≤ ep
φi1(Tzφi1)e

−(t−Tzφi1 )
η

p
φi1

δ
p
φi1 + e

∫ t
Tzφi1

exp

√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

−1

ds

×
∫ t

Tzφi1

Γp
φie

∫ ϖ
Tzφi1

exp

√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

−1

ds

dϖ

(70)

In the limit as t → ∞, it is found that:

lim
t→∞

ep
φi1 ≤ lim

t→∞

∫ t
Tzφi1

Γp
φi exp

[∫ ϖ
Tzφi1

[
exp

(√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

)
+

η
p
φi1

δ
p
φi1

− 1

]
ds

]
dϖ

e

∫ t
Tzφi1

exp

√
σ

p
φi1

δ
p
φi1

−
σ

p
φi1

s−Tzφi1+
√

σ
p
φi1δ

p
φi1

+
η

p
φi1

δ
p
φi1

−1

ds

≤ lim
t→∞

Γp
φi(t − Tzφi1)

exp
(√

σ
p
φi1

δ
p
φi1

)
+

η
p
φi1

δ
p
φi1

− 1
= aφi6

(71)

This demonstrates that the tracking error remains confined within a minute residual
domain. In conclusion, based on Definition 1, we have verified that the proposed con-
trol framework achieves practical prescribed-time stability for the attitude system. This
concludes the proof.

3.2. Prescribed-Time Sliding Mode Controller for Translational Subsystem

The velocity tracking deviation is characterized by evi = Vi − V0, where V0 represents
the reference speed commanded by the virtual leader. By differentiating evi with respect to
time, the first-order error dynamics are formulated as:

ėvi = fvi + gviFTxi0 + DVi − V̇d (72)

The primary control aim consists of synthesizing the thrust command FTxi0 such that
the speed error evi is driven into a minute neighborhood of the origin within a pre-stipulated
time Tvi, even under the influence of the unknown and non-vanishing perturbation DVi.
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3.2.1. Prescribed-Time Sliding Mode Observer

In view of the fact that flight integrity is often compromised by unknown aerodynamic
disturbances and potential thrust inefficiencies DVi, we develop a reduced-order scalar ob-
server based on prescribed-time sliding mode theory to achieve high-precision estimation.

To this end, define an auxiliary variable ϑvi = −lv1
∫ T

0 ( fvi + gviFTxi0 + lv2ϑvi)dν +

lv1Vi, where lv1 and lv2 denote positive design constants for the observer. The temporal
evolution of this state is governed by ϑ̇vi = −lv1lv2ϑvi + lv1DVi, which effectively functions
as a first-order filter for the lumped disturbance term. By letting zvi0 = ϑvi − ϑ̂vi represent
the estimation discrepancy, a scalar integral-type sliding manifold zvi1 is constructed
zvi1 = żvi0 +

∫ T
0 ζvi0dν.

Theorem 4. Under the framework of the translational subsystem’s first-order dynamics for a
fixed-wing UAV, consider the following sliding mode disturbance observer: ˙̂ϑvi = ζvi1 + ζvi0 +

∫ T
0 ζvi0dν

D̂Vi = lvi2ϑ̂vi + l−1
vi1

˙̂ϑvi
(73)

In this structure, D̂Vi signifies the estimated value of the unknown disturbance DVi, while ζvi0

and ζvi1 are defined as scalar prescribed-time reference convergence differential functions following:

ζvi0 =


kvi1(1+z2

v0i) arctan(zv0i)
Tzvi0−t+kvi3

0 ≤ t < Tzvi0[
exp

(√
kvi2

kvi3
− kvi2

t−Tzvi0+
√

kvi2kvi3

)
+ kvi1

kvi3
− 1
]

zvi0 t ≥ Tzvi0

(74)

ζvi1 =


kvi4(1+z2

vi1) arctan(zvi1)
Tzvi1−t+kvi6

0 ≤ t < Tzvi1[
exp

(√
kvi4

kvi6
− kvi5

t−Tzvi1+
√

kvi2kvi6

)
+ kvi4

kvi6
− 1
]

zvi1 t ≥ Tzvi1

(75)

where kvi1, kvi2, kvi3, kvi4, kvi5, kvi6 are positive constants, with kvi1 > kvi3, kvi4 > kvi6, Tzvi0 and
Tzvi1 are prescribed time; the convergence of the estimation error D̃Vi = DVi − D̂Vi to zero is
guaranteed within time horizon Tzvi0 + Tzvi1 .

Proof of Theorem 4. Utilizing the observer dynamics, the derivative of the sliding variable
can be described by żvi1 = −ζvi1. To evaluate the stability of this sliding manifold, we select
the following Lyapunov candidate Lzvi1 = 1

2 z2
vi1. Based on the prescribed convergence time

Tzvi1 , the analysis is partitioned into two temporal phases:
Case 1: For t ∈ [0, Tzvi1), the time derivative of the Lyapunov function yields:

L̇zvi1 = zvi1żvi1 = −zvi1ζvi1 = −
kvi4|zvi1|(1 + z2

vi1) arctan(|zvi1|)
Tzvi1 − t + kvi6

(76)

By defining the auxiliary mapping ϵ(zvi1) = (1 + z2
vi1) arctan(|zvi1|) and invoking

the properties of convex functions from Lemma 1 and Lemma 3, the derivative can be
bounded as:

L̇zvi1 ≤ −
kvi4
√

2Lzvi1 ϵ(
√

2Lzvi1)

Tzvi1 − t + kvi6
(77)
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We introduce the auxiliary variable mvi1 =
√

2Lzvi1 . Its dynamic evolution satisfies

the following inequality ṁvi1 =
L̇zvi1√
2Lzvi1

≤ − kvi4ϵ(mvi1)
Tzvi1−t+kvi6

. Further, utilizing the property

ϵ(mvi1) = (1 + m2
vi1) arctan(mvi1) ≥ mvi1, it can be obtained that:

ṁvi1 ≤ −
kvi4(1 + m2

vi1) arctan(mvi1)

Tzvi1 − t + kvi6
≤ − kvi4mvi1

Tzvi1 − t + kvi6
(78)

By integrating both sides, we obtain

mvi1(t) ≤ mvi1(0)
(

Tzvi1 − t + kvi6

Tzvi1 + kvi6

)kvi4

(79)

This demonstrates that, with an appropriate selection of observer parameters, mvi1 and
Lzvi1 converge to a minute neighborhood of the origin before t = Tzvi1 + kvi6. By invoking
the squeeze theorem, we confirm that the sliding variable zvi1 reaches equilibrium exactly
at the prescribed time.

Case 2: For the steady-state phase t ∈ [Tzvi1 , ∞), due to the introduction of the expo-
nential decay term in the piecewise function, the system dynamics satisfy:

L̇zvi1 = −
[

exp
(√

kvi5
kvi6

− kvi5

t − Tzvi1 +
√

kvi5kvi6

)
+

kvi4
kvi6

− 1
]

z2
vi1

≤ −2
[

exp
(√

kvi5
kvi6

− kvi5

t − Tzvi1 +
√

kvi5kvi6

)
+

kvi4
kvi6

− 1
]

Lzvi1

(80)

Through the application of Gronwall’s lemma, it follows that:

Lzvi1(t) ≤ Lzvi1(Tzvi1)e

(
−2
∫ T

Tzvi1

[
exp

(√
kvi5

kvi6
− kvi5

s−Tzvi1+
√

kvi5kvi6

)
+

kvi4
kvi6

−1
]

ds
)

(81)

Hence, by tuning the parameters, the observation error Lzvi1 is maintained within
a negligible bound after the specified time. This confirms that the sliding manifold zvi1

achieves prescribed-time convergence.
Once the sliding manifold is reached (i.e., zvi1 → 0), the error dynamics simplify

to żvi0 = −ζvi0. We define a similar Lyapunov candidate function Lzvi0 = 1
2 z2

vi0 for the
estimation discrepancy.

Case 1: For t ∈ [0, Tzvi0), substituting the definition of ζvi0:

L̇zvi0 = −zvi0ζvi0 = −
kvi1|zvi0|(1 + z2

vi0) arctan(|zvi0|)
Tzvi0 − t + kvi3

(82)

Defining the auxiliary variable mvi3 =
√

2Lzvi0 , the integration process mirrors Phase
1, proving that zvi0 and its associated energy function converge prior to t = Tzvi0 + kvi3.
Similarly, through the squeeze theorem, the state zvi0 reaches equilibrium exactly within
the prescribed time.

Case 2: For t ∈ [Tzvi0 , ∞), the derivative is bounded by:

L̇zvi0 ≤ −2

[
exp

(√
kvi2

kvi3
− kvi2

t − Tzvi0 +
√

kvi2kvi3

)
+

kvi1
kvi3

− 1

]
Lzvi0 (83)

By applying Gronwall’s lemma, the error state zvi0 is strictly constrained within a
minuscule boundary, confirming the successful convergence of the observation error.

The ultimate objective is to prove the convergence of the lumped disturbance estima-
tion error, defined as D̃Vi = DVi − D̂Vi. From the auxiliary variable dynamics, the actual
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total disturbance can be rewritten as: DVi = lvi2ϑvi + l−1
vi1 ϑ̇vi. Simultaneously, the observer’s

output is: D̂Vi = lvi2ϑ̂vi + l−1
vi1

˙̂ϑvi.
Subtracting the estimated value from the actual value yields the error dynamics as a

linear combination of the state discrepancy zvi0 = ϑvi − ϑ̂vi:

D̃Vi = lvi2(ϑvi − ϑ̂vi) + l−1
vi1(ϑ̇vi − ˙̂ϑvi) = lvi2zvi0 + l−1

vi1 żvi0 (84)

Based on the thorough derivations in the preceding steps, both the observation er-
ror zvi0 and its time derivative żvi0 converge to an infinitesimally small neighborhood of
the origin within the total prescribed time horizon Tzvi0 + Tzvi1 . Consequently, it directly
follows that D̃Vi → 0. This confirms the fast and precise estimation capability of the pro-
posed sliding mode disturbance observer for the translational subsystem. This concludes
the proof.

3.2.2. Prescribed-Time Sliding Mode Controller

In the context of first-order systems, the construction of a conventional cascaded
sliding manifold is obviated. Instead, we leverage the continuous and smooth properties of
the RCDF to directly regulate the error dynamics ėvi. By integrating this with feedforward
compensation derived from the observer, the thrust control law is formulated as follows.

Theorem 5. Regarding the velocity error dynamics, consider the control law designed as:

FTxi0 = g−1
vi
(
V̇d − fvi − D̂Vi − ζvi

)
(85)

where ζvi denotes a continuous, piecewise prescribed-time convergence function, where

ζvi =


ηvi(1+e2

vi) arctan(evi)
Tvi−t+δvi

0 ≤ t < Tvi[
exp

(√
σvi

δvi
− σvi

t−Tvi+
√

σviδvi

)
+ ηvi

δvi
− 1
]
evi t ≥ Tvi

(86)

Under this control scheme, the closed-loop system exhibits global practical prescribed-time
stability. The velocity tracking error evi is guaranteed to settle within a compact residual set centered
at the origin by the pre-assigned time Tvi. Furthermore, this formulation inherently eliminates the
chattering effect in the control input.

Proof of Theorem 5. To verify the stability of the translational subsystem and ensure con-
sistency with the attitude control analysis, we propose the following composite Lyapunov
candidate function Lvi =

1
2 e2

vi +
1
2 z2

vi1 +
1
2 z2

vi0. Taking the time derivative of Lvi along the
system trajectories yields:

L̇vi = evi ėvi − ζvi1zvi1 − ζvi0zvi0

= evi( fvi + gviFTxi0 + DVi − V̇d)− ζvi1zvi1 − ζvi0zvi0
(87)

By substituting the prescribed-time thrust command FTxi0 and the observer relations
into the above, we obtain:

L̇vi = evi(−ζvi − D̂Vi + DVi)− ζvi1zvi1 − ζvi0zvi0

≤ −eviζvi + Πvi
(88)

where Πvi represents the bounded lumped terms associated with the observation errors
and disturbances.
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Case 1: For the reaching phase t ∈ [0, Tvi), utilizing the piecewise RCDF ζvi, the
following inequality holds:

L̇vi ≤ −
ηvievi(1 + e2

vi) arctan(evi)

Tvi − t + δvi
+ Πvi

≤ −
ηvi|evi|(1 + |e2

vi|) arctan(|evi|)
Tvi − t + δvi

+ Πvi

(89)

To facilitate the subsequent stability analysis, we utilize the property (1+ω2) arctan(ω) ≥
ω. Invoking this property, the Lyapunov derivative is bounded by:

L̇vi ≤ − ηvi
Tvi − t + δvi

e2
vi + Πvi (90)

Let us redefine the Lyapunov components as Vvi = Vvi1 +Vvi2 = Lvi, where Vvi1 = 1
2 e2

vi
and Vvi2 = 1

2 z2
vi1 +

1
2 z2

vi0. Then, we arrive at the following constraint:

V̇vi ≤ − 2ηvi
Tvi − t + δvi

Vvi1 + Πvi

≤ − 2ηvi
Tvi − t + δvi

Vvi +
2ηvi

Tvi − t + δvi
Vvi2 + Πvi

(91)

It can thus be concluded that Vvi remains bounded. By invoking the results from [37]
and applying Gronwall’s inequality, the following relationship is established:

Vvi(t) ≤ e−2
∫ t

0
ηvi

Tvi−s+δvi
dsVvi(0) + e−2

∫ t
0

ηvi
Tvi−s+δvi

ds∫ t

0

(
2ηvi

Tvi − ω + δvi
Vvi2 + Πvi

)
e2
∫ ω

0
ηvi

Tvi−s+δvi
dsdω

(92)

As the time variable t approaches the pre-assigned threshold Tvi, it can be verified that
the transient term associated with Vvi(0) vanishes. Furthermore, by employing L’Hospital’s
rule to evaluate the limit, we demonstrate that:

lim
t→Tvi

Vvi ≤ lim
t→Tvi

∫ t
0

(
2ηvi

Tvi−ω+δvi
Vvi2 + Πvi

)
e2
∫ ω

0
ηvi

Tvi−s+δvi
dsdω

e2
∫ t

0
ηvi

Tvi−s+δvi
ds

≤ lim
t→Tvi

(
Vvi2 +

(Tvi − t + δvi)Πvi
2ηvi

)
= avi1

(93)

This confirms that the state tracking error enters the bound avi1 within the prescribed
time horizon Tvi.

Case 2: For the steady-state phase t ∈ [Tvi,+∞), the evolution of the Lyapunov
candidate is expressed as:

V̇vi(t) = V̇vi1(t) + V̇vi2 ≤ −eviζvi + Πvi

≤ −2ηvi

[
exp

(√
σvi

δvi
− σvi

t − Tvi +
√

σviδvi

)
+

1
δvi

− 1
]

Vvi

+ 2ηvi

[
exp

(√
σvi

δvi
− σvi

t − Tvi +
√

σviδvi

)
+

1
δvi

− 1
]

Vvi2 + Πvi

(94)
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As the time variable tends toward infinity (t → ∞), the transient term associated with
Vvi(Tvi) decays to zero. Thus, the steady-state bound is obtained as:

lim
t→∞

Vvi(t) ≤ Vvi2 +
Πvi

2ηvi

[
exp

(√
σvi

δvi

)
+ 1

δvi
− 1
]

≤ δviΠvi

2ηvi

[
δvi exp

(√
σvi

δvi

)
+ 1 − δvi

] = avi2

(95)

In conclusion, the Lyapunov function Vvi is confirmed to be bounded, ensuring that
the system trajectories converge to a predefined residual set within the specified time Tvi

and remain stable thereafter. This concludes the proof.

Remark 2. As illustrated in (23) and (24), (40), (44), (74) and (75) and (86), the RCDF provides a
more computationally efficient framework by combining a time-varying scaling function with the
tracking error. This approach avoids the need for complex transition mechanisms and addresses
tracking control across the entire temporal horizon. Following the insights in [31], the error
convergence rate can be precisely modulated by adjusting the parameters.

Remark 3. The RCDF maintains continuity at the terminal time t = T, satisfying limt→T ψ1.i2 =

(T − t + δ)η−1 = 0. The asymptotic behavior is given by ψi ∼ (T − t + δ)η−1 and ψ
(n−1)
i ∼

(T − t + δ)η−n. Provided that the design parameters satisfy ηi > n + 1 − i, the derivatives of
each ψi vanish as t tends toward T. Based on these properties, we define the unary mapping
h(v) = vϑ(v) = v(1 + kv2) arctan(v), which is proven to be a convex function. For a more
comprehensive discussion, the reader is referred to [31].

Remark 4. While the theoretical analysis guarantees system stability within any user-defined
prescribed time, the practical implementation on a QUAV is fundamentally constrained by physical
actuator limits. In a real-world scenario, the required control effort is inversely proportional to the
prescribed settling time. Consequently, two specific scenarios can lead to severe actuator saturation
and increased failure risk: (1) setting an extremely short convergence time when the initial attitude
error is excessively large; and (2) encountering a sudden, massive external disturbance during the
flight, causing the controller to demand infinite torque to eliminate the newly generated error within
a tightly constrained time window. Therefore, in practical engineering applications, the selection of
prescribed time must not be arbitrary. It requires a cautious trade-off, ensuring that the maximum
demanded control torque does not exceed the physical saturation threshold of the airframe’s actuators,
thereby preserving structural integrity and flight safety.

4. Simulation Experiment
This section evaluates the proposed control strategy through numerical simulations,

aimed at verifying its feasibility and performance advantages in practical cases.

Parameter Setting

According to existing work [36], to verify the effectiveness of the proposed con-
trol strategy, the parameters of the prescribed-time sliding mode disturbance observers
and controllers are strictly set in the simulation, where the subscript i ∈ {1, 2, 3, 4} de-
notes the four UAVs. The observer parameters of the attitude subsystem are identical
for all UAVs, specifically chosen as kφ1i = [45, 45, 45]T, kφ2i = [7, 7, 7]T, kφ3i = [1, 1, 1]T,
kφ4i = [0.1, 0.1, 0.1]T, kφ5i = [15, 15, 15]T, kφ6i = [0.1, 0.1, 0.1]T, κφ1i = diag(50, 50, 50),
and κφ2i = diag(1, 1, 1); the attitude controller parameters are set as ηφ1i = [5, 5, 5]T,
ηφ2i = [7, 7, 7]T, σφ1i = σφ2i = [2, 2, 2]T, and δφ1i = δφ2i = [0.2, 0.2, 0.2]T. The ob-
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server parameters of the translational subsystem are configured as kvi1 = 4, kvi2 = 0.5,
kvi3 = 0.1, kvi4 = 4, kvi5 = 0.5, kvi6 = 0.1, lv1 = 50, and lv2 = 1; its corresponding
controller parameters are selected as σvi = 7, δvi = 3, and ηvi = 4. To test the system
robustness, continuous, time-varying, and non-vanishing external disturbances are intro-
duced in the simulation. The disturbances injected into the attitude channels of the four
UAVs are respectively set as dφ1 = [0.1 cos(0.5t), 0.1 cos(0.5t) + 0.1 sin(t), 0.1 sin(0.5t)]T,
dφ2 = 0.7[1 + sin(0.3t) + cos(0.8t),−1 + sin(0.6t)− cos(0.4t), 1 + sin(0.5t) + cos(0.2t)]T,
dφ3 = 0.5[0.7 sin(0.7t) + 3 cos(0.3t), sin(0.9t) + 0.5 cos(0.4t), 1 + sin(1.2t) + 0.7 cos(1.2t)]T,
and dφ4 = 0.6[1+ 1.2 sin(0.9t) + 0.8 cos(t),−1+ sin(1.8t)− 1.5 cos(0.3t), 1+ 0.5 sin(0.5t) +
1.3 cos(0.2t)]T; meanwhile, the uniform external disturbance acting on the translational sub-
systems is defined as dvi = 0.5[1 + 0.5sin(1.3t); 1 + 0.9sin(0.6t); 1 + 0.9cos(0.8t)];T. And the
prescribed time is Tdφi0

= 4 s, Tdφi1
= 4 s, Tzφi1 = 6 s, Tzφi2 = 6 s, Tzv0i = 4 s, Tvi = 4 s. Mean-

while, UAV 2 operates under healthy conditions without any actuator anomalies throughout
the entire mission. Furthermore, we introduce an actuator fault case for UAV 1 within the
time window t ∈ [15, 20], affecting the elevator, rudder, and ailerons. This is represented by
the bias δ1 f = [0, 0.8, 0]T and the efficiency factor matrix ϱδ1 = diag{0.8, 0.8, 0.8}. Similarly,
we introduce an actuator fault case for UAV 3 within the time window t ∈ [15, 25], affecting
the elevator, rudder, and ailerons. This is represented by the bias δ3 f = [0, 0.8, 0]T and the
efficiency factor matrix ϱδ3 = diag{0.85, 0.85, 0.85}. Finally, we introduce an actuator fault
case for UAV 4 within the time window t ∈ [10, 15], affecting the elevator, rudder, and
ailerons. This is represented by the bias δ4 f = [0, 0.8, 0]T and the efficiency factor matrix
ϱδ4 = diag{0.85, 0.85, 0.85}. The starting states for the formation are detailed in Table 2.
The initial value of UAVs are shown in Table 3.

Table 2. Airframe parameter values of UAV.

Coefficient Value Unit Coefficient Value Unit

g 9.8 m · s−2 ρ̄ 1.29 kg · m2

mi 20.64 kg Si 1.37 m2

bi 1.96 m c̄i 0.76 m
cL0i 0.1 / cLαi 0.25 rad−1

cl0i −0.001 / clβi −0.038 rad−1

cD0i 0.5 / cYβi −0.1 rad−1

cm0i 0.022 / cmαi −0.473 rad−1

cn0i 0.022 / cnαi 0.036 rad−1

clpi −0.213 rad−1 · s clri 0.114 rad−1 · s
clδai −0.056 rad−1 clδri 0.014 rad−1

cnδai −0.036 rad−1 cnδri −0.055 rad−1

cmqi −3.449 rad−1 · s cmδi −0.364 rad−1

cnpi −0.151 rad−1 · s cnri −0.195 rad−1 · s
Jxxi 1.607 kg · m2 Jyyi 7.51 kg · m2

Jzzi 7.18 kg · m2 Jxzi 0.59 kg · m2

Table 3. Initial state values of UAV.

xi(0) yi(0) zi(0) ϕi(0) θi(0) ψi(0) Vi(0)

UAV 0 40 m 0 m 150 m 0◦ 1◦ 0◦ 20 m/s
UAV 1 10 m −20 m 150 m 0.2◦ 1◦ 0◦ 25 m/s
UAV 2 10 m 20 m 150 m 1◦ 1◦ 0◦ 20 m/s
UAV 3 −10 m −35 m 150 m 0◦ 1◦ −0.5◦ 19.5 m/s
UAV 4 −10 m 35 m 150 m 0.2◦ 1.5◦ −0.2◦ 15 m/s
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The mission objective requires the multi-UAV system to execute a low-altitude traver-
sal task while precisely following the prescribed velocity Vr and orientation φr profiles:

Vr =


20 + 30

2s+1 , 0 s ≤ t < 10 s

20 + 20
0.4s+1 , 10 s ≤ t < 20 s

20 + 30
s+1 , t ≥ 20 s

, φr(t) =


[0, 0, 0]T, 0 s ≤ t < 5 s

[0, −50
1.5s+1 , 0]T, 5 s ≤ t < 20 s

[0, 0, 0]T, t ≥ 20 s

(96)

Figure 3 illustrates the flight trajectories of the fixed-wing UAV swarm in both a three-
dimensional isometric view (Figure 3a) and a horizontal X-Y projection (Figure 3b). Under
the proposed control scheme, the four follower UAVs successfully assemble and maintain the
desired formation with the leader (UAV 0) throughout the complex traversal mission, which
includes continuous maneuvering, climbing, and diving phases. Figure 4 further details the
actual state trajectories of the UAVs across the speed (Vi), roll (ϕi), pitch (θi), and yaw (ψi)
channels. The system states dynamically and smoothly follow the time-varying reference
commands within the prescribed time. Notably, when the reference velocity Vr shifts at t = 10 s
and t = 20 s, all UAVs adjust their speeds rapidly and uniformly, demonstrating the excellent
transient performance of the velocity controller. Furthermore, despite the sequential injection
of actuator faults across different UAVs, the state trajectories exhibit no noticeable oscillations
or divergence. This directly infers the strong structural robustness of the proposed dual-
channel control architecture against unexpected hardware anomalies. The dynamic evolution
of the tracking errors (evi, eϕi1, eθi1, eψi1) is presented in Figure 5. Governed by the proposed
controller, these errors converge to a small neighborhood near zero within the prescribed time,
despite the continuous external disturbances. It is visually evident from the subgraphs that
the convergence moments exactly align with the pre-set theoretical time boundaries, verifying
that the settling time is strictly independent of initial conditions. Moreover, the error curves
remain completely smooth after reaching the sliding phase, which physically confirms that
the proposed continuous reference convergence differential function (RCDF) successfully
eliminates the chattering phenomenon inherent in traditional sliding mode control. The
efficacy of the prescribed-time sliding mode disturbance observer is evaluated in Figures 6–8.
Figures 6 and 8a demonstrate that the estimated values closely track the actual time-varying
lumped disturbances in both the attitude and translational subsystems. Correspondingly,
Figures 7 and 8b confirm that the estimation errors (D̃φi, D̃Vi) strictly converge within the
prescribed estimation time. This rapid and accurate convergence ensures that the observer fully
captures the complex aerodynamic variations well before the main controller’s settling time.
Consequently, this precise and timely feedforward compensation serves as the fundamental
reason why the UAV swarm can maintain high-precision tracking without steady-state offsets
under severe and non-vanishing disturbance.

In summary, the simulation results confirm that the integration of the proposed
strategy provides robust, high-precision, and chattering-free tracking control for fixed-wing
UAV swarms, effectively accommodating external disturbance and actuator fault within
strict time constraints.

Remark 5. Despite the robust tracking performance demonstrated under prescribed-time con-
straints, several limitations within the current study must be acknowledged. Firstly, the validation
of the proposed control architecture currently relies on theoretical proofs and numerical simulations.
While these simulations rigorously verify the mathematical stability bounds, they cannot fully
capture the unmodeled physical aerodynamic complexities and sensor noise inherent in real-world
environments. Thus, further empirical validation through extensive hardware-in-the-loop (HIL)
testing using physical flight controllers, such as Pixhawk platforms, is required. Secondly, the
proposed framework assumes an ideal, continuous transmission of reference states from the leader
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to the followers. In practical operational environments, communication delays and data packet
losses between the leader and followers are inevitable, which could affect formation accuracy and the
deterministic bounds of the prescribed time. Additionally, the current theoretical derivation does
not explicitly account for absolute physical actuator saturation limits. Finally, the current scope is
strictly confined to low-level continuous trajectory tracking and disturbance rejection. It does not yet
integrate high-level intelligent autonomous decision-making or dynamic task allocation mechanisms,
which are critical for the strategy generalization of large-scale UAV swarms. Addressing these
constraints will be the primary focus of our subsequent research.

(a) (b)

Figure 3. Flight trajectories of the UAVs from different perspectives: (a) three-dimensional isometric
view; (b) horizontal plane projection.

Figure 4. Actual states trajectories of UAVs: (a) speed channel; (b) ϕ channel; (c) θ channel; (d) ψ channel.

Figure 5. Tracking error of UAVs: (a) speed channel; (b) ϕ channel; (c) θ channel; (d) ψ channel.
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Figure 6. Estimated error of lumped disturbance in attitude subsystem: (a) UAV 1; (b) UAV 2; (c) UAV
3; (d) UAV 4.

Figure 7. Estimated and actual value of lumped disturbance in attitude subsystem: (a) UAV 1;
(b) UAV 2; (c) UAV 3; (d) UAV 4.

Figure 8. Lumped disturbance in translational subsystem: (a) estimated and actual value of UAVs;
(b) Estimated error of UAVs.

5. Discussion and Conclusions
In this paper, a novel prescribed-time sliding mode control strategy integrated with a

prescribed-time sliding mode disturbance observer (PTSMDO) has been successfully devel-
oped for the 6-DOF formation tracking of fixed-wing UAV swarms under non-vanishing
external disturbances and actuator faults. Qualitatively, the introduction of a continu-
ous and smooth piecewise reference convergence differential function (RCDF) effectively
eliminates the need for complex state transitions and time-scaling functions. This design
addresses the inherent singularity problems and ensures smooth, chattering-free control
surface behavior across the entire temporal horizon. Consequently, the convergence rate is
seamlessly modulated, and the tracking time is rendered completely independent of the
system’s initial conditions and environmental variations. Quantitatively, numerical simu-
lations validate the strict exactness of the proposed architecture. The PTSMDO achieves
highly accurate estimation of complex time-varying aerodynamic disturbances and actua-
tor faults strictly within the user-defined timeframe of 4 s. Subsequently, the closed-loop
controller drives all translational and attitude tracking errors into an infinitesimally small
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neighborhood of zero within their respective prescribed times. Furthermore, the system
demonstrates robust fault tolerance, maintaining tight formation bounds even when sub-
jected to severe actuator anomalies. Ultimately, the proposed strategy provides a robust,
computationally efficient, and high-precision solution for time-critical aerial swarm oper-
ations. Future work will focus on validating these theoretical results through extensive
hardware-in-the-loop experiments under complex communication topologies.
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