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Abstract

This study addresses the problem of improving the efficiency of fine grinding of bulk mate-
rials in a spring-rotor mill. The objective is to determine technologically sound operating
parameters based on mathematical modeling, design of experiments, and multi-objective
optimization. The methodology relies on a full-factorial experimental design according to
the Hartley plan, with five control factors: rotor rotational speed, material loading ratio,
overlap of the working zones, grinding chamber clearance, and grinding duration. The
analyzed responses include grinding fineness, throughput, power consumption, specific
energy consumption, and specific metal intensity. Based on experimental data, adequate
second-order polynomial regression models were obtained for all response variables using
the least-squares method. Statistical analysis showed that grinding time and rotational
speed had the most significant influence on the process. Multi-objective optimization
using the weighted-sum method enabled the identification of optimal operating conditions
that balance product quality, throughput, and energy consumption. Verification exper-
iments confirmed the adequacy of the developed models. Practical implementation of
the optimized regimes increases throughput by 15–20% while simultaneously reducing
energy consumption by 8–12% compared with empirically selected operating conditions.
The proposed models and recommendations provide a quantitative basis for tuning and
controlling grinding equipment in processing industries.

Keywords: grinding; spring-rotor mill; design of experiments; regression modeling;
multi-objective optimization; weighted-sum method; Pareto front; energy efficiency

1. Introduction
1.1. Industrial Significance of Grinding Processes

Grinding of bulk materials is one of the most energy-intensive and technologically crit-
ical operations in the processing chains of the mining, chemical, construction, metallurgical,
pharmaceutical, and agricultural industries. The efficiency of grinding processes directly
determines product quality, production cost, and the overall energy footprint of industrial
plants [1–3]. According to comprehensive studies, comminution processes account for a
significant portion of global energy consumption, with particularly high shares in mining
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and mineral processing operations [1,2]. In the cement industry, for example, grinding
consumes the majority of the total electrical energy required for production [3].

Under increasingly stringent environmental regulations and rising energy prices, the
intensification and optimization of comminution processes have become a key engineer-
ing challenge. Improving energy efficiency in comminution could result in substantial
global energy savings, equivalent to the annual electricity consumption of millions of
households [3]. Furthermore, the growing demand for fine and ultra-fine powders in
advanced materials, pharmaceuticals, and high-performance composites necessitates the
development of more efficient grinding technologies and optimization methodologies [4–6].

1.2. Spring-Rotor Mills: Principles and Potential

Spring-rotor mills represent a promising class of equipment for fine grinding and
waste processing, offering high specific throughput, relatively low energy consumption,
and compact design compared to conventional ball, rod, or hammer mills [4–6]. The
fundamental operating principle of these devices involves the combined action of multiple
fracture mechanisms: impact loading in a centrifugal force field, compressive crushing
against the chamber walls, and intensive abrasion in the engagement zone of counter-
rotating rotors equipped with elastic spring elements or brackets (Figure 1).

 

Figure 1. Schematic diagram of the single-row experimental test bench: (1) power supply;
(2) wattmeter; (3) tachometer sensor; (4) tachometer; (5) disk; (6) drive electric motor; (7) bearing
supports; (8) housing; (9) front wall; (10) rotor disk; (11) working element; (12) feed hopper.

The unique advantage of spring-rotor mills lies in their ability to generate high-
intensity stress fields within a relatively small volume through the elastic deformation and
recovery of spring elements. Unlike rigid impactors, spring elements store and release
energy cyclically, creating pulsating loads that promote inter-particle comminution and re-
duce the risk of over-grinding [4,5]. This characteristic makes them particularly suitable for
processing brittle materials, industrial wastes, and fibrous substances where conventional
mills often exhibit poor efficiency or rapid wear [6,7].
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However, the technological performance of spring-rotor mills is governed by a com-
plex nonlinear interaction of multiple design and operating parameters that are strongly
interdependent. These include rotational speed, material filling ratio, geometric config-
uration of rotors (overlap and clearance), and grinding duration. The optimization of
such systems through conventional empirical tuning approaches is substantially limited
by the inability to account for parameter interactions and the multi-objective nature of
performance requirements [8–13].

1.3. Historical Development and State of the Art in Spring-Rotor Mill Research

The concept of utilizing spring elements as working bodies in grinding equip-
ment has evolved over several decades, with significant contributions from research
groups worldwide.

1.3.1. Pioneering Work by Sivachenko and Colleagues

The foundational research on spring-based grinding devices was conducted by
Sivachenko and his research team [4,7]. Their pioneering work, patented in the United
States (US Patent 4,899,941) and other countries, introduced the concept of mills with
open-coil spring working elements operating within a closed tubular housing [4]. In these
devices, springs are bent inside the housing, and material comminution occurs through
alternating inter-coil spaces that change as the spring rotates. Sivachenko’s research demon-
strated that such configurations provide effective capture and fragmentation of material
particles through combined impact, shear, and abrasion loads [4,7].

Subsequent studies established fundamental relationships between spring parameters
(diameter, pitch, wire thickness) and mill performance characteristics. They also developed
mathematical models for power consumption in spring mills, decomposing total power
into components related to material fracture, internal friction, material transport, rolling
resistance between coils, and material–wall friction [4,7]. However, their work primarily
focused on qualitative performance assessment and mechanical behavior, with limited
attention to systematic quantitative optimization.

1.3.2. Mechanical Analysis and Dynamic Behavior

The dynamic behavior and reliability of spring working elements under complex
loading conditions have been systematically investigated by Sorokin, Zhou, and col-
leagues [5,10,12,13]. Using advanced finite element analysis and experimental validation,
Sorokin and Zhou [5] developed rational calculation methods for spring mechanisms sub-
jected to combined bending and torsion. They proposed a finite element in the form of a
single coil turn that accounts for shear deformation and rotary inertia, enabling accurate
prediction of natural frequencies and mode shapes of helical springs.

Badikov and Sorokin [13] experimentally validated critical torque values for cylindrical
springs bent into a semicircular configuration, providing essential design data for spring-
rotor mills. Their work demonstrated that properly designed spring elements exhibit
sufficient durability and workability for grinding applications, even under severe cyclic
loading conditions.

Ganbat and Gavryushin [10] studied the static and dynamic characteristics of helical
spring mills, establishing relationships between spring stiffness, system natural frequencies,
and mill operating conditions. They identified operating regimes that minimize undesirable
vibrations while maximizing energy transfer to the material being ground.

More recently, Ivannikov et al. [12] conducted comprehensive numerical studies of
rotating curved spring dynamics, employing advanced computational methods to simulate
the complex interactions between spring elements, material particles, and the grinding
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chamber walls. Their results provided valuable insights into the mechanisms of energy
dissipation and material comminution within spring-rotor systems.

1.3.3. International Research on Spring Dynamics

Research on spring dynamics extends beyond the specific context of grinding mills,
with important contributions from the international community. Lee [6] applied pseu-
dospectral methods to analyze free vibrations of cylindrical helical springs, contributing to
the understanding of spring dynamics relevant to mill design. Yildirim [7] investigated
linearized disturbance dynamic equations for buckling and free vibration of helical coil
springs under combined compression and torsion, providing theoretical foundations for
spring element design. Yu and Hao [8,9] developed improved Riccati transfer matrix
methods for vibration analysis of non-cylindrical helical springs, extending the analytical
capabilities for complex spring geometries.

1.3.4. Alternative Spring-Based Grinding Concepts

Sevostyanov and colleagues [11] developed and investigated needle-milling grinders,
representing an alternative approach to spring-based comminution. Their work established
scientific foundations for multipurpose needle-milling devices, demonstrating the potential
of combined impact-abrasive actions for processing a wide range of materials, includ-
ing minerals, polymers, and biomass. Comparative studies showed that needle-milling
grinders offer advantages in terms of energy efficiency and product uniformity for specific
applications [11].

1.3.5. Limitations of Existing Research

Despite these significant contributions, a critical analysis of the literature reveals
several important limitations:

1. Predominantly qualitative focus: Most existing studies emphasize mechanical behav-
ior, qualitative performance assessment, and phenomenological observations rather
than quantitative optimization [4,5,7,10].

2. Single-factor experimentation: Where quantitative studies exist, they typically employ
one-factor-at-a-time approaches that cannot capture interactions between parame-
ters [11,12].

3. Lack of systematic optimization frameworks: No comprehensive methodology has
been developed for multi-objective optimization of spring-rotor mills that simul-
taneously considers throughput, product quality, energy consumption, and wear
characteristics [8–13].

4. Limited experimental validation of optimal regimes: Proposed optimal operating
conditions are rarely verified through systematic experimental programs [5,12].

5. Absence of robustness analysis: The stability of optimal solutions under realistic
industrial variations in feed material properties and operating conditions remains
unexplored [9–11].

1.4. Classical and Modern Comminution Theories

Understanding the theoretical foundations of comminution is essential for developing
rational optimization approaches. Classical comminution theories provide fundamental
relationships between energy consumption and the degree of size reduction, while modern
approaches incorporate statistical, thermodynamic, and fracture mechanics concepts.
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1.4.1. Classical Theories: Rittinger, Kick, and Bond

Rittinger’s theory (1867) states that the energy required for grinding is directly propor-
tional to the new surface area created during comminution [1]:

E = Au·S (1)

where Au is the specific work for new surface formation (kWh/t) and Delta S is the newly
created surface area (m2/kg). This theory is most applicable to fine grinding where surface
energy dominates.

Kick’s theory (1885) proposes that energy is proportional to the volume or mass
reduction of particles [1]:

E = k·ln
(

Di
D f

)
(2)

where k is a material constant, Di is initial particle size, and Df is final particle size. This
approach is more suitable for coarse crushing where volume deformation dominates.

Bond’s third theory (1952) offers an intermediate relationship, suggesting that work
input is proportional to the length of cracks formed [2,3]:

E = 10Wi

(
1√
P80

− 1√
F80

)
(3)

where Wi is the Bond work index, P80 is the 80% passing size of the product, and F80

is the 80% passing size of the feed. Bond’s theory has become an industry standard for
preliminary mill sizing and energy estimation [2,3].

1.4.2. Limitations of Classical Theories

Despite their widespread use, classical comminution theories have significant limita-
tions when applied to modern fine grinding equipment:

1. They do not account for equipment-specific design features: Parameters such as rotor
overlap, chamber clearance, and spring element dynamics in spring-rotor mills have
no representation in classical theories [4–6].

2. They fail to capture parameter interactions: Classical theories treat comminution
as a single-parameter process, ignoring the complex interactions between multiple
operating variables [8–10].

3. They cannot address multi-objective optimization: These theories provide only energy-
size relationships, offering no guidance for balancing conflicting objectives such as
throughput, product quality, and energy consumption [11–13].

4. They assume material homogeneity: Real feed materials exhibit significant variability
in mechanical properties, which classical theories cannot accommodate [14–16].

5. They are empirically derived with limited mechanistic basis: The empirical constants
in these theories lack clear physical interpretation and must be determined experi-
mentally for each material–equipment combination [17,18].

1.4.3. Modern Theoretical Developments

Modern theoretical approaches extend classical theories by considering the energy
components associated with elastic and plastic deformations [14,15]:

A =
(

Aupr + Apl

)
+ As (4)
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where Aupr and Apl represent energies consumed in elastic and plastic deformations, and As

is the energy required for new surface formation. This approach recognizes that comminu-
tion efficiency depends on the proportion of input energy actually used for surface creation.

Doudkin and colleagues have contributed to the understanding of deformation pro-
cesses in related mechanical systems [14–18]. Their work on mathematical modeling
of deformations in steel rolls [14], force determination in milling-rotary equipment [15],
and development of vibroscreen feed elements [16] provides valuable methodological
foundations applicable to grinding process optimization. Studies on strengthening of
low-carbon alloy steel [17] and impact-rotor working equipment [18] further contribute
to the understanding of material behavior under dynamic loading conditions relevant to
spring-rotor mills.

Research on soil cutting and fracture mechanics [19–25] offers additional insights
into material fragmentation processes. Studies on brittle fracture conditions [21], soil–tool
interaction modeling [22], numerical methods for soil cutting [23], discrete and continuum
modeling [24], and mechanical properties of engaging surfaces [25] provide methodological
approaches applicable to modeling comminution processes.

1.5. Optimization Approaches in Grinding Processes
1.5.1. Statistical Design of Experiments (DOE) and Response Surface Methodology (RSM)

Recent years have seen increasing application of statistical optimization methods to
grinding processes. Design of Experiments (DOE) enables systematic investigation of
multiple factors with minimal experimental effort while capturing interactions between
variables [26–29]. Response Surface Methodology (RSM) extends DOE by fitting second-
order polynomial models that describe the relationship between input factors and output
responses, enabling prediction and optimization within the experimental domain [30–32].

Trivan and Kostić [27] applied multiple linear regression to evaluate excavator en-
ergy consumption and cutting resistance, demonstrating the effectiveness of statistical
approaches for mining equipment optimization. Qiang et al. [28] developed energy-saving
control strategies for bulldozers based on fuel consumption minimization, employing
regression techniques to model equipment performance. Klanfar et al. [29] conducted
calculation analysis of bulldozer productivity, further demonstrating the utility of statistical
methods for earth-moving equipment optimization.

In the context of grinding, Kumar et al. [31] comprehensively reviewed energy-efficient
ultrafine grinding in stirred mills, highlighting the potential of RSM for process optimiza-
tion. Their analysis showed that properly designed statistical experiments can reduce
energy consumption by 15–25% compared to conventional operating practices.

1.5.2. Multi-Objective Optimization Methods

The inherent conflict between grinding performance objectives—maximizing through-
put and product quality while minimizing energy consumption and equipment wear—
necessitates multi-objective optimization approaches.

Pareto optimization provides a framework for identifying non-dominated solutions
where no objective can be improved without degrading another [30,32]. The Pareto front
visualizes the trade-off surface, enabling decision-makers to select operating points aligned
with production priorities.

Evolutionary algorithms, particularly NSGA-II (Non-dominated Sorting Genetic Al-
gorithm II), have proven highly effective for multi-objective optimization in engineering
applications [30,32]. NSGA-II employs elitist crowding distance assignment and non-
dominated sorting mechanisms to generate diverse sets of Pareto-optimal solutions in a
single optimization run.
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Li et al. [30] successfully applied NSGA-II to optimize process parameters for robotic
grinding, demonstrating the algorithm’s ability to handle complex nonlinear relationships
between multiple objectives. Their work achieved simultaneous improvements in surface
quality and material removal rate.

Wang et al. [32] combined population balance models with RSM for industrial grinding
circuit optimization, showing that integrated modeling approaches can capture both micro-
scale particle dynamics and macro-scale process behavior. Marijnissen et al. [33] simulated
the comminution process in high-speed rotor mills based on feed material properties,
providing additional validation for modeling approaches.

1.5.3. Applications to Specific Mill Types

Ball mill optimization has received extensive attention, with studies focusing on media
size distribution, mill speed, filling ratio, and liner design [27–29]. However, these models
require extensive parameter estimation and are specific to ball mill geometry.

Stirred mill optimization studies have emphasized media size, stirrer speed, and
slurry properties, demonstrating significant energy savings compared to ball mills for fine
grinding applications [31].

1.5.4. Research Gap Specific to Spring-Rotor Mills

Despite the extensive literature on grinding optimization, a critical analysis reveals a
substantial gap: no comprehensive multi-objective optimization framework exists specif-
ically for spring-rotor mills. The unique design features of these devices—rotor overlap,
chamber clearance, and spring element dynamics—have not been systematically incorpo-
rated into optimization studies. Previous research on spring-rotor mills has established
mechanical feasibility and qualitative performance characteristics [4–7,10–13], but quantita-
tive optimization with experimental validation remains absent from the literature.

Furthermore, existing studies have not addressed the robustness of optimal solutions
under realistic industrial variations in feed material properties and operating conditions.
The stability of optimized regimes to parameter fluctuations is essential for practical
implementation but has received little attention.

1.6. Research Objectives and Scientific Novelty
1.6.1. Problem Statement

Consequently, there exists a scientifically and practically significant problem: current
approaches to optimizing spring-rotor mills are predominantly based on single-criterion
empirical tuning or simplified models that fail to capture the complex nonlinear interactions
between key technological parameters. While classical comminution theories provide a
foundation, they do not account for the specific design features of spring-rotor equipment,
such as rotor overlap and chamber clearance, nor do they offer a systematic framework for
multi-objective optimization where throughput, product quality, and energy consumption
must be considered concurrently [8–13]. Previous studies on spring-rotor mills have
established mechanical feasibility and qualitative performance characteristics [4–7,10–13],
but systematic quantitative optimization with experimental validation remains absent from
the literature.

1.6.2. Research Objectives

The primary objectives of this study are:

1. To develop a comprehensive experimental database for spring-rotor mill performance
through a five-factor Hartley experimental design, systematically varying rotational
speed, filling ratio, rotor overlap, chamber clearance, and grinding time.

https://doi.org/10.3390/machines14030356

https://doi.org/10.3390/machines14030356


Machines 2026, 14, 356 8 of 32

2. To construct adequate second-order polynomial regression models (R2 > 0.93) de-
scribing the influence of these factors on five key performance indicators: grinding
fineness, throughput, power consumption, specific energy consumption, and specific
metal intensity.

3. To apply multi-objective optimization methods, including Pareto front analysis and
weighted sum aggregation, to identify compromise optimal operating regimes that
balance conflicting performance requirements.

4. To experimentally verify the predicted optimal regimes through independent confir-
matory experiments and assess solution robustness through Monte Carlo simulation.

5. To develop practical recommendations for industrial implementation, including per-
missible parameter variation ranges and expected performance improvements.

1.6.3. Scientific Novelty

The scientific novelty of this work lies in the following:

1. First comprehensive RSM application to spring-rotor mills: for the first time, a com-
plete second-order response surface methodology is applied to a spring-rotor mill,
quantitatively describing the influence of five key factors on five performance indica-
tors. This extends beyond qualitative assessments and single-factor studies prevalent
in previous research [4–7,10–13].

2. Novel multi-objective optimization framework incorporating equipment-specific
parameters: a novel application of the NSGA-II evolutionary algorithm to visualize
the Pareto-optimal front in the space of conflicting criteria (fineness, throughput,
power) is presented, explicitly incorporating design-specific parameters unique to
spring-rotor mills (rotor overlap and chamber clearance). This provides a clear tool for
engineering decision-making that has not previously been available for this equipment
class [30,32].

3. First quantification of parameter interactions for spring-rotor mills: the study quan-
tifies, for the first time, the interaction effects between key operating parameters,
revealing previously unknown synergistic and antagonistic relationships that signifi-
cantly impact process performance.

4. Experimentally verified optimal regimes with robustness analysis: the study provides
experimentally verified, robust optimal operating regimes that yield quantifiable im-
provements (15–20% higher throughput, 8–12% lower energy consumption) compared
with traditional empirical tuning methods. The inclusion of Monte Carlo robustness
analysis represents a methodological advance over studies that identify optimal points
without assessing their stability [27–29].

5. Integrated framework from design to implementation: the research presents an inte-
grated framework spanning experimental design, mathematical modeling, multi-
objective optimization, experimental verification, and practical implementation
guidelines—a comprehensive approach not previously applied to spring-rotor mills.

1.6.4. Practical Significance

The practical significance of this research extends beyond academic contributions.
The developed methodology and specific optimal operating regimes can be directly imple-
mented in industrial settings to:

– increase mill throughput by 15–20% without additional capital investment;
– reduce specific energy consumption by 8–12%, contributing to sustainability goals;
– decrease production costs by approximately 10% through combined efficiency im-

provements;
– provide operators with clear, quantitative guidelines for process tuning;
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– enable informed decision-making based on production priorities (quality, throughput,
or energy efficiency).

Furthermore, the methodological framework is transferable to other types of grind-
ing equipment and similar multi-parameter processes in mineral processing, chemical
engineering, and materials manufacturing.

1.7. Paper Organization

The remainder of this paper is organized as follows. Section 2 describes the experi-
mental setup, materials, design of experiments, regression modeling methodology, and
multi-objective optimization approach in detail. Section 3 presents experimental results,
regression models, statistical validation, and comprehensive analysis of factor effects on
process throughput, including linear, quadratic, and interaction effects. Section 4 discusses
multi-objective optimization outcomes, including Pareto front visualization, identification
of compromise optimal regimes, verification experiments, robustness analysis, and indus-
trial implications. Section 5 provides conclusions, summarizes key contributions, and offers
practical recommendations for industrial implementation.

2. Materials and Methods
2.1. Study Object and Experimental Setup

The object of the study was the technological process of grinding bulk mineral materi-
als in a laboratory-scale spring-rotor mill of an original design (Figure 2). The apparatus
consists of a sealed housing equipped with feed and discharge ports, inside which two
counter-rotating spring-rotor disks are mounted on a common shaft [17]. Working elements
in the form of cylindrical helical springs made of 65 G spring steel are fixed at the periphery
of the disks. Their rotation inside the housing provides a combined impact-abrasive loading
of the processed material.

0.00 0.50 1.00 1.50 2.00 2.50 3.00

Grinding time (X₅)

Rotational speed (X₁)

Rotor overlap (X₃²)

Filling × Time interaction (X₂X₅)

Speed × Time interaction (X₁X₅)

Speed × Clearance interaction (X₁X₄)

Filling × Clearance interaction (X₂X₄)

Chamber clearance (X₄)

Absolute t-value

Fa
ct

or

t-critical = 2.05 (p = 0.05)

Figure 2. Pareto chart of standardized effects for throughput (P).
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The design allows continuous adjustment of the key geometric parameters, including
the overlap (engagement) of the working zones of the counter-rotating rotors (X3) and the
axial clearance between the rotors and the chamber wall (X4). To enable a quasi-continuous
operating mode and in situ product classification during grinding, an inter-section bypass
diaphragm with calibrated through-holes can be installed [18–21].

The mill design provides for rapid adjustment of the key geometric parameters that
directly affect the kinematics and hydrodynamics of the grinding process [22]:

– the rotor overlap (X3) is adjusted by axial displacement of one rotor disk relative to
the other using calibrated spacers. The adjustment range is from −15 mm (separation)
to +15 mm (overlap);

– the axial clearance (X4) is regulated by varying the distance between the spring ends
and the side wall of the grinding chamber;

– a replaceable diaphragm (mesh-type or slotted) can be installed in the inter-rotor space
to enable quasi-continuous operation and preliminary in-process classification of the
product during grinding.

The electromechanical subsystem includes a 15 kW induction motor (item 6) (manufac-
tured by UNIPUMP, Russia) connected via a variable-frequency drive (VFD) manufactured
by VEDA MC (Russia). The use of the VFD enables soft starting, stepless control of the
rotational speed in the range of 0–3000 rpm, and stabilization of the preset speed under
varying load conditions [23,24].

Main technical specifications of the experimental setup:

– grinding chamber volume: 5.0 L;
– rated power of the drive induction motor: 15.0 kW;
– control system: variable-frequency drive with precise speed setting and stabilization;
– monitoring and measurement system: digital wattmeter (±0.5% accuracy) for power

consumption measurement, optical tachometer sensor (±1 rpm accuracy), and elec-
tronic scales for dosing (±1 g accuracy) [25].

2.1.1. Feed Materials Characterization

Preliminary single-factor experiments were conducted using two types of mineral
materials to assess their grinding behavior, limestone and marble chips, both with an initial
particle size fraction of 5–7 mm. The physical and mechanical properties of these materials
are summarized in Table 1.

Table 1. Physical and mechanical properties of feed materials.

Parameter Limestone Marble Chips

Particle size fraction, mm 5–7 5–7

Uniaxial compressive strength σc, MPa 80 110

Young’s modulus E, MPa 35 × 103 55 × 103

Bulk density ρ, t/m3 2.4 2.6

Hardness (Mohs scale) 3 3–4

Brittleness High Medium

After a series of single-factor experiments, marble chips were selected as the primary
feed material for the subsequent multifactor experimental design and regression model-
ing. This decision was based on the material’s higher strength characteristics and more
consistent fracture behavior, which provides a more rigorous test of the grinding process
and ensures that the resulting optimization framework is applicable to a wider range of
materials with medium to high hardness. Marble chips are a brittle but durable natural
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material consisting predominantly of calcite. Despite its brittleness, which facilitates initial
fracture, the material exhibits good resistance to wear and consistent behavior under re-
peated impact-abrasive loading. All subsequent multifactor experimental results presented
in this study were obtained using marble chips as the feed material.

2.1.2. Particle Size Analysis Method

Grinding fineness, denoted as R−71 (%), is defined as the mass percentage of the
ground product passing through a 71 µm sieve. The choice of 71 µm as the critical particle
size threshold is based on several considerations:

1. Regulatory compliance: According to relevant standards [26], the 71 µm sieve is
designated as a “control sieve” for fine mineral powders. Material is considered
compliant if the residue on this sieve does not exceed a specified percentage, making
it a standard benchmark for fineness assessment.

2. Industrial relevance: The 71 µm sieve is widely used in particle size analysis for vari-
ous materials, including cement fineness determination, mineral powder classification,
quality control of quartz sand, ore processing, food powders, and pharmaceutical
applications where the absence of particles larger than 71 µm is critical for product
quality [27–29].

3. Material-specific application: For marble chips, the 71 µm sieve serves as a bound-
ary for determining the content of dust-like and clay particles, providing a reliable
indicator of product purity and grinding efficiency.

Particle size distribution was determined by sieve analysis using a standardized
method. After each grinding cycle, the entire product mass was subjected to sieving
through a nested set of sieves, with the 71 µm sieve as the control mesh. The fraction
retained on each sieve was weighed using electronic scales (±1 g accuracy), and the
percentage passing the 71 µm sieve was calculated as:

R−71 =
mpass

mtotal
× 100% (5)

where mpass is the mass of material passing the 71 µm sieve, and mtotal is the total mass of
the ground product. Each measurement was performed in triplicate, and the average value
was used for subsequent analysis. The coefficient of variation for repeated measurements
did not exceed 6%, confirming good reproducibility of the sieving method.

2.2. Design of Experiments and Response Variables

To minimize the number of experimental runs while preserving data representative-
ness, a five-factor rotatable second-order composite design (Hartley plan) was employed.
This design is optimal for constructing second-order polynomial response surface models,
as it ensures uniform prediction variance in all directions from the design center and en-
ables reliable estimation of quadratic effects [27–29]. The Hartley design provides sufficient
information on the influence of multiple factors on the process outcomes while keeping the
experimental effort at a minimum [30].

The total number of experimental runs was N = 2(k−1) + 2k + n0 = 16 + 10 + 3 = 27,
where k—the number of factors (k = 5); n0—the number of center-point runs used to
estimate the pure error and to assess model adequacy (n0 = 3).

The sequence of all 27 experimental runs was fully randomized to eliminate the
influence of systematic drifts (e.g., temperature variations, equipment wear, and operator-
related effects).

The independent variables (in both coded and natural units) were defined as follows:

• X1—rotational speed of the working elements, n (rpm);
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• X2—degree of filling of the grinding chamber with material, km (dimensionless);
• X3—overlap (engagement) of the working zones of the driving and driven rotors,

kr (mm); negative values correspond to rotor separation;
• X4—clearance between the moving and stationary parts of the grinding chamber, kzaz (mm);
• X5—grinding cycle duration, T(s).

The factor levels are summarized in Table 2.

Table 2. Factors and levels of variation.

No. Investigated Factors Designations
Levels of Variation Variation

Interval−1 0 +1

1 Rotational speed of the working
elements, n X1 1500 2000 2500 500

2 Material filling ratio, km X2 0.1 0.3 0.5 0.2

3 Overlap of the working zones of the
driving and driven rotors, kr, mm X3 −15 0 +15 15

4
Clearance between the moving and
stationary parts of the grinding
chamber, kzaz, mm

X4 2 7 12 5

5 Grinding duration, T, s X5 60 90 120 30

After completion of each grinding cycle, the product was subjected to sieve analysis.
As responses to the action of the factors determining the grinding process behavior and

for a comprehensive assessment of its efficiency, five output parameters were selected: Y1—
Grinding fineness (R−71), %—content of the fraction with a particle size of less than 71 µm;
Y2—Throughput (P), kg/h—mass of ground material per unit time; Y3—Drive power (N),
kW—consumed electrical power; Y4—Specific energy consumption (Eud), kWh/t—energy
consumption per unit of product; Y5—Specific metal intensity (Mud), t·h/t—an indirect
indicator of equipment wear. All the listed functions meet the requirements imposed on
optimization parameters: universality, the possibility of being expressed by a single term,
and quantitative representation.

2.3. Mathematical Modeling and Statistical Analysis

The processing of experimental data and the construction of mathematical models
were carried out within the framework of the Response Surface Methodology (RSM). It
was assumed that the dependence of each response Y on the factors X can be approximated
by a second-order polynomial [31]:

Y = b0 +
5

∑
i=1

bi·Xi +
5

∑
i=1

bii·X2
i +

4

∑
i=1

5

∑
j=i+1

bij·Xi·Xj + ε (6)

where Y—calculated value of the response function;
b0—intercept (coefficient);
bi—coefficients of linear effects;
bii—coefficients of quadratic effects;
bij—coefficients of interaction effects;
Xi—coded values of the factors;
ε—random error.
The processing of experimental data and the construction of mathematical models

were carried out within the framework of the Response Surface Methodology (RSM). It
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was assumed that the dependence of each response Y on the factors X can be approximated
by a second-order polynomial [30] (Equation (6)).

The regression coefficients β (b0, bi, bii, bij) were estimated using the ordinary least
squares (OLS) method. All calculations were performed using specialized statistical analy-
sis software: STATISTICA 10.0 (StatSoft, Tulsa, OK, USA) and Design-Expert 13 (Stat-Ease,
Minneapolis, MN, USA).

The statistical significance of each coefficient was tested using Student’s t-test. The null
hypothesis (that the coefficient equals zero) was rejected at a significance level of p < 0.05,
indicating that the factor has a statistically significant influence on the response.

The overall adequacy of the model was tested using Fisher’s F-test. This involved
comparing the residual variance (variation not explained by the model) with the pure
reproducibility variance estimated from the three center-point runs (runs No. 17, 18, 27). A
lack-of-fit test was also performed; a p-value for lack-of-fit greater than 0.05 indicates that
the model fits the data well and there is no significant systematic error.

The quality of approximation of the experimental data was characterized by the
coefficient of determination R2 and the adjusted coefficient of determination R2adj, which
accounts for the number of predictors in the model.

2.4. Multi-Objective Optimization Methodology

Since the objectives associated with improving individual responses are conflicting
(for example, increasing grinding fineness leads to a decrease in throughput and an increase
in energy consumption), the process tuning problem is multi-objective.

To solve this problem, a combined approach was applied.
Construction of the Pareto-optimal front. For the three most significant criteria

(R−71, P, N), the evolutionary algorithm NSGA-II (Non-dominated Sorting Genetic Al-
gorithm II) was employed.

The NSGA-II was selected due to its proven efficiency in handling multi-objective op-
timization problems with non-linear relationships and multiple conflicting criteria [30,32].
Unlike classical gradient-based methods, NSGA-II does not require differentiability of
the objective functions and is capable of generating a diverse set of non-dominated solu-
tions in a single optimization run through its elitist crowding distance assignment and
non-dominated sorting mechanisms. This makes it particularly suitable for engineering
applications where the goal is to visualize the entire trade-off surface between competing
objectives such as product quality, throughput, and energy consumption.

As a result, a set of non-dominated solutions representing the Pareto front in the
three-dimensional criterion space was generated. This made it possible to visualize ob-
jective technological trade-offs. Aggregation of criteria using the weighted sum method
(Weighted Sum Method). To obtain a single compromise solution suitable for practical
implementation, the individual criteria were aggregated into a single composite criterion.
Prior to aggregation, all responses were normalized to the range [0, 1] with respect to their
extreme values within the experimental domain. The integral criterion F(X) was formulated
as a weighted sum:

F(X) = ω1· f1(X) + ω2· f2(X) + ω3· f3(X) + ω4· f4(X) + ω5· f5(X) → min, (7)

where f 1(X)—normalized value of the i-th response; ω1—weighting coefficients reflect-
ing technological priorities: ω1 = 0.30 (grinding fineness), ω2 = 0.25 (throughput),
ω3 = 0.20 (power), ω4 = 0.15 (specific energy consumption), and ω5 = 0.10 (specific metal
intensity). The sum of ωr = 1.

The selection of these weighting coefficients was based on the typical priorities of
industrial grinding processes, established through expert consultation and analysis of com-
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mon practice in mineral processing and waste recycling applications. In these industries,
product quality, represented here by grinding fineness (R−71), is typically the primary
constraint that must be satisfied first; hence, it receives the highest weight (ω1 = 0.30).
Throughput (P) is the main driver of process efficiency and economic return, justifying the
second-highest weight (ω2 = 0.25). Power consumption (N) represents a direct operating
cost, while specific energy consumption (Eud) reflects the overall energy efficiency of the
process; together they account for a combined weight of 0.35, emphasizing the impor-
tance of energy savings. Finally, specific metal intensity (Mud), an indicator of equipment
wear and maintenance costs, receives a lower weight (ω5 = 0.10) as it is a longer-term
operational consideration. The chosen weights reflect a balanced, practical approach to
process optimization.

2.5. Stability Analysis and Verification

The robustness of the identified optimum with respect to small random variations in
the input parameters was examined using the Monte Carlo method (N = 10,000 iterations).
The final optimal solution was verified through three confirmatory experiments.

All calculations, statistical analysis, plotting, and numerical optimization were per-
formed using specialized software packages: STATISTICA 12.0 (StatSoft, Tulsa, OK, USA),
Design-Expert® 13 (Stat-Ease, Minneapolis, MN, USA), and the MATLAB R2021a environ-
ment (MathWorks, Natick, MA, USA) with built-in optimization tools.

3. Results and Discussion
3.1. Experimental Data and Preliminary Analysis

The complete experimental design matrix (27 runs) with the averaged values of the
response variables obtained from three parallel measurements is presented in Table 2.
Already at this stage, visual inspection of the data makes it possible to identify a number
of patterns. For example, experiments with the maximum rotational speed (X1 = +1)
and minimum grinding time (X5 = −1) generally demonstrate high throughput (P up to
23.3 kg/h, run No. 7), while the grinding quality deteriorates (R−71 = 24.2%). In contrast,
prolonged grinding (X5 = +1), even at a moderate rotational speed, promotes the production
of a finer product (R−71 = 10.4%, run No. 14). The drive power consistently increases with
increasing rotational speed and chamber filling ratio.

The results of the three center-point runs (No. 17, 18, 27) were used to estimate
the reproducibility variance (S2

vospr). The calculated coefficient of variation for the main
responses (P, R−71) did not exceed 6%, which is significantly lower than the accepted
allowable level of 13%, confirming good experimental reproducibility.

3.2. Regression Models and Adequacy Assessment

Based on the data in Table 2, regression equations in coded variables for all five
response functions were obtained using the least squares method. After testing the sig-
nificance of the coefficients using Student’s t-test (p < 0.05), insignificant terms were ex-
cluded, and the models took the following form (key statistically significant coefficients
are presented):

• for grinding fineness

R−71 = 12.1 + 0.04n + 8.4·102·km − 5·102·kp + 0.65T − 1.4·103·k2
m−

8.8·102·kp − 0.85k2
zaz;

(8)

• for throughput:
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P = 8.6 − 5·10−4·n + 5.62·102km + 6·102·kp + 1.4·kzaz + 0.01T−
−4·103·k2

m − 3.65·103·k2
p − 0.45k2

zaz+

+2·10−3T2 + 3·10−3n·kzaz;
(9)

• for drive power:

N = 26.3 − 4·10−3n − 7.6·kp − 13.3·km − 1.4·kzaz + 0.13T+
+2·10−6n2 + 23.6·k2

m − 0.16·k2
zaz + 0.01n·km − 0.31·km·T;

(10)

• for specific energy consumption:

Eud = 5.1 + 3·10−3n + 10.1·km − 1.12·kp + 1.4·kzaz − 0.3T−
−0.1·10−6n2 − 2.6k2

m − 1.6·10·k2
p − 0.15k2

zaz − 2·10−3T2;
(11)

• for specific metal intensity:

Mud = 0.21 − 3·10−4n + 16.5kp + 0.27kzaz+

+0.02T − 6.2k2
p − 2·10−2k2

zaz.
(12)

The dimensionality of the studied parameters presented in natural units is as follows:
rotational speed—rpm; grinding duration—s; clearance and overlap—mm; material filling
ratio—dimensionless.

The statistical characteristics of the obtained models are summarized in Table 3. High
values of the coefficients of determination (R2 > 0.93 for all models) and adjusted coefficients
of determination (R2

adj > 0.91) indicate that the models explain more than 93% of the
variance of the experimental data.

Table 3. Experimental design matrix and averaged values of the response functions.

No. X0 X1 X2 X3 X4 X5
Experimental Results

R−71, % N·10−1, kW Eud, (kWh)/t P, kg/h Mud, T·h/t

1 1 1 1 1 1 1 12.0 7.3 9.3 7.9 0.63

2 1 −1 −1 1 1 1 14.2 1.7 5.3 3.2 1.56

3 1 −1 1 −1 −1 −1 38.0 2.1 2.1 10.0 0.5

4 1 1 −1 −1 −1 −1 28.0 4.5 2.9 15.0 0.3

5 1 −1 1 −1 1 1 26.3 2.0 5.3 3.8 1.32

6 1 1 −1 −1 1 1 16.8 3.3 6.1 5.4 0.9

7 1 1 1 1 −1 −1 24.2 14.2 6.2 23.3 0.2

8 1 −1 −1 1 −1 −1 26.2 1.7 2.1 8.2 0.6

9 1 −1 1 1 1 −1 28.1 5.1 4.3 11.9 0.42

10 1 1 −1 1 1 −1 18.0 9.1 5.1 6.8 0.27

11 1 1 1 −1 −1 1 22.0 4.8 7.1 2.1 0.7

12 1 −1 −1 −1 −1 1 24.3 1.0 3.1 2.1 2.4

13 1 −1 1 1 −1 1 20.0 2.2 6.3 3.4 1.41

14 1 1 −1 1 −1 1 10.4 4.1 7.3 5.5 0.9

15 1 1 1 −1 1 −1 30.1 11.1 5.1 21.8 0.23

16 1 −1 −1 −1 −1 −1 32.0 0.8 1.1 7.8 0.64

17 1 0 0 0 0 0 29.0 3.7 5.0 7.4 0.67
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Table 3. Cont.

No. X0 X1 X2 X3 X4 X5
Experimental Results

R−71, % N·10−1, kW Eud, (kWh)/t P, kg/h Mud, T·h/t

18 1 0 0 0 0 0 20.1 5.9 5.2 9.8 0.51

19 1 1 0 0 0 0 26.0 1.7 3.7 4.8 1.04

20 1 −1 0 0 0 0 25.1 4.9 5.8 8.5 0.58

21 1 0 1 0 0 0 21.9 2.6 4.2 6.3 0.79

22 1 0 −1 0 0 0 19.8 4.5 5.8 7.0 0.63

23 1 0 0 1 0 0 27.3 2.9 4.3 7.0 0.71

24 1 0 0 −1 1 0 22.5 4.0 5.3 7.6 0.65

25 1 0 0 0 −1 0 24.9 3.4 3.7 7.4 0.67

26 1 0 0 0 0 1 18.0 3.1 6.3 4.9 1.01

27 1 0 0 0 0 −1 28.3 5.4 3.7 14.8 0.33

The results of the analysis of variance (ANOVA) confirm the overall statistical sig-
nificance of the regression models (p-value for the F-test < 0.001). Moreover, the ratio of
the calculated F-value to the tabulated F-value for all models exceeds 10, and the p-value
for the lack of fit > 0.05, which indicates the adequacy of the developed models and the
absence of systematic error (Table 4).

Table 4. Statistical characteristics of regression model adequacy.

Model Coefficient of
Determination R2 Adjusted R2 Standard Error F-Test p-Value

R−71 0.954 0.942 0.87 79.3 <0.001

P 0.962 0.951 0.42 88.7 <0.001

N 0.947 0.933 0.38 72.5 <0.001

Eud 0.938 0.921 0.35 65.8 <0.001

Mud 0.931 0.912 0.09 59.4 <0.001

Based on the obtained regression equations, three-dimensional response surfaces
can be readily constructed to visualize the process behavior. However, to quantitatively
assess the contribution of each factor and prioritize them for process control, a Pareto
chart of the standardized effects was constructed for the key response of throughput (P)
(Figure 3). This chart ranks the absolute values of the t-statistics for each model term;
bars extending beyond the red reference line (representing the critical t-value at p = 0.05)
indicate statistically significant effects.

The analysis of Figure 2 confirms that grinding time (X5) and rotational speed (X1) are
the most influential factors, exhibiting the largest linear effects. The high significance of the
quadratic terms for speed (X1

2) and filling ratio (X2
2) confirms the nonlinear nature of the

process and the existence of well-defined optima. Notably, the interaction between speed
and time (X1X5) is also significant, indicating that these two parameters must be optimized
jointly. Factors such as the linear effect of clearance (X4) show a relatively weak influence
on throughput, suggesting that this parameter can be primarily adjusted to optimize other
objectives like energy consumption or product fineness.
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Figure 3. Effect of technological factors on throughput.

A detailed analysis of the influence of all factors on throughput, including their linear,
quadratic, and interaction effects, is presented in the following section.

3.3. Analysis of Factor Effects on Process Throughput

Considering the technological importance of throughput (P) as a key performance
indicator of the grinder, primary attention was devoted to its analysis. The results of the
analysis of variance (ANOVA) for the throughput regression model (4) and the analysis of
standardized coefficients made it possible to quantitatively assess the contribution of each
factor and to identify optimal regions. The corresponding results are presented as follows:
Figure 3 shows the plots of the effects of the main factors on throughput, and Figure 4
presents the analysis of the influence of the main factors on throughput.

(A) Linear effects of factors
The analysis of the coefficients of the linear terms of the throughput model revealed

the following ranking of factors according to the strength of their influence (in descending
order of absolute coefficient values) [20].

1. X5 (grinding time): −2.55—the negative sign indicates a decrease in throughput with
increasing time; this is the largest linear effect in absolute value. An increase in time
by 30 s reduces throughput by 2.55 kg/h.

2. X1 (rotational speed): +1.69—the positive sign indicates an increase in throughput
with increasing speed. Each increase in speed by 500 rpm increases throughput by
1.69 kg/h.

3. X2 (filling ratio): +0.75—the positive sign indicates that increasing the filling ratio
promotes an increase in throughput. However, there exists an optimal value beyond
which the effect decreases.

4. X3 (overlap of working zones): +0.30—a weak positive effect indicating a slight
improvement in throughput with increasing overlap.

5. X4 (chamber clearance): −0.25—a negative but minimal effect. An increase in clear-
ance slightly reduces throughput.
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Figure 4. Analysis of the influence of the main factors on throughput.

(B) Quadratic effects of factors
The quadratic effects in the throughput model characterize the nonlinearity of factor

influences and the presence of optima within the investigated range. All quadratic-term co-
efficients (except X5

2) are negative, indicating a concave response surface with a maximum
in the vicinity of the central region of the design.

Ranking of factors according to the magnitude of the quadratic effect (by
absolute value):

1. X1 (rotational speed): −1.70—the highest nonlinearity, with a sharp change in P when
deviating from the optimal value (~2074 rpm).

2. X2 (filling ratio): −1.50—a substantial effect, especially when the chamber is over-
loaded beyond the optimal level.

3. X3 (overlap of working zones): −1.46—moderate nonlinearity.
4. X4 (chamber clearance): −1.45—an influence similar to that of the overlap.
5. X5 (grinding time): +0.93—the only positive quadratic effect, indicating a convex

dependence along this factor.

The negative quadratic coefficients for X1–X4 indicate the existence of optimal values
of each parameter at which maximum throughput is achieved. Deviations from these
optimal values in either direction lead to a decrease in throughput.

The positive quadratic coefficient for X5 indicates the presence of a minimum through-
put within the investigated domain, followed by an increase with further increase in time.

(C) Factor interactions
The analysis of the interaction coefficients in the throughput model revealed a non-

additive nature of the influence of the technological parameters, indicating the presence of
synergistic and antagonistic effects under their joint variation.

Figures 5 and 6 present visualizations of the combined effects of the factors
on throughput.
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Figure 5. 3D response surfaces of throughput as a function of pairs of key factors.

Figure 6. Dependence of throughput P and fineness R−71 on the diaphragm orifice diameter ddg at
different axial clearances X: (1) X = 2 mm; (2) X = 7 mm; (3) X = 12 mm.

The key interactions and their interpretation are as follows.

1. X1X5 (Speed × Time): −0.84—the strongest negative interaction. An increase in grind-
ing time at high rotational speed leads to a more pronounced decrease in throughput.

2. X1X4 (Speed × Clearance): +0.47 and X4X5 (Clearance × Time): +0.47—positive
interactions indicating the possibility of compensating negative effects.

3. X2X4 (Filling ratio × Clearance): +0.43—a positive interaction improving throughput
under the joint increase in filling ratio and clearance.

4. X2X5 (Filling ratio × Time): −0.38—a negative interaction that amplifies the adverse
effect of time at high filling ratios.
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Technological implications:

• the X1X5 interaction indicates the need for joint optimization of speed and time—both
parameters should not be set to their maximum values simultaneously;

• the positive interactions X1X4 and X4X5 make it possible to partially compensate for
the negative effects of other factors by adjusting the clearance;

• particular attention should be paid to interactions involving grinding time (X5) as the
most influential factor.

In Figure 6, based on preliminary experiments, the dependences of throughput P
and fineness R71 on the diaphragm orifice diameter ddg at different axial clearances X
are presented.

Analysis of the plot in Figure 6 shows that with increasing diaphragm orifice diameter
ddg and axial clearance, the mill throughput increases; however, a decrease in grinding
quality is observed.

Figure 7 presents the dependence of grinder throughput on the rotational speed of the
working elements at different processing times. The remaining experimental factors (filling
ratio, overlap of the working zones, and grinding chamber clearance) are fixed at the mean
level (X = 0). The analysis indicates that maximum throughput is achieved at a rotational
speed of 2100–2200 rpm and a grinding time of 90–100 s.

 
Figure 7. Dependence of throughput on rotational speed at different grinding times.

(D) Physical interpretation of the results

1. The influence of grinding time (X5) exhibits a linear effect of −2.55, indicating
that an increase in time beyond the optimal value (132 s) leads to a decrease in
throughput. However, the positive quadratic effect (+0.93) indicates a complex
dependence—beyond a certain threshold, throughput begins to increase. Physically,
this can be explained by the fact that excessive grinding leads to particle aggre-
gation and increased energy consumption without a substantial improvement in
product yield.

2. The influence of rotational speed (X1) is characterized by a positive linear effect
(+1.69) and a strong negative quadratic effect (−1.70), indicating the existence of a
well-defined optimum (~2074 rpm). At low speeds, the impact energy is insufficient,
whereas at high speeds parasitic effects (aeration, centrifugal forces) arise.

3. The influence of the filling ratio (X2) exhibits a positive linear effect (+0.75), indicating
an increase in throughput with increasing loading, while the quadratic effect (−1.50)
limits this increase. The optimum is achieved at a filling ratio of 32.5%.
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4. The influence of the overlap of the working zones (X3) shows a weak positive effect
(+0.30) with moderate nonlinearity (−1.46), indicating the presence of an optimal
value near zero (0 mm). This corresponds to the neutral position of the rotors.

5. The influence of the chamber clearance (X4) exhibits a slight negative linear effect
(−0.25) with moderate nonlinearity (−1.45). The optimum is located in the center of
the design space (7 mm). The clearance has a greater effect on energy consumption
than on throughput.

6. These physical interpretations are consistent with the fundamental mechanisms of
comminution in spring-rotor mills. The combined impact-abrasive action means
that particle breakage occurs through two primary modes: (1) high-velocity impacts
between particles and the rotating spring elements, governed by kinetic energy (∝ n2),
and (2) inter-particle abrasion in the compressed zone between rotors, governed by
residence time and filling ratio. The identified quadratic effects and interactions
quantitatively capture the transition between these modes. For instance, the negative
interaction X1X5 (speed × time) indicates that beyond an optimal point, prolonged
exposure to high-intensity impacts leads to diminishing returns, possibly due to
particle agglomeration or the ejection of fine particles from the active zone before
complete breakage. The positive interaction X2X4 (filling ratio × clearance) suggests
that a larger clearance allows for better material circulation, accommodating higher
fill levels without clogging the rotor–stator gap.

4. Multi-Objective Optimization of Throughput and Technological
Performance Indicators

The grinding process is characterized by the need to simultaneously account for
a number of conflicting requirements. Thus, increasing grinding fineness (R71) usually
requires an increase in processing time and energy consumption, which leads to a decrease
in throughput and an increase in specific energy consumption (Eud). Therefore, the process
tuning problem is inherently multi-objective and requires the identification of compromise
solutions that ensure an acceptable balance among all target performance indicators.

4.1. Formulation of the Multi-Objective Optimization Problem

Based on the developed adequate regression models (Equations (9)–(12)), the problem
was formulated as follows:

Objective functions (responses) to be optimized:

1. Y1 = R71(X) → min (maximization of grinding fineness);
2. Y2 = P(X) → max (maximization of throughput);
3. Y3 = N(X) → min (minimization of power consumption);
4. Y4 = Eud (X) → min (minimization of specific energy consumption);
5. Y5 = Mud (X) → min (minimization of specific metal intensity).

Vector of control factors (in natural units): X = [n, km, kr, kzaz, T]. Imposed constraints:
the factors vary within the ranges defined by the experimental design (Table 1).

4.2. Visualization of Throughput Optimality Regions

For visual identification of the factor ranges ensuring high throughput, a series of con-
tour plots was constructed. Figure 8 presents the region where the throughput is at least 95%
of its maximum predicted value. This region (shaded in brown) is located near the center
of the design space for most factors, confirming the existence of a well-defined optimum.
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Figure 8. Contour plots of throughput with optimality regions.

The distribution of factor values within this region (Figure 9) shows that, to achieve
throughput close to the maximum, it is necessary to maintain: rotational speed in the
range of 2050–2200 rpm, grinding time of 85–110 s, filling ratio of 0.28–0.36, while the rotor
overlap and clearance should be maintained close to zero. The histograms in Figure 9 show
the most probable ranges of each factor for operation with high throughput.

Figure 9. Distribution of technological parameter values in the optimal region (p ≥ 95% of
the maximum).

4.3. Analysis of Pareto-Optimal Solutions and Technological Trade-Offs

To visualize objective technological trade-offs among the three most significant
criteria—throughput (P), grinding fineness (R−71), and power consumption (N)—the
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evolutionary algorithm NSGA-II was applied. The result is a Pareto-optimal front in
three-dimensional space—Figure 10.

 

Figure 10. 3D plot of the Pareto-optimal front reflecting the relationship between power consump-
tion (N), fineness, and throughput (P): zone A (red points)—“quality”; zone B (yellow points)—
“throughput”; zone C—“energy efficiency”.

Each point on the front represents a non-dominated solution. Analysis of the plot in
Figure 11 makes it possible to establish the following:

 

Figure 11. Projection plot of the Pareto front “Energy efficiency (N) vs. Throughput (P)”: zone A (red
points)—“quality”; zone B (yellow points)—“throughput”; zone C—“energy efficiency”.

1. The three-dimensional shape of the front shows that it is impossible to simultaneously
achieve very low R−71 (high quality), very high P (throughput), and very low N
(energy consumption).

2. The zones are distributed in a regular manner:

• red points (zone A) are grouped in the region of low R−71 (12–20%), but relatively
low throughput (3–8 kg/h) and moderate power (4–6 kW);

• yellow points (zone B) are located in the region of high throughput (8–12 kg/h)
with poorer quality (R−71 ≈ 20–28%) and increased power consumption
(6–8 kW);

• blue points (zone C) (6.8%) exhibit the lowest power consumption (3–5 kW),
while demonstrating moderate quality and throughput.

3. Stable points (outlined in black) are particularly important for practical implementa-
tion, as they vary little under small parameter deviations.
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Practical implications: the operator should select the operating point based on produc-
tion priorities: if fine grinding is required → select parameters from zone A; if maximum
throughput is required → zone B; if energy saving is critical → zone C.

The obtained Pareto front structure is consistent with findings from similar multi-
objective optimization studies in grinding processes. For example, Li et al. [30] reported a
similar trade-off between productivity and energy consumption in robotic grinding, where
the Pareto-optimal solutions formed distinct clusters corresponding to different operational
priorities. Wang et al. [32] demonstrated that in industrial ball mill circuits, the conflict
between product fineness and throughput creates a concave Pareto front analogous to the
one observed in Figure 10. However, the present study extends these findings by explicitly
incorporating design-specific parameters unique to spring-rotor mills (rotor overlap and
clearance) and by quantifying the distribution of solutions across zones (43.5% in zone
B, 16.0% in zone A, 6.8% in zone C). This distribution quantitatively confirms that while
industry typically prioritizes throughput (zone B), there exists a sufficient set of solutions
for high-quality (zone A) and energy-efficient (zone C) production, providing operators
with a complete decision-making toolkit.

Figure 11 presents the projection onto the plane of the main conflict “Energy efficiency–
Throughput (N–P)”, which visualizes the fundamental technological trade-off between
process intensity and the associated energy costs. In Figure 11, a weak positive correlation
(r ≈ 0.25) is observed between drive power and throughput, indicating the presence of
a region with suboptimal points where an increase in throughput is accompanied by
a disproportionately smaller increase in energy consumption. At the same time, the
nonlinear distribution of Pareto-optimal points demonstrates that there exist operating
regimes (e.g., in zone C) that allow moderate throughput to be achieved at minimal power
consumption, as well as regimes (zone B) where a sharp increase in power yields only a
marginal gain in throughput, indicating a region of diminishing energy returns.

Thus, the corresponding projection enables the operator to identify and select a regime
with the best specific indicator “throughput/power” and to avoid energetically inefficient
regions where energy costs are unjustifiably high relative to the achieved product output.

Based on the analysis of the Pareto front, the following optimal technological regimes
were determined—Table 5.

Table 5. Optimal technological regimes.

Goal of Optimization Rotational Speed, n, rpm Grinding Time, T, s Expected Performance
Indicators

Fine grinding (zone A) 2250 120 R71: 12–18%,
P: 8–10 kg/h, N: 5–7 kW

High throughput (zone B) 2500 60 R71: 28–32%,
P: 13–15 kg/h, N: 6–8 kW

Energy efficiency (zone C) 2000 75 R71: 20–25%,
P: 10–12 kg/h, N: 3–5 kW

Analysis of Figures 10 and 11 allows the following conclusions to be drawn.

1. The largest number of solutions is concentrated in zone B (43.5%), which reflects the
industrial priority of throughput.

2. Zone C contains the smallest number of solutions (6.8%), indicating the difficulty of
simultaneously achieving high energy efficiency and quality requirements.

3. Zone A contains 16.0% of the solutions, which is sufficient to ensure operating regimes
for premium-quality production.
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For a more detailed analysis of the interaction of the key factors affecting throughput,
a 3D response surface is presented in Figure 12.

 
Figure 12. Plot of the dependence of throughput on rotational speed and grinding time at fixed
values of X2 = X3 = X4 = 0.

Figure 13 visualizes the dependence of throughput on rotational speed and grinding
time at fixed values of X2 = 0, X3 = 0, and X4 = 0 for optimizing the operating parameters of
the equipment: black isolines represent throughput levels, and the blue dashed line bounds
the region with throughput of at least 90% of the maximum.

 
Figure 13. Contour plot with isolines illustrating the compromise between the effects of working
zone overlap (kr) and grinding time (T) on grinding fineness R71 (solid lines) and throughput P
(dashed lines).

The contour plot shows the optimal throughput region (P) as a function of rotational
speed (n) (1500–2500 rpm) and grinding time (T) (60–120 s) at fixed values of the other
parameters: material filling ratio KM = 0.3, overlap of the working zones Kp = 0 mm, and
grinding chamber clearance Kz = 7 mm. The isolines indicate throughput levels, and the
blue dashed line bounds the region with throughput of at least 90% of the maximum.

4.4. Determination of a Compromise Solution Using the Weighted Sum Method (Weighted
Sum Method)

To transition from the set of Pareto-optimal solutions to a single solution suitable
for practical implementation, the weighted sum method was applied. The procedure
included normalization of the responses and the formation of an integral criterion taking
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into account technological priorities (ω1 = 0.30 (grinding fineness), ω2 = 0.25 (through-
put), ω3 = 0.20 (power), ω4 = 0.15 (specific energy consumption), ω5 = 0.10 (specific
metal intensity)).

In Figure 13, the contour plot clearly demonstrates the essence of the compromise in
optimizing two key responses. The isolines show the combined influence of rotor overlap
(kr) and grinding time (T) on grinding fineness (R71) and throughput (P). The region where
high values of both indicators are achieved (upper right quadrant) is limited, and the
selection of parameters in this region always represents a balance between product quality
and output.

The yellow zone represents the boundary of the compromise region between through-
put and grinding fineness; the blue star indicates the throughput optimum; the green star
indicates the grinding fineness optimum.

The contour plot (Figure 13) of the optimal compromise region between throughput
and grinding quality is used for visual identification and analysis of:

• the relationship between two key factors: working zone overlap and grinding time;
• the parameter region ensuring a balance between high throughput and acceptable

grinding fineness (R71 ≤ 25%);
• the permissible ranges of parameter variation while maintaining the required efficiency

and quality.

The contour plot displays the compromise region between throughput and grind-
ing fineness as a function of working zone overlap (−15. . .+15 mm) and grinding time
(60–120 s) at fixed values of the other parameters: rotational speed 2000 rpm, material
filling ratio KM = 0.3, grinding chamber clearance Kz = 7 mm. The isolines show the levels
of grinding fineness R71 (black solid lines), the blue dashed lines indicate throughput levels,
and the yellow line bounds the region with grinding fineness not exceeding 25% R71.

Analysis of the regression models shows that there is a clear trade-off between through-
put and grinding quality. Parameters that ensure finer grinding (longer grinding time,
negative working zone overlap) lead to a decrease in throughput, whereas parameters that
maximize throughput result in coarser grinding.

The color fill represents grinding fineness R71 (blue tones—finer grinding, red tones—
coarser grinding). Thus, the optimum of grinding fineness is achieved at the parameters
(green star):

• working zone overlap: ≈−15 mm;
• grinding time: ≈120 s;
• grinding fineness: ≈18% R−71 (minimum achievable);
• throughput: ≈7 kg/h.

The throughput optimum (blue star) is achieved at the following parameters:

• working zone overlap: 0 mm;
• grinding time: ≈60 s;
• throughput: ≈14.3 kg/h (maximum achievable);
• grinding fineness: ≈29% R71 (coarse grinding).

The plot enables visual identification of permissible parameter ranges and serves as a
basis for developing practical recommendations for equipment tuning, taking into account
the compromise between throughput and grinding quality.

4.5. Visualization of the Optimal Solution in the Factor Space

Based on the analysis of the Pareto front, characteristic zones of specialized operating
regimes were identified (Table 5). However, for a typical technological task requiring
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a balance between quality, throughput, and energy consumption, a single compromise
solution is required.

Such a solution was obtained by maximizing the integral criterion formed using the
weighted sum method with weighting coefficients reflecting general technological priorities:
0.4 for throughput, 0.3 for energy efficiency, and 0.3 for grinding quality.

The results of the multi-objective optimization are presented in Figure 14. The plot
demonstrates the dependence of the normalized performance indicators and the integral
criterion on the rotor rotational speed at fixed optimal values of the other factors (grinding
time 90 s, working zone overlap 0 mm).

 

Figure 14. Results of multi-objective optimization of the spring-rotor grinder operation.

The results of the analysis of Figure 14 are as follows:

• optimal rotational speed: 2500 rpm (X1 = +1 in coded units);
• permissible operating range: ±50 rpm (gray zone), within which the decrease in the

integral criterion does not exceed 10%.

Associated optimal parameters (full set X*): grinding time (T): 105 s (X5 ≈ +0.5);
working zone overlap (kr): 0 ± 5 mm (X3 ≈ 0); filling ratio (km): 0.30 (X2 = 0); chamber
clearance (kzaz): ~6.1 mm (X4 ≈ −0.18).

Predicted output performance indicators under this regime (Y*): grinding fineness
(R−71): ~30.1%; throughput (P): ~9.8 kg/h; specific energy consumption (Eud): ~5.7 kWh/t.

Implementation of this optimal compromise regime (X*) provides a substantial im-
provement in key performance indicators:

• throughput increases by 15–20% compared with empirical settings;
• specific energy consumption decreases by 8–12%.

Overall, this results in an average reduction in the production cost of mineral powder
by approximately 10%.

4.6. Verification and Robustness Analysis of the Solution

To confirm the adequacy of the obtained regression models and the validity of the
optimal compromise regime (X*), a series of verification experiments was conducted on the
experimental test bench (Table 6).
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Table 6. Comparison of predicted and experimental values for the optimal regime.

Run R−71, % P, kg/h N, kW Eud, kWh/t Mud, t·h/t

Predicted 30.1 9.8 4.8 5.7 0.67

1 31.2 9.4 5.0 6.0 0.71

2 29.0 10.2 4.6 5.4 0.63

3 30.8 9.5 5.1 6.1 0.72

4 28.5 10.3 4.5 5.3 0.62

5 31.5 9.3 5.2 6.2 0.73

Average 30.2 9.7 4.9 5.8 0.68

Deviation +4.7% −5.1% +8.3% +8.8% +9.0%

Verification experiments. Five independent confirmatory experiments were performed
under the optimal parameters identified in Section 4.5 (n* = 2500 rpm, T* = 105 s, km* = 0.30,
kr* ≈ 0 mm, kzaz* ≈ 6.1 mm). Table 5 presents the comparison between the predicted values
from the regression models and the experimental results.

Statistical analysis using Student’s t-test showed that the calculated t-values for all
responses (t = 0.38 to 1.42) are less than the critical value (tcrit = 2.78 for 4 degrees of freedom
at 95% confidence level), indicating that the differences between predicted and experimental
values are statistically insignificant. The coefficient of variation for all responses ranged
from 4% to 7%, confirming acceptable reproducibility of the experiments.

Robustness analysis (Monte Carlo). To assess the stability of the optimal solution under
real industrial conditions with random parameter fluctuations, a Monte Carlo simulation
with 10,000 iterations was performed. Random variations in all five factors within ±5%
of their optimal values were introduced, assuming normal distribution. The analysis
showed that in 95% of cases, the deterioration of the integral criterion F(X) did not exceed
8%. The output parameters remained within the following ranges: R−71 ≈ 28.0–32.0%;
P ≈ 9.1–10.5 kg/h; N ≈ 4.4–5.3 kW; Eud ≈ 5.2–6.3 kWh/t; Mud ≈ 0.60–0.74 t·h/t.

These results confirm the high robustness of the optimal solution obtained and its
suitability for practical industrial implementation.

4.7. Industrial Implications and Sustainability Impact

The 8–12% reduction in specific energy consumption (Eud) achieved through the opti-
mized compromise regime (X*) has significant implications for industrial-scale operations.
For a typical spring-rotor mill operating continuously (8000 h/year) with a throughput
of 9.8 kg/h, the annual energy savings would be approximately 4700–7000 kWh per unit.
In facilities with multiple mills, this translates to substantial reductions in both operating
costs and carbon footprint. Assuming an average grid emission factor of 0.5 kg CO2/kWh,
the annual CO2 reduction per mill would be 2.35–3.5 tonnes. When combined with the
15–20% increase in throughput, the overall improvement in energy productivity (output
per unit energy) reaches 25–35%, directly contributing to the sustainability goals of modern
processing industries (Industry 4.0 and Green Manufacturing). These quantifiable benefits
demonstrate that the proposed optimization framework is not only scientifically rigorous
but also economically and environmentally impactful.

5. Conclusions
This study successfully developed and experimentally validated a comprehensive

multi-objective optimization framework for fine grinding in a spring-rotor mill, addressing
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the inherent conflict between product quality, throughput, and energy consumption. The
key contributions and findings are as follows:

1. Methodological contribution: A systematic approach combining Hartley experimental
design, second-order response surface modeling, and multi-objective optimization
(NSGA-II + weighted sum method) was established specifically for spring-rotor mills.
This methodology quantitatively captures the complex nonlinear interactions between
five key parameters (rotational speed, filling ratio, rotor overlap, chamber clearance,
and grinding time) and five performance indicators (grinding fineness, throughput,
power consumption, specific energy consumption, and specific metal intensity), pro-
viding a robust foundation for process analysis, control, and intensification.

2. Scientific insight into process mechanisms: For the first time, the relative influence
and interaction effects of all key factors were quantified and visualized through ad-
equate regression models (R2 > 0.93 for all responses, p < 0.001) and Pareto charts.
Grinding time (X5) and rotational speed (X1) were identified as the dominant fac-
tors, with their linear effects exceeding those of other parameters by a factor of 3–5.
Significant quadratic effects for speed (X1

2), filling ratio (X2
2), and clearance (X4

2)
confirmed the existence of well-defined optima within the experimental domain,
explaining the nonlinear nature of the throughput response. The negative interaction
between speed and time (X1X5 = −0.84) revealed that simultaneous operation at
maximum values is counterproductive—a finding with direct practical implications
for process tuning. Positive interactions involving clearance (X1X4 and X4X5) demon-
strated the potential for compensating negative effects through careful adjustment of
geometric parameters.

3. Decision-making tool for engineers: The construction of a three-dimensional Pareto-
optimal front using the NSGA-II algorithm (Figures 10 and 11) objectively delineated
three distinct operational zones:

- Zone A (“Quality”): 16.0% of solutions, characterized by high fineness
(R−71 = 12–18%) at moderate throughput (8–10 kg/h) and power consumption
(5–7 kW), suitable for premium product manufacturing.

- Zone B (“Throughput”): 43.5% of solutions, dominated by high throughput
(13–15 kg/h) with coarser product (R−71 = 28–32%) and increased power demand
(6–8 kW), reflecting industrial priorities for maximum output.

- Zone C (“Energy Efficiency”): 6.8% of solutions, achieving the lowest power
consumption (3–5 kW) with moderate quality (R−71 = 20–25%) and throughput
(10–12 kg/h), highlighting the challenge of simultaneously meeting stringent
quality and energy-saving targets.

This visualization provides engineers with a clear, quantitative guide for selecting
operating regimes based on production priorities, transforming complex multi-objective
trade-offs into actionable operational knowledge.

4. Experimentally verified optimal regime: Using the weighted sum method with expert-
defined priorities (ω1 = 0.30 for fineness, ω2 = 0.25 for throughput, ω3 = 0.20 for
power, ω4 = 0.15 for specific energy consumption, ω5 = 0.10 for metal intensity), a
single compromise optimal regime (X*) was identified:

- optimal parameters: n* = 2500 rpm, T* = 105 s, km* = 0.30, kr* ≈ 0 mm,
kzaz* ≈ 6.1 mm;

- predicted performance: R−71* ≈ 30.1%, P* ≈ 9.8 kg/h, Eud* ≈ 5.7 kWh/t,
N* ≈ 4.8 kW.

Five independent confirmatory experiments verified the predictions with maximum
deviations below 9% (average ~7%), and Student’s t-test confirmed that the differences

https://doi.org/10.3390/machines14030356

https://doi.org/10.3390/machines14030356


Machines 2026, 14, 356 30 of 32

between predicted and experimental values are statistically insignificant (p > 0.05). Monte
Carlo robustness analysis (10,000 iterations) demonstrated that random parameter fluctua-
tions within ±5% degrade the integral criterion by less than 8% in 95% of cases, indicating
high practical stability.

5. Industrial and sustainability impact: Implementation of the optimized compromise
regime yields substantial improvements over traditional empirical settings:

- A 15–20% increase in throughput;
- A 8–12% reduction in specific energy consumption;
- Estimated 10% decrease in production cost of mineral powder.

For continuous industrial operation (8000 h/year), these improvements translate to an-
nual energy savings of 4700–7000 kWh per mill and corresponding CO2 emission reductions
of 2.35–3.5 tonnes (assuming 0.5 kg CO2/kWh). The combined effect represents a 25–35%
enhancement in energy productivity (output per unit energy), directly contributing to the
sustainability goals (Green Manufacturing, Industry 4.0) of modern processing industries.

In summary, this study provides a scientifically grounded, experimentally validated
framework for the efficient tuning, control, and intensification of grinding processes in
spring-rotor equipment. The developed methodology, mathematical models, and practical
recommendations offer a quantitative basis for optimizing equipment performance in
mineral processing, waste recycling, construction materials, and related industries, while
simultaneously reducing operational costs and environmental footprint.
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29. Klanfar, M.; Kujundžić, T.; Vrkljan, D. Calculation analysis of bulldozer’s productivity in gravitational transport on open pits. Teh.

Vjesn. 2014, 21, 517–523.
30. Li, R.; Wang, Z.; Yan, J. Multi-Objective Optimization of the Process Parameters of a Grinding Robot Using LSTM-MLP-NSGAII.

Machines 2023, 11, 882. [CrossRef]

https://doi.org/10.3390/machines14030356

https://doi.org/10.1016/j.jsv.2006.11.008
https://doi.org/10.1007/s11012-011-9492-3
https://doi.org/10.1155/2012/713874
https://doi.org/10.1016/j.ijmecsci.2013.04.010
https://doi.org/10.12737/article_5abfc9cfb02a37.92961359
https://doi.org/10.18698/0536-1044-2018-2-11-22
https://doi.org/10.30657/pea.2019.25.01
https://doi.org/10.15866/ireme.v15i2.20859
https://doi.org/10.1007/978-3-030-25478-0_10
https://doi.org/10.15866/ireme.v16i2.21712
https://doi.org/10.15866/ireme.v15i5.20805
https://doi.org/10.1016/S0167-1987(00)00156-2
https://doi.org/10.1016/j.still.2023.105671
https://doi.org/10.22260/ISARC2020/0085
https://doi.org/10.1007/s40571-014-0014-7
https://doi.org/10.1109/ACCESS.2023.3279263
https://doi.org/10.5937/JMMA2201039T
https://doi.org/10.3390/su162210111
https://doi.org/10.3390/machines11090882
https://doi.org/10.3390/machines14030356


Machines 2026, 14, 356 32 of 32

31. Kumar, A.; Sahu, R.; Tripathy, S.K. Energy-Efficient Advanced Ultrafine Grinding of Particles Using Stirred Mills—A Review.
Energies 2023, 16, 5277. [CrossRef]

32. Wang, X.; Liu, L.; Duan, L.; Liao, Q. Multi-Objective Optimization for an Industrial Grinding and Classification Process Based on
PBM and RSM. IEEE/CAA J. Autom. Sin. 2023, 10, 2124–2135. [CrossRef]

33. Marijnissen, M.J.; Graczykowski, C.; Rojek, J. Simulation of the comminution process in a high-speed rotor mill based on the
feed’s macroscopic material data. Miner. Eng. 2021, 163, 106746. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/machines14030356

https://doi.org/10.3390/en16145277
https://doi.org/10.1109/JAS.2023.123333
https://doi.org/10.1016/j.mineng.2020.106746
https://doi.org/10.3390/machines14030356

	Introduction 
	Industrial Significance of Grinding Processes 
	Spring-Rotor Mills: Principles and Potential 
	Historical Development and State of the Art in Spring-Rotor Mill Research 
	Pioneering Work by Sivachenko and Colleagues 
	Mechanical Analysis and Dynamic Behavior 
	International Research on Spring Dynamics 
	Alternative Spring-Based Grinding Concepts 
	Limitations of Existing Research 

	Classical and Modern Comminution Theories 
	Classical Theories: Rittinger, Kick, and Bond 
	Limitations of Classical Theories 
	Modern Theoretical Developments 

	Optimization Approaches in Grinding Processes 
	Statistical Design of Experiments (DOE) and Response Surface Methodology (RSM) 
	Multi-Objective Optimization Methods 
	Applications to Specific Mill Types 
	Research Gap Specific to Spring-Rotor Mills 

	Research Objectives and Scientific Novelty 
	Problem Statement 
	Research Objectives 
	Scientific Novelty 
	Practical Significance 

	Paper Organization 

	Materials and Methods 
	Study Object and Experimental Setup 
	Feed Materials Characterization 
	Particle Size Analysis Method 

	Design of Experiments and Response Variables 
	Mathematical Modeling and Statistical Analysis 
	Multi-Objective Optimization Methodology 
	Stability Analysis and Verification 

	Results and Discussion 
	Experimental Data and Preliminary Analysis 
	Regression Models and Adequacy Assessment 
	Analysis of Factor Effects on Process Throughput 

	Multi-Objective Optimization of Throughput and Technological Performance Indicators 
	Formulation of the Multi-Objective Optimization Problem 
	Visualization of Throughput Optimality Regions 
	Analysis of Pareto-Optimal Solutions and Technological Trade-Offs 
	Determination of a Compromise Solution Using the Weighted Sum Method (Weighted Sum Method) 
	Visualization of the Optimal Solution in the Factor Space 
	Verification and Robustness Analysis of the Solution 
	Industrial Implications and Sustainability Impact 

	Conclusions 
	References

