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Abstract

Adaptive Neuro-Fuzzy Inference System (ANFIS)-based inverse kinematics (IK) is highly
accurate for trained poses but often yields approximations for unseen inputs due to non-
standardized training data. This research addresses these limitations through two novel
contributions designed for any generic Degrees of Freedom (DoF) serial revolute robotic
arm. First, A structured training methodology is introduced using workspace decomposi-
tion and cubic path planning. Instead of random sampling, the workspace is partitioned
into cubic regions where 28 unique trajectories (12 edges, 12 face diagonals, four space diag-
onals) connect the eight vertices using cubic polynomial interpolation. This ensures physi-
cally consistent data mirroring real world point to point (PTP) movements. Even though
validated on an ABB IRB-1200 robotic arm, this modular design is inherently scalable,
allowing the local cubic expertise to be extended to cover the entire reachable workspace.
Second, a two-stage hybrid IK framework is proposed, where an initial ANFIS approxi-
mation is refined via Jacobian-based iterative methods. Three Hybrid Frame works were
evaluated, Framework-1 (ANFIS + Jacobian Gradient), Framework-2 (ANFIS + Jacobian
Pseudoinverse/Newton-Raphson), and Framework-3 (ANFIS + Damped Least Squares).
The results show that all three hybrid IK frameworks achieve reliable convergence, while
the DLS-based hybrid provides the best trade-off between accuracy, convergence speed,
and numerical stability. This generic, analytical free architecture provides a computa-
tionally efficient solution even in a hybrid scenario, bridging the gap between offline
structured training and online, real-time refinement for digital twin synchronization and
industrial automation.

Keywords: robotic arm; 6-DoF; N-DoF; hybrid inverse kinematics; soft computing; iterative
IK; hybrid IK; ANFIS; gradient IK method; pseudoinverse Newton—-Raphson; damped least
squares (DLS); ABB IRB 1200; dataset generation

1. Introduction

To execute tasks in three-dimensional space, a robotic arm must solve a fundamental
geometric problem: determining the joint angles that place its end-effector at a desired
position and orientation. This is the inverse kinematics (IK) problem. While forward
kinematics (FK) provides a unique mapping from joint variables to end-effector pose,

Machines 2026, 14, 292

https:/ /doi.org/10.3390 /machines14030292


https://crossmark.crossref.org/dialog?doi=10.3390/machines14030292&domain=pdf&date_stamp=2026-03-04
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/machines
https://www.mdpi.com
https://orcid.org/0000-0003-1883-5105
https://doi.org/10.3390/machines14030292

Machines 2026, 14,292

2 of 32

the inverse mapping is nonlinear and often admits multiple or no valid solutions. This
inherent complexity makes IK a central challenge in robot motion planning and control,
motivating a wide range of solution approaches, from closed-form analytical models to
modern learning-based algorithms.

1.1. Literature Review

Analytical IK aims to derive closed-form equations that directly compute joint vari-
ables from a desired end-effector pose. Early work established that closed-form IK is
feasible for non-redundant serial manipulators, particularly classical 6-DOF industrial
robots [1]. Geometric solutions have been applied to humanoid arms and collaborative
robots, achieving accurate results under structured kinematic assumptions [2]. More recent
advancements include solutions based on conformal geometric algebra for 7-DOF manipu-
lators [3] and closed-form solutions for collaborative robots with non-spherical wrists [4].
Unified analytical-numerical formulations using quaternion mathematics have also been
reported to improve modeling accuracy [5]. Although analytical methods are computation-
ally efficient, they depend heavily on robot geometry. Even minor offsets, redundancies,
or non-standard Denavit-Hartenberg parameters make closed-form derivation extremely
difficult or impossible, limiting their applicability to modern manipulators.

Numerical IK emerged as a general alternative to rigid analytical formulations.
Foundational iterative strategies include the Newton-Raphson method for IK up-
dates [6], the Jacobian Pseudoinverse method for redundant manipulators [7], and
the Damped Least Squares (DLS) technique, which improves stability near singulari-
ties [8]. These methods provide general, widely applicable solutions and have been
employed in real-time implementations [9], as well as in redundant robot singularity
analysis [10]. However, numerical IK methods depend on good initial guesses, and
their convergence may degrade in low-manipulability or near-singularity regions. They
also provide only local solutions. Heuristic IK methods were designed primarily for
computer animation, prioritizing fast, lightweight computation over strict physical
accuracy. FABRIK, a widely used method, performs IK through forward-backward
reaching without computing Jacobians [11]. Other lightweight approaches include
Gauss—Seidel-based solvers and Cyclic Coordinate Descent (CCD) [12], which have
been well documented in animation literature [13]. Yet, these methods cannot maintain
the precision, stability, and constraint handling required for industrial robotic manip-
ulation. Comparative work confirms that neural and heuristic solvers perform well
for animation but fail to meet robotic accuracy requirements [14]. Optimization and
metaheuristic IK methods allow flexible handling of joint limits, collision avoidance,
and multi-objective constraints. Notable contributions include IK solutions using
BODE-CS [15], improved Bald Eagle Search optimization [16], SQP/BP-SQP solvers
for industrial robots [17], and general metaheuristic IK solution strategies [18]. PSO
combined with ANN has been applied successfully to redundant manipulators [19].
Despite their flexibility, these methods are computationally expensive and not suitable
for real-time applications where IK must be solved at high frequency.

Learning-based techniques approximate IK without requiring explicit kinematic
modelling. Early contributions include VQTAM-based manipulator learning [20], neural
IK models for anthropomorphic robots [21], reinforcement-learning approaches for indus-
trial manipulation [22], Taguchi-optimized neural IK [23], sequential machine-learning
IK solvers [24], FOA-optimized networks [25], and ANN posture-control strategies [26].
ANFIS-based IK has also been widely explored, with successful demonstrations on
PUMA manipulators, 6-DOF robot arms, and SCARA robots [27-30]. These models offer
fast inference but depend heavily on dataset quality. Poor training coverage leads to weak
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generalization in unsampled regions, a well-known limitation across soft-computing
IK studies.

Hybrid IK strategies integrate machine-learning approximation with numerical re-
finement to combine speed and accuracy. Early hybrid attempts paired neural models
with Jacobian-based solvers for local correction. Recent works include hybrid Differential
Evolution + Jacobian Pseudoinverse IK [31], which demonstrated improved convergence.
However, most hybrid IK studies still rely on randomly sampled training data, which
fails to uniformly represent the workspace. Additionally, existing works rarely compare
multiple hybrid refinement strategies under identical conditions. These gaps highlight the
need for hybrid IK frameworks supported by structured dataset generation and consistent
refinement evaluation, which forms the core objective of the present work.

1.2. Research Gaps Identified

Despite the large amount of research on inverse kinematics, several important gaps
still exist. ANFIS-based IK performance strongly depends on the quality and coverage of
the training data, and accuracy decreases in workspace regions that are poorly represented.
However, there is no standard method for generating structured and well-distributed
training datasets.

Iterative IK methods are highly sensitive to the initial joint configuration, and the num-
ber of iterations required to converge increases when the initial guess is far from the desired
pose. These methods also become unstable or inefficient near singular configurations.

Most existing studies focus on only one class of IK techniques, such as analytical,
numerical, or learning-based methods, rather than combining them in a systematic way.
Even in hybrid IK approaches, there is limited comparative evaluation of different iterative
refinement methods under identical conditions. As a result, it is still unclear which Jacobian-
based solver performs best when used after a learning-based IK approximation.

1.3. Novel Contribution of This Work
This research provides two novel contributions to the field of robotic arms:

e  Structured Training Methodology: Instead of training the ANFIS with random datasets,
this work introduces a structured training methodology based on workspace decom-
position. The robot’s workspace is divided into discrete cubic regions. Instead of
using random data points, cubic polynomial joint-space trajectories are generated
between all eight vertices of each cube. This results in 28 unique trajectories (12 edges,
12 face diagonals, four space diagonals) per cube, providing 280 physically consistent
data points that mimic the point-to-point movements typically found in industrial
applications. This ensures that the ANFIS model is trained on smooth, realistic motion
profiles rather than disjointed random poses.

e A Two-Stage Hybrid IK Framework: Recognizing that ANFIS alone often produces ap-
proximate solutions for unseen inputs, this work proposes a second-stage refinement
process. In the first stage, the ANFIS model provides an approximate initial guess.
In the second stage, this approximation is refined through Jacobian-based iterative
numerical methods to get more accurate values. In this work three hybrid frameworks
are proposed. Three hybrid frameworks were evaluated: Framework-1 (ANFIS + Jaco-
bian Gradient), Framework-2 (ANFIS + Jacobian Pseudoinverse/Newton—-Raphson),
and Framework-3 (ANFIS + Damped Least Squares).
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1.4. Objectives of This Research Articles
The main objectives of this research are:

e To design a structured and repeatable methodology for generating ANFIS training
datasets using workspace decomposition into smaller cubic regions.

o To develop a two-stage hybrid inverse kinematics (IK) framework in which the ap-
proximate joint configuration predicted by ANFIS is refined by iterative numerical
methods to achieve high accuracy.

o To evaluate and compare various hybrid IK using Jacobian Transpose (Gradient),
Jacobian Pseudoinverse (Newton—-Raphson), and Damped Least Squares as iterative
refinement strategies under identical test conditions.

1.5. Scope and Limitations

e  Even though these frameworks can be simulated and evaluated on any N-DoF Serial
Revolute robotic arm, experimental validation is carried out on the ABB IRB-1200 (5
kg payload, 0.9 m reach) industrial robot.

e  While experimental validation was performed within specific cubic regions for the
ABB IRB-1200, the methodology is modular. It is intended to be scaled to cover the
entire workspace by repeating the cubic decomposition structure.

e  The simulations and code are run on a PC with the following configuration: 13th
generation Intel 19-13900HX (2.20 Ghz) processor, 16 GB RAM, 8 GB NVIDIA GeForce
RTX 4070 graphic card, 64-bit Windows-11 OS.

1.6. Outline of This Paper

This paper is organized as follows:

Section 2 presents the mathematical modeling of the robot, including forward kine-
matics, Jacobian matrix derivation, and manipulability analysis.

Section 3 describes the inverse kinematics (IK) methods employed in this study, in-
cluding the proposed hybrid approach.

Section 4 reports the experimental setup, evaluation metrics, and comparative results.

Section 5 concludes the paper and outlines directions for future work.

2. Mathematical Representations of Robot and IK Methods

The ABB IRB-1200-5-0.9 is a compact, high-precision six-degree-of-freedom (6-DoF)
articulated industrial robot designed for assembly, material handling, and machine-tending
operations. The robot provides a maximum reach of 0.9 m and a payload capacity
of 5 kg, making it suitable for both industrial automation and experimental robotics
research [32-34]. Figure 1 shows the ABB IRB-1200-5-0.9 robot installed in the labora-
tory environment, together with its controller and end-effector. The robot consists of a
serial chain of six revolute joints that allow full three-dimensional positioning and orien-
tation of the tool center point (TCP). Owing to the nonlinear and coupled nature of this
kinematic structure, inverse kinematics for this robot is typically solved using numeri-
cal or learning-based approaches rather than closed-form expressions. In this work, the
ABB IRB-1200-5-0.9 is used as a benchmark industrial manipulator to validate the pro-
posed two-stage hybrid inverse kinematics framework based on ANFIS and Jacobian-based
iterative refinement.
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Figure 1. ABB IRB-1200-5-0.9 in the lab.

2.1. Coordinate Frame Assignment

The coordinate frame assignment of the ABB IRB-1200-5-0.9 based on the Denavit—
Hartenberg (DH) convention is shown in Figure 2. Frame {0} is attached to the robot base,
and Frame {6} is attached to the tool flange. Each joint variable 6; represents the rotation
between two consecutive frames. This systematic frame assignment provides a compact
and mathematically consistent description of the robot geometry, which forms the basis
for deriving the forward kinematics and Jacobian matrix used in the proposed hybrid
IK framework.

Xs 82 -Xs
04 Os 6

-Ys .

Figure 2. Frame assignment for ABB IRB1200-5-0.9 [32-34].

Using the frame assignment shown in Figure 2, the geometric structure of the ABB IRB-
1200-5-0.9 is represented by the Denavit-Hartenberg parameters (a;, a;, d;, 0;), which define
the link lengths, link twists, joint offsets, and joint angles, respectively, and are listed in
Table 1. These parameters completely describe the kinematic chain of the robot and are used
to construct the homogeneous transformation matrices required for forward kinematics.
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Table 1. DH table for ABB IRB-1200-5-0.9.

Joint a; (mm) u;i (deg) d; (mm) 0; (deg) Range (deg)
1 0 —-90 399.1 ql +170 to —170
2 350 0 0 -90 +135 to —100
3 42 -90 0 q3 +70 to —200
4 0 +90 451 q4 +270 to —270
5 0 -90 0 q5 +130 to —130
6 0 0 82 180 +360 to —360

2.2. Forward Kinematics

The forward kinematic model establishes the relationship between the joint variables
and the resulting end-effector pose. Once the Denavit-Hartenberg (DH) parameters are
defined, the homogeneous transformation matrix of each link is constructed by sequentially
transforming the coordinate frame from joint i to joint i + 1. Using the standard DH
formulation, the transformation matrix is expressed as:

cd; —sbOica; sO;sa;  a;ch;
i1 _ sO;  cBica; —cOisa; a;sH; 1)
! 0 s; cw; d;
0 0 0 1
where cb; is cos 0;, s8; is sin 0;, ca; is cos ;, si; is sin a; and i =1 to 6;
OT6 — OTl 1'1"2 * 2T3 * 3T4 * 4T5 * 5T6 (2)
Ny Sy dy dy
ny Sy ay d
OT6 _ y 2y 4 Y (3)
ny sy a; d;
0 0 o0 1
Here, n = [nyny n)l, s = [sx Sy s:]T, and a = [ay ay a;])T represent the normal,

sliding, and approach vectors of the end-effector coordinate frame, while d = [dy dy, d-]"
denotes the Cartesian position.

To obtain the orientation of the ABB IRB 1200 robot, the rotation matrix R is de-
composed using the ZYX Euler angle convention, which is consistent with ABB’s wrist
architecture. Based on this convention, the yaw (z), pitch (y), and roll (x) angles are
computed directly, as shown below in Equations (4)—(6). The complete detailed forward
kinematic equations are given in Appendix A.

6, — tan ! (?) )
0y = sin “—ny) ®)
0, = tan ! (Z) (6)

2.3. Position and Orientation Error Calculation

To evaluate inverse kinematic solutions, the deviation between the desired and actual
end-effector pose is computed.
A. Position error

€p :H Pges — Pact || (7)
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where
T
Pcles = [xd Ya Zd} (8)
_ T
Pact = {xu Ya Zu] (9)

B. Orientation Error (ZYX Euler or RPY)
For ZYX rotation sequence used in ABB IRB 1200, the orientation error is computed using

Rerr = RdesRT

act

(10)
The equivalent axis—angle small-angle error vector is

Rerr(3,2) — Rerr(2,3)
€y = i Rerr(1/3 - Rerr(3/ 1) (11)
Rerr(2,1) — Rerr(1,2)

~—

The final orientation error magnitude is

| e = \/ €3 + e%y +ek (12)

2.4. Derivation of Jacobian Matrix

The forward kinematics of the robot arm provides the information about the position
and the orientation of the end-effector frame with respect to the base frame. Mathematically,
the forward kinematics equation provides the function relating to the Cartesian space
(position and orientation) for the given joint space (joint angles). The velocity relationship
between the Cartesian space and the joint space is provided by the Jacobian matrix (J).
Mathematically, the Jacobian matrix (J) is a linear mapping between the joint velocities (X)
and Cartesian velocities (q) This Jacobian matrix is expressed as a 6 xn matrix, where, n
is number of joint variables. The Jacobian matrix can even be split into two sub Jacobian
matrices relating to the translational (JDg) and angular (JRg) velocities of the end frame.
The JDg represents the upper 3 x n matrix of the Jacobian matrix (J), while JRq represents
the lower 3 x n matrix of the Jacobian matrix (J).

The relationship between the joint velocity and Cartesian velocity is expressed in the
form of

X=1g

where g is the joint velocity vector
. .. . 1T
4= (019245 -+ n]

gi = velocity of ith joint angle, i = 1 to n.
Xis the end-effector velocity vector.

X = [Xn ¥ Zn WXn WY, WZn]| T

Xn Vn Zn is the translational velocity of the end-effector frame with respect to x, y and

Z axes.
WXn WYn WZn is the angular velocity of the end-effector frame with respect to x, y and
Z axes.
= |10 (13)
Jrq
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n-1 % n-1dy
%, 4 (14)

n

The Jacobian matrix of the robotic arm can also be represented as column by column
using the Jacobian generating vector c;(q).

07 0
ci(q) = [ ki‘ofc ”d”] (15)

wherei=1ton,and n=6;

?71‘1;1 are the positional vectors of i-1th frame from the base frame;

0121-_1 is the joint axis unit vector attached to the frame (i — 1).

The final Jacobian matrix for the 6-DOF robotic arm is calculated using Equation (15),
while each column of the Jacobian is shown in Equation (16). The detailed Jacobian matrix
is listed in Appendix B.

Ju iz Jiz Jia s e
o1 J2 3 Joa dos Joe
J = 1:31 1:32 ]:32 ]:34 ]:35 ]:36 (16)
Jar Ja2 a3z Jas Jas Jas
Jsi Js2 Js3 Jsa Jss Jse
st Jeo Je3 Jea Je5 Jee ]

2.5. Manipulability Factor

Manipulability describes how easily the robot can produce motion in any direction at
a given configuration. The Yoshikawa manipulability index is used:

w(g) = /det(1(q) = J(g)T )- 17)

where J(q) is the Jacobian Matrix

A low w(q) indicates that the robot is close to a singularity, where small joint motions
lead to limited Cartesian motion. This metric is used in:

Workspace classification;Singularity avoidance;

Hybrid IK switching logic;

Evaluation of joint-space trajectories.

3. Existing IK and Proposed Hybrid IK Methods and Experiment

This section gives an overview of the existing IK methods and proposed hybrid IK
methods followed by the experiments that were conducted for this research work. We have
also proposed a novel method to generate training dataset for ANFIS IK techniques.

3.1. Existing IK Methods

In the existing IK section, first an overview of a soft-computing-based IK method
is discussed followed by iterative methods like the Gradient method based on Jacobian
Transpose, the Newton—-Raphson method based on pseudoinverse of the Jacobian, and the
Damped Least Squares Method.

3.1.1. ANFIS IK Method

The Adaptive Neuro-Fuzzy Inference System (ANFIS) is employed in this work to
learn the nonlinear inverse mapping between the Cartesian pose of the end-effector and
the corresponding joint configuration of the robot. For a 6-DoF manipulator, the inverse
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kinematics problem consists of estimating the joint vector (61,602,603, 64,05, 05) from the
Cartesian pose (x,y, z, 0x, 0y, 62)

Instead of using a single monolithic network, this work proposes a joint-wise ANFIS ar-
chitecture, illustrated in Figure 3, in which six independent ANFIS models are trained—one
for each joint. This decomposition reduces the dimensionality of each learning problem and
improves training stability and accuracy. For each joint 6;, a dedicated training database
is constructed from forward kinematics data, pairing the Cartesian pose x with the corre-
sponding joint value ;. Each ANFIS therefore learns a nonlinear mapping

91’ :ﬁ(x),i = 1,...,6.

Output Final Output
Individual Individual Individual Combined
Training Database ANFIS Architecture Joint Angles Joint Angles
T T T T T T T T T T T T T T T T
Input : Individual ANFIS Structure for Joint !
Joint Angles 1 |
(joint-1, joint-2, joint- Ll Database for Joint-1 —»[ ANFIS for Joint-1 Joint-1 s
3, joint-4, joint-5, e 1 =" |2
joint-6) ) : . =
% I~ Database forJoint-2 [  ANFIS for Joint-2 J—v Joint-2 L9
|
5 35
o Database for Joint-3 [  ANFIS for Joint-3  [—| Joint-3 = &
Forward ) _.l ] J J r J_’ s S
. . c g 3
Kinematics c 8
—_ . : int- T Cc
r S —'|7 Database for Joint-4 —'Ii ANFIS for Joint-4 I—vl Joint-4 |—> % §‘
® S E
Qutput [ Database for Joint-5 ANFIS for Joint-5 J—» Joint-5 | S
e > <
End-Effector Position o =
| =
(dx, dy, d2) & - : - ]
End-Effector Orineta- —| Database for joint-6 _'[ ANFIS for Joint-6 ﬁ01nt-6 I-'
tion

Figure 3. ANFIS IK structure.

For a desired End-effector pose x4es, the six ANFIS models operate in parallel to
generate the estimated joint vector

JANFIS = [él/ 02,05,04,05,06)".

Each ANFIS follows a standard five-layer neuro-fuzzy structure consisting of fuzzy
membership functions, rule firing layers, normalization, and linear consequent functions.
The parameters are trained using a hybrid learning algorithm that combines least-squares
estimation for consequent parameters with gradient descent for membership functions.

ANFIS provides extremely fast inference and captures the nonlinear inverse kinematic
relationship of the robot. However, its accuracy depends strongly on the coverage and
structure of the training dataset, and predictions outside the trained workspace are only
approximate. Therefore, in the proposed two-stage hybrid framework, the ANFIS output
is used as an initial joint estimate, which is subsequently refined using Jacobian-based
numerical solvers.

3.1.2. Jacobian Gradient Method Based on Transpose of Jacobian

The Gradient Jacobian method computes inverse kinematics by iteratively reducing
the end-effector pose error using the direction of the steepest descent. For a desired end-
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effector position x5 and the current forward-kinematics output x.,,, the position error
is determined.

The manipulator Jacobian J(q) maps joint velocities to Cartesian velocities. By using
the Jacobian Transpose, the joint update direction aligns with the negative gradient of the
error function. The incremental joint correction is computed as

Aq = o]’ (q)e (18)

where & > 0 is a step-size gain chosen to ensure stability and avoid overshoot.
The new joint vector is obtained by

Inew = Yold + Aq' (19)

This iterative update continues until the pose error falls below a chosen tolerance.
Because the method avoids Jacobian inversion and relies only on transpose operations, it is
computationally efficient and suitable for real-time control. However, convergence may
slow near singularities or when the initial guess is far from the solution, making it ideal for
hybrid IK frameworks where ANFIS provides a closer starting point. Pseudocode of the
architecture is listed for detailed understanding.

Pseudocode:

1.  Initialize q
2. Repeat until error < tolerance:

a.  Compute FK(q) — x_cur

b.  Compute error e = x_des — x_cur
C. Compute Jacobian J(q)

d Aq=a*JT*e

e. q=q+4Aq

3. Return q_new

3.1.3. Newton-Raphson Method Based on Pseudo Inverse of Jacobian

The Jacobian Pseudoinverse method is a widely used numerical IK technique that
provides fast and stable convergence by directly minimizing the end-effector pose error.
The joint correction is obtained through the Moore-Penrose pseudoinverse of
the Jacobian
Ag=T'e= (") e (20)

The new joint vector is therefore updated as

Dnew = Yotd + Aq' (21)

Unlike the Jacobian Transpose method, the pseudoinverse uses complete Jacobian
information, resulting in faster convergence and better accuracy. It is effective for well-
conditioned configurations but becomes unstable near singularities because (J7])~! grows
unbounded. This limitation motivates the need for damping or hybrid refinements in
complex manipulators such as ABB IRB-1200.

This method converges faster than the Gradient method and provides accurate results
but becomes unstable near singularities due to the inversion of J'J. It is suitable when the
robot operates in well-conditioned regions of the workspace. Pseudocode of the architecture
is listed for detailed understanding.
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Pseudocode:

1.  Initialize q
2. Repeat until error < tolerance:

Compute FK(q) — x_cur

Compute error e

Compute Jacobian J

Compute pseudoinverse J* = g7
Agq=T"*e

q=q+4q

3. Return q_new

e a0 T

3.1.4. Damped Least Squares Method

The Damped Least Squares approach enhances stability in numerical IK, especially
near singular configurations. It modifies the classical pseudoinverse formula by introducing
a damping term A2I, producing a more robust inversion. The joint update is obtained as

Aq = (TT+ A1) e, (22)

where A is a small positive damping factor.
The updated joint vector is computed as

Dnew = Yotd + Aq' (23)

The damping term prevents numerical blow-up and guarantees smooth convergence
even when the robot is close to singularities or when the Jacobian becomes ill-conditioned.
Although DLS slightly slows convergence compared to the pseudoinverse, it significantly
improves stability, making it highly suitable for real robots and hybrid IK systems where
approximation errors may occur in initial guesses. Pseudocode of the architecture is listed
for detailed understanding.

Pseudocode:

1.  Initialize q
2. Define damping A
3. Repeat until error < tolerance:

Compute FK(q)

Compute error e

Compute Jacobian |

Compute DLS inverse = (JT] + A2 T)~1 JT
Aq =DLS_inverse * e

q=q+Aq

4. Return q_new

e a0 T

3.2. Proposed Hybrid IK Methods

This section describes in detail the proposed IK architecture. First we have proposed a
novel cube-based structured training strategy for the ANFIS IK method, followed by three
proposed hybrid IK methods.

3.2.1. ANFIS IK Method with Structured Training Database

Most learning-based inverse kinematics (IK) methods rely on randomly sampled train-
ing data, which leads to uneven workspace coverage and poor generalization in untrained
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regions. In contrast, this work adopts a structured workspace decomposition strategy,
where the robot workspace is divided into small cubic regions. Each cube represents a
local learning domain in which the Cartesian joint mapping remains smooth and well-
conditioned. A conceptual illustration of such workspace partitioning is shown in Figure 4a
(Gemini-generated visualization of cubic workspace decomposition).

Workspace Cube Representation for ABB IRB 1200 Training Data

400

200

400 —§

400

380 ~

360 -
Z (mm)

340

320 —

300

300

280

300 300
(b) Y 400 420 440 X 400

Figure 4. (a) Gemini Al generated image for visualization of ABB IRB1200 Robot using cube-based
decomposition for generating training dataset. (b) Cubic workspace with the training dataset used in
this work.

In this study, one representative cube is selected to demonstrate the methodology, as
shown in Figure 4b. The cube spans the Cartesian limits

(300,300,300) mm to (400, 400, 400) mm.
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This region lies well within the reachable workspace of the ABB IRB-1200 and avoids
singular configurations, making it suitable for controlled learning and validation. The
proposed methodology can be directly extended to cover the entire workspace by repeating
the same procedure for all cubes.

Step 1: Determination of Cube Vertex Poses

Each cube has eight vertices, corresponding to the extreme combinations of its Carte-
sian limits. The end-effector poses (position and orientation) at these eight vertices were
first obtained using RoboDK simulation, and then verified on the real ABB IRB-1200 robot.
To further ensure consistency, the corresponding joint angles were also validated using
a Damped Least Squares (DLS) inverse kinematics solver, which required approximately
6 ms per pose due to the need for iterative Jacobian inversion.

These eight vertices” poses and joint angles form the anchor points of the cube and
define its kinematic boundary. These vertex points are listed in the Table 2.

Table 2. Cartesian and joint-space coordinates of the eight vertex points of the cube.

Vertex dx dy dz rx ry 1z j1 j2 i3 j4 j5 jé
pl 300 300 300 90 90 90 54.00 39.49 4489  —12587 86.70 175.45
p2 300 400 300 135 0 180 48.74 35.08 3439 —61.81 —31.94 11592
p3 400 400 300 45 45 45 51.31 51.75 20.70 5400 —11050 18.90
p4 400 300 300 200 45 45 34.81 42.59 18.46 193.03 7637 —10.49
p5 300 300 400 90 90 90 54.00 23.45 46.71 55.65  —7849 —16.27
pé 300 400 400 135 0 180 48.74 22.69 34.10 97.03 28.02  —39.76
p7 400 400 400 45 45 45 51.31 39.88 23.35 51.65  —10493 11.20
p8 400 300 400 200 45 45 34.81 32.44 18.30 192.68 —8643 —8.17

Step 2: Cubic Polynomial Joint-Space Trajectory Generation

To generate dense and physically consistent training data inside the cube, joint-space
trajectories are generated between all vertex pairs using cubic polynomial interpolation.

For each joint ¢;(t), the trajectory between an initial configuration g;(to) = g0 and a
final configuration g;(tf) = q;s with zero endpoint velocities is defined as

qi(t) = ap + it + axt* + a3, t € [0, 1] (24)
with boundary conditions
9i(0) = gi0,4i(1) = 4if,4;(0) = 0,4;(1) = 0. (25)
Solving these conditions yields
qi(t) = gio +3(qif — 9i0) > — 2(4i — qi0) . (26)
This guarantees smooth motion with continuous velocity and acceleration profiles.

Step 3: Structured Training Dataset Construction

A cube has 8 vertices, producing 28 unique vertex pairs (12 edges, 12 face diagonals,
4 space diagonals) listed in Table 3. For each pair, a cubic joint-space trajectory is generated
and uniformly sampled at 10 time instants. This produces smooth Cartesian paths that pass
not only along cube edges but also through the interior of the cube, ensuring that the ANFIS
model is trained on representative internal points rather than only boundary points. For
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each sampled joint vector, forward kinematics is used to compute the corresponding Carte-
sian pose. The resulting dataset therefore consists of pairs that are physically consistent,
continuous, and uniformly distributed within or near the cube.

Table 3. Twenty-eight unique vertex pair trajectories used for generating training dataset for ANFIS.

Trajectory Count Vertex Pairs (Trajectories) Path Description
(P1, P2), (P2, P3), (P3, P4), (P4, P1) Bound hs definine th
Edges 12 (P5, P6), (P6, P7), (P7, P8), (P8, P5) oun affy pat Sf ; mm}f the outer
(P1, P5), (P2, P6), (P3, P7), (P4, P8) rame of the cube.
(P1, P3), (P2, P4), (P5, P7), (P6, P8) C 1 h o the si
Face diagonals 12 (P1, P6), (P2, P5), (P3, P8), (P4, P7) ross-planar pat S ccf)vermg the six
(P1, P8), (P4, P5), (P2, P7), (P3, P6) exterior surfaces.

Space diagonals

Interior paths passing through the

4 (P1, P7), (P2, P8), (P3, P5), (P4, P6) b oo

Total

Comprehensive volumetric
coverage

28

Step 4: ANFIS Training and IK Approximation

Six independent ANFIS models are trained for each joint using the structured dataset.
Each ANFIS learns a local inverse mapping from a Cartesian pose to its corresponding joint
angle. The architecture is shown in Figure 5, where each joint has its own ANFIS trained
using the same structured cube dataset. Because the cube is small and the data are smooth
and well-distributed, ANFIS produces highly accurate local inverse kinematics estimates
inside the cube. However, ANFIS alone remains an approximation, which motivates the
second-stage Jacobian-based refinement in the proposed hybrid frameworks.

3.2.2. Hybrid IK Framework-1: ANFIS + Jacobian Gradient Method

In this hybrid framework, in Stage 1, the ANFIS model is used to provide an ap-
proximate inverse kinematics solution, which is subsequently refined using the Jacobian
Gradient (Jacobian Transpose) method in Stage 2. The role of ANFIS is to move the solution
close to the true inverse kinematic configuration, while the Gradient method performs local
error minimization. Figure 6 shows the flow chart for the hybrid IK architecture. Because
the Jacobian Transpose avoids matrix inversion, it is computationally lightweight and
numerically stable. However, it converges slowly when initialized far from the solution. In
the proposed hybrid framework, ANFIS ensures that the initial joint vector lies close to the
correct solution, allowing the Gradient method to act as a fast local corrector.

3.2.3. Hybrid IK Framework-2: ANFIS + Newton-Raphson (Jacobian Pseudoinverse)

In this framework, the ANFIS model again supplies an initial joint estimate, which is
refined using the Newton—-Raphson method based on the Jacobian Pseudoinverse. Figure 7
shows the flowchart for this hybrid architecture. This approach exploits the fast conver-
gence properties of Newton’s method while avoiding the need for a global numerical
search. This method achieves very fast convergence when the Jacobian is well-conditioned.
However, if the robot approaches a singular configuration, the term (J7])~! becomes
ill-conditioned, causing numerical instability. The hybrid formulation overcomes this limi-
tation by ensuring that ANFIS places the robot close to the correct solution region, where
the Jacobian is well-conditioned. Consequently, Newton—-Raphson convergence becomes
both fast and reliable.
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Using Forward Kinematics Generate Training Data set for (theta)
and inverse map it in the format,

input data (dy, dy, ds, ©x 8y,0.), Output data(61,0,05,04 05 66 )

i=1

> Generate the FIS for ( 6))
!

Generate the ANFIS Structure for ( 6;)
’
Train the ANFIS Structure for ( 6;)

NO

— i= i+l

YES

Evaluate the Inverse Kinematics for the input data,

(dx, dy, dz, ©x ©y,0;)
!

i=1
!

Evaluate the ANFIS Structure ( ©i), for the given input data

NO

i=i+1

YES

Display and Send the output joint values
(01,02,030,65065 )

Figure 5. Flowchart of ANFIS IK architecture.

https:/ /doi.org/10.3390/ machines14030292


https://doi.org/10.3390/machines14030292

Machines 2026, 14,292

16 of 32

Hybrid IK Analysis
( ANFIS + Gradient method )
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Evaluate joint angles using ANFIS IK and
Calculate the error between desired and

current value, e=(ra -f(q))

}
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Use the Joint angles from ANFIS as initial approximation
for iteration and start Gradient IK method
SetK=0

l

Calculate the error between desired and

current value, ex=(ra -f(quv))

}

Calculate the Transpose of jacobian matrix Ji?

|

Evaluate the new joint angle values for each joint
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}
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Stop and print the final joint
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Figure 6. Flowchart of hybrid IK framework based on ANFIS + Gradient methods.
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Hybrid IK Analysis
( ANFIS + Newton Raphson method )

!

Ra-(dx, dy, dz, ©.,6,,06.)
€stop = desired errorvalue

qo-(0,0:0:0,050¢)

!

Evaluate joint angles using ANFIS IK and
Calculate the error between desired and
current value, e=(ra -f(q))

!

If e < estop

YES

NO

Use the Joint angles from ANFIS as initial approximation
for iteration and start Pseudo inverse method
SetK=0

1

Calculate the error between desired and
current value, ex=(ra —-f(qx))

|

Calculate the pseudo-inverse of the jacobian matrix
Jep

!

Evaluate the new joint angle values for each joint
using, qe+1 = qr + Jx Pex

l

Calculate the error between desired and current
value, efur1y = (ra - f(qQu+1))

}

YES

K -k+1

y

Stop and print the final joint
angles

Figure 7. Flowchart of hybrid IK framework (ANFIS + Newton—-Raphson).

3.2.4. Hybrid IK Framework-3: ANFIS + Damped Least Squares (DLS)

The third hybrid framework combines ANFIS with the Damped Least Squares (DLS)
inverse kinematics method, as shown in Figure 8. This configuration provides the highest
numerical robustness, particularly near singularities and in regions of low manipulability.
The damping term prevents numerical instability by limiting the effect of small singular
values in the Jacobian. Although this slightly reduces convergence speed compared to the
Newton-Raphson method, it guarantees smooth and stable behavior even near singular
configurations. When coupled with ANFIS-based initialization, the DLS method achieves
rapid convergence, low pose error, and excellent numerical stability, making it particularly
suitable for real-world industrial manipulators such as the ABB IRB-1200.
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Hybrid IK Analysis
( ANFIS + Damped Least Square method )

v

Ra-(dx dy, d2, 046, 0.)
Cstop = desired error value

Qo-(0.,0,0;0,06506)

|

Evaluate joint angles using ANFIS IK and
Calculate the error between desired and
current value, e=(ra -f(q))

!
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Calculate the error between desired and current
value, efe1) = (ra - fqrer))

!

—1 K =k+1 Stop and print the final joint
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Figure 8. Flowchart for hybrid IK based on (ANFIS and Damped Least Squares Method).

4. Experiment, Results and Discussion

To validate the proposed two-stage hybrid IK framework, a sequence of experiments
was performed using the ABB IRB-1200 robot within the cubic workspace region of
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(300,300,300) mm to (400,400,400) mm. The experiments were designed to compare
ANFIS-based IK and conventional Jacobian-based IK with its hybrid architecture.

4.1. Performance of ANFIS as a Stand-Alone IK Solver

In Experiment 1, the trained ANFIS model was evaluated on the cube-based training
samples to obtain joint angles, forward kinematics, and pose error.

The results from Experiment 1 are shown in Figure 9, which presents the Cartesian
pose error obtained when ANFIS alone is used to predict joint angles for the given target
poses. As shown in Figure 9a, the distance error varies from near zero to approximately
40-50 mm, while Figure 9b indicates that orientation errors reach values of approximately
30-35°. These results demonstrate that although ANFIS successfully maps Cartesian poses
to reasonable joint configurations, its standalone accuracy is insufficient for high-precision
industrial manipulation.

5 Distance Error @ Orientation Error
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Figure 9. IK results obtained using ANFIS method. (a) Distance Error, (b) Orientation Error.

Nevertheless, the primary role of ANFIS in the proposed framework is not to provide
final accuracy but rather to localize the solution. As observed in Figure 9, the ANFIS output
consistently places the joint configuration within a narrow neighborhood of the true IK
solution. This coarse but reliable approximation significantly reduces the search space of
the subsequent Jacobian-based refinement stage, which forms the fundamental principle of
the proposed two-stage hybrid architecture.

4.2. Jacobian Gradient Method

In Experiment 2, the Jacobian Gradient (Transpose) method was applied to the same
samples using the robot home configuration as the initial joint vector. The results obtained
from Experiment 2 are shown in Figure 10. When the Jacobian Gradient solver is initialized
from the home configuration, it can be observed that the positional error is reduced to
sub-millimeter levels for most samples. However, the orientation error remains high,
with most values lying between 40° and 60°. The iteration plot further reveals that all
samples reach the maximum iteration limit of 50, indicating stagnation of the solver. This
behavior suggests that the gradient-based method becomes trapped in a local minimum
when initialized far from the desired pose, particularly in the orientation subspace.
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Figure 10. IK results obtained for Gradient method. (a) Distance Error, (b) Orientation Error, (c) No
of iterations required, (d) Computation Time required, (e) Grouped performance distribution.

4.3. Hybrid Framework-1 (ANFIS + Jacobian Gradient)

In Experiment 3, the Jacobian Gradient method was again applied, but the initial
joint vector was taken from the ANFIS output from Experiment 1, forming the Hybrid
ANFIS + Gradient IK. The results obtained from Experiment 3, in which ANFIS is used as
initial approximation and the Jacobian Gradient method is used, are shown in Figure 11.
When initialized using ANFIS-predicted joint values, the performance of the gradient
solver improves substantially. The distance error decreases to below 0.05 mm for most
samples, and orientation errors are largely reduced to below 15°. The iteration count is
dramatically reduced from 50 to typically 1-3 iterations, indicating rapid convergence.
These results confirm that ANFIS converts the Gradient method from a poorly convergent
global optimizer into an efficient local refinement solver.

https://doi.org/10.3390 /machines14030292


https://doi.org/10.3390/machines14030292

Machines 2026, 14, 292

21 of 32

Iterations

300

200

100

Number of Samples

Hybrid Ik output for ANFIS + Gradient Method

With ANFIS IK Output joint angles as initial approximation for iteration

Distance Error Orientation Error

50

*
deg
¥
-

Iterations Computation Time

ms

100 150 200 250 300 0 50 100 150 200 250 300

Sample - Sample

< . <5 [ <15 I <50 [ ~50

Grouped Performance Distribution
T

279 T 266

60 a9

Dist Err (mm) Ori Err (deg) Time(ms) Iter

Figure 11. Hybrid IK (ANFIS + Gradient) results. (a) Distance Error, (b) Orientation Error, (c) No of
iterations required, (d) Computation Time required, (e) Grouped performance distribution.

4.4. Jacobian Pseudoinverse (Newton—Raphson) Method

In Experiment 4, the Newton—Raphson method based on the Jacobian Pseudoinverse
was applied using the home configuration as the initial joint vector. The Jacobian Pseu-
doinverse method is evaluated to analyze the behavior of a second-order Newton-based
solver within the proposed two-stage hybrid IK framework. Results obtained from Experi-
ment 4 are shown in Figure 12. When the Newton—Raphson solver is initialized from the
home position, severe numerical instability occurs, as shown in Figure 12a. The distance
error reaches several hundred millimeters, and the orientation error becomes widely scat-
tered. The iteration count saturates at the maximum limit of 1000, and the computation
time increases to tens of milliseconds. This behavior is attributed to the inversion of an
ill-conditioned Jacobian when the initial configuration is far from the true solution.
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1k output for Newton Raphson Method
with joint angles in home position as initial approximation for iteration
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Figure 12. IK results obtained for Newton-Raphson method. (a) Distance Error, (b) Orientation Error,
(c) No of iterations required, (d) Computation Time required, (e) Grouped performance distribution.

4.5. Hybrid Framework-2 (ANFIS + Newton—Raphson Using Jacobian Psuedoinverse)

In Experiment 5, the pseudoinverse method was initialized using the ANFIS output
from Experiment 2, forming the Hybrid ANFIS + Pseudoinverse IK. Results obtained
from Experiment 5 are shown in Figure 13. In contrast, when ANFIS is used to provide
the initial joint estimate, the pseudoinverse method becomes both highly accurate and
computationally efficient. As shown in Figure 13b, both distance and orientation errors
are nearly zero for almost all samples. The iteration count typically falls below five, and
computation time is reduced to less than 1 ms. This confirms that ANFIS places the solver
in a well-conditioned region of the solution space, enabling Newton’s method to exploit its

quadratic convergence.
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Figure 13. Hybrid IK (ANFIS + Newton—-Raphson) results. (a) Distance Error, (b) Orientation Error,
(c) No of iterations required, (d) Computation Time required, (e) Grouped performance distribution.
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4.6. Damped Least Squares (DLS) Method

In Experiment 6, the Damped Least Squares (DLS) method was applied using the home
configuration as the initial joint vector. The Damped Least Squares method is evaluated to
analyze the behavior of a damped Jacobian-based solver within the proposed two-stage
hybrid IK framework. Results obtained from Experiment 6 are shown in Figure 14. The
DLS solver exhibits improved numerical stability compared to the pseudoinverse when
initialized from the home configuration. However, Figure 14a shows that it still converges
slowly and leaves large residual errors. Distance errors remain in the range of 300-600 mm,
orientation errors remain high, and iteration counts approach 500, indicating inefficient
convergence from a distant initial state.

https://doi.org/10.3390 /machines14030292


https://doi.org/10.3390/machines14030292

Machines 2026, 14, 292

24 of 32

Ik output for Damped Least Square Method

with joint angles in home position as initial approximation for iteration

Distance Error Orientation Error

600

400
=
e
200
I~ W e P 2
0
iteration C &, 2 {at
co0 ” AEOaan
400
12} 10
S 300 " :
B € :
3 200 e, e R AT
= 5
100
o Dhistole ke ot M e K * 0 Dlioiete S soic e o .
0 100 200 300 0 100 200 300
- Sample - Sample
(<1 <5 ) <15 I <50 [ >50 |
300 Grouped Performance Distribution
& ' [ 263 ' 264
<@ 230
[=%
E a1
©
%]
RS
>
2 i
£
2
1 2 g
Dist Err (mm) Ori Err (deg) Time(ms) Iter

Figure 14. IK results obtained for Damped Least Squares method. (a) Distance Error,
(b) Orientation Error, (c) No of iterations required, (d) Computation Time required, (e) Grouped
performance distribution.

4.7. Hybrid Framework-2 (ANFIS + Damped Least Squares Method)

In Experiment 7, the DLS method was initialized using the ANFIS output from Ex-
periment 2, forming the Hybrid ANFIS + DLS IK. Results obtained from Experiment 7
are shown in Figure 15. When initialized using ANFIS-predicted joint angles, the DLS
solver achieves the best overall performance. As shown in Figure 15b, distance errors are
nearly zero, orientation errors remain below 3°, iteration counts are typically below 10, and
computation time remains consistently under 1 ms. The damping term ensures robustness
near singular configurations, while ANFIS ensures that the solver begins in close proximity
to the true solution.
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Figure 15. Hybrid IK (ANFIS + Damped Least Squares) results. (a) Distance Error, (b) Ori-
entation Error, (c) No of iterations required, (d) Computation Time required, (e) Grouped

performance distribution.

4.8. Comparative Interpretation

A consistent trend is observed across all three iterative solvers: the initialization
strategy strongly governs convergence behavior. When initialized from the home position,
the Gradient method stagnates, the Pseudoinverse method diverges, and the DLS method
converges slowly with large residual errors. In contrast, when ANFIS provides the initial
joint configuration, all three solvers exhibit rapid convergence, low position and orientation
errors, and stable computational performance.

Among the three hybrid combinations, ANFIS + DLS delivers the most reliable and
robust performance, providing high accuracy with low iteration counts and strong nu-
merical stability. ANFIS + Pseudoinverse achieves the fastest convergence when well-
conditioned, while ANFIS + Gradient offers a computationally lightweight alternative with

moderate accuracy.
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A significant advantage of the Damped Least Squares (DLS) hybrid framework
(Framework-3) is its behavior near singularities. In standard IK, the robots either freeze
or jerk near a singularity point; however, the DLS method introduces a damping factor
that maintains numerical stability, allowing for smooth, continuous motion even when the
robot is near its physical joint limits or singular configurations.

5. Conclusions and Future Works

This paper presented a hybrid inverse kinematics (IK) framework that integrates a
data-driven Adaptive Neuro-Fuzzy Inference System (ANFIS) with physics-based Jacobian
iterative solvers to achieve fast, accurate, and robust IK solutions for industrial robotic
manipulators. Unlike conventional approaches that rely solely on either analytical or
numerical techniques, the proposed method exploits the complementary strengths of
learning-based global approximation and model-based local refinement.

Experimental results demonstrated that ANFIS alone provides only a coarse IK solu-
tion, with residual position and orientation errors that are unsuitable for precision robotic
manipulation. However, ANFIS reliably places the joint configuration within a narrow
neighborhood of the true solution. When this estimate is used to initialize Jacobian-based
solvers, convergence behavior improves dramatically across all tested methods.

The comparative evaluation of Jacobian Gradient, Jacobian Pseudoinverse, and
Damped Least Squares (DLS) under both home-initialized and ANFIS-initialized con-
ditions clearly showed that initialization dominates solver performance. Home-initialized
solvers either stagnated, diverged, or converged slowly with large residual errors, whereas
ANFIS-initialized solvers consistently achieved rapid convergence, low position and orien-
tation errors, and stable computational cost.

Among the tested hybrid strategies, ANFIS + DLS emerged as the most reliable
and robust solver, combining fast convergence with numerical stability near singularities.
ANFIS + Pseudoinverse provided the fastest convergence in well-conditioned regions,
while ANFIS + Gradient offered a computationally lightweight alternative for moderately
constrained tasks. These results validate the effectiveness of the proposed hybrid IK
paradigm for high-precision industrial robot control.

The evaluation of the proposed algorithm on the 6-DoF ABB IRB 1200 serves as a proof
of concept that can be scaled to accommodate any N-DoF serial revolute configuration. In
future work, we intend to apply this to various robotic arms and discuss the results.

This preliminary research opens a new path for using structured datasets in robotics.
In future studies, we intend to develop a Digital Twin to simulate the robot using real-time
data, ensuring perfect synchronization between the virtual and physical systems.

In future work, we intend to investigate quaternion-based orientation representation
to study the stability and smoothness of learning and numerical refinement beyond the
current Z-Y-X Euler-angle implementation.
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Appendix A. Forward Kinematics of the Robotic Arm

The forward kinematic model establishes the relationship between the joint variables
and the resulting end-effector pose. Once the Denavit-Hartenberg (DH) parameters are
defined, the homogeneous transformation matrix of each link is constructed by sequentially
transforming the coordinate frame from joint i to joint i + 1. Using the standard DH
formulation, the transformation matrix is expressed as

cd; —sbica; sO;sa;  a;cH;

i1 _ sO;  cBica;  —cOisw; a;sH;
! 0 s&; cw; d;
0 0 0 1

where cf; is cos 0;, sb; is sin 0;, ca; is cos ;, si; is sin a; and i =1 to 6;
OT6 — OTl * 1T2 *2T3 *3T4 *4T5 >e5T6
Ny Sy dy dy

o, = | v Gy dy
n, s a; d

0 0 0 1
Let cos(6;) = ¢j, sin(6;) =s;,
C1 0 51 0
OTl _ Sl 0 _C] 0
01 0 1L,
0 0 0 1

1T, is the transformation of frame-2 to frame-1,

Co 0 S 0
1,1_,2 _ S 0 —C2 0
01 0 o0
0 0 0 1
2T is the transformation of frame-3 to frame-2,
C3 0 53 0
2T3 _ 53 0 _C3 0
01 0 -Lp
0 0 O 1
3T4 is the transformation of frame-4 to frame-3,
C4 0 54 0
3T4 o 54 0 _C4 0
01 0 O
0 0 0 1
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4T; is the transformation of frame-5 to frame-4,

Cs 0 S5 0

4 S5 0 —Cs 0
T5 -

01 0 Ls

0 0 O 1

5T is the transformation of frame-6 to frame-5,

—S6 0 Ce 0

5T6 _ C6 0 56 0
0 1 0 O

0 0 0 1

ny = —sin(q6)*(cos(q4)*sin(ql) — sin(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(q3)*sin(q2))) — cos(q6)*(cos(q5)*(sin(ql)*sin(q4) +
cos(q4)*(cos(ql)*cos(q2)*sin(q3) + cos(ql)*cos(q3)*sin(q2))) +

sin(g5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)))

sy = sin(q6)*(cos(g5)*(sin(ql)*sin(q4) + cos(g4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(g3)*sin(q2))) + sin(q5)*(cos(ql)*cos(q2)*cos(q3) —
cos(ql)*sin(g2)*sin(q3))) — cos(q6)*(cos(q4)*sin(ql) —
sin(g4)*(cos(q1)*cos(q2)*sin(q3) + cos(ql)*cos(g3)*sin(q2)))

ay = cos(q5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)) —
sin(q5)*(sin(ql)*sin(q4) + cos(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(g3)*sin(q2)))

dy = 448*cos(ql)*sin(q2) — 82*sin(q5)*(sin(ql)*sin(q4) +
cos(q4)*(cos(ql)*cos(q2)*sin(q3) + cos(ql)*cos(q3)*sin(q2))) +
82*cos(q5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)) +
451*cos(ql)*cos(q2)*cos(q3) + 42*cos(ql)*cos(q2)*sin(q3) +
42*cos(ql)*cos(q3)*sin(q2) — 451*cos(q1)*sin(q2)*sin(q3)

ny = —sin(q6)*(cos(q4)*sin(ql) — sin(q4)*(cos(q1)*cos(q2)*sin(q3) +
cos(ql)*cos(g3)*sin(q2))) — cos(q6)*(cos(g5)*(sin(ql)*sin(q4) +
cos(g4)*(cos(ql)*cos(q2)*sin(g3) + cos(ql)*cos(g3)*sin(q2))) +

sin(g5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(g2)*sin(q3)))

sy = —sin(q6)*(cos(q4)*sin(ql) — sin(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(q3)*sin(q2))) — cos(q6)*(cos(q5)*(sin(ql)*sin(q4) +
cos(q4)*(cos(ql)*cos(q2)*sin(q3) + cos(ql)*cos(q3)*sin(q2))) +

sin(gq5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)))

ay = —sin(g6)*(cos(q4)*sin(ql) — sin(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(q3)*sin(q2))) — cos(q6)*(cos(q5)*(sin(ql)*sin(q4) +
cos(q4)*(cos(ql)*cos(q2)*sin(q3) + cos(ql)*cos(q3)*sin(q2))) +

sin(gq5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)))

dy =448*sin(ql)*sin(q2) + 82*sin(q5)*(cos(q1)*sin(q4) —
cos(g4)*(cos(q2)*sin(q1)*sin(q3) + cos(g3)*sin(ql)*sin(q2))) —
82*cos(gb)*(sin(ql)*sin(g2)*sin(q3) — cos(q2)*cos(g3)*sin(ql)) —
451*sin(q1)*sin(q2)*sin(q3) + 451*cos(q2)*cos(q3)*sin(ql) +
42*cos(q2)*sin(ql)*sin(q3) + 42*cos(q3)*sin(ql)*sin(q2)
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n, = —sin(g6)*(cos(q4)*sin(ql) — sin(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(q3)*sin(q2))) — cos(q6)*(cos(q5)*(sin(ql)*sin(q4) +
cos(q4)*(cos(ql)*cos(q2)*sin(q3) + cos(ql)*cos(q3)*sin(q2))) +

sin(q5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)))

s, = —sin(q6)*(cos(q4)*sin(ql) — sin(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(q3)*sin(q2))) — cos(q6)*(cos(q5)*(sin(ql)*sin(q4) +
cos(g4)*(cos(ql)*cos(g2)*sin(g3) + cos(ql)*cos(g3)*sin(q2))) +

sin(g5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)))

a, = —sin(q6)*(cos(q4)*sin(ql) — sin(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(g3)*sin(q2))) — cos(q6)*(cos(g5)*(sin(ql)*sin(q4) +
cos(g4)*(cos(ql)*cos(q2)*sin(g3) + cos(ql)*cos(g3)*sin(q2))) +

sin(g5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)))

d, = 448*cos(q2) + 42*cos(q2)*cos(q3) — 451*cos(q2)*sin(q3) —
451%*cos(q3)*sin(q2) — 42*sin(q2)*sin(q3) — 82*cos(q5)*(cos(q2)*sin(q3) +
cos(q3)*sin(q2)) — 82*cos(q4)*sin(q5)*(cos(q2)*cos(q3) — sin(q2)*sin(q3)) +
3991/10

Appendix B. Jacobian Matrix of the Robotic Arm

J11 = 82*sin(q5)*(cos(q2)*cos(q4)*sin(ql)*sin(q3) — cos(ql)*sin(q4) +
cos(q3)*cos(g4)*sin(ql)*sin(q2)) — 448*sin(ql)*sin(q2) +
451*sin(q1)*sin(q2)*sin(q3) — 82*cos(q2 + q3)*cos(g5)*sin(ql) —
451*cos(q2)*cos(q3)*sin(ql) — 42*cos(q2)*sin(ql)*sin(q3) —
42*cos(q3)*sin(ql)*sin(q2)

J12 = cos(ql)*(42*cos(q2 + q3) — 451*sin(q2 + q3) + 448*cos(q2) + 41*sin(q4 —
g5)*cos(q2 + q3) — 41*cos(q2 + g3)*sin(q4 + q5) — 82*sin(q2 + g3)*cos(g5))

J13 = —cos(q1)*(451"sin(q2 + q3) — 42*cos(q2 + q3) + 82"sin(q2 + q3)*cos(q5) +
82*cos(q2 + g3)*cos(qd)*sin(q5))

J14 = 82*sin(q5)*(cos(ql)*cos(q2)*sin(q3)*sin(q4) — cos(q4)*sin(ql) +
cos(ql)*cos(g3)*sin(q2)*sin(q4))

J15 = 82*cos(ql)*sin(q2)*sin(q3)*sin(q5) — 82*cos(ql)*cos(q2)*cos(q3)*sin(q5) —
82*cos(q5)*sin(ql)*sin(q4) — 82*cos(ql)*cos(q2)*cos(q4)*cos(q5)*sin(q3) —
82*cos(q1)*cos(q3)*cos(q4)*cos(g5)*sin(q2)

Ji6=0
J21 = 448*cos(ql)*sin(q2) — 82*sin(g5)*(sin(ql)*sin(q4) +
cos(ql)*cos(q2)*cos(q4)*sin(q3) + cos(ql)*cos(q3)*cos(q4)*sin(q2)) +
82*cos(q2 + g3)*cos(ql)*cos(q5) + 451*cos(ql)*cos(q2)*cos(q3) +
42*cos(ql)*cos(q2)*sin(q3) + 42*cos(ql)*cos(q3)*sin(q2) —
451*cos(ql)*sin(q2)*sin(g3)

J2o =sin(ql)*(42*cos(q2 + g3) — 451*sin(q2 + q3) + 448*cos(q2) + 41*sin(q4 —
g5)*cos(q2 + q3) — 41*cos(q2 + g3)*sin(q4 + q5) — 82*sin(q2 + g3)*cos(g5))
J23 = —sin(q1)*(451*sin(q2 + q3) — 42*cos(q2 + q3) + 82*sin(q2 + q3)*cos(q5) +
82*cos(q2 + g3)*cos(q4)*sin(g5))

https:/ /doi.org/10.3390/machines14030292


https://doi.org/10.3390/machines14030292

Machines 2026, 14, 292 30 of 32

J24 = 82*sin(q5)*(cos(ql)*cos(q4) + cos(q2)*sin(ql)*sin(q3)*sin(q4) +
cos(q3)*sin(ql)*sin(q2)*sin(q4))

J25 = 82*cos(ql)*cos(g5)*sin(q4) — 82*cos(q2)*cos(q3)*sin(ql)*sin(q5) +
82*sin(q1)*sin(q2)*sin(q3)*sin(q5) —
82*cos(q2)*cos(q4)*cos(q5)*sin(ql)*sin(q3) —
82*cos(q3)*cos(q4)*cos(g5)*sin(ql)*sin(q2)

J26 =0
J31=0

J32 = 451%sin(q2)*sin(q3) — 451*cos(q2)*cos(q3) — 42*cos(q2)*sin(q3) —
42*cos(q3)*sin(q2) — 448*sin(q2) — 82*cos(q2)*cos(q3)*cos(qd) +
82*cos(q5)*sin(q2)*sin(q3) + 82*cos(q2)*cos(q4)*sin(q3)*sin(q5) +

82*cos(q3)*cos(q4)*sin(q2)*sin(q5)

J33 = 451*sin(q2)*sin(q3) — 42*cos(q2)*sin(q3) — 42*cos(q3)*sin(q2) —
451*cos(q2)*cos(q3) — 82*cos(q2)*cos(q3)*cos(qd) + 82*cos(g5)*sin(q2)*sin(q3)
+ 82*cos(q2)*cos(g4)*sin(g3)*sin(q5) + 82*cos(q3)*cos(q4)*sin(q2)*sin(q5)

J34 = 82*cos(q2 + q3)*sin(q4)*sin(q5)

J35 = 82*cos(q2)*sin(q3)*sin(q5) + 82*cos(q3)*sin(q2)*sin(q5) —
82*cos(q2)*cos(q3)*cos(q4)*cos(qd) + 82*cos(q4)*cos(g5)*sin(q2)*sin(q3)

Ja6=0
Jun=0
Ja2 = —sin(ql)
Ja3 = —sin(ql)
Jaa = cos(q2 + g3)*cos(q1)

Ja5 = sin(q4)*(cos(ql)*cos(q2)*sin(q3) + cos(ql)*cos(q3)*sin(q2)) —
cos(q4)*sin(ql)

Jag = cos(g5)*(cos(ql)*cos(q2)*cos(q3) — cos(ql)*sin(q2)*sin(q3)) —
sin(q5)*(sin(ql)*sin(q4) + cos(q4)*(cos(ql)*cos(q2)*sin(q3) +
cos(ql)*cos(g3)*sin(q2)))

Js1=0
J52 = cos(ql)

J53 = cos(ql)

J54 = cos(q2 + q3)*sin(ql)

J55 = cos(ql)*cos(q4) + sin(q4)*(cos(q2)*sin(ql)*sin(q3) +
cos(q3)*sin(ql)*sin(q2))

J56 = sin(g5)*(cos(q1)*sin(q4) — cos(q4)*(cos(q2)*sin(ql)*sin(q3) +
cos(g3)*sin(ql)*sin(q2))) — cos(q5)*(sin(ql)*sin(q2)*sin(q3) —
cos(g2)*cos(g3)*sin(ql))

Je1=1

Je2 =0

https:/ /doi.org/10.3390 /machines14030292


https://doi.org/10.3390/machines14030292

Machines 2026, 14, 292 31 of 32

Je3=0
Joa = —sin(q2 + q3)
Je5 = cos(q2 + q3)*sin(q4)
Jo6 = — sin(q2 + g3)*cos(q5) — cos(q2 + q3)*cos(q4)*sin(g)
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