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Abstract

Feedrate planning is a critical process in computer numerical control (CNC) machining,
playing a key role in ensuring machining quality and improving efficiency. This paper
proposes a feedrate planning method based on feedrate profile shaping to satisfy machine
axis constraints, including axis velocity, acceleration, and jerk limits. First, the five-axis
machining path is represented using parametric curves. By combining the geometric
characteristics of the path with machine axis velocity constraints, the upper bound of the
feedrate under static constraints is derived. On this basis, machine axis acceleration and
jerk constraints are further incorporated to establish feedrate planning criteria, thereby
obtaining a distribution of feasible points that satisfies dynamic constraints. Then, a
feedrate curve is generated using a profile shaping strategy based on the feasible point
distribution, and further optimized through a corner shaping method. As a result, the
planned feedrate strictly satisfies machine axis constraints along the entire tool path while
ensuring continuity and smoothness of the feedrate profile. Finally, the effectiveness and
reliability of the proposed method are validated through simulations of the parametric
curve and experimental machining of an impeller blade.

Keywords: feedrate profile shaping; machine axis constraints; feedrate planning; CNC

1. Introduction
With the increasingly stringent requirements for both accuracy and efficiency in com-

plex surface machining in high-end manufacturing fields such as aerospace and automotive
mold production, high-speed computer numerical control (CNC) machining has become
a core driving force of modern manufacturing. During high-speed machining, paramet-
ric curves—represented by non-uniform rational B-splines (NURBS)—have been widely
adopted for toolpath representation due to their ability to describe arbitrary curves in a
unified mathematical form and their excellent geometric continuity, thereby serving as a
fundamental carrier of parametric interpolation techniques [1–5]. As a key component
of CNC machining, feedrate planning directly determines machining efficiency and qual-
ity [6]. Current feedrate planning along parametric paths faces several challenges. First,
coordinating static and dynamic constraints remains a major challenge. Static constraints
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include geometric constraints such as chord error, normal acceleration, and normal jerk,
as well as machine axis velocity limits, while dynamic constraints involve machine axis
acceleration and jerk limits together with the overall machine acceleration constraint. The
feedrate along a parametric path must simultaneously satisfy both categories of constraints.
When these constraints are violated, feedrate overruns or overload of the machine drive
system may occur, adversely affecting machining quality and operational stability [7].
Second, feedrate-sensitive regions (FSRs) often exist in complex toolpaths, where feedrate
reduction is usually required to maintain machining stability [8]. Although traditional
constant-speed transition strategies are computationally simple, they significantly reduce
machining efficiency, especially when multiple sensitive regions occur consecutively, lead-
ing to more pronounced efficiency losses. In addition, the feedrate profile should maintain
sufficient smoothness and rationality to ensure machining quality and accuracy [9]. This
study defines feedrate constraint modeling and feedrate profile generation as the two key
stages of five-axis CNC feedrate planning, and investigates the problem by focusing on
these two stages.

Achieving rational feedrate planning under the combined effects of multiple con-
straints is essential for ensuring machining quality. Zhao et al. [10] introduced accuracy
constraints for two-dimensional and three-dimensional trajectories, respectively, to achieve
feedrate optimization in high-precision CNC machining. Guo et al. [11] ensured the ma-
chining accuracy of NURBS curves by incorporating chord error and normal acceleration
constraints. Zhang et al. [12] investigated the optimal feedrate planning problem for three-
axis CNC machines along curved toolpaths under axis acceleration and jerk limits, as well
as tangential velocity constraints. Xavier et al. [13] computed the maximum achievable
feedrate based on the kinematic constraints of individual drives and iteratively smoothed
five-axis toolpaths to increase the actual feedrate; however, the influence of geometric
constraints on feedrate was neglected. Sang et al. [14] considered single-axis kinematic
constraints, but in terms of geometric constraints, only those arising from path devia-
tions were taken into account, and a constant feedrate was applied in difficult-to-machine
regions to maintain process stability. Ma et al. [15] imposed constraints on joint-space
velocity, acceleration, and jerk, as well as Cartesian-space chord error, to achieve feedrate
planning for five-axis parametric toolpaths. Tang et al. [16] considered kinematic con-
straints to ensure that axis velocity, acceleration, and jerk remain within user-defined limits.
Huang et al. [17] employed a velocity segmentation optimization algorithm under jerk
constraints to dynamically optimize speeds exceeding servo limits, ensuring they remain
within allowable ranges; however, geometric constraints of the machining path were not
considered. In summary, some studies on feedrate planning only consider partial static
constraints and completely ignore machine axis constraints. Other studies take machine
kinematic constraints into account but lack comprehensive consideration of path geometric
constraints. Therefore, feedrate planning that fully accounts for the geometric constraints
of parametric paths while simultaneously incorporating machine axis drive constraints for
multi-constraint coordinated optimization remains an area requiring further investigation.

In the machining of complex trajectories, high geometric curvature often leads to
the formation of FSRs in the feedrate profile. Within these regions, excessively high
feedrates can cause the drive axes to exceed kinematic limits, resulting in contour errors and
machine vibrations. Therefore, rational feedrate planning based on FSRs not only improves
the surface quality of the machined trajectory but also effectively suppresses machine
vibrations and prevents drive overload, thereby significantly enhancing the stability and
robustness of the machining process. Existing studies have focused on feedrate planning
for high-curvature trajectory segments and FSRs. Huang and Wang [18,19] divided NURBS
toolpaths into multiple sub-curves based on points of minimum curvature radius (PMR) to
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enable independent feedrate scheduling for each sub-curve, improving speed adaptability
in high-curvature regions. However, this approach is prone to feedrate overruns at PMR
locations, potentially affecting machining accuracy. Jia et al. [20] introduced the concept
of FSRs and developed a NURBS interpolation method that maintains a constant feedrate
under both drive and contour error constraints. Ma et al. [21] categorized feedrate into
sensitive and non-sensitive regions, applying a constant feedrate in sensitive regions
and a smoothly transitioning feedrate in non-sensitive regions, thereby balancing motion
stability and efficiency. Nie et al. [22] proposed a two-stage scanning method for FSRs and
applied different feedrate scheduling strategies within these regions to ensure real-time
performance and machining stability. Although existing studies generally reduce feedrates
in FSRs to ensure system stability, overly conservative feedrate profile generation strategies
can significantly reduce machining efficiency. Therefore, generating an optimal feedrate
profile based on FSRs has become a key issue for further improving machining efficiency.

Based on the above analysis, this paper proposes a novel feedrate planning method
based on feedrate profile shaping (FPS). The overall framework of the method is illustrated
in Figure 1. First, the allowable feedrate is calculated based on static constraints. FSRs
are then identified through a combination of global coarse scanning and local fine scan-
ning, determining the start points, end points, extremum points, and their corresponding
feedrates for each FSR. Next, feedrate profile shaping criteria are established according
to dynamic constraints, converting them into limits on the tangent slope of the feedrate
curve, and feasible points satisfying these slope limits are identified within the sensitive
regions. Subsequently, the feedrate profile is shaped based on the feasible points within
the sensitive regions and extended to the non-sensitive regions. Finally, corner shaping is
applied to the initially shaped feedrate curve under jerk constraints, resulting in a smooth
feedrate profile that satisfies all constraints. The innovative contributions of this method
are as follows: in terms of feedrate constraints, it simultaneously considers the geometric
characteristics of the parametric path and the drive constraints of the machine axes to estab-
lish feedrate planning criteria under multiple constraints; in terms of feedrate planning, a
feedrate profile shaping strategy is applied to adjust the feedrate curve within FSRs, and a
corner shaping strategy is further employed to optimize the feedrate curve, ensuring both
machining efficiency and process stability.

 

Figure 1. Flowchart of the proposed feedrate planning method.

The remainder of this paper is organized as follows: Section 2 presents the establish-
ment of feedrate constraints under static conditions. Section 3 details the specific procedures
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of the FPS method. Section 4 validates the feasibility of the proposed method through
simulations and experiments. Finally, Section 5 provides a summary of the work.

2. Feedrate Constraints Under Static Conditions
2.1. Parametric Path Representation

In CNC machining, representing the toolpath using a parametric path focuses on
accurately describing complex contours through a unified mathematical model, while
facilitating coordinated control of interpolation accuracy and feedrate by the CNC system
to meet the requirements of high-precision and high-stability machining. NURBS curves,
due to their high-precision representation of complex geometries and flexible control
characteristics, have become a typical form of parametric paths and are now widely used
in the fields of computer-aided design (CAD), computer-aided manufacturing (CAM),
and computer-aided engineering (CAE). For a given NURBS path curve P(u), it can be
expressed in the following form [8]:

P(u) =
m

∑
i=0

Ni,k(u)ωipi/
m

∑
i=0

Ni,k(u)ωi u ∈ [0, 1] (1)

where pi denotes the control points, ωi denotes the weights, and Ni,k(u) denotes the k-th
order B-spline basis functions defined over the knot vector. The B-spline basis functions
Ni,k(u) are computed as follows [8]:

Ni,0(u) =

{
1, ifui ≤ u ≤ ui+1

0, otherwise
(2)

Ni,k(u) =
u − ui

ui+k − ui
Ni,k−1(u) +

ui+k+1 − u
ui+k+1 − u

Ni+1,k−1(u) (3)

Here, the convention “0/0 = 0” is applied.
The first and second derivatives of the B-spline basis functions and the NURBS curve

are given by [20]:

N′
i,k(u) =

k
ui+k − ui

Ni,k−1(u)−
k

ui+k+1 − ui+1
Ni+1,k−1(u) (4)

N′′
i,k(u) =

k
ui+k − ui

N′
i,k−1(u)−

k
ui+k+1 − ui+1

N′
i+1,k−1(u) (5)

and

P′(u) =
∑n

i=0 N′
i,k(u)ωipi − P(u)∑n

i=0 N′
i,k(u)ωi

∑n
i=0 Ni,k(u)ωi

(6)

P′′ (u) =
∑n

i=0 N′′
i,k(u)ωipi − 2P′(u)∑n

i=0 N′
i,k(u)ωi − P(u)∑n

i=0 N′′
i,k(u)ωi

∑n
i=0 Ni,k(u)ωi

(7)

The curvature radius ρ(u) at any point on a NURBS curve is defined as follows:

ρ(u) =
∥P′(u)∥3

∥P′(u)× P′′ (u)∥ (8)

where ∥·∥ denotes the Euclidean norm, and × denotes the vector cross product.

2.2. Static Constraints

In CNC feedrate planning, constraints can be classified into two categories: static and
dynamic. Static constraints are determined by the geometric features of the path, including
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geometric limitations such as chord error, normal acceleration, and normal jerk, as well as the
velocity limits of each machine axis. Dynamic constraints, on the other hand, are dictated by
the physical drive capabilities of the machine, encompassing limits on axis velocity, accelera-
tion, and jerk, as well as the overall machine acceleration. Both types of constraints jointly
influence the feedrate planning process, and their coordination directly affects machining
accuracy, efficiency, and process stability. This subsection focuses on calculating the allowable
feedrate under static constraints, which determines the maximum feasible feedrate for the
initial feedrate profile and provides the foundation for subsequent FPS. Dynamic constraints,
which serve as criteria for FPS, will be introduced in the next section.

The allowable feedrate is determined by static constraints. The programmed feedrate is
a reference value preset during CNC programming to achieve the desired toolpath motion.
At each point along the curve, the allowable feedrate is subject to multiple constraints,
including chord error, normal acceleration, normal jerk, and axis velocity limits. To ensure
geometric accuracy and smooth motion during parametric path interpolation, the chord
error must be strictly controlled within allowable limits, normal acceleration and jerk must
be constrained to prevent machine vibrations, and axis velocity limits must be respected to
avoid exceeding the machine’s physical capabilities. Accordingly, the allowable feedrate at
each point is calculated by integrating these multiple constraints comprehensively.

2.2.1. Upper Bound of Feedrate Under Chord Error Constraint

When the feedrate is v, the chord error δ on the spline curve can be calculated as [20]:

δ = ρ −

√
ρ2 −

(
vT
2

)2
(9)

where ρ is the curvature radius of the curve, calculated using Equation (8), and T is the
interpolation period. Accordingly, the feedrate vg(u) under the chord error limit constraint
can be obtained from the above equation as:

vg(u) =
2
√

2ρδlim − δ2
lim

T
(10)

where δlim denotes the prescribed maximum allowable chord error.

2.2.2. Upper Bound of Feedrate Under Normal Acceleration and Normal Jerk Constraints

When the feedrate is v, the normal acceleration along the curve can be expressed
as [20]:

an =
v2

ρ
(11)

Therefore, the allowable feedrate va(u) under the normal acceleration constraint is
given by:

va(u) =
√

ρan,lim (12)

where an,lim denotes the prescribed maximum allowable normal acceleration.
Here, the normal jerk is defined as the rate of change in the normal acceleration. When

the feedrate is v and the curvature radius of the curve is ρ, the feedrate vj(u) under the
normal jerk constraint is given by [20]:

vj(u) =
3
√

ρ2 jn,lim (13)

where jn,lim denotes the prescribed maximum allowable normal jerk.
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2.2.3. Upper Bound of Feedrate Under Machine Axis Velocity Limits

Constraining the feedrate based on individual machine axis velocities primarily ac-
counts for the drive capabilities of each axis, thereby enhancing machining stability. For a
fixed parameter position u on the tool tip path curve P(u), the corresponding path velocity
v(u) can be expressed as [8]:

v(u(t)) =
ds
dt

=
ds
du

du
dt

(14)

Here, s denotes the arc length parameter of the path curve. The derivative with respect to
the parameter u is given by [8]:

ds
du

= ∥Pu(u)∥ (15)

Then, when the feedrate is v, the velocity of each individual drive axis can be calculated as:

f (̂u) =
dM∧(u)

dt
=

dM∧(u)
du

du
ds

ds
dt

= M∧
u

du
ds

v(u) (16)

where M∧(u) denotes the coordinate components of the parametric path curve along each
machine axis, ∧ = x, y, z, α, β.

Then, based on the axis velocity limits fˆlim(̂ = x, y, z, α, β) set according to the drive
capabilities of each machine axis, the feedrate under the axis velocity limits can be derived as:

v f (u) =
fˆlim
M∧

u

ds
du

=
fˆlim
M∧

u
∥Pu(u)∥ (17)

The programmed feedrate is denoted as vp.Based on the above analysis, the allowable
feedrate vlim(u) at any point on the curve can be calculated as:

vlim(u) = min
{

vg(u), va(u), vj(u), v f (u), vp

}
(18)

3. Feedrate Profile Shaping Strategy
3.1. Partitioning of FSRs

In this study, regions of the feedrate profile where the allowable feedrate falls below
the programmed feedrate are defined as feedrate-sensitive regions (FSRs), with each FSR
containing a single complete cycle of feedrate decrease and subsequent increase. To accu-
rately identify such regions, a two-stage procedure consisting of global coarse scanning
and local fine scanning is employed.

In the coarse scanning stage, the entire machining path is densely sampled, and the
allowable feedrate at each sample point is calculated and compared with the programmed
feedrate to determine whether the point belongs to an FSR. Regions where the allowable
feedrate falls below the programmed feedrate are preliminarily identified as candidate FSRs,
and their approximate start points, end points, and extremum points are determined. Figure 2
illustrates a schematic of the preliminarily identified FSRs obtained through coarse scanning.

In the fine scanning stage, the preliminarily identified FSRs are further refined to
ensure that each FSR contains exactly one complete cycle of feedrate decrease and increase,
regions containing local maxima of curvature radius must be re-partitioned using the
parameters of these maximum points as boundaries, with the start and end parameters
of the FSRs accordingly adjusted. Finally, each FSR is divided into a front half and a rear
half based on the parameter corresponding to the minimum curvature radius within the
region, preparing for subsequent FPS. As shown in Figure 3, this procedure identifies all
FSRs along the entire feedrate profile.
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Figure 2. Schematic diagram for the preliminary determination of FSRs.

Figure 3. Adjustment and subdivision of FSR.

3.2. Feedrate Profile Shaping Within FSRs

Since the initially obtained feedrate profile only considers static constraints, it is also
necessary to impose dynamic constraints, including axis acceleration and axis jerk limits as
well as the overall machine acceleration limit. The absence of these dynamic constraints
may result in a mismatch between the initial feedrate profile and the actual machine
capabilities. By incorporating these constraints, the initial feedrate profile within FSRs is
shaped to produce a feedrate curve that satisfies dynamic limitations.

According to Equation (15), a one-to-one correspondence exists between the curve
parameter and the arc length, du/ds = 1/∥Pu(u)∥ = 1/k. Here, k denotes the accumulated
arc length along the machining path, representing the actual distance traveled from the
start point to the current position, and is used to characterize the path length scale. The
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first, second, and third derivatives of each axis trajectory with respect to time yield the
expressions for the axis velocity V (̂u), acceleration Â(u) and jerk Ĵ(u) as follows:

V (̂u) = dM∧
dt = dM∧

du
du
ds

ds
dt = M∧

u
v(u)

k

Â(u) = dV∧
dt = M∧

uu

(
v(u)

k

)2
+ M∧

u
a(u)

k

Ĵ(u) = dA∧
dt = M∧

uuu

(
v(u)

k

)3
+ 3M∧

uu
v(u)a(u)

k2 + M∧
u

j(u)
k

(19)

whereˆ= x, y, z, α, β. Here, v, a, and j denote the tool tip velocity, acceleration, and jerk,
respectively, and are calculated as follows:

a(u) =
dv(u)

dt
=

dv
du

du
ds

ds
dt

= vu
v(u)

k
(20)

j(u) =
da(u)

dt
=

v2

k2

[
vuu +

vu
2

v(u)
− vuku

k

]
(21)

From Equations (19)–(21), the axis acceleration and jerk of the machine can be further
derived as:

Â(u) = M∧
uu

(
v(u)

k

)2
+ M∧

u
vuv(u)

k2 (22)

Ĵ(u) =
M∧

uuu
k

v3(u) +
3M∧

uuuk − M∧
u ku

k4 v2(u)vu +
M∧

u
k3 v2(u)vuu +

M∧
u

k3 v(u)v2
u (23)

From Equation (22), it can be seen that at any point on the spline trajectory, the first and
second derivatives at that point, as well as the corresponding initial velocity, are already
determined. The axis accelerations are linearly related to the slope of the feedrate curve at
that point, allowing the acceleration constraints at any point on the spline trajectory to be
transformed into slope constraints on the corresponding points of the feedrate curve:

vu ≤ k2 Âmax − M∧
uu(v(u))

2

M∧
u v(u)

(24)

where A∧
max denotes the acceleration limit of each axis.

In addition, limiting the overall machine acceleration in multi-axis CNC machining can
improve motion smoothness and reduce machine impact. The overall machine acceleration
can be calculated as follows:

Atotal = At + An = vu
v(u)

k
+

v2(u)
ρ

(25)

Similarly, the overall acceleration constraint at any point on the spline trajectory can
be transformed into a slope constraint on the corresponding point of the feedrate curve:

vu ≤
k
(

Atotal, max − v2(u)/ρ
)

v(u)
(26)

where Atotal, max denotes the limit of the overall machine acceleration.
Furthermore, within each FSR, the sampling and scanning procedure described in

Section 3.2 is applied. The slope of the feedrate curve at each sample point is calculated. In the
front half of the region, the last parameter point that satisfies the constraints in Equations (24)
and (26) is identified, while in the rear half, the first parameter point satisfying these con-
straints is defined as the feasible point. At each feasible point, a tangent line with the slope
equal to the local feedrate derivative is drawn. In the non-sensitive regions, straight lines with
constant feedrate—either the programmed feedrate or the feedrate at the local maximum of
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the sensitive region—intersect with this tangent line at one point, and a line with the feedrate
at the local minimum of the sensitive region intersects at another point. By traversing the
entire acceleration and deceleration process in this manner, the feedrate profile after curve
shaping is obtained. Figure 4 illustrates an example of FPS for a single FSR.

Figure 4. Example illustrating FPS.

3.3. Corner Shaping of Transition Segments in the Feedrate Profile

However, the feedrate profile obtained through the procedure in Section 3.2 may not
satisfy jerk constraints, and sharp corners often appear in the acceleration/deceleration
transition segments, which can negatively affect machining quality and stability. To mitigate
these effects, local smoothing theory is applied to perform corner shaping in the transition
segments of the feedrate profile, as shown in Figure 5. In this study, local smoothing
is implemented using a quintic polynomial for the feedrate profile, which is expressed
as follows:

V(ω) = a0 + a1ω + a2ω2 + a3ω3 + a4ω4 + a5ω5 (27)

where ω = u−uL
h , h = uR − uL.

Figure 5. Example of corner shaping.
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Boundary Conditions: 

V(0) = VL

V′(0) = V′
L · h

V ′′ (0) = V ′′
L · h2

V(1) = VR

V′(1) = V′
R · h

V ′′ (1) = V ′′
R · h

(28)

Substituting into Equation (27), the matrix form Aa = b can be obtained as:

1 0 0 0 0 0
0 1 0 0 0 0
0 0 2 0 0 0
1 1 1 1 1 1
0 1 2 3 4 5
0 0 2 6 12 20





a0

a1

a2

a3

a4

a5


=



VL

V′
Lh

VL
′′ h2

VR

V′
Rh

VR
′′ h2


(29)

Then, the polynomial coefficients can be solved as a = A−1b.
Since u = hω + uL, it follows that un = hnωn. Therefore, the relationship between the

derivatives of the polynomial with respect to ω and with respect to u is given by:

dnV
dun =

1
hn

dnV
dωn (30)

From Equations (21) and (23), it can be seen that both the tangential jerk and the axis
jerks are influenced by the feedrate and its derivatives. Further, combining with Equa-
tion (30), it can be deduced that, under the same polynomial coefficients, the derivative of
the feedrate with respect to the parameter u decreases as the local smoothing window width
h increases. Therefore, by appropriately adjusting the scale of the local smoothing window,
the tangential jerk and axis jerks can be effectively reduced, enabling the generation of a
feedrate profile that satisfies jerk constraints.

In summary, the specific procedure of the feedrate planning method based on curve
shaping is as follows:

1. Determine the machining path and calculate the maximum allowable feedrate at each
sample point under static constraints to obtain the initial feedrate profile.

2. Identify the FSRs, determine the start and end parameters of each region, the parame-
ters of local maxima and minima, and their corresponding feedrates.

3. Identify the points within each FSR that satisfy dynamic constraints; these points are
defined as feasible points.

4. At each feasible point, draw a tangent line with the slope equal to the local derivative
of the feedrate. This tangent intersects with a constant feedrate line—either the
programmed feedrate in non-sensitive regions or the feedrate at the local maximum
of the sensitive region—at one point, and with a constant feedrate line at the local
minimum of the sensitive region at another point. By traversing the entire acceleration
and deceleration process in this manner, the complete feedrate profile along the path
is obtained.

5. Apply corner shaping to the transition segments of the resulting complete feedrate
profile to produce a final smooth feedrate curve.

4. Simulation and Experimental Validation
In this section, the proposed feedrate planning algorithm based on FPS is validated

through simulations and experiments. The results confirm the feasibility of the proposed
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method. The simulation platform is a personal computer equipped with an Intel Core
i5-8265U 1.6 GHz processor, manufactured by Intel Corporation, Santa Clara, California,
USA, and all models were developed and executed in MATLAB R2023b.

4.1. Simulation Case
4.1.1. Three-Axis Parametric Path

In this study, a WM-type NURBS toolpath with continuous curvature variation, con-
taining both high-curvature and low-curvature regions, was designed as the test object. Its
geometry and control points are shown in Figure 6. The curve is defined by the following
parameters: the degree p is 3; the knot vector{Ui} = {0,0,0,0,0.2,0.4,0.6,0.8,1,1,1,1}; the control
points {Pi} = {[0,0],[10,−12],[15,1],[17,−11],[25,12],[30,−7],[32,3],[40,−10]}; and the weight
vector{ωi} = {1,2,1.5,3,2.5,3.5,3.5,1}.

Figure 6. Geometric model of the WM curve.

To verify the applicability and stability of the proposed feedrate planning method
under multiple constraints, complete simulation test conditions were designed based on
machining engineering experience. These conditions include the geometric parameters of
the toolpath, interpolation period, and various kinematic constraint limits. The specific
parameter configuration is listed in Table 1.

Table 1. Three-axis Interpolator Parameters.

Symbol Parameter Value

T Interpolation period 1 ms
δmax Chord error limitation 1 µm
vp Programmed maximum feedrate 70 mm/s

an,max Normal acceleration limitation 950 mm/s2

jn,max Normal jerk limitation 26,000 mm/s3

fˆlim Axis feedrate limitation 100 mm/s
Âmax Axis acceleration limitation 1000 mm/s2

Ĵmax Axis jerk limitation 10,000 mm/s3

Furthermore, to demonstrate the advantages of the proposed feedrate planning al-
gorithm, a simulation was also conducted using a constant feedrate strategy within FSRs,
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and the results were compared with those of the proposed method, as shown in Figure 7.
Analysis indicates that although the constant feedrate strategy can satisfy the maximum
constraint limits, its planning approach within FSRs is limited, as it only uses the allowable
feedrate at curvature maxima as the constant feedrate. While this method can meet the
basic requirements for machining stability, it considerably reduces feedrate efficiency.

Figure 7. Comparison of two feedrate planning methods for the WM curve.

By applying the feedrate planning method proposed in this study, which is based on
FPS, the resulting feedrate curve satisfies the preset kinematic constraints in both feedrate-
sensitive and non-sensitive regions, without exceeding the allowable feedrate. All axis
velocities are smoothly maintained within their respective limits, as shown in Figure 8.
Moreover, the feedrate curve generated using the profile shaping strategy ensures that the
accelerations of all drive axes remain strictly within their limits, as illustrated in Figure 9.
Furthermore, by applying corner shaping to smooth the feedrate curve and adjusting the
smoothing window size, the jerks of all drive axes are kept within the constraint range, as
shown in Figure 10. Therefore, the proposed method can improve machining efficiency
while satisfying machine axis drive constraints, effectively balancing constraint compliance
and efficiency objectives. Compared with the reference algorithm, the proposed method
demonstrates an average feedrate increase of 28.74% along the tool path for this case study.

   
(a)  (b) 

Figure 8. Axis velocity. (a) X-axis velocity; (b) Y-axis velocity.
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(a)  (b) 

Figure 9. Axis acceleration. (a) X-axis acceleration; (b) Y-axis acceleration.

   
(a)  (b) 

Figure 10. Axis jerk. (a) X-axis jerk; (b) Y-axis jerk.

4.1.2. Five-Axis Parametric Path

To verify that the proposed algorithm is also applicable to feedrate planning in five-axis
CNC machining, a parametric path for an AC-type five-axis dual-turntable machine tool is
designed for simulation to test the reliability and effectiveness of the method. Figure 11 shows
the five-axis machining path represented by two NURBS curves. Except for the control points
shown in the figure, the knot vectors are uniformly distributed and all weights are set to 1.
Table 2 lists the relevant parameters used in the simulation experiments.

Table 2. Five-axis Interpolator Parameters.

Symbol Parameter Value

T Interpolation period 1 ms
δmax Chord error limitation 1 µm
vp Programmed maximum feedrate 50 mm/s

an,max Normal acceleration limitation 800 mm/s2

jn,max Normal jerk limitation 8000 mm/s3

fˆl,lim Linear axis feedrate limitation 100 mm/s
fˆr,lim Rotation axis feedrate limitation 30◦/s

Âl,max Linear axis acceleration limitation 300 mm/s2

Âr,max Rotation axis acceleration limitation 100◦/s2

Ĵl,max Linear axis jerk limitation 3000 mm/s3

Ĵr,max Rotation axis jerk limitation 700◦/s3
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Figure 11. Five-axis parametric path.

Based on the parameters listed in Table 2 and the parametric path shown in Figure 11,
the proposed FPS algorithm was applied to plan the feedrate along the double NURBS
curves. The planning results are shown in Figure 12, where the blue dashed line represents
the allowable feedrate curve under static constraints, and the red solid line represents the
actual feedrate curve planned using the FPS algorithm. It can be observed that the planned
feedrate remains strictly below the static constraint curve, with no violations. Moreover,
smooth transitions between adjacent FSRs are achieved through FPS. These results indicate
that the proposed method ensures motion smoothness and constraint feasibility while also
maintaining high machining efficiency.

Figure 12. The scheduled federate for five-axis parametric path.
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Figure 13 shows the axis-specific velocity curves after applying the FPS algorithm,
with the linear axis velocities on the left and the rotary axis velocities on the right. As seen
in the figure, the axis velocity curves are well-smoothed, avoiding abrupt changes and
ensuring machining quality. Both the linear and rotary axis velocities are strictly maintained
within their respective constraint limits.

(a)  (b) 

Figure 13. The axis velocity of five-axis machining. (a) Linear axis velocity; (b) Rotary axis velocity.

Figure 14 shows the axis-specific acceleration curves after applying the FPS algorithm,
with linear axis accelerations on the left and rotary axis accelerations on the right. It can be
seen that the accelerations of both the linear and rotary axes are strictly maintained within
their respective constraint limits.

(a)  (b) 

Figure 14. The axis acceleration of five-axis machining. (a) Linear axis acceleration; (b) Rotary axis
acceleration.

Figure 15 shows the axis-specific jerk (rate of change in acceleration) curves after
applying the FPS algorithm, with the linear axis jerks on the left and the rotary axis jerks on
the right. As observed, the jerks of both the linear and rotary axes are strictly maintained
within their respective constraint limits.
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(a)  (b) 

Figure 15. The axis jerk of five-axis machining. (a) Linear axis jerk; (b) Rotary axis jerk.

In summary, the kinematic parameters of all axes were well constrained within the
limits specified in Table 2, demonstrating the effectiveness of the proposed algorithm in
respecting the drive capabilities of the machine axes.

4.2. Five-Axis Machining Experimental Validation

To evaluate the performance of the proposed feedrate planning algorithm in a practical
machining scenario, experiments were conducted on a five-axis dual-turntable CNC ma-
chine. The experimental setup, including the machine and the workpiece used for testing,
is shown in Figure 16.

(a)  (b) 

Figure 16. Experimental setup and impeller workpiece. (a) Five-axis dual-turntable machine;
(b) Impeller workpiece.
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The five-axis machine tool used is equipped with two rotary axes (A-axis and C-axis)
mounted on a dual rotary table structure, as shown in Figure 16a. This configuration allows
for five-axis simultaneous motion and provides high flexibility for the machining of complex
free-form surfaces. Due to its high positioning accuracy and motion performance, this
setup is widely used in the manufacturing of impellers and other multi-axis components.
In the machining experiments, the programmed feedrate was 1000 mm/min. The linear
axis velocity limit was 15,000 mm/min, and the rotary axis velocity limit was 5000◦/min.

The test workpiece is an impeller, as shown in Figure 16b. It is a typical complex surface
part characterized by twisted blades, significant curvature variations, and substantial
changes in tool orientation during the machining process. These geometric features impose
stringent requirements on feedrate planning and axis coordination. Therefore, the impeller
serves as an ideal benchmark part for validating the effectiveness and robustness of the
proposed feedrate planning algorithm. The material of the test workpiece is aluminum
alloy, which is commonly used in aerospace and high-speed machining applications.

The proposed algorithm was applied to the machining of impeller blades, and the
results were compared with those obtained using the original G-code. The blades machined
with the proposed method exhibited superior surface quality, characterized by an absence
of chatter marks, scratches, or other surface defects. In contrast, the surfaces produced
using the original G-code showed noticeable waviness and surface irregularities, as shown
in Figure 17.

   

(a)  (b) 

Figure 17. Comparison of the actual machining results. (a) Machining results of the proposed method;
(b) Machining results with the original G-code.

In addition, this study introduces the concept of feedrate fluctuation to evaluate
machining stability from the perspective of feedrate planning. The feedrate fluctuation is
calculated as follows [20]:
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εi+1 =

∣∣∣∣∣
∥p(ui+1)−p(ui)∥

T − vi+1

vi+1

∣∣∣∣∣× 100% (31)

For the proposed feedrate planning method, the maximum feedrate fluctuation is
2.25 × 10−14%, and the average feedrate fluctuation is 5.42 × 10−15%. In comparison, for
the original G-code machining, the maximum feedrate fluctuation is 1.95 × 10−6%, and
the average feedrate fluctuation is 6.3 × 10−7%. These results indicate that the proposed
feedrate planning method significantly reduces feedrate fluctuations, leading to smoother
variations in feedrate during machining and lower dynamic excitation, thereby improving
machining stability.

Furthermore, the application of the proposed feedrate planning strategy resulted in
a significant improvement in machining efficiency, with an observed increase of approx-
imately 10% compared to conventional processing. These results demonstrate that the
proposed algorithm not only ensures high-quality surface finishes but also enhances the
machining performance.

5. Conclusions
This paper proposes an adaptive feedrate planning method for parametric paths based

on curve shaping, aiming to achieve maximum feedrate performance along toolpaths
in high-speed CNC machining while satisfying both the geometric constraints of the
parametric path and the drive constraints of machine axes. The main research contributions
are summarized as follows:

(1) Based on the derived geometric characteristics of the toolpath, the kinematic
properties of the machine drive axes, and the analytical relationships between trajectory
curve parameters and feedrate profile parameters, a theoretical constraint model for the
proposed method was established.

(2) A complete feedrate profile is generated using a curve shaping strategy, achieving
maximum feedrate along the parametric path while satisfying geometric, normal, and
tangential constraints as well as machine axis drive limitations.

(3) The feedrate curve is corner-shaped using a local smoothing approach to produce
a smooth feedrate profile that satisfies the jerk limits of all drive axes.

(4) The effectiveness of the proposed method was validated through simulations
and experiments. Compared with existing approaches, the proposed algorithm achieves
an average feedrate increase of 28.74% along the tool path for the WM-type parametric
path, and approximately 10% higher machining efficiency in the actual machining of an
impeller blade. The results demonstrate that the proposed method can significantly enhance
machining efficiency while strictly satisfying multiple constraints, thereby achieving an
effective balance between constraint compliance and productivity.

Despite these advantages, the proposed method has certain limitations. Its perfor-
mance depends on the accuracy of the parametric path representation and the availability
of reliable machine axis constraint information. In addition, for extremely complex tool-
paths with frequent changes in curvature and tool orientation, the computational cost of
constraint evaluation and feedrate shaping may increase. These aspects will be further
investigated in future work.

From an industrial perspective, the proposed feedrate planning method is suitable
for high-speed and high-quality five-axis machining of complex free-form surfaces, such
as impellers. The method can be integrated into offline CNC feedrate planning modules,
providing a practical solution for improving machining efficiency while ensuring strict
compliance with machine axis constraints.
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