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Abstract

Heavy-haul railways are mainly located in mountainous regions, where wheel–rail adhe-
sion is susceptible to variations in rail-surface conditions, posing challenges to the coop-
erative operation control of heavy-haul group trains (HHGTs). This paper develops an 
adhesion-dependent Tube-based model predictive control (Tube-MPC) method for 
HHGTs by incorporating adhesion conditions into disturbance set construction, robust 
error Tube design, and nominal constraint tightening. A control-oriented longitudinal dy-
namics model retaining position-dependent gradient resistance is established to describe 
the motion of heavy-haul trains. Adhesion-dependent limits on traction and braking 
forces are imposed as input constraints, while adhesion uncertainty is modeled as a 
bounded equivalent acceleration disturbance arising from adhesion-induced force mis-
match. An ancillary feedback controller is employed to regulate actual-nominal state de-
viations and ensure robust constraint satisfaction. Simulations are conducted using pa-
rameters of approximately 5000 t heavy-haul trains and a real railway gradient profile 
under dry, wet, and rainy or snowy rail-surface conditions. The results demonstrate that, 
when the actual disturbance remains within the design bound, the trajectories of all fol-
lowing trains remain within the error Tube. Compared with PID and standard MPC, the 
proposed approach improves speed coordination and spacing regulation, indicating its 
effectiveness for the cooperative operation of HHGTs under complex wheel–rail adhesion 
conditions.

Keywords: heavy-haul group trains; wheel-rail adhesion; Tube-based model predictive 
control; robust constraint tightening; cooperative control

1. Introduction
With the continuous growth of heavy-haul railway transportation demand in China, 

existing railway lines are facing higher requirements in terms of line capacity, operational 
flexibility, and safety. Train group operation, supported by train-to-train communication 
and cooperative control technologies, enables logical virtual coupling among trains and 
helps overcome the limitations of traditional mechanical coupling. Without large-scale 
reconstruction of existing infrastructure, this operation mode can reduce train-following 
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intervals and improve line utilization. It has therefore become an important direction for 
the intelligent development of heavy-haul railways. 

Compared with passenger trains, heavy-haul trains are characterized by long for-
mations, large mass, high traction and braking demands, and strong longitudinal dy-
namic coupling. Their operation states are strongly affected by track gradients, running 
resistance, and wheel–rail adhesion conditions. When multiple heavy-haul trains operate 
as a group with short inter-train distances, external disturbances not only reduce the 
speed-tracking accuracy of train units, but also affect inter-train spacing regulation. In 
particular, under wet, rainy or snowy rail-surface conditions, variations in the wheel–rail 
adhesion coefficient may reduce the collaborative control performance of trains. There-
fore, achieving safe, stable, and robust cooperative control of heavy-haul group trains 
(HHGTs) under different wheel–rail adhesion conditions remains an important issue in 
intelligent heavy-haul railway operation. 

Extensive studies have been conducted on train group operation and cooperative 
control from the perspectives of operation modes, key technologies, and application pro-
spects [1,2]. Representative approaches include conventional feedback control, consensus-
based control, sliding-mode control, observer-based control, reinforcement learning con-
trol, and model predictive control (MPC) [3,4]. Proportional integral derivative (PID) con-
trol [5,6] generates traction or braking commands based on state deviations between trains, 
and it is straightforward to implement but cannot explicitly handle constraints. Consen-
sus-based control [3] coordinates train speed and spacing via local information exchange 
and offers good distributed scalability, yet its capability to handle complex operational 
constraints is limited. Sliding-mode control [7,8] improves robustness against matched 
disturbances and model uncertainties, but may require additional mechanisms to mitigate 
chattering and enforce hard safety constraints. Observer-based control [8,9] enhances dis-
turbance rejection by estimating unmeasurable states or unknown disturbances online 
and compensating for their effects through feedback. Reinforcement learning-based con-
trol [10,11] uses operation data or online interactions to approximate unknown nonlinear 
dynamics and optimize control policies; in particular, multilayer neuroadaptive reinforce-
ment learning based on the Actor–Critic mechanism provides strong nonlinear approxi-
mation and adaptation when an accurate system model is unavailable. Nevertheless, rig-
orous analytical verification of its closed-loop safety and constraint satisfaction remains 
challenging. In contrast, MPC-based methods [12–24] can predict future states within a 
receding-horizon optimization framework and explicitly incorporate state constraints, 
control-input constraints, and safe inter-train spacing constraints. They have therefore re-
ceived considerable attention in train operation control and virtual coupling. 

Centralized MPC has been applied to train trajectory tracking and cooperative oper-
ation control [12,13]. As the number of trains in a group increases, the computational com-
plexity and communication burden associated with centralized optimization also increase. 
Distributed MPC has consequently been applied to metro trains, heavy-haul trains, and 
virtually coupled trains [14–17], improving control performance through local optimiza-
tion and information exchange among adjacent trains. Hierarchical MPC separates trajec-
tory planning from tracking control to improve the computational efficiency of complex 
train systems [18–20], whereas event-triggered MPC reduces the system operating burden 
by decreasing the number of communication events or the optimization update frequency 
[21]. However, model mismatch and external disturbances may cause actual train states 
to deviate from nominal predictions, thereby degrading control performance and poten-
tially causing violations of state or input constraints. Robust MPC explicitly accounts for 
bounded uncertainties in the prediction and optimization process, whereas Tube-MPC 
further employs an ancillary feedback controller, a robust positively invariant error set, 
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and constraint tightening to bound state deviations and preserve robust constraint satis-
faction [22–25]. 

In practical operation, the cooperative control of group trains may be affected by 
communication delays, packet losses, braking delays, positioning errors, running re-
sistance, and environmental variations [26–31]. Regarding wheel–rail adhesion control, 
Uyulan et al. [32] proposed a re-adhesion control method to mitigate wheel slide follow-
ing abrupt changes in the adhesion coefficient. The method adjusts traction motor torque 
in real time and mainly relies on feedback information such as wheelset rotational speed 
or creep state. Hauck et al. [33] proposed a map-based MPC method that adjusts traction 
and braking commands in advance according to weather and tunnel-environment infor-
mation to reduce the risk of wheel spin or wheel slide. These studies provide an important 
foundation for train control under different adhesion conditions. However, they mainly 
focus on single-train operation, wheelset-level re-adhesion control, or control based on 
known or predictable adhesion information. The influence of wheel–rail adhesion on 
group-level speed coordination, spacing regulation, and constraint satisfaction in HHGTs 
have not yet been sufficiently investigated. More specifically, how wheel–rail adhesion 
should be incorporated into the input constraints and how adhesion uncertainty should 
be considered in the robustness-margin construction, particularly when traction or brak-
ing commands approach the adhesion saturation boundary, remain insufficiently ad-
dressed. 

To further clarify the differences between the present study and existing MPC-based 
train-control studies, Table 1 compares their research objects and the principal factors con-
sidered. 

Table 1. Comparison with representative MPC-based studies relevant to the present work. 

Reference Control Framework HHGTs Modeling of Gradient Resistance Modeling of  
Wheel–Rail Adhesion Effects 

[13] Nonlinear MPC No No No 
[16] Improved MPC Yes Yes No 
[22] Tube-MPC No No No 
[23] Robust MPC No No No 
[24] Tube-MPC No No No 
[25] Dual-mode RMPC  No No No 

[33] Map-based MPC No No 
Predictive traction and  

braking adjustment 

This study 
Adhesion- 
dependent 
Tube-MPC 

Yes Yes 
Adhesion-dependent input 
constraints and robustness-

margin construction 

As shown in Table 1, existing MPC-based train-control studies have mainly focused 
on trajectory tracking, spacing regulation, communication constraints, or bounded dis-
turbances, while wheel–rail adhesion has received limited attention in the cooperative 
control of HHGTs. Although some studies have considered adhesion-related traction or 
braking adjustments, the influence of adhesion conditions on both control feasibility and 
robustness design has not been systematically addressed. For heavy-haul trains, the avail-
able wheel–rail adhesion determines the admissible traction and braking capability, 
whereas adhesion uncertainty may introduce deviations between the actual train dynam-
ics and the nominal prediction model. Therefore, considering adhesion only through fixed 
input limits cannot fully characterize the cooperative operation performance under vary-
ing adhesion conditions. Different from existing studies, the novelty of this work lies in 
developing an adhesion-dependent Tube-MPC framework, where wheel–rail adhesion 
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effects are incorporated into both the input constraints formulation and the robustness-
margin construction. 

Based on the above analysis, this study focuses on the cooperative control of HHGTs 
under complex wheel–rail adhesion conditions, and proposes a Tube-MPC cooperative 
control method that considers multiple operational constraints and wheel–rail adhesion. 
The main contributions are summarized as follows: 

(1) A control-oriented longitudinal dynamics model is formulated for heavy-haul trains 
by considering the position-dependent gradient resistance. The gradient resistance 
of vehicles is evaluated according to their actual positions and then aggregated at the 
train level, thereby retaining the influence of varying gradients and providing a suit-
able basis for cooperative control design. 

(2) An adhesion-dependent Tube-MPC method is developed by coupling wheel–rail ad-
hesion conditions with physical input constraints and robustness-margin construc-
tion. Adhesion-dependent traction and braking limits are formulated as input con-
straints, while adhesion uncertainty is represented through the traction or braking-
force mismatch induced by adhesion saturation, and the resulting equivalent accel-
eration disturbance is incorporated into the robust error Tube construction and nom-
inal constraint tightening. 

(3) Simulations are conducted using parameters of a 5000 t heavy-haul train and actual 
line data under multiple rail-surface conditions, including dry, wet, and rainy or 
snowy. Disturbance bound tests verify the finite-horizon error bounds used in the 
Tube construction, while comparisons with PID and standard MPC are conducted to 
evaluate speed coordination and spacing maintenance performance. 

The rest of this paper is organized as follows. Section 2 presents the mathematical 
formulation of the studied problem. Section 3 presents the adhesion-dependent coopera-
tive controller within the Tube-MPC framework. Section 4 presents numerical simulations 
and comparative analyses. In Section 5, conclusions are given. 

2. Problem Formulation 
A train longitudinal dynamics model is utilized to investigate the tracking control of 

heavy-haul trains under real-world railway, where a “leader-follower” platoon operation 
scheme is implemented, as shown in Figure 1. In HHGTs, the first train acts as the leader 
train, which is responsible for tracking the desired trajectory. The remaining 1n −  trains 
are regarded as following trains and are labeled from Train 2 to Train n . 

leader trainfollowing trainfollowing trainfollowing train


Heavy-Haul Group Trains
Direction

 

Figure 1. Heavy-haul train operation. 

2.1. Train Dynamics Model 

A heavy-haul train considered in this study consists of one locomotive and a series 
of wagons. The locomotive provides the effort required for train operation, whereas the 
wagons are used to transport freight. Each vehicle, whether the locomotive or a wagon, is 
treated as a mass point. Accordingly, the longitudinal dynamics of the heavy-haul train 
can be formulated as follows [16]: 
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where { }1, ,i N∈    denotes the train index, and { }1, ,j n∈    denotes the vehicle index 
within the ith train, here, N is the total number of trains in the group, and n is the number 
of vehicles in each train; ,i jm , ,i jv , and ,i js  denote the mass, speed, and position of the 
jth vehicle in the ith train, respectively. Here, the unit of ,i jm  is kg, the unit of ,i jv  is m/s, 
and the unit of ,i js  is m; ,

t
i jf  and ,

e
i jf  denote the traction force and electric braking force 

acting on the locomotive, while ,
a
i jf  denotes pneumatic braking force acting on the jth 

vehicle; ,i jr  and ,i jg  denote the basic resistance and additional resistance, respectively; 
, 1
c
i jf −  and ,

c
i jf  represent the front and rear coupler forces acting on the jth vehicle, respec-

tively. All force-related terms in Equation (1) are expressed in N. The front coupler force 
of the first vehicle and the rear coupler force of the last vehicle are both zero, i.e., ,0 0c

if =  
and , 0c

i nf = . 
The basic resistance [17] can be expressed as follows: 

2
, 0 1 , 2 ,i j i j i jr c c v c v= + +  (2)

where 0 1 2, ,c c c  represent the basic resistance coefficients, their units are N, N/(m/s), and 
N/(m/s)2. 

The additional resistance [17] includes the gradient resistance and the curve re-
sistance, which can be formulated as 

3
, ,

6001000sin 10i j i jg m g
R

θ − = + × 
 

 (3)

where θ  denotes the track gradient angle, R  represents the radius of the track curve 
(m), and 29.81m/sg =  is the gravitational acceleration. 

By summing the vehicle-level longitudinal dynamics in Equation (1), the coupler 
forces cancel pairwise, while the aggregate traction or braking force, running resistance, 
and position-dependent gradient resistance are retained. Consequently, the dynamics of 
the heavy-haul train can be represented by the following equivalent model: 
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Assumption 1 (Common-speed approximation). Under normal operation of an approximately 
5000 t heavy-haul train over a track with relatively mild gradients, the relative speed differences 
between adjacent vehicles are assumed to be small compared with the overall train speed. Therefore, 
the individual vehicle speeds are approximated by a common train speed when calculating the run-
ning resistance and constructing the reduced-order train-level model, i.e., ,i j iv v≈ . 

The gradient resistance of each vehicle is evaluated according to its actual position 
along the track and then summed over the complete train. Therefore, the influence of spa-
tially varying gradients on the longitudinal dynamics of the train is retained. 

It should be emphasized that the pairwise cancelation of the coupler forces in the 
equivalent model does not imply that these forces vanish physically. The resulting equiv-
alent model does not explicitly represent the dynamic distribution of coupler forces and 



Machines 2026, 14, 1122 6 of 29 
 

https://doi.org/10.3390/machines14101122 

draft-gear responses. Therefore, it is intended for train speed tracking and inter-train spac-
ing regulation rather than detailed in-train longitudinal force analysis. This limitation is 
particularly relevant under severe operating conditions, such as emergency braking. 

Based on the common-speed assumption, the basic resistance is linearized around 
the equilibrium speed rv  as follows: 

2
, 0 2 1 2( 2 )i j r r ir c c v c c v v= − + +  (5)

In order to adapt to the cooperative control needs of the group trains, the practical 
physical control force is converted into a control variable at the pure kinematics level. 
Dividing both sides of the equivalent model by the total mass of the train unit iM , and 
considering the external unmodeled disturbance ( )iw t , the linear continuous state-space 
equation of the group trains considering disturbances can be represented as 

vc
i i i i i i i

i i

v u h v l p w
s v
 = + + + +


=




 (6)

where vc
iu  denotes the control input per unit mass, 1 2

1 ( 2 )i r
i

h c c v
M

= − + , 2
0 2

1 ( )i r
i

l c c v
M

= − − , 

and ig
i

i

F
p

M
= −  . The disturbance ( )iw t   is represented as an equivalent acceleration dis-

turbance directly acting on the speed dynamics and is assumed to be bounded, i.e., 
{ }( ) : ( )i i iw t w w t η

∞
∈ = ∈ ≤  , where η   denotes the corresponding disturbance bound. 

In this study, the adhesion-induced component of ( )iw t   is constructed from the mis-
match between the actual and nominal longitudinal traction/braking forces after wheel–
rail adhesion saturation. The detailed formulation of the adhesion-saturation-induced dis-
turbance and its bound is given in Section 2.2. Since this equivalent disturbance enters the 
longitudinal dynamics in the form of acceleration, it directly affects the speed and indi-
rectly affects the position through the integration of the speed deviation. 

When iM M= , then ih h= . Incorporating il  into iw , the simplified equation is ob-
tained as vc

i i i i iv u hv p w= + + + . 
Based on the topology structure of the group trains in Figure 2, and the leader-refer-

enced tracking strategy, the state deviation variable in this study is defined as
[ ]( ) ( ), ( ) T

i i ix t s t v t= Δ Δ  , in which 1( ) ( ) ( ) ( )i i is t s t s t d tΔ = − −   is the relative distance deviation, 
1( ) ( ) ( )i iv t v t v tΔ = −  is the speed deviation, and ( )id t  is the ideal tracking distance: 

1( ) ( 1)( ( ) )i d d ld t i t v t S S= − + +  (7)

where dt  is the fixed time headway, representing that under ideal circumstances, train 
unit i  will travel to the original position of the preceding train 1i −  after running for dt  
seconds; dS  is the fixed spacing between adjacent train units, and lS  is the train length. 
Meanwhile, the state-space equation can be described as the following form: 

( ) ( ) ( ) ( ) ( )c c vc c c
i i i i ix t A x t B u t D t W t= + + +  (8)

Using the forward Euler method to achieve discretization, the discrete state equation 
is derived as 

1( ) ( ) ( ) ( ) ( )vc
i k i k i k i k i kx t Ax t Bu t D t W t+ = + + +  (9)

where the coefficient matrices are defined as 
1

 
0 1

A
h

δ
δ

 
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0
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δ

 
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, 
  0

( )i k
i

W t
wδ

 
=  − 

, 

and 1 1

1 1

( 1) ( )
( )

    ( )

vc
d

i k vc
i

i t u hv
D t

u p p
δ
δ

 − − +
=  

+ −  
; δ  represents the sampling interval. 

The above model (9) contains an uncertain disturbance variable ( )i kw t , which is dif-
ficult to be used for the state trajectory prediction of train i . Therefore, a nominal system 
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state equation unaffected by disturbances is defined to serve as the prediction model for 
the subsequent Tube-MPC: 

1( ) ( ) ( ) ( )vc
i k i k i k i kx t Ax t Bu t D t+ = + +  (10)

train unit 1



train unit i train unit i-1

1 1( , )i is v− − 1 1( , )s v

1 1( , )s v

mS

lS 1is −dS1dt visΔ
is

 

Figure 2. Topology structure of the group trains. 

2.2. Wheel–Rail Adhesion Characteristics 

Wheel–rail adhesion is the physical basis for locomotives and wagons to achieve 
guidance, running, etc. Due to the long distance of heavy-haul freight transportation and 
the complex operation environment, the wheel–rail adhesion state will be affected by mul-
tiple factors such as line conditions, wheel–rail contact conditions, and external environ-
mental changes, showing nonlinear and characteristics that depend on the rail-surface 
condition. The adhesion characteristics of the wheel–rail rolling contact surface directly 
determine the performance of the traction and braking of heavy-haul trains; thus, a good 
wheel–rail adhesion state is an important condition to ensure the stable operation of 
trains. Because the wheel–rail contact surface is exposed to the open environment for a 
long time, its adhesion state is easily affected by the contamination of a third medium, 
such as rain, snow, etc. Normally, the wheel–rail adhesion coefficient under clean and dry 
rail-surface conditions is higher, while under rainy or snowy rail-surface conditions, the 
adhesion coefficient will be significantly reduced. Once the available adhesion force be-
tween the wheel and rail cannot satisfy the current traction or braking demand of the train, 
the originally stable wheel rolling-sliding state will quickly transform into a full sliding 
state, thereby leading to a serious creep/slip phenomenon. 

The rail-surface adhesion coefficient μ  can be described by the following empirical 
formula [33]: 

s sav bvce deμ − −= −  (11)

where a, b, c, and d are parameters characterizing the rail-surface conditions, which are 
obtained by fitting experimental data under different rail conditions; sv  represents the 
sliding or creep speed, denoting the speed difference between the wheelset speed and the 
locomotive speed. 

Figure 3 illustrates the adhesion characteristic curves under different rail-surface con-
ditions. Although the adhesion curves for various rail conditions possess distinct optimal 
creep speeds and maximum adhesion coefficients, their overall variation trends are fun-
damentally consistent. Specifically, as the creep speed increases, the adhesion coefficient 
initially rises gradually and reaches its peak at a specific creep speed; as the creep speed 
continues to increase, the adhesion coefficient subsequently declines. This peak point cor-
responds to the maximum available wheel–rail adhesion force, and the corresponding 
creep speed is defined as the optimal creep speed. 

The area to the left of the peak point is designated as the stable region, within which 
the adhesion coefficient increases with the rising creep speed. Conversely, the area to the 
right of the peak point represents the wheel slip or skid region, which easily manifests as 
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wheel spin under traction conditions and as wheel slide under braking conditions. There-
fore, to fully utilize the wheel–rail adhesion force and prevent adhesion instability, the 
locomotive control system should firmly ensure that the train operation status is main-
tained within the stable region. 

 

Figure 3. Adhesion characteristic curves under different rail-surface conditions. 

The wheel–rail adhesion coefficient is jointly determined by the creep speed and the 
rail-surface conditions, directly dictating the upper bound constraint of the locomotive 
traction and braking forces. Regardless of whether the train operates under traction or 
braking conditions, the maximum available adhesion force ,maxFμ  between the wheel and 
rail can be uniformly expressed as [33]: 

,maxF M gμ μμ= ⋅  (12)

where Mμ  represents the adhesive mass of the locomotive. 
Taking the SS4B electric locomotive as an example, Figure 4 illustrates the compari-

son between the maximum adhesion force under different rail-surface conditions and the 
locomotive traction or braking characteristic curves. Specifically, the dashed lines repre-
sent the maximum traction or braking forces calculated based on adhesion conditions, 
while the solid lines denote the traction and braking characteristic curves of the SS4B lo-
comotive [34]. As observed from the figure, the maximum adhesion force reaches its high-
est level under dry rail-surface conditions and consistently exceeds the traction or braking 
characteristic curves of the SS4B locomotive. This indicates that the existing traction or 
braking performance of the locomotive can be fully utilized under favorable rail condi-
tions. However, as the rail-surface conditions degrade, the wheel–rail adhesion coefficient 
decreases accordingly. Consequently, the maximum adhesion force under wet, rainy or 
snowy rail-surface conditions drops significantly, falling below the characteristic curves 
of the SS4B locomotive. Therefore, to prevent wheel spin or slide phenomena during trac-
tion or braking processes, the traction and braking forces must be appropriately restricted 
according to the considered wheel–rail adhesion condition. 
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Figure 4. Comparison between maximum wheel–rail adhesion forces under different rail-surface 
conditions and locomotive characteristic curves. 

To improve wheel–rail adhesion utilization and ensure operation stability under 
complex and variable track environments, the locomotive operating state should be main-
tained near the selected stable adhesion operating point [35]. Relative to the selected op-
erating point, the actual adhesion coefficient μ′  can be decomposed as follows: 

0μ μ μ′ = + Δ  (13)

where 0μ   denotes the nominal adhesion coefficient determined by the nominal creep 
speed and the nominal rail-surface condition, and μΔ  represents the deviation in the ac-
tual adhesion coefficient from the nominal adhesion coefficient within the prescribed op-
erating region. 

Assumption 2 (Availability of adhesion information). An estimate of the current wheel–rail 
adhesion coefficient, or a conservative lower bound on the available adhesion, together with a 
bounded variation range within the prescribed operation region, is assumed to be available to the 
controller before the online optimization process. 

Remark 1. The present study focuses on adhesion-dependent robust control under available adhe-
sion information rather than developing a complete adhesion estimation and control system. The 
required adhesion information can be obtained from existing adhesion estimation approaches or 
prior knowledge of operation conditions. In particular, an online adhesion-estimation module based 
on wheelset angular speed, vehicle speed, or creepage speed measurements is beyond the scope of 
this study. Accordingly, the proposed controller is applicable when such adhesion information is 
available. 

To characterize the longitudinal acceleration mismatch caused by adhesion satura-
tion, let min ( , )iU vμ  and max ( , )iU vμ  denote the adhesion and speed dependent lower and 
upper control-input limits, respectively, whose explicit expressions are given in Section 
2.3. 

To describe the effect of adhesion saturation, the saturation operator is defined as 

min max max minsat( ; , ) min{ ,max( , )}u U U U U u=  (14)

For the commanded control input vc
iu , the effective acceleration input under the ac-

tual adhesion coefficient μ′  is 
act

min maxsat ; ( , ), ( , )vc
i i i iu u U v U vμ μ′ ′ =    (15)

Similarly, under the nominal adhesion coefficient 0μ  , the corresponding nominal 
transmitted control input is 

0
min 0 max 0sat ; ( , ), ( , )vc

i i i iu u U v U vμ μ =    (16)

Accordingly, the equivalent acceleration disturbance caused by wheel–rail adhesion 
variation is defined as 

act 0
,i i iw u uμ = −  (17)

Therefore, the adhesion-induced disturbance depends jointly on the commanded 
control input, train speed, and available adhesion condition. When the commanded con-
trol input remains within the admissible input range under both the actual and nominal 
adhesion conditions, act 0 vc

i i iu u u= =  , , 0iwμ =  . For the subsequent Tube construction, the 
worst-case equivalent acceleration disturbance bound is evaluated as 
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min max

act 0
, [ , ]

( )

max
vc
i

i

u

i

t

iu uμ μ μ μ
η

∈
∈

′
= −



 (18)

Accordingly, when only the adhesion-induced uncertainty is considered, the disturb-
ance set is defined as 

{ },: ( )i i iw w t μη
∞

= ∈ ≤  (19)

The robust constraint-satisfaction guarantee of the proposed method is valid only 
when the creep speed remains within the prescribed stable adhesion region and the equiv-
alent acceleration uncertainty remains within the designed disturbance bound. 

2.3. Constraints and Control Objectives 

The control system must satisfy physical actuator constraints, track speed limit con-
straints, and safety spacing constraints. The admissible traction and braking inputs are 
jointly limited by the locomotive traction/braking characteristics and the available wheel–
rail adhesion force. Considering the locomotive characteristic curves shown in Figure 4, 
the maximum admissible traction force is defined as 

( ) ( ),max char, min , ,t tF v F v M gμμ μ = ⋅ ,  (20)

where chartF ,  denotes the maximum traction force provided by the locomotive traction 
characteristic at speed v . 

Similarly, the maximum admissible braking-force magnitude is defined as 

( ) ( ),max char, min , ,b bF v F v M gμμ μ = ⋅ ,  (21)

where charbF ,  denotes the maximum braking-force magnitude determined by the braking 
characteristic at speed v. 

Since the control input vc
iu  is defined as the longitudinal control force per unit total 

train mass, the corresponding acceleration limits are 

( )

( )

max char

min char

1( , ) min ,

1( , ) min ,

t
i

b
i

U v F v M g
M

U v F v M g
M

μ

μ

μ μ

μ μ

 = ⋅ 

 = − ⋅ 

,

,

 (22)

Therefore, the physical input constraint set is explicitly defined as 

{ }min max( ) ( ) : ( , ) ( ) ( , )vc vc vc
i i iu t u t U v u t U vμ μ∈ ∈ ≤ ≤   (23)

where max 0U >   represents the maximum admissible traction acceleration, whereas 
min 0U <  represents the maximum admissible braking deceleration. Thus, the admissible 

control input is simultaneously constrained by the locomotive traction/braking capability 
and the available wheel–rail adhesion condition. 

The train operation speed is subject to the track speed limit constraint: 

lim( ) ( ( ))i iv t v s t≤  (24)

where lim ( ( ))iv s t  is the speed limit value at position ( )is t . 
In the process of operation, HHGTs need to maintain a certain safe tracking distance 

between adjacent train units to prevent rear-end collision accidents. To ensure the safe 
operation of the train platoon, the dynamic minimum spacing safeS  between two adjacent 
train units must satisfy 

2 2
1

min min

1

( ) ( )max ,0
2 2

( ) ( )

i i
safe m

i i l safe

v t v tS S
U U

s t s t S S

−

−

 
= + − 

 
− − ≥

 (25)

where mS   is the safety margin. Since min 0U <   represents the braking acceleration, the 

braking distance of train i  is 
2

min

( )
2
iv t
U

−
. 
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When 1 0i iv v− − ≥ , the speed of the preceding train is higher than that of the following 
train. Since this relative speed condition reduces the risk of rear-end collision, only the 
basic safety margin is required: 

1( ) ( )   i i l ms t s t S S− − − ≥  (26)

When 1 < 0i iv v− − , the following train travels faster than the preceding train. In this 
case, an additional safety distance caused by the relative speed difference is considered: 

lim
1 1

min

( ) ( ) ( ( ) ( )) i i l m i i
vs t s t S S v t v t
U− −− − ≥ + −  (27)

Therefore, Equations (26) and (27) ensure that sufficient braking space is maintained 
between adjacent trains under different relative motion conditions. Compared with the 

original nonlinear braking distance constraint 
2 2

1

min

( ) ( )
2

i i
original

v t v tS
U

−−=
− , the linearized braking 

distance term is given by lim 1

min

2 ( )
2
i i

linear
v v vS

U
−−=

−  , since 2 2
1 1 1( )( )i i i i i iv v v v v v− − −− = + −  , min2 > 0U−  

and 1 lim( ) 2i iv v v−+ ≤ , it follows that original linearS S≤ . Therefore, the proposed linearized con-
straint provides an equal or larger safety margin than the original nonlinear constraint, 
indicating that the approximation is conservative and does not compromise the braking-
distance requirement. 

To express the constraints in a compact form, defining the matrices as [ ]1 1,0Η =  and 
[ ]2 0,1Η = , the following linear constraint functions are constructed: 

( )1 1 1 1 1, ( )i i i i d d mx x x x t v S Sφ − −= Η − + + −  

( ) lim
2 1 1 2 1 1

min

, ( )( )i i i i d d m
vx x x x t v S S
U

φ − −= Η − Η − + + −  

( )3 1 2 1 lim,i i ix x x v vφ − = Η − +  

Consequently, the state constraint set of the system can be formulated as a compact 
convex polyhedral set  : 

( ){ }2
1: , 0, 1,2,3i i l i ix x x x lφ −∈ ∈ ≥ =   (28)

In conjunction with the aforementioned constraints, the study aims to design a robust 
control method that optimizes the cooperative control strategy under bounded disturb-
ances. This method ensures satisfaction of the state constraint set   and the input con-
straint set  over the considered finite prediction horizon under the prescribed disturb-
ance bound, while maintaining the desired spacing and uniform operation speed for each 
train unit. Its mathematical description is given by 

( )
2

2

lim ( ) 0

lim ( )
p

i kk

i kk n

x t

x t γ η
→∞

→

=

≤
 (29)

( )
1 2

1 2

lim ( ) ( ) 0

lim ( ) ( ) 2
p

i k i kk

i k i kk n

x t x t

x t x t γ η
−→∞

−→

− =

− ≤
 (30)

where Equation (29) indicates that the nominal HHGT system tends toward an equilib-
rium state, meaning all train units operate at a uniform speed and maintain constant sep-
aration distances. Equation (30) signifies that the relative nominal state variables between 
adjacent train units asymptotically converge to zero. For the actual system subject to 
bounded disturbances, the deviation from the nominal trajectory remains bounded within 
the prescribed Tube, ( )γ η  represents the upper bound of the steady-state tracking error 
determined by the disturbance bound η  of the disturbance set  , and pn  is the step 
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size of the prediction horizon. The detailed derivation is provided in the proof of Theorem 
4. 

3. Adhesion-Dependent Cooperative Controller Design 
To achieve the cooperative control of HHGTs under saturation mismatch, a Tube-

MPC controller is designed. First, considering that the equivalent acceleration disturbance 
,iwμ , generated by the mismatch between the actual and nominal traction/braking forces 

after adhesion saturation, leads to a deviation between the actual and nominal trajectories, 
a finite-horizon bounded error Tube   containing the worst-case state prediction error 
is calculated offline using an ancillary feedback controller, which is used to construct the 
tightened constraints. Second, by utilizing the optimal nominal state trajectory of the pre-
ceding train 1i −   at the previous instant 1, 1( )i o kX t− −   and Equation (37), its current esti-
mated nominal state trajectory 1, ( )i e kX t−  is obtained, and simultaneously, the estimated 
nominal state trajectory , ( | )i e kX t⋅  and the estimated nominal control sequence , ( | )vc

i e kU t⋅  
can be obtained based on the historical information of train i , to construct the objective 
function ( )iJ   . Next, based on the nominal system and the objective function, train i  
solves the Tube-MPC optimization problem under the premise of satisfying the tightened 
constraints, thereby obtaining the optimal nominal control sequence , ( | )vc

i o kU t⋅  and the op-
timal nominal state trajectory, and transmits , ( | )i o kX t⋅  to the succeeding train 1i + . Fi-
nally, the current actual control variable ( )vc

i ku t  is obtained through the ancillary feed-
back controller. 

3.1. Adhesion-Dependent Tube-MPC Formulation 

Due to the presence of the disturbance ( )i kw t , a state prediction error ( )i kx t  arises 
between the actual system and the nominal system; for the nominal MPC controller, the 
optimal control input of unit train i  at time kt  is , ( | )vc

i o k ku t t , and the actual controller is 
designed as 

, tube( ) ( | ) K ( )vc vc
i k i o k k i ku t u t t x t= +   (31)

where the feedback control gain matrix is designed as ( )tubeK 0   tubek=  . In the design of 
tubeK , the external disturbance is assumed to directly affect the speed variable in the form 

of acceleration. 
The finite-horizon accumulation bound is constructed primarily with respect to the 

speed error subsystem, because the external uncertainty considered in this study acts di-
rectly on the speed dynamics in the form of an equivalent acceleration disturbance and 
affects the spacing state indirectly through integration. 

The detailed proofs of Theorems 1–4 are provided in Appendix A. 

Theorem 1. To ensure that the speed error subsystem is Input-to-State Stable (ISS) with respect 
to the bounded, the feedback gain tubek   is selected such that 0 1 ( ) 1tubeh k δ≤ + − <  , i.e., 

1,tubek h h
δ

 ∈ + 
 

. Suppose that the disturbance satisfies ( )iw t η
∞

≤ , the initial speed prediction er-

ror satisfies 0( )i
tube

v t
k h

η≤
−

 , and the initial spacing prediction error is zero, i.e., 0( ) 0is t = .Then, 

for every prediction step 0,1, , pk n−  , ( )i k
tube

v t
k h

η≤
−

 , while the spacing error, obtained by the 

discrete accumulation of the speed error, satisfies ( ) p
i k

tube

n
s t

k h
ηδ

≤
−

 . Therefore, the speed error sub-

system is ISS, whereas the spacing error component is bounded over the finite prediction horizon. 
Accordingly, the state deviation over the prediction horizon is characterized by a finite-horizon 
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bounded error Tube, namely [ ]( ) ( ), ( ) T
i k i k i kx t s t v t= ∈    , ( ) ( ) ( )i i is t s t s t= Δ − Δ , ( ) ( ) ( )i i iv t v t v t= Δ − Δ , 

where the Tube   is defined as 

2( ) :

p

tube
i k i

tube

n
k h

x t x

k h

ηδ

η

  
  −  ∈ ≤      −  

     (32)

Theorem 2. To ensure that the actual HHGTs system does not violate physical safety constraints 
over the considered finite prediction horizon when the actual disturbance remains within the design 
disturbance bound, the Pontryagin difference set theorem is utilized to strictly tighten the original 
non-safe boundaries inward. Because tube ( )

i

vc
i ku k v t=  , the actual control input vc

iu  will not exceed 
the train traction and braking performance limits as long as the nominal control input vc

iu satisfies 
the tightened input constraints tubeK   : 

min max: ( , ) ( , )vc vctube tube
i i

tube tube

k ku U v u U v
k h k h

η ημ μ
  + ≤ ≤ − − −  

  (33)

If the nominal state variable ix  satisfies ix ∈ , then the actual state variable ix  will sat-
isfy the constraints in Equation (28), i.e., ix ∈ , and the actual state variable ix  remains within 
the Tube ,T i ox ⊕   [24] over the considered prediction horizon. 

{ }1: ( , ) 0, 1,2,3i l i ix x x lφ −′ ≥ =  (34)

The corresponding tightened constraint functions are given by 

( )1 1 1 1 1

2
, ( ) p
i i i i d d m

tube

n
x x x x t v S S

k h
ηδ

φ − −
′ = Η − − + + −

−
 

( ) lim
2 1 1 2 1 1

min

2 2, ( )( ) p
i i i i d d m

tube tube

nvx x x x t v S S
U k h k h

ηδ ηφ − −
′ = Η − Η − − − + + −

− −
 

( )3 1 2 1 lim,i i i
tube

x x x v v
k h

ηφ −′ = Η − − +
−

 

To construct a scalar terminal controller, the known ( )i kD t   is decomposed as 
,1

,2

( )
( )

( )
i k

i k
i k

d t
D t

d t
 

=  
  

. 

Assumption 3 (Terminal steady-cruise condition). Over the terminal prediction interval, the 
leading train is assumed to operate at an approximately constant speed. Accordingly, the accelera-
tion-related term appearing in the first component of ( )i kD t   satisfies 1 1 0vcu hv+ ≈  , and hence 

,1 1 1( ) ( 1) ( )vc
i dd t i t u hvδ= − − +  . Therefore, in the terminal analysis, ( )i kD t   can be simplified to 

,2

    0
( )

( )i k
i k

D t
d t
 

=  
 

. 

Theorem 3. Suppose that there exists a terminal constraint set f , { }( ) : ( )f i k f kx t u t= ∈  , and 

the corresponding terminal feedback controller ,2 ( )
( ) ( ) i k
f k f i k

d t
u t K x t

δ
= +  , where

T -1 TK ( B PB) B PAf R= − + ; if the Tube-MPC optimization problem (39) admits a feasible solution 
satisfying all the constraints at time 1( > 1)kt k−  then the optimization problem also admits a feasi-
ble solution at time kt . 

Theorem 4. If the group train system satisfies the following stability conditions, 
1

1

( ) < 0
2 ( ) < 0

T T T T

T T T T

Q A PA A PB R B PB B PA P
F A PA A PB R B PB B PA P

−

−

+ − + −
+ − + −

 (35)
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then the nominal closed-loop HHGT system is asymptotically stable and the nominal cooperative 
states converge to their equilibrium values. In the presence of bounded adhesion-induced disturb-
ances, the speed error subsystem is ISS, and the actual state remains within a disturbance-depend-
ent neighborhood of the nominal trajectory over the considered prediction horizon. 

To obtain the nominal state trajectory at the current instant for constructing the group 
train Tube-MPC optimization problem, the current control behavior and state trajectory 
are estimated based on the received historical state information and the terminal feedback 
controller. The specific method is as follows: 

{ }, , , 1 , 1

, 1 1

, ,2
1

( | ) ( | ), ( | ), , ( | )

( | )                          0,1, , 2
( | ) ( )

( | )        1

p

p

T
vc vc vc vc
i e k i e k k i e k k i e k n k

vc
i o k m k p

vc
i e k m k i k

f i k n k p

U t u t t u t t u t t

u t t m n
u t t d t

K x t t m n
δ

+ + −

+ + −

+

+ −

⋅ =

 = −
= 

+ = −




  (36)

{ }, , , 1 ,

, 1 1

,
, 1 , 1

( | ) ( | ), ( | ), , ( | )

( | )                                                   0,1, 1
( | )

( | ) ( | ) ( )        

p

p p

T

i e k i e k k i e k k i e k n k

i o k m k p

i e k m k vc
i e k n k i e k n k i k

X t x t t x t t x t t

x t t m n
x t t

Ax t t Bu t t D t m

+ +

+ + −

+
+ − + −

⋅ =

= −
=

+ +





pn


 =

 (37)

where the , ( | )vc
i e kU t⋅  and , ( | )i e kX t⋅  denote the estimated nominal control sequence and es-

timated nominal state trajectory of train i  at time step k , respectively; , ( | )vc
i e k m ku t t+  and 

, ( | )i e k m kx t t+  represent the estimated nominal control input and estimated nominal state of 
train i   at the future -thm   step at time step kt  , respectively; , 1 1( | )vc

i o k m ku t t+ + −   and 
, 1 1( | )i o k m kx t t+ + −  denote the optimal nominal control input and optimal nominal state at the 

future (m + 1)-th step obtained by train i  solving the optimization problem at time step 
1kt − , respectively. 

Since the nominal state trajectory of the preceding train 1i −   estimated based on 
Equation (37) may deviate from its actual trajectory, the objective function ( )iJ   of train 
i  is designed to suppress this estimation error and achieve the cooperative operation goal 
as follows: 

1

1, 1, 1,
0

1, 1,2 2 2

1,

( ( ), ( ), ( )) ( ( | ), ( | ), ( | )) ( ( ), ( ))

. .

( ( ), ( ), ( )) ( ) ( ( ) ( )) ( )

( ( ), (

p

i i p p

i i

n
vc vc

i i k k i e k i i k m k k m k i e k m k i i k n i e k n
m

vc vc
i i i e i i i e

i i p i e

J x t u t x t L x t t u t t x t t G x t x t

s t

L x t u t x t Qx t F x t x t Ru t

G x t T x

−

− + + − + + − +
=

− −

−

= +

= + − +

+



1,2 2
)) ( ) ( ( ) ( ))p i p i p i e pt T Px t T P x t T x t T−+ = + + + − +

 (38)

where iL  is the stage cost function to achieve precise state tracking and consensus of the 
train platoon, iG  is the terminal cost function to ensure the asymptotic stability at the 
prediction horizon terminal, pT  is the prediction horizon, and , , ,Q F P R  are the weight 
coefficient matrices. 

3.2. Cooperative Control Algorithm 

Combining the Tube set   , the nominal state trajectory estimation method for 
HHGTs, the Tube-MPC optimization problem is constructed as follows: 

1,
( | )

1

min ( ( ), ( ), ( ))

. .
( | ) ( | ) ( | ) ( | )
( ) ( | )
( | )
( | )

( | )

vc i
i k

i

p

vc
i i k k i e k

u t

i k m k i k m k i k m k i k m k

i k i k k

i k m k
vc

k m k

i k n k f

J x t u t x t

s t
x t t Ax t t Bu t t D t t

x t x t t
x t t

u t t

x t t

−
⋅

+ + + + +

+

+

+

= + +

∈ ⊕

∈

∈

∈






 (39)
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The optimization problem is formulated as a second-order cone programming 
(SOCP) problem in YALMIP and solved by the MOSEK solver, all numerical tolerances 
and stopping criteria are kept at the default settings. For the above optimization problem, 
the modified constraint sets of the state and control variables are      and 

tubeK    , and ⊕  and   denote the Minkowski sum and difference, respectively. 
Specifically, the procedure of the cooperative control algorithm for HHGTs based on 
Tube-MPC is presented in Algorithm 1. 

Algorithm 1: Cooperative Control Algorithm. 
Controller Setup: 
1. Design the Tube feedback control gain matrix tubeK  according to the disturbance bound
η  and the sampling step size δ ,and compute the Tube  ; 
2. Tighten the state constraints and input constraints using the Pontryagin set difference
theorem according to Equations (33) and (34) to obtain   and  ; 
3. Select the weight coefficient matrices Q, R, P, compute the terminal feedback gain K f , 
and construct the terminal constraint set f ; 
Receding-Horizon Control: 
1. Initialization: 0kt t= , obtain the actual states 0( )ix t  of all virtual coupling trains (or unit
trains), and set the initial nominal states 0 0( ) ( )i ix t x t= ; 
2. for 1i =  to N  do 
3.  Receive the optimal nominal state trajectory 1, 1( | )i o kX t− −⋅  of the preceding train 1i −

from the previous time step, and estimate its current nominal state trajectory , ( | )i e kX t⋅  
4.  Solve the Tube-MPC optimization problem (39) based on the tightened constraint sets
  and  ; 
5.  Obtain the optimal nominal control sequence , ( | )vc

i o kU t⋅  and optimal nominal state tra-
jectory , ( | )i o kX t⋅  for train i , and send the state trajectory to the following train 1i + ; 
6.  Measure the actual state ( )i kx t  and calculate the prediction error ( ) ( ) ( )i k i k i kx t x t x t= − ; 
7.  Execute the actual control law , tube( ) ( | ) K ( )vc vc

i k i o k k i ku t u t t x t= +  , and apply it to the actual 
system; 
8.  Recursively deduce the nominal state 1( )i kx t +  of the next time step based on the nom-
inal model (10); 
9. end for 
10. Time step 1k kt t += ; if the total simulation duration is reached, terminate; otherwise,
return to step 2. 

4. Simulation Verification 
4.1. Parameter Settings 

To validate the effectiveness of the proposed adhesion-dependent cooperative con-
trol method for HHGTs, simulations are carried out using heavy-haul train parameters 
and real-world railway data. The train group consists of one leader train and three follow-
ing trains, with each train having a mass of approximately 5000 t. The railway line contains 
continuously varying gradients ranging from −4‰ to 4‰, as shown in Figure 5. To eval-
uate the control performance under different adhesion conditions, three representative 
wheel-surface adhesion scenarios, namely dry, wet, and rainy or snowy, are considered. 
The simulations focus on normal cooperative operation; while emergency braking and 
other extreme scenarios that may induce excessive intra-train longitudinal forces are be-
yond the scope of the study. The main simulation parameters and disturbance bounds are 
summarized in Table 2. For each rail-surface condition, the peak adhesion coefficient ob-
tained from the corresponding adhesion characteristic curve is employed as the nominal 
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adhesion coefficient 0μ  according to the adhesion characteristic parameters listed in Ta-
ble 3. The adhesion uncertainty range is set as [ ]0 00.8 ,μ μ  based on Ref. [36]. The adhe-
sion-induced disturbance bound is then evaluated using Equation (19) by considering the 
admissible ranges of the commanded traction/braking force, train speed, and adhesion 
coefficient. Therefore, the resulting disturbance bound reflects the worst-case acceleration 
mismatch caused by adhesion saturation. In addition, the bounded disturbance induced 
by adhesion uncertainty is modeled as a bounded acceleration disturbance, with 

( )iw t η
∞

≤ . Simulations are performed in MATLAB R2025b on a 64-bit Windows 10 com-
puter equipped with a 3.6 GHz Intel i7 CPU and 16 GB of RAM. 

 

Figure 5. Track gradient data. 

Table 2. Simulation parameters. 

Parameter Value Parameter Value 
/iM kg  5584 310×  tubek  1 
/ mlS  686.4 0 / Nc  0.9163 
/ mmS  110 1

1 /N (m/s)c −⋅  0.01721 
/ mdS  800 -2

2 /N (m/s)c ⋅  0.001614 
/ spT  20 Q {0.5,0.5}diag  
/ sδ  0.5 F {0.5,0.5}diag  

2
dry / (m/s )η  0.0188 P {4,4}diag  

2
wet / (m/s )η  0.0105 R 50 

2
snow / (m/s )η  0.0062 2/ (m/s )vc

iu  [−0.1,0.1] 
When adhesion saturation is inactive, act 0

i iu u=  and , 0iwμ = ; when saturation occurs, the resulting 

disturbance act 0
,i i iw u uμ = −  is bounded by the corresponding η . 

Table 3. Parameters of the adhesion characteristic curves adopted from Ref. [33]. 

Rail-Surface Condition a b c d 
Dry 0.5 3 0.5 0.5 
Wet 2 5 0.5 0.5 

Rainy or Snowy 1 3 0.25 0.25 

4.2. Control Performance Under Different Actual Disturbance Levels 

To investigate the robustness of the proposed controller against disturbance bound 
mismatch, the design disturbance bound is set as η . The actual disturbance bounds are 
selected as η  and 1.5η , representing matched and mismatched disturbance conditions, 
respectively. The η  case evaluates the control performance within the predefined dis-
turbance range, whereas the 1.5η  case evaluates the robustness under disturbance bound 
mismatch. The simulations are conducted under dry, wet, rainy or snowy adhesion con-
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ditions. The initial speed of HHGTs is set to 68 km/h, the initial speed and spacing devia-
tions in the following trains are set to 0.5m/sivΔ = −  and 5misΔ =  ( 2,3,4i = ), relative to 
the leader train. Figures 6–8 show the error Tubes, actual and nominal operation trajecto-
ries of the following trains under different rail-surface conditions.

When the actual disturbance increases to 1.5η , the disturbance exceeds the assumed 
range used in controller design. To quantitatively evaluate the robustness against this dis-
turbance bound mismatch, the Tube violation rate and the maximum Tube ratio are cal-
culated for both speed and spacing states. The Tube violation rate represents the propor-
tion of steady-state samples violating the Tube bounds, whereas the maximum Tube ratio 
represents the maximum normalized deviation relative to the corresponding Tube bound. 
A maximum Tube ratio is greater than 1 indicates that a Tube violation occurs. The statis-
tical results of the above metrics are given in Table 4.

(a) Under the actual disturbance bound of η

(b) Under the actual disturbance bound of 1.5η

Figure 6. Actual and nominal operation trajectories relative to the error Tube under dry rail-surface 
conditions.

(a) Under the actual disturbance bound of η

(b) Under the actual disturbance bound of 1.5η
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Figure 7. Actual and nominal operation trajectories relative to the error Tube under wet rail-surface 
conditions.

(a) Under the actual disturbance bound of η

(b) Under the actual disturbance bound of 1.5η

Figure 8. Actual and nominal operation trajectories relative to the error Tube under rainy or snowy 
rail-surface conditions.

As shown in Table 4, Tube violations occur under all three rail-surface conditions. 
when the actual disturbance bound increases from η   to 1.5η  . Specifically, the speed 
Tube violation rates of the following trains range from 15.82% to 19.46%, and the maxi-
mum speed Tube ratios range from 1.95 to 4.57, indicating that disturbances exceeding 
the design disturbance bound have a significant impact on the speed state. Spacing Tube 
violations occur only in some trains and operation conditions, among which Train-3 un-
der the dry rail-surface condition exhibits the highest Spacing Tube violation rate of 
13.22%; Train-4 under the rainy or snowy rail-surface conditions exhibits the maximum 
speed Tube ratio of 4.57, which is the largest value among all operation conditions.

Figure 9 presents the speed-position-time trajectories of the HHGTs when both the de-
sign and actual disturbance bounds are set to η . The speeds of the following trains rapidly 
converge to that of the leader train and maintain stable tracking during subsequent opera-
tion, thereby satisfying the speed-consensus requirement specified in Equation (30). This 
confirms that, when the actual disturbance does not exceed the design disturbance bound, 
the proposed method can maintain the coordinated operation of the HHGTs.

Table 4. Tube violation statistics when the actual disturbance bound is 1.5 times the design disturb-
ance bound.

Rail-Surface 
Condition

Following 
Train

Spacing Tube Viola-
tion Rate (%)

Speed Tube Viola-
tion Rate (%)

Maximum Spacing 
Tube Ratio

Maximum Speed 
Tube Ratio

Dry
Train 2 0 19.25 0.58 2.06
Train 3 13.22 17.07 1.25 2.59
Train 4 0 18.52 0.84 2.29

Wet
Train 2 0 19.25 0.82 1.96
Train 3 0 15.82 0.45 1.95
Train 4 0.62 16.65 1.09 2.07
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Rainy or snowy
Train 2 0.62 19.46 1.12 1.98
Train 3 0 15.82 0.51 1.97
Train 4 5.31 17.79 1.30 4.57

(a) (b) (c)

Figure 9. Speed–position–time trajectories of group trains. (a) Under dry rail-surface conditions. 
(b) Under wet rail-surface conditions. (c) Under rainy or snowy rail-surface conditions.

When the actual disturbance remains within the designed disturbance bound, the 
proposed Tube-based controller guarantees constraint satisfaction by confining the state 
deviations within the finite-horizon error Tube. When the disturbance exceeds the as-
sumed bound, limited Tube violations may occur because the predefined bounded-dis-
turbance assumption is no longer satisfied. Therefore, in practical applications, the dis-
turbance bound should be selected according to the expected variation range of wheel–
rail adhesion, with a suitable uncertainty margin reserved. It should be emphasized that 
the 1.5η  case is considered only to investigate the closed-loop behavior under disturb-
ance bound mismatch and does not imply strict theoretical robustness guarantees at this 
disturbance level.

4.3. Comparison with PID and Standard MPC

To evaluate the control performance of the proposed adhesion-dependent method, 
standard MPC and PID, which are commonly used in railway applications, are selected 
as benchmark controllers. Simulation studies are conducted under dry, wet, and rainy or 
snowy rail-surface conditions. All three control methods are evaluated using identical dis-
turbance sequences and the same physical constraints on the control inputs. For the PID 
controller, the gains are set to 0.02pK = , 0.0003iK = , and 0.35dK = , respectively. These 
parameters were selected through repeated simulations, and the PID output was con-
strained to [−0.1, 0.1] 2m/s   to satisfy the actuator constraints. Moreover, the standard 
MPC adopts the same sampling time, prediction horizon, and weighting matrices as the 
proposed adhesion-dependent Tube-MPC.

Figures 10–12 present the speed errors and spacing errors between train units ob-
tained using PID, standard MPC, and the proposed method under the three rail-surface 
conditions. As shown in these figures, all three methods can reduce the initial state devi-
ations. However, noticeable differences are observed in the peak errors and the fluctuation 
ranges during the stable operation phase. In general, PID produces relatively large speed 
and spacing errors. Standard MPC improves the control performance to some extent, 
whereas the proposed method achieves smaller peak errors and narrower fluctuation 
ranges during stable operation.
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(a) Train 1–Train 2 (b) Train 1–Train 3 (c) Train 1–Train 4 

Figure 10. Speed errors and spacing errors between train units under different control methods on 
dry rail-surface conditions. 

   

   
(a) Train 1–Train 2 (b) Train 1–Train 3 (c) Train 1–Train 4 

Figure 11. Speed errors and spacing errors between train units under different control methods on 
wet rail-surface conditions. 

   

   
(a) Train 1–Train 2 (b) Train 1–Train 3 (c) Train 1–Train 4 

Figure 12. Speed errors and spacing errors between train units under different control methods on 
rainy or snowy rail-surface conditions. 

The corresponding maximum and mean speed and spacing errors are summarized 
in Table 5. For the adjacent-train errors, the proposed method reduces the maximum 
speed error by 67.19–74.13% compared with PID and by 58.84–67.12% compared with 
standard MPC across the three adhesion conditions. The corresponding reductions in the 
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maximum spacing error are 72.69–83.28% and 51.84–68.35%, respectively. Similar im-
provements are observed for the leader-referenced errors. In particular, the proposed 
method limits the maximum leader-referenced speed errors to 0.0844–0.1130 m/s and the 
maximum spacing errors to 0.1734–0.2299 m, while the corresponding mean speed and 
spacing errors remain within 0.0105–0.0163 m/s and 0.0448–0.0601 m, respectively. These 
values are consistently lower than those obtained using PID and standard MPC. 

Table 5. Tracking error comparison under different adhesion conditions. 

Rail-Surface 
Condition 

Control 
Method Error Type 

Maximum Speed 
Error (m/s) 

Mean Speed 
Error (m/s) 

Maximum Spacing 
Error (m) 

Mean Spacing 
Error (m) 

Dry 

PID 
Leader-referenced 0.2053 0.0404 1.3847 0.2907 

Adjacent-train 0.1731 0.0407 1.0756 0.2816 

MPC 
Leader-referenced 0.1508 0.0294 0.5807 0.1117 

Adjacent-train 0.1380 0.0273 0.6098 0.1323 

Proposed Leader-referenced 0.1130 0.0163 0.2299 0.0601 
Adjacent-train 0.0568 0.0109 0.2937 0.0831 

Wet 

PID Leader-referenced 0.1835 0.0332 1.0909 0.2100 
Adjacent-train 0.1464 0.0335 0.7900 0.1816 

MPC 
Leader-referenced 0.1795 0.0250 0.4952 0.1303 

Adjacent-train 0.1252 0.0215 0.4368 0.0695 

Proposed Leader-referenced 0.0844 0.0141 0.1734 0.0448 
Adjacent-train 0.0412 0.0082 0.1766 0.0605 

Rainy or 
snowy 

PID Leader-referenced 0.1534 0.0327 1.3470 0.2572 
Adjacent-train 0.1488 0.0344 1.1277 0.2642 

MPC 
Leader-referenced 0.1531 0.0187 0.5955 0.0674 

Adjacent-train 0.1171 0.0166 0.5955 0.0786 

Proposed 
Leader-referenced 0.0854 0.0105 0.1856 0.0535 

Adjacent-train 0.0385 0.0064 0.1885 0.0872 

As shown in Table 6, the mean solution time of the proposed Tube-MPC increases 
from 0.8117 s to 0.9119 s at the single-train level and from 2.4348 s to 2.7356 s at the train-
group level compared with standard MPC, corresponding to an increase of approximately 
12.3% in both cases. Although the proposed method requires slightly higher computa-
tional effort, it achieves lower speed- and spacing-tracking errors. This indicates that the 
proposed Tube-MPC improves robustness and tracking performance with only a moder-
ate increase in computational burden. 

Table 6. Computational-time comparison between standard MPC and the proposed Tube-MPC. 

Controller Level Minimum Solve Time (s) Maximum Solve Time (s) Mean Solve Time (s) 
Standard MPC Single train 0.2085 1.5430 0.8117 
Standard MPC Train group 0.6298 4.3914 2.4348 

Proposed Tube-MPC Single train 0.3914 1.3528 0.9119 
Proposed Tube-MPC Train group 1.1745 4.0473 2.7356 

To further evaluate the control inputs of the proposed controller, Table 7 summarizes 
the maximum traction force and braking-force magnitude. The adhesion force for dry, wet, 
and rainy or snowy rail-surface are 524.73, 293.92, and 173.11 kN, respectively; all control 
inputs satisfy the corresponding limits, with no actuator-constraint violations. 
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Table 7. Maximum traction and braking force using the proposed method. 

Rail-Surface Condition Maximum Traction Force (kN) Maximum Braking Force (kN) 
Dry 330.44 290.44 
Wet 293.92 278.02 

Rainy or snowy 173.11 173.11 

In addition, the minimum actual spacing between adjacent train units remains no less 
than 818.7 m, confirming that the prescribed inter-train safety spacing is maintained under 
all considered rail-surface conditions. 

Overall, the results demonstrate that the proposed method improves both local coor-
dination between adjacent trains and global leader-following performance. This improve-
ment is mainly attributed to the adhesion-dependent Tube adjustment and feedback cor-
rection, which explicitly account for adhesion-induced uncertainty and thereby reduce 
speed and spacing deviations under different wheel–rail adhesion conditions. 

5. Conclusions 
This paper develops an adhesion-dependent cooperative control method for heavy-

haul group trains (HHGTs) within a Tube-based model predictive control (Tube-MPC) 
framework. First, the control-oriented longitudinal model is formulated while retaining 
the position-dependent gradient resistance. Second, the effects of wheel–rail adhesion are 
incorporated through adhesion-dependent traction/braking constraints and a bounded 
equivalent acceleration disturbance derived from the force mismatch caused by adhesion 
saturation. Furthermore, an ancillary feedback controller, a finite-horizon bounded error 
Tube, and tightened nominal constraints are combined to regulate train speed and inter-
train spacing. Simulation results under dry, wet, and rainy or snowy rail-surface condi-
tions show that the trajectories of all following trains remain within the prescribed the 
finite-horizon error Tube over the considered prediction horizon when the actual disturb-
ance remains within the design disturbance bound. For adjacent-train tracking, the maxi-
mum speed and spacing errors are reduced by up to 74.13% and 83.28%, respectively, 
relative to PID. For leader-referenced tracking, the corresponding maximum reductions 
reach 54.01% and 86.22%, respectively. Compared with standard MPC, the proposed 
method achieves improved robustness and tracking performance with a moderate in-
crease in computational burden. These results demonstrate the effectiveness of the pro-
posed adhesion-dependent Tube-MPC for cooperative operation of HHGTs. Future work 
will focus on developing a detailed multi-vehicle longitudinal dynamics model for eval-
uating and constraining in-train forces under complex track conditions and severe oper-
ating scenarios. Online wheel–rail adhesion estimation, adaptive disturbance bound up-
dating, rapidly varying adhesion conditions, and distributed robust cooperative control 
under communication delays and packet losses will also be investigated to improve the 
operation reliability of HHGTs in practical environments. 
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Appendix A 
Proof of Theorem 1. From the disturbance error state equation 

1( ) ( ) ( ) ( )vc
i k i k i k i kx t Ax t Bu t W t+ = + +   , the speed error dynamics can be expressed as 

( )1( ) 1 ( ) ( ) ( )vc
i k i k i k i kv t h v t u t w tδ δ δ+ = + − −    (A1)

where ( ) ( ) ( )i k i k i kv t v t v t= −  , substituting the feedback law ( ) ( )vc
i k tube i ku t k v t=    into Equation 

(31): 

[ ]1( ) 1 ( ) ( ) ( )i k tube i k i kv t h k v t w tδ δ+ = + − −   (A2)
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 (A3)

By the triangle inequality a b a b+ ≤ + , it can be obtained that 

[ ] [ ]
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According to Theorem 1, the initial speed prediction error satisfies 0( )i
tube

v t
k h

η≤
−

 , 

and the disturbance is bounded as ( )iw t η
∞

≤ , tubek is selected such that 0 1 ( ) 1tubeh k δ≤ + − <

; therefore, 
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 (A6)

Therefore, Equation (A6) provides a finite-horizon pointwise bound for the speed 

prediction error. That is, the speed error bound 
tubek h

η
−  holds at every prediction step 

 0,1, , pk n=  . 

The resulting closed-loop error dynamics are given by 

1( ) ( ) ( ) ( )i k tube i k i kx t A BK x t W t+ = + +   (A7)
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To ensure that the speed error subsystem is Input-to-State Stable (ISS) with respect 
to the bounded disturbance, the eigenvalues associated with speed error dynamics is re-

quired to satisfy 0 1 ( ) 1tubeh k δ≤ + − < , 1,tubek h h
δ

 ∈ + 
 

. The complete closed-loop error ma-

trix has one additional eigenvalue equal to 1, which corresponds to the spacing-integra-
tion channel. Hence, the speed error subsystem is ISS, whereas the spacing-error channel 
is marginally stable. 

It should be emphasized that Equation (A8) is only used to characterize the asymp-
totic ISS property of the speed error subsystem. The subsequent finite-horizon spacing 
error derivation is based on the pointwise speed error bound in Equation (A6). 

lim ( )
k

i kt
tube

v t
k h

η
→∞

≤
−

  (A8)
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1 1

1 0 0

2 1 1 0 0 1

0 0 1 2 1

( ) ( ) ( )
1   ( ) ( ) ( )
2   ( ) ( ) ( ) ( ) ( ) ( )

   
   ( ) ( ) ( ) ( ) ( ) ( )

i k i k i k

i i i

i i i i i i

i k i i i i i k

s t s t v t
k s t s t v t
k s t s t v t s t v t v t

k k s t s t v t v t v t v t

δ
δ
δ δ δ

δ δ δ δ

− −

−

= +
= = +
= = + = + +

= = + + + + +

  
  
     


     

 (A9)

Therefore, 
1

0
0

( ) ( ) ( )
k

i k i i m
m

s t s t v t δ
−

=

= +   , assuming that the spacing error is zero at the ini-

tial time, 0( ) 0is t =  , the maximum spacing error occurs at pk n=   within the prediction 
horizon, i.e., 

1

0
( ) ( )

k
p

i k i m
m tube tube

nks t v t
k h k h

ηδηδδ
−

=

= ≤ =
− −   (A10)

Therefore, the spacing error is the discrete-time accumulation of the speed prediction 
error. Although the spacing channel is marginally stable because of the unit eigenvalue, 
its error remains explicitly bounded over the finite prediction horizon. The maximum con-
servative spacing error bound is reached by setting pk n= . 

Therefore, the above analysis establishes the input-to-state stability of the speed error 
subsystem and the finite-horizon boundedness of the spacing error. Accordingly, the set 
  is interpreted as a finite-horizon bounded error Tube. 

Based on the preceding analysis, the proof of Theorem 1 is complete. □ 

Proof of Theorem 2. According to the control law given in (31), the tightened constraint 
of the nominal control input vc

iu  in (23) can be derived by combining the original input 
constraint in (33) with the finite-horizon bounded error Tube constraint in (32). The rela-
tionship among the sets  ,  , and   ensures that, for any error state satisfying ix ∈ 
, the actual control input vc

iu  remains within the original admissible input set   if the 
nominal control input satisfies vc

iu ∈  . Therefore, the proposed constraint-tightening 
strategy guarantees robust satisfaction of the input constraints over the considered finite 
prediction horizon, provided that the actual disturbance remains within the design dis-
turbance bound. 

By substituting the state-variable constraints in Equation (28) and the finite-horizon 
bounded error Tube in Equation (32) into    , the tightened constraint set for the 
nominal state variable ix , as given in Equation (34), can be obtained. According to the 
relationship among the actual state, the nominal state, and the error state, i i ix x x= +  , when 
ix ∈, ix ∈  , it follows that i i ix x x= + ∈  . Therefore, as long as the nominal state satisfies 

the tightened state constraints and the disturbance state is always confined within the fi-
nite-horizon bounded error Tube, the actual state necessarily satisfies the original state 
constraints. Furthermore, by replacing the general nominal state ix   with the optimal 
nominal solution ,i ox   obtained from the optimization problem, we obtain ,i i ox x∈ ⊕   . 



Machines 2026, 14, 1122 25 of 29 
 

https://doi.org/10.3390/machines14101122 

This indicates that the actual state trajectory always remains within a Tube centered on 
the optimal nominal trajectory, with the finite-horizon bounded error Tube    as its 
cross-section. Therefore, the proposed constraint-tightening strategy ensures that the 
group train system (9) continues to satisfy the original state constraints under bounded 
disturbances. 

The proof of Theorem 2 is complete. □ 

Proof of Theorem 3. At time kt , construct a feasible control sequence , ( | )vc
i e ku t⋅  as 

, 1 1

, ,2
1

( | )                      0,1, , 2
( | ) ( )

( | )       1
p

vc
i o k m k p

vc
i e k m k i k

f i k n k p

u t t m n
u t t d t

K x t t m n
δ

+ + −

+

+ −

 = −
= 

+ = −



 (A11)

where the 1pn −  control inputs are obtained by shifting forward the optimal control 
sequence at time 1kt − , while the last control input is generated by the terminal feedback 
controller. 

Based on the above feasible control sequence, a feasible predicted state trajectory at 
time kt  can be constructed as 

, 1 1

,
, 1 , 1

( | )                                                   0,1, 1
( | )

( | ) ( | ) ( )        
p p

i o k m k p

i e k m k vc
i e k n k i e k n k i k p

x t t m n
x t t

Ax t t Bu t t D t m n
+ + −

+
+ − + −

= −=  + + =


 (A12)

Since the first 1pn −  predicted states are obtained by shifting forward the optimal 

state trajectory from the previous time instant, it follows that , ( | )i e k m kx t t+ ∈   and 
( | )

i

vc
k m ku t t+ ∈   are both satisfied. Therefore, it remains only to prove that the terminal 

state satisfies the terminal constraint. 
Under the terminal steady-cruise condition, the leader train operates at an approxi-

mately constant speed. Accordingly, its control acceleration is close to zero, 1 0vcu ≈ . More-

over, since 1 2
1 ( 2 )i r
i

h c c v
M

= − + , the large mass of a heavy-haul train makes ih  very small. 

Therefore, over the terminal interval, 1 1 0vcu hv+ ≈  . Hence, the first component of iD  ,
,1 1 1( ) ( 1) ( )vc
i dd t i t u hvδ= − − + , can be taken as zero under the terminal steady-cruise approxi-

mation. Thus, the terminal value of iD  is written as 
,2

    0
( )

( )i k
i k

D t
d t
 

=  
 

. 

By substituting the terminal controller ,2 ( )
( ) ( ) i k
f k f i k

d t
u t K x t

δ
= +   into the system 

model, the terminal state transition equation can be obtained as 

1 1 1 1 1( | ) ( | ) ( | ) ( | )
p p p pi k n k i k n k f k n k i k n kx t t Ax t t Bu t t D t t+ − + − − + − + −= + +  (A13)
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, it follows that ,2
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 (A14)

Consequently, the terminal state transition becomes 

1 1( | ) ( | )
p pi k n k f i k n kx t t A x t t+ − + −=  (A15)

where f fA A BK= + . 
To ensure that the terminal state gradually converges to the equilibrium point, the 

closed-loop matrix fA  is required to have eigenvalues with magnitudes less than 1. Ac-
cording to the discrete-time Linear Quadratic Regulator (LQR) theory, the terminal feed-
back gain is selected as T -1 TK ( B PB) B PAf R= − + , which ensures that fA  satisfies the stabil-
ity condition [37]. 
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Furthermore, the terminal constraint set f  is designed as a disturbance-dependent 
bounded error set with respect to fA , i.e., 
if 

1 1( | )
p fi k n kx t t+ − − ∈

 (A16)

then 
,2

1 1

( )
K ( | )   

p

i k
f i k n k

d t
x t t

δ+ − − + ∈  (A17) 

and 

1 1( | )
pf i k n fkA x t t+ − − ∈

 (A18)

Therefore, ( | )
p fi k n kx t t+ ∈ , which means that the terminal state remains within the 

terminal constraint set under the action of the terminal controller. 
Consequently, it can be proven that if the Tube-MPC optimization problem is feasible 

at time 1kt − , then by recursive induction, it is also feasible at time kt . Based on the pre-
ceding analysis, the proof of Theorem 3 is complete. □ 

Proof of Theorem 4. According to the feasible control sequence in Equation (A11) and the 
predicted state trajectory in Equation (A12), the suboptimal cost at time kt  , 

, , 1,( ( ), ( ), ( ))vc
i i e k i e k i e kJ x t u t x t− , can be calculated and compared with the optimal cost. The opti-

mal cost is selected as the Lyapunov function of the closed-loop HHGTs system: 

, , 1,( ) ( ( ), ( ), ( ))vc
k i i o k i o k i e kV t J x t u t x t−=  (A19)

Therefore, it is sufficient to prove that , , 1, 1( ) < ( ( ), ( ), ( )) < ( )vc
k i i e k i e k i e k kV t J x t u t x t V t− −  holds in 

order to establish the stability of the closed-loop system. 
According to the objective function in Equation (38) and the triangle inequality, the 

following result can be derived: 
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Let 
, 1 1
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Since the first 1pn −  control inputs are consistent with the optimal sequence at the 
previous time instant, 
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Since Kf fA A B= + , then 
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Combining the stability conditions in Equation (35), we obtain 1( ) ( ) < 0k kV t V t −−  , 
which establishes the asymptotic stability of the nominal closed-loop system. Accord-
ingly, the Lyapunov function decreases monotonically and the nominal states asymptoti-
cally converge to the cooperative equilibrium. 
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According to the relationship among the actual state, nominal state, and disturbance 
state, i i ix x x= +  , and the finite-horizon bounded error Tube defined in Equation (32), un-
der ( )iw t η

∞
≤ , the disturbance state satisfies ix ∈  . Hence, its norm is bounded by a fi-

nite value determined by η , namely, 
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 , then, by the triangle inequality, 
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Therefore, 
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p

p

i kk n

i k i kk n

x t

x t x t

γ η

γ η
→

−→

≤

− ≤
 (A29)

Thus, the nominal closed-loop system is asymptotically stable, while the actual 
closed-loop system remains bounded over the finite prediction horizon under bounded 
disturbances. Therefore, the cooperative control objectives are satisfied within disturb-
ance-dependent bounds under the proposed Tube-MPC controller. This completes the 
proof of Theorem 4. □ 
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