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Abstract

As the complexity of modern engineering systems continues to increase, traditional reliabil-
ity analysis methods still face challenges regarding computational efficiency and reliability
in scenarios where the distribution information of random variables is incomplete and
samples are sparse. Therefore, this study develops a data-driven polynomial chaos expan-
sion (DD-PCE) model for scenarios with limited samples and applies it to reliability-based
robust design optimization (RBRDO). The model directly constructs orthogonal polynomial
basis functions from input data by matching statistical moments, thereby avoiding the
need for original data or complete statistical information as required by traditional PCE
methods. To address the statistical moment estimation bias caused by sparse samples,
kernel density estimation (KDE) is employed to augment the data derived from limited
samples. Furthermore, to enhance computational efficiency, after determining the DD-PCE
coefficients, the first four moments of the DD-PCE are obtained analytically, and reliability
is computed based on the maximum entropy principle (MEP), thereby eliminating the
additional step of solving reliability as required by traditional PCE methods. The proposed
approach is validated through a mechanical structure and five mathematical functions, with
RBRDO studies conducted on three typical structures and one practical engineering case.
The results demonstrate that, while ensuring computational accuracy, this method saves
approximately 90% of the time compared to the Monte Carlo simulation (MCS) method,
significantly improving computational efficiency.

Keywords: reliability-based robust design optimization; data-driven polynomial chaos
expansion; maximum entropy principle; Monte Carlo simulation; moment matching

1. Introduction

Reliability analysis is a critical aspect of structural engineering research, primarily
aimed at quantifying the failure probability of structures influenced by uncertain factors
such as design parameters, operating conditions, material properties, and external loads.
The complexity of engineering structures and the inherent characteristics of input variables
make direct calculation of failure probability a challenging problem [1]. Over the past few
decades, researchers have proposed various methods for reliability analysis to address
this issue. Common numerical simulation techniques, such as MCS and its improved
versions, are widely employed for calculating failure probability or reliability [2]. However,
when the model is complex, this can lead to a significant computational burden. Another
approach to structural reliability analysis is to represent the probability density function
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(PDF) of the limit state function (LSF) and then perform numerical integration to obtain the
failure probability [3]. Additionally, the moment method for calculating failure probability
has also been developed [4]. Nevertheless, all of the aforementioned methods rely on an
accurate analytical expression for the LSF, and approximation errors in complex implicit
functions encountered in practical engineering may result in deviations in reliability as-
sessments. To overcome the limitations of the original model, surrogate model methods
have been developed [5,6], with the core idea being to construct an approximate model that
is computationally efficient and sufficiently accurate to replace the original performance
function.

Surrogate models can significantly reduce the computational cost of reliability analysis
while ensuring computational accuracy, which has led to their widespread application [7].
In recent years, numerous surrogate model methods have been proposed by researchers [8],
among which the PCE method [9-11] has garnered increasing attention due to its robust
mathematical foundation and its capability to represent functions of random variables [12].
It is regarded as one of the most widely utilized surrogate models in uncertainty prop-
agation [13]. By constructing a stochastic surrogate model, PCE can efficiently derive
low-order statistical moments of the system output and conduct reliability assessments.
Notably, the generalized PCE (gPCE) method, based on the Askey scheme [14], has been
extensively applied due to its superior accuracy and convergence compared to traditional
Hermite polynomials [15,16]. However, when the random variables do not conform to one
of the five probability distributions in the Askey scheme (see Table 1), it is necessary to
transform the random variables into one of these five distributions, which significantly
diminishes the convergence rate [17], resulting in reduced computational efficiency for
Askey polynomial chaos. Furthermore, the distribution information of engineering data is
often limited, complicating the comprehensive characterization of its PDF characteristics.
To address the aforementioned issues, the DD-PCE method was introduced [18]. This
method can handle various random distributions and discrete raw data while eliminating
the dependence on the PDF, demonstrating superior convergence and accuracy. Building
on this foundation, Wang et al. [19] incorporated the Galerkin projection method into
the framework to compute the PCE coefficients and proposed a method for calculating
Gaussian nodes and weights, thereby enhancing the method'’s flexibility. To tackle the issue
of correlation among random variables, Lin et al. [20] constructed orthogonal polynomial
bases for correlated random variables based on the moment-matching equations of cor-
related statistical moments. However, the DD-PCE method still faces two key challenges
in practical engineering applications. First, when the sample size is sparse, the DD-PCE
method may produce biased statistical moment estimates due to its reliance on the sample
size, which affects the model’s accuracy and stability to some extent. Second, traditional
PCE reliability analysis still necessitates additional model evaluations through sampling or
numerical integration to calculate the failure probability after constructing the polynomial
model, significantly increasing computational time.

To address the issue of statistical moment estimation bias caused by sparse samples,
Kernel Density Estimation provides an effective solution. Unlike traditional parametric
methods, KDE is a non-parametric density estimation technique that reconstructs the
probability distribution of random variables from limited samples without the need for
prior assumptions about the distribution form [21]. In engineering reliability analysis,
KDE has been widely applied to address small sample problems. For instance, Wang
et al. [22] utilized KDE to construct extreme value distributions from a small number of time-
varying response samples, significantly enhancing the accuracy of time-varying reliability
assessments. Additionally, Wang et al. [23] combined KDE with PCE to tackle robust
topology optimization problems under geometric uncertainty. Moreover, Kang et al. [24]
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proposed a boundary data-based KDE method that improves density function estimation
by generating boundary data within the specified data interval. This study demonstrated
that the proposed method achieves better convergence accuracy than traditional KDE
when the sample size is less than 10. These studies illustrate that KDE offers significant
advantages in managing sparse sample data, providing a viable technical pathway for
addressing the sample dependence problem in DD-PCE.

RBRDO is a widely adopted uncertainty-aware design methodology that centers
on quantifying multi-source uncertainties and optimizing design schemes to ensure that
system performance consistently meets design requirements despite uncertainty distur-
bances [25-27]. Existing studies focus on the weighing and minimization of central mo-
ments (C-moments), yet they perform inadequately under conditions of sample scarcity
and unknown distributional forms [28]. In data-scarce environments, traditional moments
(such as standard deviation) exhibit high sensitivity, which can lead to significant devia-
tions in moment calculations. Consequently, there is a pressing need for a method that
can adapt to scenarios with limited samples while maintaining robustness in moment
estimation. Linear moments (L-moments), defined as linear combinations of order statis-
tics [29], demonstrate greater robustness compared to C-moments, as their estimates are
linear combinations of order statistics across all orders. In contrast, C-moments amplify the
powers of deviations from the mean as the order increases [30]. Zhang et al. [31] proposed
an L-moment-based nonlinear structural reliability assessment method that effectively
addresses efficiency and accuracy issues in reliability evaluations under non-stationary
seismic actions. Furthermore, L-moments exhibit reduced estimation bias in small sample
sizes [32-34]. Li et al. [35] utilized the first three L-moments to develop an effective normal
transformation method applicable to the reliability analysis of complex structures. Jain
et al. [36] introduced a convex model approach based on L-moments and the Chebyshev
inequality, applicable to uncertainty quantification in data-scarce scenarios. In conventional
robust design optimization formulations, standard deviation is employed to describe data
distributions. However, the standard deviation is a biased estimator and is highly sensitive
to outliers in limited datasets. Jayaraman et al. [37,38] explored robust optimization meth-
ods founded on various statistical measures and proposed a Robust Design Optimization
(RDO) framework that utilizes L-moments. This framework demonstrates applicability
in scenarios characterized by limited sample sizes and extreme values, particularly when
compared to traditional moment-based methods. Nevertheless, existing studies have not
yet proposed a RBRDO model based on DD-PCE to address the reliability robust design
problem under conditions of sparse samples and incomplete distribution information.

Table 1. Types of standard random variables and their corresponding orthogonal polynomials in the
Askey scheme [39].

Distribution Types PDFs Polynomials Weights Intervals
Normal \/%efﬁ/z Hermite H,(x) e—¥/2 [—oo0, +00]
Uniform 1/2 Legendre Pj(x) 1 [—1,1]

1-x)%(14+x)P . pl@B) _ _
Beta % Jacobi Py*P) (x) (1 — x)*(1 +x)P [—1,1]
Exponential e ¥ Laguerre L;(x) e [0, +o0]
General
1 K ,—X X ,—X
Gamma e re Laguerre x%e [0, +00]

In response to the aforementioned challenges, this study proposes a DD-PCE model
specifically designed for sparse sample scenarios, which is integrated with the L-moment-
based RBRDO framework. The main contributions of this paper are summarized as follows:
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(1) A data-augmented DD-PCE model is proposed, utilizing KDE to expand limited sample
data. This approach effectively mitigates the statistical moment estimation bias caused by
sparse samples, thereby enhancing the stability and accuracy of the surrogate model; (2) An
efficient reliability calculation method is introduced, wherein the first four moments of
the DD-PCE are obtained analytically after determining the model coefficients. Reliability
is calculated based on the MEP, thus eliminating the additional model evaluation steps
required by traditional PCE methods, significantly improving computational efficiency;
(3) The DD-PCE framework is integrated with L-moments to establish a RBRDO model
based on L-moments.

The remainder of this paper is organized as follows: Section 2 provides a comprehen-
sive description of the process for constructing the DD-PCE basis functions and the method
for determining the PCE coefficients, while also presenting the theoretical foundation of
KDE. Section 3 elucidates the fundamental principles of RBRDO based on second-order
L-moments. Section 4 validates the effectiveness and accuracy of the proposed method
through the reliability analysis of a two-stage worm gear reducer and five distinct nonlinear
function examples. Section 5 performs reliability robust design optimization studies for
three engineering applications, demonstrating the engineering applicability of the frame-
work through a case study of the first-stage steel spring system in a high-speed subway
vehicle. Finally, Section 6 summarizes the main conclusions of this study.

2. The Principle of DD-PCE and Linear Regression Method
2.1. The Principle of DD-PCE

DD-PCE follows steps similar to the gPCE method. In gPCE, the one-dimensional or-
thogonal polynomial basis functions are directly derived from the Askey scheme presented
in Table 1, and the PCE model is a function of standard random variables. In contrast, for
DD-PCE, the one-dimensional orthogonal polynomial basis functions are constructed by
matching the statistical moments of the random inputs with data, and they are functions of
the original random variables [22]. It is important to note that the term ‘data-driven” in DD-
PCE refers to the methodological paradigm of model construction rather than the necessity
for large-scale datasets. Its ‘data-driven’ characteristic lies in extracting statistical moments
from raw data instead of relying on parametric distribution assumptions. Following the
procedure described in [19], the specific steps are as follows:

Step 1: Represent the output i as a PCE model of order H.

Q Q d (a{)
y=3 bi®i(x) =) b[[P " (x) ey
i=0 =0 j=1

where @; is the d-dimensional orthogonal polynomial generated by the tensor product of

the one-dimensional orthogonal polynomial P]-(aj : (x)),Q+1(1+ Q= (d+H)!/(d'H!))

1

. a.
represents the number of PCE coefficients b;, a;- represents the order of Pj( 2 (x]-), and satisfies

d |
0< Za}-gH.
=1

Pj(uj : (xj) corresponds to the j-th random input variable x; in Equation (1). The defini-

tion is as follows, where for convenience, k; is used to replace a;-.

plk) = : ki Soi= d
j (%)) = Zé)l’s,j «(x)°, j=12---, ()
sS=
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k:
where p/ ;i the unknown polynomial coefficient to be solved.
k:
Step 2: Solve p./ j to generate the one-dimensional orthogonal polynomial basis corre-
sponding to the random input x;

Since the j values on the construction dimension of p/ j are the same, the subscript j
representing the dimension index is omitted.

/ Pk (x)P!(x)dT (x) = &, VK, 1=0,1,--- H 3)
xeQ

where I'(x) represents the cumulative distribution function (CDF) of the random variable x,
(1 is the original stochastic span and dy; is the Kronecker delta

It is assumed that all the coefficients pgk) (k < H) in Equation (2) are not equal to 0,
and thus P(0) = péo).For simplicity, the coefficient of the highest-degree term in each P®) is

set as p,((k). According to Equation (3)

ol (b s
/XGOPO S;)Ps x*[dl(x) =0 (4)

In the same way as above,

1 K
Jren {ZO pgl)xs} {20 pgk)xﬂdr(x) —0

k—1 ' k .
fiea | £, 74700 || £ e |aro 0
s=0 5=0

There are totally k equations in Equations (4) and (5). A new set of equations can be
derived from Equations (4) and (5).

ko) s
fxeﬂ ZOPS X dr(x) = 0
s=

k
fer Y pgk)x”ldl"(x) =0
s=0

k
fecq & pFxst1ar(x) = 0
s=0

As can be seen from the above, [, ‘ xKdT (x) is the k-th origin moment of the random

input variable x, which can be written as [ cO xKdT (x) = . Therefore, Equation (6) can
be re-written as.

- -
Ho M1 v Mk P(()) 0

. (k) 0
P M2 Hr+1 P1
Do Do : = 7)
Pr-1 B - Hok—1 p,((]i)l
0 0 1 (k) 1

L Py

where y;(i =1,2,---,2k — 1) is the i-th statistical moment of x, which can be easily calcu-
lated from the given input data of x. Of course, when the data is insufficient, the calculation
of moments may introduce errors. Clearly, to obtain the basic functions of the k-th order
one-dimensional orthogonal polynomial, it is necessary to know the statistical moments
from the 0 to (2k—1)th. The polynomial coefficients can be obtained by solving Equation (7)
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using Cramer’s Rule. It is noteworthy that the matrix on the left-hand side of Equation (7)
may become ill-conditioned when dealing with high-order polynomials. However, this
study employs low-order DD-PCE models for subsequent computations, which results in
smaller matrix dimensions and maintains condition numbers within an acceptable range.

Step 3: The PCE coefficients b; are calculated using the least squares regression technique

Step 4: For the first four moments, analytical expressions can be conveniently derived
based on the PCE coefficients using the equation from Eldred [40], as shown in Equation (8).
Reliability is then calculated based on the MEP.

gy, = E| (L=EWY’| _ L]~ 3By - E'ly) (8)
Y oly] a3y]
E[(Y =B E[y1] — 4B[yE[] + 6B2[y]o%y] + 3E*(y)

[
Py ==y = Ty

The structural reliability based on MEP is calculated using the following Equation [41]

R = X)dX 9
(00 x(X) )

where fx(X) is the joint PDF of the basic random vector X = [X; X --- X,]”, which
represents random variables such as elastic modulus, material strength, load, and geometric
dimensions of mechanical components. g(X) is the state function, which can represent two
states of mechanical components.

Let the structural performance function be y = gx(X), where X = [X; X5 - -+ X,]"
and the statistical parameters of X; are yx, (mean), (7)2(1, (standard deviation), B1x, (skewness),
and Byx; (kurtosis), with the first four central moments being y,,, (75, B1y, and Bay.

Consider standardizing the state function y = g(X) and using the first m order raw
moments of the random variable Y as constraints, so that the information entropy is
maximized.

max H = —c 27 fy (y) In fy (y)dy }
, 2 - : (10)
st E(Y!) =[5y fr(v)dy, (i =01, ,m)

where ¢ > 0 is a constant. By using the Lagrange multiplier method to solve Equation (10),
the maximum entropy probability density function can be obtained as:

fYW)—wmp<—i;h¢> (11)

where by, by, - - - , by, is an undetermined coefficient.
There is the following relationship between the central moment of y = g(X) and the
raw moment of Y: ‘
N Blly—mg)
E(Yl)zwlizol 1,---,m (12)

7
Tg

By substituting Equations (11) and (12) into the constraint condition of Equation (10),
the integral system of equations can be obtained.

+oo m . ,
/ ylexp<—2biyl>dy:E(Y1),i:0, 1, ---,m (13)
*® i=0
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The coefficient by, by, - - - , by, can be solved from the above equation. Thus, the proba-
bility density function expression for the standardized random variable y = g(X) in terms
of Y is obtained.

The structural reliability is:

+oo 1 .
Rpgm =Pr(y > 0) = Pr(—‘:g) = [ uzexp (-2 biyl>dy (14)
T i=0
0z

2.2. Linear Regression Method

The determination of PCE coefficients is crucial for reliability analysis using the PCE
method. Two primary methods are employed for their calculation: least squares approxi-
mation (LSA) [42] and the projection method [43]. The LSA method, a classical regression
analysis technique, is typically utilized for medium-to-low dimensional problems [44]
and is the approach adopted in this study. The determination of PCE coefficients through
linear regression methods, also known as the stochastic response surface method [45], was
originally proposed by Isukapalli at New Jersey State University.

Substituting the samples & = [&7,- -+, 6]5,- -, C*IS\]]T into the right-hand side (RHS)

and the corresponding function response values Y = [g(x7), -+, g(x3))] " into the left-hand
side (LHS) of the PCE model in Equation (1), we obtain [46]:

Po(67)  @1(8F) @, (E7) bo g(x7)
wE) @@ @@ || || ) .
w0(E) @) - o) | Ll | st
Simplify the above equation and write it as:
pb=Y (16)
where
(&) wE) o B bo §(+3)
o | W@ @@ @ ||| sl
Q@) (@) - () by $(x3)

According to the least squares regression method, the coefficients of the polynomial
chaos can be obtained.

b=(y7¢) 9Ty (17)

2.3. Principles of Kernel Density Estimation

As described in Section 2.1, the ‘data-driven’ characteristic of DD-PCE is rooted in
the construction of orthogonal polynomial basis functions directly from the statistical
moments of the input data, without requiring a priori assumptions about the form of
the probability distribution. However, accurate moment estimation fundamentally relies
on having sufficient sample size. When only a limited number of samples are available,
direct estimation of statistical moments may result in significant bias. To address this issue,
this study employs KDE, primarily due to the following advantages: (1) Non-parametric
flexibility: Unlike parametric methods such as Gaussian Mixture Models, KDE does not
necessitate prior assumptions about the underlying distribution, which is particularly
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important in engineering practice when the true distribution is unknown. (2) Smooth
density estimation: KDE generates continuous and smooth PDF estimates, facilitating the
generation of synthetic samples that adhere to statistical patterns. (3) Adaptive bandwidth:
The optimal bandwidth can be automatically determined using empirical rules, such
as Silverman’s method, thereby ensuring the robustness of the approach under limited
sample sizes.

The specific process of data augmentation based on KDE is as follows:

For a given sparse sample set {x1, x2,- - - , x, }, the PDF is estimated using a Gaussian
kernel function [47].

~

fulx) = nlth(x;xi) (18)

i=1

where K(+) is the kernel function, defined as K(u) = ﬁe’g, and h is the bandwidth
parameter.

The bandwidth determines the smoothness of the KDE estimation curve. A bandwidth
that is too large makes the curve overly smooth, masking the true characteristics of the
data, while a bandwidth that is too small can result in an overly rough curve, making it
difficult to capture the true patterns in the data. In this study, the optimal bandwidth is

determined using Silverman’s empirical rule. The optimal bandwidth is:
h=1.060n7 (19)

where ¢ is the standard deviation of the sample, 7 is the number of data points.
The estimated CDF is obtained through numerical integration:

Fux) = [ fulna 20)

Subsequently, the augmented samples are generated through inverse transformation
sampling: first, random numbers u is generated from the uniform distribution U(0,1), and
then the samples are obtained by solving for x,. = If"h_ (). This process is repeated to
generate the desired size of the augmented dataset.

3. RBRDO Based on L-Moments

In this study, the RBRDO model uses the second-order L-moment as the measure of
dispersion in the objective function. L-moments are linear combinations of order statistics
that, compared to traditional C-moments, demonstrate greater robustness in small sample
cases [48]. The second-order L-moment is less sensitive to outliers and sample sparsity,
thereby providing a more stable estimate of dispersion. While higher-order L-moments
(such as third-order and fourth-order) can capture shape characteristics like skewness and
kurtosis, the primary focus in robust design optimization is on minimizing the mean and
dispersion. Higher-order moments may introduce unnecessary complexity and necessitate
larger sample sizes for accurate estimation. Consequently, this study utilizes only the first-
and second-order L-moments, striking a balance between capturing key statistical features
and maintaining the simplicity of the model.

The classical formulation for the RBRDO involves minimizing a weighted sum of the
mean and standard deviation of the quantity of interest, as shown in Equation (21) [49].

min : w1l + walp
{x}

st: Rpp-pce = Ro (21)
qi(X) 20, (i=1,---,1)
BX) =0, (=1, m)
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where [; represents the first L-moment of the objective function, [, denotes the second
L-moment of the objective function, Rpp.pcE is the robust reliability, and Ry is the specified
reliability, g;(X) and 1;(X) represent the inequality constraint and equality constraint,
respectively. wy and w, are the weight coefficients of the objective function, which can be
determined using the weighting combination method.

To execute the aforementioned robust design process, it is necessary to first compute
the mean and second L-moment of the objective function. The second L-moment of the
objective function can be calculated through the following steps: Let X be a random variable,
and let X;.y < Xp .y < -+ < X .N be the order statistics of a random sample of size n
drawn from the distribution of x. I; and I, can be given by [38].

Ly
h=3) XinN (22)
NS
28 -
I = Ni; mxzw —h (23)

Figure 1 shows the processing flow of the distribution-unknown random variable
RBRDO. For random variables with known distributions, their orthogonal polynomial basis
functions are directly selected according to the Askey scheme based on the distribution
type, without the need for KDE data augmentation.

Input:Sparse sample data

v

Stage 1:KDE-based Data Augmentation

| Kernel density Bandwidth Inverse transform
estimation optimization sampling

| Statistical moments| Moment-matching Least squares
calculation orthogonal basis regression

Stage 3: Reliability Analysis and

RBRDO
i A e e e e e e e -
Analytical derivation of first Reliability calculation based L |
‘ four moments > on MEP [_— RBREDO ?P“mllgallon
| Equation (8) Equations (9)-(14) quation (18) I

Output:Optimal design variables
Figure 1. RBRDO process for handling random variables with unknown distributions.

4. Numerical and Mechanical Structure Examples

In this section, the DD-PCE method is used to calculate the first four moments and reli-
ability, and the results are compared with those obtained by MCS to verify the effectiveness
of the DD-PCE method. First, the reliability of a two-stage worm gear reducer is analyzed
as an example of a mechanical structure. Then, five numerical functions with different
nonlinear characteristics are selected as test cases to further examine the applicability of the
method in various complex situations.

https:/ /doi.org/10.3390 /machines14010020
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4.1. Examples of Mechanical Structures

The two-stage worm gear reducer is an important mechanical transmission system
characterized by high transmission efficiency, large reduction ratio, and compact structure.
The two-stage worm gear reducer assembly is shown on Figure 2.

/7/
Wormgear\}( ' O v Gear2

Gearl

Figure 2. Assembly diagram of two-stage worm gear reducer.

The total reduction ratio of this reducer is i; = 104. The first-stage worm gear trans-
mission has a gear ratio of i = 52, a module of m; = 8, a worm rotational speed of
1y = 1440 r/min, a number of starts Z; = 1 for the worm, and a worm wheel tooth count
Z, = 52. The second-stage gear transmission has a gear ratio of ip = 2, a module of m, =12,
Z3 =18 teeth for gear 1, Z4 = 36 teeth for gear 2, and a tooth profile contact length of b = 42.

The worm gear and gears are critical components of this reducer, with their reliability
being the primary factor influencing the overall reliability of the reducer. In worm gear
transmissions, the worm typically does not fail due to the high strength of the commonly
selected worm material. Furthermore, the failure modes of worm gear and gear trans-
missions are generally similar, including tooth surface wear, pitting, tooth contact fatigue
failure, and tooth root bending fatigue fracture. Among these, tooth contact fatigue failure
and tooth root bending fatigue fracture are the predominant failure modes. For simplicity,
this study focuses on the tooth contact fatigue failure and tooth root bending fatigue failure
of the worm wheel and the two transmission gears (gear 1 and gear 2), while neglecting
failures in other components such as shafts, keys, and couplings.

The LSF for tooth contact fatigue failure of the worm gear is:

9K, T
Gr = [om] — Ze1y | (24)
did,

where [03y1] represents the contact fatigue limit of the worm gear tooth surface, T denotes

the torque transmitted by the worm gear, K; is the load factor, Zg; stands for the elastic

coefficient, while d; and d; are the pitch diameters of the worm and worm gear, respectively.
The LSF for bending fatigue fracture at the tooth root of the worm gear is:

153K, T}

Gy = [o1] — “didymy

Yra Yy (25)

where [0p] is the bending fatigue limit at the tooth root of the worm gear, Y-, is the helix
angle factor, Y, is the tooth form factor.
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The LSF for contact fatigue failure on the tooth surface of the gear is:
2K T u+1
G3 = [UHZ} — ZE2ZHZ8 b;22 " (26)

where [0112] represents the contact fatigue limit on the gear tooth surface, Zyy denotes the
zone factor (meshing zone coefficient), Zp; is the material elastic coefficient, Z, is the contact
ratio factor, T, indicates the torque transmitted by the gear, K, stands for the load factor, u
is the gear ratio (teeth number ratio), b refers to the contact length between tooth profiles,
and d is the reference circle diameter of the gear.

The LSF for bending fatigue fracture at the tooth root of the gear is:
2K Ty

bty YrYsY: (27)

Gy = [or] —
where [0p;| represents the bending fatigue limit at the tooth root of the gear, Y is the contact
ratio factor, Y5 denotes the stress correction factor, and Y& is the tooth form factor.

The torques of the worm gear and the two gears involved in Equations (24)—(27) are
derived from small sample sizes. Specifically, the torque values for the worm gear and gear
1 are as follows: (1,298,100, 1,298,000, 1,300,000, 1,297,000, 1,299,000, 1,296,000, 1,298,600,
1,298,190, 1,298,440, 1,298,690) N, while the torque values for gear 2 are (2,336,580, 2,336,570,
2,336,560, 2,336,550, 2,336,540, 2,336,530, 2,336,520, 2,336,510, 2,336,500, 2,336,480) N. To
address the bias in statistical moment estimation resulting from the limited sample sizes,
KDE is utilized to enhance the sparse data. This approach generates an augmented dataset
comprising 10,000 data points through KDE.

All random variables are assumed to follow normal distributions. To avoid confusion
between the parameters of the two gears, superscripts (i = 1, 2) are used to denote gear 1
and gear 2, respectively. The mean values and coefficients of variation (COV) for the worm
gear are presented in Table 2, and those for the two gears are listed in Table 3.

Based on the information provided in Tables 2 and 3, the corresponding orthogonal
polynomial bases were constructed. Subsequently, the coefficients of the DD-PCE were
calculated using least squares regression. After substituting these coefficients into the DD-
PCE model, the model for this LSF was established. In this study, to select an appropriate
DD-PCE model, the CDFs of the 1st to 3rd DD-PCE models were compared with that of the
original LSF. Figures 3-5 present the comparative results for the worm gear, gear 1, and
gear 2, respectively.

Table 2. The mean values and COV of the random variables for the worm gear.

Variable Mean Cov Variable Mean COoVv
[0711] 550 0.05 ZE1 160 0.03
K 1.15 0.033 [oF1] 245 0.05

dq 8 0.015 YEa 2.5 0.033

d» 416 0.015 Y, 0.92 0.033
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Table 3. The mean values and COV of the random variables for the gears.
Gear1 Gear 2
Variable Mean cov Variable Mean Ccov
[o}p] 736 0.05 [02,] 550 0.03
K% 1.15 0.033 K% 1.15 0.033
b 42 0.015 b? 42 0.015
dl 216 0.015 d2 432 0.015
Z]152 189.8 0.025 Z%Z 189.5 0.025
z4 2.5 0.033 72 25 0.033
7! 0.88 0.033 7?2 0.88 0.033
[oh] 220 0.05 (03] 136 0.05
Yl} 2.42 0.033 YI% 2.28 0.033
vd 1.68 0.04 Y2 1.77 0.04
Ysl 0.69 0.033 Ys2 0.69 0.033
Worm gear (Contact failure) Worm gear (Bending fatigue)
0 —IOriginalI LSF I I ' 1o —driginal LSF ! T
== Ist ordrer DD-PCE t—-—- Ist ordrer DD-PCE
= = =-2nd ordrer DD-PCE - = = -2nd ordrer DD-PCE
0.8 = _ 3.4 ordrer DD-PCE 7 0.8 = —3rd ordrer DD-PCE b
0.6 - 4 0.6 - -7 4
= \ & - \ ___________
c [  fopttti S . o 2
04 / q A 041 /’,j/ '
02} // i- 02} / i_
(3 : # :
00 _____ . r 1 - 00 1 1
-50 0 50 100 150 200 250 100 150
The value of LSF The value of LSF

Figure 3. Comparison of CDF for Worm gear under two failure modes.

Gear 1 (Contact failure) Gear 1 (Bending fatigue)

10 T T T T T T T 10 T T T
Original LSF Original LSF
=== 1st ordrer DD-PCE === 1st ordrer DD-PCE
038 | === 2nd ordrer DD-PCE | 08 | ==~ -2nd ordrer DD-PCE i
| = =—3rd oeder DD-PCE | = =3rd oeder DD-PCE
- -
i v
I
0.6 L 4 0.6 |
£ £
a v \ a
&) \ o O
04 i ; /A 04
1 (‘ 1
1 7 £ 1
1 ] 1
| oemo) ' ,"’ 1
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Figure 4. Comparison of CDF for Gear 1 under two failure modes.
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Gear 2(Contact failure) Gear 2 (Bending fatigue)
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Figure 5. Comparison of CDF for Gear 2 under two failure modes.

The results indicate that the CDFs of the first to third order DD-PCE models closely
align with the original LSF. Notably, the computational accuracy of the second and third
order models significantly surpasses that of the first order model. This discrepancy arises
primarily because the first order model overlooks the impact of higher order terms. The-
oretically, higher order DD-PCE models should yield improved computational accuracy.
However, when precision requirements are met, these higher order models result in in-
creased computational costs. Consequently, the third order DD-PCE model does not exhibit
substantial advantages in this scenario, as its outcomes are nearly indistinguishable from
those of the second order model. Therefore, the second order DD-PCE model was chosen
for subsequent calculations.

To verify the accuracy of the model and assess the effectiveness of the KDE data
augmentation method, a second-order DD-PCE model was constructed. The first four
moments of the output response were analytically calculated using Equation (8) and
compared with the results from 10® MCS. Tables 4 and 5 present the relative errors of the
first four statistical moments compared to the MCS results when using KDE-enhanced data
(10,000 points) and original sparse samples (10 points). In this context, e, e,, eg1 and egy
correspond to the relative errors of the first four moments. The comparison results indicate
that after KDE enhancement, the maximum relative error of the first four moments across
all failure modes is only 3.45%. In contrast, using the original sparse samples directly results
in an error of up to 214.70%. This significant difference demonstrates that the KDE data
augmentation method effectively alleviates the statistical moment estimation bias caused
by sparse samples, thereby improving the accuracy of reliability analysis. Furthermore,
the reliability was calculated using the maximum entropy method and compared with the
10 MCS, as shown in Table 6. Here, Rpp.pcg and Ryics represent the reliability calculated
using the proposed method and the MCS method, respectively, while eg denotes the relative
error of the reliability. From Table 6, it is evident that the relative error in reliability between
the DD-PCE calculated using the maximum entropy method and the maximum reliability
calculated by MCS is 0.37%. Notably, the computation time for the proposed method is
less than 5% of that required for MCS, which fully demonstrates that the proposed method
achieves both high accuracy and significant computational efficiency.
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Table 4. Relative errors of the first four moments after KDE augmentation.

Parts Failure Mode MCS e, (%) eq (%) eg1 (%) epy (%)
Worm gear Contact failure - 0.87 1.51 3.12 3.45
Bending fatigue - 0.25 1.05 1.93 2.22
Contact failure - 0.29 1.01 2.66 0.84
Gear 1 Bending fatigue - 0.12 1.75 1.51 1.54
Contact failure - 0.21 1.12 3.11 0.77
Gear 2 Bending fatigue - 0.14 1.73 3.14 3.39

Table 5. Relative errors of the first four moments for the original samples.

Parts Failure Mode MCS e, (%) es (%) eg1 (%) epy (%)
Worm gear Contact failure - 7.593 11.75 38.91 18.758
Bending fatigue - 2.773 8.99 55.01 26.309
Contact failure - 6.909 10.80 147.91 11.079
Gear 1 Bending fatigue - 8820 9135 18869  18.139
Contact failure - 5.221 10.46 214.70 8.875
Gear 2 Bending fatigue - 9542  13.183 10746  6.361

Table 6. Comparison of reliability calculation results across different failure modes.

Parts Failure Mode Rpp.pcg Time/s Rnics Time/s eRr
Worm gear Contact failure 0.9421 0.465 0.9386 18.35 0.37%

Bending fatigue  0.9969 0.47 0.9969 19.25 0%
Contact failure 0.9781 0.445 0.9769 18.49 0.12%

Gear 1 Bending fatigue 1.0 0.577 1.0 18.86 0%
Gear 2 Contact failure 0.9997 0.413 0.9996 18.41 0.01%

Bending fatigue = 0.9975 0.507 0.9966 18.59 0.09%

4.2. Numerical Examples

To systematically evaluate the performance of the proposed method in terms of
accuracy and computational efficiency, this section tests five mathematical functions char-
acterized by varying levels of nonlinearity and dimensions. The specific forms of these
functions are presented in Table 7. In the table, N, U, and Ray! denote random variables that
follow a normal distribution, uniform distribution, and Rayleigh distribution, respectively,
while BM represents random variables that follow a bimodal distribution, defined by its
PDF in Equation (28). It is important to note that in practical engineering applications, the
specific forms of these distributions are often unknown, and only limited sample data are
available. As discussed in Section 4.1, the high-order PCE model does not exhibit significant
advantages for such problems; therefore, the PCE order for all functions is set to 2.

foop = 27 (- £\, 038 C(x—1)? e oo to] (28
POE = 01var P\ 2x012) T o2van P\ 2x 022 /
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Table 7. Test functions and random input information.

Function 1: y = x1 + x — x3

500 and 10* sample points x; ~ BM, xo ~ BM, x3 ~ N(—0.8,0.2)

Function 2: y = sin(x1) — cos?(x2) + x3 sin(x1) + 0.9

500 and 10* sample points x; ~ BM, xo ~ BM, x3 ~ U(0.4,2)

Function 3: y = e~ cos(xp) 4 xze~(¥4%5) — =%

500 and 10* sample point

x1 ~ BM, xp ~ Rayl(0.3), x3 ~ BM, x4 ~ Rayl(0.3), x5 ~ BM, x¢ ~ Rayl(1)
Function 4: y = x3x3 — x%x3 + x2x2 — x2x3 + x3x%,

500 and 10* sample points

X1 ~ N(1.5, 0.2),X2 ~ N(l, 0.2),X3 ~ BM, X4 ~ BM, X5 ~ N(l,O.Z)

x6 ~ N(1,0.2),x7 ~ N(0,0.2), xg ~ N(0,0.2), x9 ~ N(1,0.2),x19 ~ N(1,0.2)
Function 5: i = ¢*15" (%2) 4 log (1 + x3x3) — cos(x5e*)

500 and 10* sample point

x1 ~ BM, xp ~ N(0,0.5),x3 ~ BM, x4 ~ U(0.5,1.5), x5 ~ Rayl(0.3), x¢ ~ U(0,1)

To examine the impact of the number of input variable samples on statistical moment
estimation, tests were conducted using both a small sample size (500) and a large sample
size (10%) as inputs. From Tables 8-12, it is evident that when the number of input variable
sampling points is large (10%), the results of the DD-PCE calculations closely align with
those obtained from MCS. Conversely, when the number of sampling points is 500, the error
significantly increases. This finding indicates that as the number of input variable samples
increases, the estimation accuracy of DD-PCE is markedly enhanced. The underlying
principle is that with a greater number of sampling points, the statistical moments of the
random input variables are calculated with improved accuracy. It is important to note
that the computational cost of the DD-PCE method, specifically the number of function
evaluations, is equal to the required sample size (500 or 10* evaluations).

Table 8. Relative error results of Function 1.

Methods MCS (107) DD-PCE (500) DD-PCE (10%)
ey (%) - 1.8951 0.0348
eo (%) - 1.8225 0.0520
ep1 (%) - 6.4570 1.0456
eg2 (%) - 10.8254 0.4377
Pr(1 x 107%) [2.12,2.30] 0 2.16

Table 9. Relative error results of Function 2.

Methods MCS (107) DD-PCE (500) DD-PCE (10%)
ey (%) - 3.5082 0.4687
eg1 (%) - 0.7094 0.2806
eg2 (%) - 0.4141 1.2179
eg2 (%) - 1.5878 2.2330
Pr [0.2828, 0.2834] 0.284 0.2831
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Table 10. Relative error results of Function 3.

Methods MCS (107) DD-PCE (500) DD-PCE (10%)
ey (%) - 3.5697 0.3873
ep1 (%) - 1.3981 0.3816
ega (%) - 27.3714 1.8397
ega (%) - 11.340 1.6012
Py [0.1134, 0.1138] 0.12 0.1179

Table 11. Relative error results of Function 4.

Methods MCS (107) DD-PCE (500) DD-PCE (10%)
ey (%) - 1.0002 0.0723
eg1 (%) - 1.9386 0.9712
ega (%) - 7.0708 1.7387
ega (%) - 19.0758 6.4824
Pr(1 x 107%) [8.04, 8.39] 0 8.25

Table 12. Relative error results of Function 5.

Methods MCS (107) DD-PCE (500) DD-PCE (10%)
ey (%) - 2.6508 0.1299
ep1 (%) - 2.0392 0.9401
ega (%) - 34.2277 14.1454
ega (%) - 26.7463 9.6618
Pr(1 x 1072 [6.174, 6.204] 8.516 7.161

From Tables 8-12, it can be observed that the DD-PCE method exhibits significant per-
formance differences when addressing functions with varying degrees of nonlinearity. For
linear functions (Function 1) and moderately nonlinear functions (Functions 2 and 4), when
the sample size reaches 10, the failure probability estimated by DD-PCE falls within the 95%
confidence interval of MCS. However, for strongly nonlinear functions (Functions 3 and 5),
even with 10* samples, the failure probability estimated by DD-PCE still exceeds the 95%
confidence interval of MCS. This result indicates that when the LSF demonstrates strong
nonlinear characteristics, the second-order PCE model fundamentally struggles to accu-
rately approximate the statistical properties of complex nonlinear responses. Furthermore,
a comparison between the results of 500 samples and 10* samples reveals that with an
insufficient number of samples, the errors in skewness and kurtosis for all functions signifi-
cantly increase, leading to failure probability estimates of 0 for Function 1 and Function 4,
which completely deviate from the true values. This further illustrates that the DD-PCE
method is highly sensitive to the number of input samples, and substantial deviations may
occur under extremely sparse sample conditions.

5. Engineering Case Studies

This section presents three examples of structural analysis and one engineering case
study to demonstrate the applicability and robustness of the proposed RBRDO method-
ology. The first example involves the analysis of a cantilever hollow tube, the second
focuses on a simply supported beam structure, and the third examines a cantilever beam.
Additionally, the fourth case study analyzes the primary steel spring of a fast metro vehicle.
For all four structural cases, surrogate models are constructed using the second-order
DD-PCE model.
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5.1. Example 1: Cantilever Hollow Tube

As shown in Figure 6, the cantilever tube is subjected to two inclined transverse
forces, F1 and F,, which act at the midpoint and the end of the cantilever tube, respectively.
The loading angles of these forces in the vertical direction are denoted as 61 and 6, with
the corresponding load positions labeled as L and L, [50]. Additionally, a torque T is
applied at the end of the cantilever tube, while an axial load P is also applied along its
length. The parameters d and / represent the outer diameter and wall thickness of the
cantilever tube, respectively. In this context, the distribution types of Fy, F, P, and T remain
unknown, with only limited samples available, as shown in Table 13. KDE was employed
to generate 10,000 data points for each small sample, while the remaining random variables
are assumed to be mutually uncorrelated, as indicated in Table 14.

y

F.
\b Fz g,

d

T(  S—

/ ) L (d — 2h)

Z

Ly

Figure 6. Cantilevered hollow tube.

Table 13. Sample data for an unknown distribution of cantilever hollow tubes.

Variable Samples

F1 (N) 12,100, 11,990, 11,999, 12,010, 11,100, 12,000, 12,046, 13,076, 12,554, 12,073
F» (N) 12,200, 12,990, 11,849, 11,910, 12,009, 12,035, 12,170, 12,076, 13,044, 11,973
P (N) 14,900, 15,000, 15,305, 15,200, 14,700, 14,060, 15,050, 15,140, 14,980, 15,080
T (N) 80,150, 80,400, 80,350, 80,010, 80,000, 80,093, 80,041, 80,145, 79,800, 79,950

Table 14. Probabilistic properties of random variables for the cantilever hollow tube.

Variable Distribution * Lovl\:::&;;loun d S(tinnge?s‘;i:‘;n Unit
h Normal 6 0.06 mm
d Normal 50 0.5 mm
Lq Uniform 120 * 125 ** mm
Lo Uniform 60 * 65 ** mm
S Normal 400 40 MPa
01 Normal /18 71/180 rad
0, Normal /36 71/360 rad

The LSF can be defined in terms of the yield strength S and maximum von Mises stress
Omax in the circumferential surface of the clamped end of the cantilever tube, given as,

g = S — Omax (29)
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The cantilever tube will fail if omax exceeds the yield strength S. In this case, von Mises

OUmax = \/ 0% + 372, (30)

where the equations for determining omax can be derived by

stress 0max can be expressed as

_ P+ Fysint) + Fysint, n Mc

Ox A i (31)
M = (FLq cos 6, + Fi Ly cos 6q) (32)
_ T2 2
A_Z[d —(d—zh)} (33)
c= g (34)
_T 4
1_674[514—(11—2;1)} (35)
- 16dT 36)

med4 — (d — zmﬂ

where A is the area of the end section of the cantilever tube, Ty, is the shear stress, oy is the
superimposed normal stress in the x-axis direction.

The RBRDO method utilizes the thickness h and diameter d of the cantilever tube
as design variables. It imposes constraints that the thickness must be no less than 5 mm
and no greater than 8 mm, and the diameter must be no less than 48 mm and no greater
than 55 mm. This approach allows for the optimization of the structural parameters of
the cantilever tube while adhering to reliability requirements. The established model is

as follows:
n}}idn w111 + ZUle

st: Rpp-rce = Ro (37)
Design variables : 5mm < h < 8§ mm;
48 mm < d <55 mm

where the initial values for & and d are set to 1 = 6 mm and 4 = 50 mm, respectively.
Here, Ry denotes the specified reliability requirement, defined as 0.999. Furthermore, the
objective function of the RBRDO is the cross-sectional area f of the cantilevered hollow
tube, expressed as follows:

f=5 = (@—2ny] (38)

Table 15 presents the results of the cantilever hollow tube before and after robust
optimization.

Table 15. RBRDO results of the cantilevered hollow tube.

Design Variables  Rpp.pcg Time/s Rpcs Time/s eRr

Pre-design [h, d]T =6, 50]" 0.9964 0.995 0.9959  19.54 0.05%
Post-design [k, d]T =[6.3,51.2]7  0.9997 0.847 0.9995  19.39 0.02%

From Table 15, after robust optimization, the reliability improved from 0.9964 to 0.9997,
meeting the target requirement Ry = 0.999. The relative error between DD-PCE and MCS is
only 0.05%, while the computation time is reduced by approximately 95%.
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5.2. Example 2: Simply Supported Beam

The simply supported beam is shown in Figure 7. Since the primary failure mode of
the beam is the excessive bending stress caused by the bending moment, only this condition
is considered [51].

Aﬁp 7;}) !

N, | ! I‘ND

Figure 7. Simply supported beam.

A simply supported beam is subjected to a concentrated force P. The self-weight of the
beam is neglected. The span of the beam is /, the distance from the concentrated force to
fixed support A is a, and the cross-sectional dimensions of the beam are height & and width
b. 1, a, h, and b are all random variables following a normal distribution. Among these,
the distribution type of the concentrated load P is unknown with only a small number
of samples available, The sample is (17,400, 12,600, 18,000, 18,300, 16,300, 17,000, 14,000,
17,200, 20,200, 19,000) N, use KDE to generate 10,000 data points for load P. The remaining
random variables are assumed to be mutually uncorrelated, as detailed in Table 16.

Table 16. Distribution details of random variables.

Variable Distribution Mean Standard Deviation Unit
S Normal 500 50 MPa
l Normal 3000 10 mm
a Normal 1200 10 mm
b Normal 35 0.19 mm
h Normal 76 0.39 mm
The LSF can be defined by:
g =S — Omax (39)

According to the mechanics of materials, the functional relationship between the
maximum stress a beam is subjected to, and its cross-sectional dimensions is given by:

Mh/2

Omax = b3 /12 (40)

Pa(l-a)

where the maximum bending moment M = —
The RBRDO method employs the width b and height / of a simply supported beam
as design variables, constrained such that the width is at least 30 mm and at most 50 mm,

while the height is constrained to be no less than 60 mm and no greater than 80 mm.
This methodology allows for the optimization of the beam’s structural parameters while
ensuring compliance with reliability requirements. The established model is as follows:

IIb‘lihl’l w1l + walp

st: Rpp-rce = Ro (41)
Design variables : 30 mm < b < 50 mm;
60 mm < h < 80 mm
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where the initial values for b and / are set to b = 35 mm and / = 76 mm, respectively. Here,
Ry denotes the specified reliability requirement, which is defined as 0.999. Furthermore,
the objective function of the RBRDO is the cross-sectional area f, expressed as follows:

f = bh (42)

Table 17 lists the design results before and after the robust optimization of the simply
supported beam.

Table 17. RBRDO results for simply supported beams.

Design Variables Rpp.pcg Time/s  Rycs Time/s eRr

Pre-design [b,h]T =[35,76]T 0.9951  0.862  0.9954 2029  0.03%
Post-design  [b, h]T =[39.5,77]7 0.9998  0.811  0.9997  19.35 0.01%

From Table 17, the optimized design achieves a reliability of 0.9998, satisfying the
prescribed requirement Ry = 0.999. The DD-PCE method shows excellent agreement with
MCS (relative error 0.03%) while requiring only about 4% of the MCS computation time.

5.3. Example 3: Cantilever Beam Structure

This section employs a cantilever beam structure [36], as illustrated in Figure 8. In
this context, the geometric parameters primarily encompass the total length of the beam L,
the cross-sectional width b, and the height of the beam /. The loading conditions on the
beam are characterized by two primary forces, denoted as py and py. To ensure structural
reliability, the permissible stress for the material performance parameter is established at
S =350 MPa. The distribution types of loads px and py are unknown, with only a small
number of samples available. The sample values are as follows: (50,018, 49,996, 50,026,
49,999, 50,012, 50,027, 50,035, 49,984, 49,949, 50,019) N for p, and (24,972, 25,002, 25,027,
24,961, 25,024, 25,026, 24,979, 25,031, 25,006, 24,995) N for p,. A total of 10,000 data points is
generated using KDE. The remaining random variables are assumed to be independent, as
detailed in Table 18.

Dy
h — D
< L > b
Figure 8. Cantilever beam structure.
Table 18. RBRDO results for cantilever beam structure.
Variable Distribution Mean Standard Deviation Unit
L Normal 1000 100 mm
b Normal 100 10 mm
h Normal 200 20 mm
The LSF can be defined by:
& =5 — Umax (43)
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Omax is defined by the following equation:

_ 6pxL  6pyL
Tmax = o T 2

(44)

The RBRDO method utilizes the width b and height & of the cantilever beam as design
variables. The constraints dictate that the width must not be less than 80 mm and not
exceed 130 mm, while the height must be no less than 160 mm and no greater than 240 mm.
This method facilitates the optimization of the cantilever beam’s structural parameters
while ensuring compliance with the reliability requirements. The established model is
articulated as follows:

Ifgjlihn w1ly + wylp

st: Rpp-rce = Ro (45)
Design variables : 80 mm < b < 130 mm;
160 mm < h < 240 mm

where the initial values for b and h are set at b = 100 mm and & = 200 mm; Ry denotes the
specified reliability requirement, defined as 0.999. Furthermore, the objective function of
the RBRDO method is the cross-sectional area f, expressed as follows:

f = bh (46)

Table 19 lists the design results before and after the robust optimization of the can-
tilever beam.

Table 19. RBRDO results for cantilever beam.

Design Variables  Rpp.pcg Time/s  Rypjcs Time/s eRr

Pre-design [, h]T =[100,200]7 0.8548 0.985s 0.8607 19.39s  0.6%
Post-design  [b, h]T =[120,180]7 0.9999  0.967s  0.9998 2042s  0.02%

From Table 19, it can be seen that the optimized design achieves a reliability of 0.9999,
meeting the prescribed reliability requirement Ry = 0.999. The DD-PCE method shows
excellent agreement with MCS (maximum relative error of 0.6%) while requiring less than
5% of the MCS computation time.

5.4. Example 4: Primary Steel Spring of the Fast Metro Vehicle

To further demonstrate the effectiveness of the proposed method in practical engineer-
ing applications, this paper conducts a reliability robust design for the primary steel spring
of the fast metro vehicle, as illustrated in its three-dimensional model in Figure 9. A finite
element simulation (FES) was performed in the spring, with the corresponding simulation
results presented in Figure 10. The steel spring of the fast metro vehicle is fabricated from
51CrV4 steel, and its fundamental material properties are listed in Table 20. Here, E denotes
the modulus of elasticity, v represents Poisson’s ratio, p indicates the density, and G signifies
the shear modulus.
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Figure 9. Three-dimensional model of the spring.
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Figure 10. Stress analysis results of the spring.

Table 20. Material properties of 51CrV4 steel.

Parameter Numerical Value
S (MPa) 1127.00
E (GPa) 206.00
G (GPa) 78.50
v 0.30
p (kg/m3) 7800

This study primarily focuses on conducting a reliability analysis of stress while con-
sidering structural dimensional uncertainties in steel springs. The inherent geometrical
parameters of springs significantly affect their stiffness and load-bearing capacity, with
uncertainties propagating into critical dimensions such as the diameter of the spring wire,
the middle diameter of the spring, and the number of effective coils. These parameters can
introduce uncertainty in stress, thereby impacting the reliability of the spring. To address
this issue, the method proposed in this paper is utilized to perform RBRDO analysis on the
spring, with its LSF presented as follows.

y(x) =5- Umax(rlrrZI N/ F) (47)

where gmax denotes the maximum stress derived from the FES of the spring, while S
represents the yield strength of the material. The vector of uncertain random variables,
denoted as x = [r1, 12, N, F], comprises the wire diameter r;, the middle diameter r,, the
effective number of coils N, and the load F of the spring. Load F does not have a known
distribution type and is represented by a limited number of samples. The sample values are
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(5100, 5090, 4999, 5010, 5009, 5035, 5046, 5076, 5054, 5073) N. KDE is employed to generate
10,000 data points for load F. The detailed statistical information of the aforementioned
random variables is presented in Table 21.

Table 21. The relevant information of random variables.

Variable Distribution Mean Standard Deviation
1 Normal 21.75 0.15
7 Normal 135.8 0.2
N Normal 7.14 0.1

The RBRDO methodology identifies the spring wire diameter, middle diameter, and
number of active coils as design variables. The design must adhere to the following
specifications: the wire diameter should be no less than 20 mm and no greater than 24 mm,
the middle diameter must range from 125 mm to 145 mm, and the number of effective
coils must be between 5 and 9. This approach facilitates the optimization of structural
parameters while ensuring compliance with established reliability requirements. The
formulated mathematical model is expressed as follows:

min  wily + wyly
ri,r2,N

st:  Rpp-pce = Ro
Design variables : 20 mm < r; < 24 mm; (48)
125 mm < rp < 145 mm;
5<N<9

where the design variables are initialized with the following values: r; = 21.75, r, = 135.8,
N =7.14. R, represents the specified reliability requirement, defined as Ry = 0.999. The
RBRDO methodology defines the spring volume as the objective function, mathematically
expressed as:

s
f:Z~r%-r2~N (49)
Table 22 lists the design results of the spring before and after robust optimization.

Table 22. RBRDO results for springs.

Design Variables Rpp.-pcE Time/s Ryics Time/s eRr
Pre-design [r1, 12, N1T = [21.75,135.8, 7.14]T 0.9981 0.943 0.9980 19.75 0.01%
Post-design  [rq, 75, N]T = [21.72, 135.98, 7.16]" 0.9996 0.924 0.9997 18.92 0.01%

The comparison results presented in Table 22 indicate that the reliability of the struc-
ture increased from 0.9981 to 0.9996 following robust optimization, thereby satisfying
the reliability requirement of 0.999. Furthermore, the relative error between the DD-PCE
method and the MCS method in the calculation results, both before and after robust opti-
mization, is only 0.01%, which demonstrates the high numerical accuracy of the proposed
method. Additionally, the computation time of the DD-PCE method is less than 5% that of
the MCS method, further substantiating its superiority in computational efficiency.

5.5. Example Analysis Summary

The results presented in Tables 15, 17, 19 and 22 indicate that prior to robust optimiza-
tion for the cantilever hollow tube, simply supported beam, cantilever beam, and spring,
the relative errors in reliability between the DD-PCE method and the MCS method were
0.05%, 0.03%, 0.6%, and 0.01%, respectively. The corresponding calculation times accounted
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for 5.1%, 4.2%, 5.1%, and 4.8% of the MCS times. Following robust optimization, the
optimized results were utilized to determine reliability using both the DD-PCE and MCS
methods. Post-optimization, the reliability improved to the 0.999 level, with relative errors
of 0.02%, 0.01%, 0.02%, and 0.01%, while the calculation times reduced to only 4.4%, 4.2%,
4.7%, and 5% of the MCS times. In summary, compared to the traditional MCS method,
the DD-PCE method exhibits significant advantages in both computational accuracy and
efficiency, substantially decreasing computation time while preserving high precision.

6. Conclusions

This study addresses the issues of poor reliability and insufficient computational
efficiency caused by incomplete information about random variables and sparse sampling
in practical engineering scenarios. A DD-PCE model tailored for scenarios with limited
samples was proposed and applied to RBRDO. The DD-PCE method constructs orthogo-
nal polynomial basis functions directly from input data through moment matching and
determines coefficients via regression. To enhance accuracy further, data augmentation
using KDE was performed, alleviating the statistical moment bias associated with sparse
sampling. After obtaining the DD-PCE model, the first four statistical moments of the
output response were derived analytically, and reliability was efficiently calculated based
on the MEP, thus avoiding the additional step of calculating reliability typically required
by traditional PCE methods. In the case analysis of a two-stage worm gear reducer, the
appropriate DD-PCE model was selected by comparing the CDFs of the first to third order
DD-PCE models with the original LSF. The comparison demonstrated that the CDF of the
second-order model closely matched the original LSF. To verify the effectiveness of KDE-
based data augmentation, we compared the computational results of KDE-augmented data
(10,000 points) with those of the original samples (10 points). After KDE augmentation, the
maximum relative error of the first four moments was only 3.45%, whereas directly using
the original samples resulted in an error as high as 214.70%. This clearly demonstrates that
the KDE method effectively mitigates the bias in statistical moment estimation caused by
sparse samples. Furthermore, based on the maximum entropy approach, the reliability
of contact fatigue and bending fatigue was calculated and compared with MCS results,
yielding a maximum relative error of 0.37%, while the computation time was less than 5%
of that required by MCS, significantly improving computational efficiency. The proposed
method was further validated using five mathematical functions with varying degrees
of nonlinearity. The results showed that when the sample size reached 10, the DD-PCE
method estimated the failure probability of linear and moderately nonlinear functions
within the 95% confidence interval of MCS; however, for strongly nonlinear functions, the
second-order PCE model struggled to accurately approximate the statistical characteristics
of the complex nonlinear response. Further integration of DD-PCE and L-moments into
the RBRDO framework achieved parameter optimization for the cantilever hollow tube,
simply supported beam, cantilever beam, and primary steel spring of the fast metro vehicle.
The reliability enhanced through robustness improvements reached a level of 0.999, while
the maximum computational time was only 5.1% of that required by the MCS method,
demonstrating exceptional computational efficiency. This research addresses the traditional
PCE method’s reliance on complete statistical information, offering a novel technological
pathway for high-reliability design in contexts where data for complex equipment is limited,
thus holding significant engineering application value.
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