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Abstract

A second-order nonsingular terminal sliding mode control (SONTSMC) is proposed to
solve the stabilization and tracking problems of an inverted pendulum. Although, a
first-order sliding mode controller with the integral of the cart position can eliminate the
offset in the cart position caused by incorrect calibration of the pendulum angle while
balancing the pendulum at the upright equilibrium position, its control precision and
chattering reduction can be improved by using a higher-order sliding mode controller.
Therefore, the SONTSMC is designed by combining nonsingular sliding mode control
and first-order sliding mode control to construct a second-order sliding mode controller
that enhances tracking accuracy and reduces the chattering problems associated with
sliding mode control. The performance of the proposed control is compared with that
of the linear quadratic regulator sliding mode control (LQRSMC) and the integral linear
quadratic regulator sliding mode control (ILQRSMC) for CIP’s stabilization and tracking.
The results indicate that SONTSMC significantly increases the control performance of CIP
while efficiently utilizing control energy.

Keywords: inverted pendulum; sliding mode control; underactuated system

1. Introduction
Underactuated mechanical systems (UMS) are a type of nonlinear system where the

number of degrees of freedom to be controlled exceeds the number of control inputs [1–3].
By reducing the actuators, UMS offers significant advantages over a fully actuated system
in terms of energy conservation, mass reduction, and increased flexibility [4]. There are
three main reasons why the systems become underactuated: (i) some systems, such as
crane systems [5] and self-balancing vehicles [6], are designed to improve flexibility or are
limited by mechanical structures, leading to a reduction in several parts of actuators; (ii) the
systems affected by nonholnomic constraints, such as autonomous ground robots [7] and
unmanned aerial vehicles (UAVs) [8], cannot move independently in certain directions;
(iii) underactuated systems, such as the inverted pendulum [9] and translational oscillations
with a rotational actuator (TORA) [10], are often employed as benchmark platforms to test
and validate the performance of novel control strategies due to their inherent complexity
and challenging dynamics. In addition, when the actuators of fully actuated systems fail,
these systems can become underactuated [11]. Consequently, UMS gains more attention
from both theories and applications. However, the dynamic model of UMS exhibits
nonlinear properties and strong coupling, raising significant challenges for effective control
design. Since the number of degrees of freedom (DOF) to be controlled exceeds the number
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of control inputs, a direct control cannot be applied to unactuated DOF. This problem is
exacerbated when high performance is required, because unactuated dynamics are sensitive
to disturbances and uncertainties [12]. Consequently, the design of effective controllers for
underactuated systems presents greater challenges compared to fully actuated systems.

A cart–inverted pendulum (CIP) is a simple structure of UMS, employed to test and
evaluate control algorithms. The system comprises a cart with a pendulum mounted on
it. The pendulum can freely rotate around a pivot point attached to the cart, and the cart
can move along a horizontal track. The system has two degrees of freedom but only one
control input, typically a force applied to the cart. When the pendulum is near the upright
equilibrium point, it demonstrates linear properties, making it suitable for testing linear
controls. In contrast, when the pendulum deviates from the upright equilibrium position, it
exhibits nonlinear properties, posing challenges for traditional linear control methods [13].
Therefore, CIP has gained increased attention in research for advanced control theories and
its applications including human gait analysis, mobile robots balancing, and Segway [14].
In most of these CIP systems, a DC motor is employed to generate the force applied to the
cart due to their simplicity and ease of control. However, using a DC motor is subject to
several limitations, including mechanical backlash and being less practical in industrial
applications. In contrast, a stepper motor offers high acceleration accuracy, faster response
time, and better low-speed performance, making it suitable for CIP systems. Despite some
challenges of stepper motors such as limited torque at high speed and resonance issues,
stepper motors can be alternated with DC motors when precise and rapid control is critical
for maintaining the upright stability of the pendulum [15].

The CIP system involves two main control tasks: stabilizing the pendulum and
tracking the cart position. While stabilization ensures the pendulum remains balanced in
its upright position despite disturbances, the tracking problem allows the cart to follow a
desired position while keeping the pendulum balanced in its upright position. Sliding mode
control (SMC), initially developed by Utkin [16], is well known robust control approach,
guaranteeing system stability and performance in the presence of uncertainties and external
disturbances. Sliding mode control has been proposed for UMS through using linear sliding
surface [17,18]; however, determining parameters of sliding surface and predicting the
system response based on chosen parameters [6] remain challenging. To solve this problem,
the author [19] proposed an integral linear quadratic sliding mode controller (ILQRSMC) for
a CIP system, where the parameters of the linear sliding surface are derived from integral
linear quadratic regulator control (ILQRC). The ILQRSMC method inherits the properties
of both integral linear quadratic regulator control and sliding mode control, and is simple
for control engineers to implement. Moreover, in practical implementation, the cart offset
in the inverted pendulum system, caused by calibration errors of the pendulum and often
omitted in most sliding mode control designs, is addressed by integrating the cart position
error into the sliding mode control strategy. Although the ILQRSMC offers robustness
and high control accuracy for the stabilization and tracking problems of the inverted
pendulum compared to ILQRC [15], there are still some limitations in the control design.
The undesirable chattering phenomenon of ILQRSMC, induced by the discontinuous
control law and the high-frequency switching close to the sliding surface [20], is reduced
by using the power reaching law [21] ṡ(t) = κ2|s(t)|αsgn(s(t)), 0 < α < 1. However, the
term |s(t)|α decreases rapidly because of the fractional exponent α, which diminishes the
robustness of the controller near the sliding surface and prolongs the reaching time [22].
In addition, the ILQRSMC is a first-order sliding mode controller, with control accuracy
influenced by the measurement intervals and the switching delay. In contrast, an rth-
order sliding mode controller can achieve rth-order sliding precision with respect to the
measurement interval, and can significantly reduce the chattering problem [23–25].
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The aforementioned discussion underscores the necessity of designing a high order
sliding mode controller to improve the control accuracy and reduce chattering in control
input. In addition, it demands a simple structure control that facilitates parameters se-
lection, ensuring the desired system response. The main contributions of this article are
summarized as follows:

1. The SONTSMC is proposed for CIP to enhance tracking accuracy and reduce the
chattering of the control input. Motivated by [26], the parameters of the sliding
surface are designed to meet the desired system dynamic, with the derivative of the
sliding surface directly determined without the need for estimation methods.

2. CIP model is employed to design a sliding surface without using any transformation
methods to convert it to a regular form, thereby simplifying the control design. By
including the integral of the cart position error in the augmented model, the sliding
mode controller effectively mitigates cart position offsets caused by pendulum angle
calibration errors.

3. The effectiveness and implementation of the proposed control are verified through a
stabilization and tracking control experiment with an inverted pendulum in practi-
cal environment.

The remainder of the article is organized as follows: Section 2 introduces the formu-
lation of the CIP problem, while Section 3 details the proposed control design. Section 4
presents experimental results that validate the effectiveness of the control approach. Finally,
Section 5 concludes the paper and outlines directions for future work.

2. Modeling Cart–Inverted Pendulum
The mechanical configuration and dynamic model of the cart–inverted pendulum

driven by a stepper motor, shown in Figure 1, are identical to those presented in [19]. To
avoid redundancy, the detailed system derivation is omitted. The augmented error model
of the cart–inverted pendulum at the upright equilibrium position (θ(t), θ̇(t)) = (0, 0) is
expressed as follows [19]:

ėg(t) = Ageg(t) + bgu(t) + ϕg(t), (1)

where

eg(t) ≜


x(t)− xd(t)
ẋ(t)− ẋd(t)
θ(t)− θd(t)
θ̇(t)− θ̇d(t)∫
x(t)−

∫
xd(t)

; (2)

Ag ≜


0 1 0 0 0
0 0 0 0 0
0 0 0 1 0

0 0 Lgmp
(mp L2+I) − kd

(mp L2+I) 0

1 0 0 0 0

; (3)

bg ≜


0
1
0

− Lmp
(mp L2+I)

0

; (4)
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In this model, eg(t), Ag, and bg denote the error vector, system matrix, and input matrix of
the augmented error model, respectively. The system parameters are defined as follows:
L is the half-length of the pendulum (m); g is the gravitational constant (m/s2); mp is the
mass of the pendulum (kg); kd is the damping coefficient (N·m·s/rad), identified from
the free damped vibration; and I is the moment of inertia of the pendulum (kg·m2). The
unknown lumped disturbance ϕg(t) is assumed to be bounded and matched such that
ϕg(t) = bgϕm(t). Subsequently, the augmented error (1) is rewritten as

ėg(t) = Ageg(t) + bg(u(t) + ϕm(t)). (5)

Control objective: This work aims to develop a second-order sliding mode controller
for an augmented linear model to address both stabilization and tracking problems of
the CIP system in the presence of disturbances and uncertainties. The augmented model
incorporates the integral action of cart displacement to eliminate the cart position offset
caused by incorrect pendulum angle calibration. The second-order sliding mode controller
enhances robustness and reduces chattering compared to first-order sliding mode con-
trol. The proposed control approach is implemented and validated on a real CIP system,
demonstrating reliable performance and effective control. 

𝑚𝑐 

𝑚𝑝 

 

𝑔 

𝑢(𝑡) ≜ 𝑥ሷ(𝑡) 
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Rail 

𝜃ሶ(𝑡) 

𝑥(𝑡) 

𝑥ሶ(𝑡) 

Figure 1. Mechanical diagram of cart–inverted pendulum system.

3. Controller Design
The overall control structure of the CIP system employing the proposed SONTSMC is

illustrated in Figure 2. In this framework, the second-order sliding surface is constructed
on a first-order sliding surface. The controller is designed to drive the system states toward
the second-order sliding surface. Once this surface is reached, the first-order sliding surface
converges to zero, ensuring that the tracking error also converges to zero.

Figure 2. Overall control block diagram of the CIP using the proposed SONTSMC.
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The design of the sliding mode control typically involves two main steps: first, de-
signing a sliding surface to achieve the desired performance, and second, ensuring that the
system trajectories converge to this surface [27]. A first-order sliding surface [28] s(t) ∈ R
is designed as follows:

s(t) ≜ ceg(t), (6)

where c ≜ [c1 c 2 c3 c4 c5] is a design vector, chosen according to the system’s performance
requirements. The components of c are directly determined by [26]

c = [k 0 1][A2
g bg Agbg]

+, (7)

where [A2
g bg Agbg]+ is pseudo inverse of the matrix formed by [A2

g bg Agbg], and k
is calculated using LQR method, given by [29]

k ≜ R−1bT
gP, (8)

where P is obtained from Riccati equation

AT
gP + PAg + Q − PbgR−1bT

gP = 0, (9)

where Q denotes the state weighting matrix and R represents the control weighting matrix.
The MATLAB R2025b function care can be used to obtain the solution of this equation,
which corresponds to the continuous-time algebraic Riccati equation. A second-order
nonsingular terminal sliding surface is proposed as follows:

σ(t) ≜ s(t) + λ⌈ṡ⌋p/q, (10)

where λ > 0 is a design parameter; p and q are positive odd integers, which satisfy the
following condition 1 < p/q < 2 [30]; ⌈ṡ⌋p/q = |ṡ|p/qsgn(ṡ), where sgn(.) is the standard
sign function. The first-order time derivative of σ(t) in (10) is

σ̇(t) = ṡ(t) + λ
p
q
|ṡ(t)|

p
q −1 s̈(t), (11)

where
ṡ(t) = cAgeg(t), (12)

s̈(t) = cA2
geg(t) + u(t) + ϕm(t). (13)

Theorem 1. Considering the error model (1) with matched disturbances, the tracking error eg(t) is
guaranteed to converge to a small neighborhood around eg(t) = 0 if the SONTSMC sliding surface
is chosen as (10) and the control law is designed as follows:

u(t) ≜ u0(t) + u1(t), (14)

where u0(t) is determined by solving σ̇(t) ≡ 0 (11) without the matched disturbance ϕm(t)

u0(t) = −
(

λ
p
q
|ṡ(t)|

p
q −1

)−1
ṡ(t)− cA2

geg(t), (15)

and u1(t) is power rate reaching law, defined by [21]

u1(t) ≜ −κ|σ(t)|αsgn(σ(t)), (16)
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where κ, α are the design parameters, κ > 0 and 0 < α < 1. The benefit of this reaching law is
that it adjusts the reaching speed according to the system’s position relative to the sliding surface.
Specifically, when the system is far from the sliding surface, the control law accelerates the speed.
The term |σ(t)|α primarily ensures fast convergence to the sliding surface while mitigating the
chattering phenomenon in the sliding phase due to the absence of discontinuity. A large value of κ

ensures a fast convergence rate; however, excessively large values increase control effort and may
lead to potential instability. Similarly, a large value of α reduces chattering in the control input;
however, excessively large values can degrade the robustness of control system under disturbances
and uncertainties.

Proof. The convergence properties of sliding mode controller are typically analyzed using
Lyapunov’s method. A Lyapunov function is defined as follows:

V(σ) =
1
2

σ(t)2. (17)

Using (11), and (14), the time derivative of the Lyapunov function V(σ) is obtained as

V̇(σ) = λ
p
q
|ṡ(t)|

p
q −1

(σ(t)(−κ|σ(t)|αsgn(σ(t)) + ϕm(t)))

= −λ
p
q
|ṡ(t)|

p
q −1

(
κ|σ(t)|α+1 − σ(t)ϕm(t)

)
.

(18)

In the absence of matched disturbances ϕm(t) = 0, the equality (18) becomes

V̇(σ) = −λ
p
q
|ṡ(t)|

p
q −1

(
κ|σ(t)|α+1

)
. (19)

In view of (19), it is rewritten as

V̇(σ) = −ϑ|V(σ)|
α+1

2 , (20)

where ϑ ≜ κλ
p
q |ṡ(t)|

p
q −12

α+1
2 .

Theorem 2 ([31]). Consider a system with a positive Lyapunov function that satisfies the
following condition:

V̇(σ) + ϑVξ(σ) ≤ 0, (21)

where 0 < ξ < 1 and ϑ > 0. Under this condition, the system is finite time stable. The convergence
time of V(σ) from its initial value V(0) to zero can be expressed as

tV =
V(0)1−ξ

ϑ(1 − ξ)
. (22)

According to Theorem 2, from (20), σ(t) ≡ 0 will be reached in the finite time tr1

tr1 =
V(0)1−α

ϑ(1 − α)
. (23)

When σ(t) ≡ 0 is obtained after the time tr1 then (10) is rewritten as

s(t) + λ⌈ṡ(t)⌋p/q = 0, (24)

According to [32], the sliding mode variable s(t) and its derivative ṡ(t) converge to zero
in finite time on the sliding surface defined by (24). The finite time tr2, representing the
duration from s(tr1) ̸= 0 to s(tr1 + tr2) = 0, is given by
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tr2 =
λ
− q

p

1 − q
p
|s(0)|1−

q
p . (25)

When s(t) ≡ 0, the tracking error eg(t) will asymptotically converge to zero [28].
In the presence of the matched disturbances ϕm(t) ̸= 0, finite time stability can be

guaranteed based on (18), provided that the following condition is satisfied: κ|σ(t)|α+1 −
ϕm(t)σ(t) > 0. To satisfy this condition, κ must be designed as κ − |ϕm(t)

σ(t)α | > 0. It follows that

|σ(t)| ≤
(
|ϕm(t)|

κ

) 1
α

≤ ∆, ∆ > 0. (26)

can be reached in finite time. Afterwards, the SONTSMC manifold (10) is rewritten as follows:

s(t) + λ⌈ṡ⌋p/q = σ(t), |σ(t)| ≤ ∆. (27a)

s(t) + ⌈ṡ⌋p/q
(

λ − σ(t)
⌈ṡ⌋p/q

)
= 0, |σ(t)| ≤ ∆. (27b)

When λ − σ(t)
⌈ṡ⌋p/q > 0, (27) has the same form of (10) and s(t) converges to zero in finite time.

When λ − σ(t)
⌈ṡ⌋p/q < 0, s(t) converges to following region [33]

|s(t)| ≤ λ|ṡ|p/q + |σ(t)| ≤ 2∆. (28)

As a result, when s(t) converges to small values of 2∆ due to a sufficiently large choice of κ

in (26), eg(t) will converge to a neighbourhood of around zero [27].

The design of SONTSMC for inverted pendulum using stepper motor is relatively
straightforward, summarized as follows:

Step 1: Selecting the matrices Q and R to solve the Riccati Equation (9).
Step 2: Solving matrix k from (8), and then determine c from (7).
Step 3: Designing first-order sliding surface s(t) (6).
Step 4: Selecting values of p, q, λ to design second-order sliding mode surface σ(t)
from (10).
Step 5: Designing control law u(t) from (14).

To design SONTSMC, R and Q should be determined to solve the Riccati equation (9).
To simplify control design, Q is selected as

Q = diag
[
q1 q2 q3 q4 q5

]
, (29)

where q1, q2, q3, q4, and q5 represent the weights corresponding to the cart position error
x(t)− xd(t), cart velocity error ẋ(t)− ẋd(t), pendulum angular position error θ(t)− θd(t),
pendulum angular velocity error θ̇(t)− θ̇d(t), and the integral of cart position error

∫
x(t)−∫

xd(t), respectively. The scalar R is chosen due to the single control input u(t) in (14), and
for implementation simplicity, it is set to 1. To ensure effective pendulum balancing, the
weights q3 and q4 are selected to be larger than q1 and q2, as suggested in [34]. Moreover,
the parameter q5 directly influences the reduction of the offset error of cart position. In this
work, the ratio of the elements in the matrix Q is fixed as specified in Table 1, with only
the overall scaling gain being adjusted. The parameter α involves a trade-off: increasing α

helps suppress chattering but may compromise controller robustness. Here, α is fixed at 0.7
to balance effective chattering mitigation with adequate robustness. The parameters p, q,
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and λ significantly affect the dynamics of the sliding surface defined in (10). Higher values
of these parameters result in faster convergence of s(t), as reflected by the convergence
time in (25), but also increase the required control effort. Following common practice in
the literature, this work sets p = 5 and q = 9. The parameter κ is gradually increased from
small to larger values until further increments no longer improve accuracy but instead
amplify chattering in the control signal.

Table 1. Parameters setting of each controller in four cases.

Controller Tuning Parameters

LQRSMC R1 = 1; Q1 = 20diag[1 0.1 5 0.2 10]; κ1 = 0.2; α = 0.7.

ILQRSMC R2 = 1; Q2 = 0.01diag[1 0.1 5 0.2 10]; κ2 = 1; α = 0.7.

SONTSMC R = 1; Q = 0.01diag[1 0.1 5 0.2 10]; κ = 0.5; α = 0.7; p = 9; q = 5; λ = 10.

4. Experimental Validation
4.1. Experimental Setup

The experimental system, developed at the Department Mechanics of Adaptive Systems,
Ruhr University Bochum, is employed to evaluate the effectiveness of the proposed control
for CIP, given in Figure 3. Since the experimental setup has already been described in our
previous work [19], it is not presented again. Some essential parameters of our CIP, which
are employed in the controller design, are listed as follows: L = 0.34 (m), g = 9.81 (m/s2),
kd = 0.01 (N·m·s/rad), mp = 0.2 (kg), and I = 0.03 (kg·m2).

5

3

2

7

19

10

4

11

6

8

10

Figure 3. Experimental rig with CIP: 1⃝ stepper motor; 2⃝ cart; 3⃝ rotary magnetic encoder module
pendulum clamp; 4⃝ pendulum; 5⃝ miniature incremental magnetic encoder module; 6⃝ magnetic
scale; 7⃝ belt; 8⃝ dSPACE; 9⃝ microstep driver; 10⃝ nuts; 11⃝ pendulum clamp.
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In this work, SONTSMC is compared to two other optimal sliding mode control
strategies: linear quadratic regulator sliding mode control (LQRSMC) and integral linear
quadratic regulator sliding mode control (ILQRSMC). The LQRSMC and the ILQRSMC
are selected as comparison controllers because their prescribed sliding mode dynamics are
designed either to match a desired pole spectrum or to achieve optimal behavior in the
linear–quadratic regulator (LQR) sense [35]. This makes the sliding-surface design both
systematic and straightforward to implement. In addition, these controllers are particularly
suitable for systems in which the behavior of the CIP near the upright equilibrium can be
accurately approximated by a linearized model, which is the standard modeling approach
adopted in many balancing and tracking studies. The structure and design of each controller
are detailed in the following.

The linear quadratic regulator sliding mode control [36] is designed as follows:

uLQRSMC(t) ≜ −c1Ae(t)− κ1 |s1(t)|α sgn(s1(t)), (30)

where the sliding surface is defined as

s1(t) = c1e(t), (31)

and the error vector is

e(t) ≜


x(t)− xd(t)
ẋ(t)− ẋd(t)
θ(t)− θd(t)
θ̇(t)− θ̇d(t)

. (32)

The gain vector c1 is chosen as

c1 = [k1 I] [A b]+, with k1 ≜ R−1bTP1. (33)

Here, P1 is the solution of the algebraic Riccati equation

ATP1 + P1A + Q1 − P1bR−1
1 bTP1 = 0, (34)

where Q1 is a given symmetric positive definite matrix, and the system matrix A and input
matrix b are defined as

A ≜


0 1 0 0
0 0 0 0
0 0 0 1

0 0
Lgmp

mpL2 + I
− kd

mpL2 + I

, b ≜


0

1

0

−
Lmp

mpL2 + I

. (35)

The integral linear quadratic regulator sliding mode control (ILQRSMC) is designed
as follows [19]:

uILQRSMC(t) = −c2Ageg(t)− κ2|s2(t)|αsgn(s2(t)), (36)

where sliding surface s2(t) is chosen by s2(t) = c2eg(t) and c2 = [k2 I][Ag bg]+, where
k2 ≜ R−1

2 bT
gP2, and P2 is the solution of Riccati equation

AT
gP2 + P2Ag + Q2 − P2bgR−1

2 bT
gP2 = 0. (37)

To ensure a fair comparison between the proposed controller and the benchmark
methods, all controllers were tested under identical initial conditions. The initial state of
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the CIP system was set to [x(0) ẋ(0) θ(0) θ̇(0)]T = [0.036 m, 0 m/s, 0.124 rad, 0 rad/s]T.
All experiments were carried out on the same hardware platform using a uniform sampling
frequency of 1 kHz, a pendulum-angle sensor with a resolution of 0.0015 rad, and a cart-
position sensor with resolution of 0.244 µm. The control parameters of LQRSMC, ILQRSMC,
and the proposed controller are provided in Table 1. These parameters were selected
through a consistent and systematic tuning process to ensure fairness in the comparison.
First, for the LQR component of all controllers, the state-error weighting matrices were
chosen such that the resulting closed-loop poles of the sliding dynamics exhibit similar
spectral characteristics. Second, the remaining tuning parameters were iteratively adjusted
following the same optimization objective for all controllers. Specifically, the integral
absolute error (IAE), the integral squared error (ISE), and the integrated absolute control
effort (IAC) were minimized to achieve low tracking error, limited overshoot, and reduced
control effort in a uniform manner across all controllers. The control algorithms were
designed and validated in continuous-time form within Simulink on a desktop computer
equipped with an Intel Core i7-10700 processor, manufactured by Lenovo (Beijing, China),
with 64 GB of RAM, and running Windows 11. The real-time experiments were conducted
using a dSPACE rapid prototyping system, which provides a deterministic environment
for implementing advanced control algorithms. The control laws developed in MATLAB
R2025b/Simulink were exported to dSPACE Real-Time Workshop, where the continuous-
time models were automatically discretized and converted into real-time executable code.
A fixed-step size of 0.001 s was used to match the desired control frequency and ensure
high-resolution control action. The generated C code was compiled and uploaded to the
dSPACE hardware, enabling deterministic real-time execution of the controller.

4.2. Experimental Results

In this work, simulation results are not included because the proposed controller is vali-
dated experimentally on the physical CIP system, providing direct evidence of performance
under real-world conditions. Simulation is typically used to evaluate controller perfor-
mance on a nominal linear model; however, the real system exhibits significant nonlineari-
ties such as Coulomb friction, actuator saturation, sensor noise, and mechanical flexibility.
These phenomena are difficult to model accurately and often lead to a notable gap between
simulated and experimental performance, as reported in previous studies [15]. Both stabi-
lization control and tracking control are employed to evaluate control performance of these
controllers. The effectiveness of these controllers is demonstrated through practical experi-
ments, which are documented in videos, available in https://bit.ly/46WNDfB (accessed
on 15 January 2026). In the first experiment, these controllers are evaluated by balancing
the pendulum at upright position while moving the cart position to zero. In the second
experiment, these controllers are validated through balancing the pendulum in the upright
position while guiding the cart to the desired positions.

4.2.1. Stabilizing the Cart–Inverted Pendulum

The stabilization control aims to keep the pendulum upright at θd(t) = 0 rad from a
small initial deviation while simultaneously maintaining the cart near its desired position
xd(t) = 0 m.

Figures 4 and 5 compare system response of CIP under three different controllers:
LQRSMC, ILQRSMC and SONTSMC. The SONTSMC achieves a shorter convergence
time of cart position error compared to the LQRSMC and the ILQRSMC. Specifically,
the SONTSMC reduces the convergence time by 44% and 23% in the cart position error
compared to the LQRSMC and the ILQRSMC, respectively. Taking a closer look at the
cart position error in steady state, all controllers provide satisfactory performance with a
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bounded error 2 × 10−3; however, the SONTSMC exhibits a smaller cart position error than
the LQRSMC and the ILQRSMC. From the pendulum angle measurements in Figure 5,
all three controllers successfully balance the pendulum angle at the upright position from
initial angle. A zoomed part reveals that the pendulum angle using three controllers are
similar, remaining within the range of −2 × 10−3∼2 × 10−3 rad. Figure 6 demonstrates
the control input of three controllers. The LQRSMC requires high control effort, whereas
SONTSMC achieves lower energy consumption and reduces chattering compared to both
the LQRSMC and the ILQRSMC. To quantitatively evaluate the control performance of
three controllers, Table 2 provides the index values of integral absolute error (IAE), integral
squared error (ISE), and integral absolute control (IAC). These indexes are defined as
follows [37,38].

The IAE value of cart position error and pendulum angle error is defined as

IAEx =
∫ t

0
|x(t)− xd(t)|dt, IAEθ =

∫ t

0
|θ(t)− θd(t)|dt. (38)

The ISE value of cart position error and pendulum angle error is given by

ISEx =
∫ t

0
|x(t)− xd(t)|2dt, ISEθ =

∫ t

0
|θ(t)− θd(t)|2dt. (39)

The IAC value of controller is defined as

IAC =
∫ t

0
|u(t)|dt. (40)

Table 2. Index values of control strategies in stabilization control.

IAEx (m) ISEx (m) IAEθ (rad) ISEθ (rad) IAC (m/s2)

LQRSMC 1.2750 0.1286 0.0847 0.0014 18.4326
ILQRSMC 0.6233 0.0666 0.1292 0.0025 16.0692
SONTSMC 0.5275 0.044 0.0938 0.0019 13.3387

0 10 20 30 40 50 60 70 80 90
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−0.05
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0.05

0.1

0.15

0.2
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−1

0

1

2
10−3

Figure 4. Cart position of stabilization problem.
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Figure 5. Pendulum angle of stabilization problem.
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Figure 6. Control input of stabilization problem.

Lower IAE values indicate improved tracking performance, as they correspond to
smaller accumulated tracking errors. Conversely, higher IAE values represent greater
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accumulation of errors, reflecting weaker tracking capability. The ISE values represent the
control system’s response, with smaller values indicating a faster convergence speed of the
cart position error and pendulum angle. The IAC values demonstrate the control effort,
where smaller values indicate the efficient control energy. The IAEx value of SONTSMC has
been improved by 15% and 58% compared to the ILQRSMC and the LQRSMC controllers,
respectively. Moreover, the ISEx value of SONTSMC is improved by 34% and 65% over the
ILQRSMC and the LQRSMC methods. The IAEθ and ISEθ values of SONTSMC are slightly
higher than those of ILQRSMC due to the overshoot in cart position during the initial stage.
Obviously, the SONTSMC control requires small control effort, as indicated by an IAC
value of 13.33. Moreover, its robustness and accuracy are higher than the ILQRSMC and
the LQRSMC. Based on the IAE and ISE index values, the SONTSMC demonstrates faster
convergence speed and higher control precision compared to the other two controllers.

The phase portraits of the sliding variable and its time derivative for all controllers
are shown in Figures 7–9. These plots are used to compare the sliding accuracy, which
directly influences the convergence rate, transient response, and steady-state tracking
performance. All controllers drive the sliding variable toward a small neighborhood
around zero. However, SONTSMC achieves the smallest bounds, with the sliding variable
s(t) confined within approximately 0.05 and its time derivative ṡ(t) within about 0.02.
This improvement arises from the higher-order sliding mode structure of SONTSMC,
which explicitly drives both s(t) and ṡ(t) to zero [23]. In contrast, first-order sliding mode
controllers such as LQRSMC and ILQRSMC ensure only that the sliding variable s1(t) or
s2(t) reaches zero, without guaranteeing the same level of accuracy for its derivative.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2
−3

−2

−1

0

1

2

3

4

5

6

7

Figure 7. Phase plot of s1(t)− ṡ1(t) for LQRSMC.
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Figure 8. Phase plot of s2(t)− ṡ2(t) for ILQRSMC.
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Figure 9. Phase plot of s(t)− ṡ(t) for SONTSMC.
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4.2.2. Reference Tracking Control for the Cart–Inverted Pendulum

The tracking performance of the cart position is tested under LQRSMC, ILQRSMC,
and SONTSMC, with the pendulum required to balance around the upright position
with θd = 0 rad. The desired cart position follows a low-frequency sinusoidal function
xd = 0.1 sin(0.2t). Figure 10 shows the tracking performance of these controllers with the
design parameters given in Table 1. The figure shows that all designed controllers can
effectively track desired cart position while keeping pendulum balancing at the upright po-
sition. Figure 11 compares the detailed errors of the tracking cart position. The SONTSMC
demonstrates the fastest convergence speed among the three controllers. From the zoomed
in view of cart position error, the SONTSMC achieves smaller errors than the LQRSMC
and the ILQRSMC. Additionally, Figure 12 illustrates the pendulum angle response of the
three controllers, demonstrating their capability to maintain pendulum balance. Figure 13
compares the control input of three controllers. Although the SONTSMC demands less
control input than the ILQRSMC, it still exhibits a good tracking performance and faster
convergence speed of both cart position and pendulum angle. The performance indexes
of the three controllers in Table 3 provide greater insight into the effectiveness of these
controller. The IAEx of SONTSMC is reduced by 63% and 18% compared to the LQRSMC
and the ILQRSMC, respectively. Moreover, the SONTSMC exhibits the smallest ISEx value
among the three controllers, indicating its fast convergence speed of the SONTSMC. The
control effort required by the SONTSMC is also more efficient than that of the ILQRSMC
and the LQRSMC, as indicated by its lower IAC value of 13.46 m/s2.
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Figure 10. Cart position of tracking problem.
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Figure 11. Cart position error of tracking problem.
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Figure 12. Pendulum angle of tracking problem.
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Figure 13. Control input of tracking problem.

Table 3. Index values of control strategies in tracking control.

IAEx (m) ISEx (m) IAEθ (rad) ISEθ (rad) IAC (m/s2)

LQRSMC 1.5670 0.1436 0.0935 0.0015 18.4257
ILQRSMC 0.7055 0.0766 0.1348 0.0027 15.3816
SONTSMC 0.572 0.0482 0.1 0.0019 13.4628

5. Conclusions
In this work, the SONTSMC is proposed to address the balancing and tracking control

of an inverted pendulum. The results demonstrated that the SONTSMC increases conver-
gence speed and tracking accuracy of cart position and pendulum angle while ensuring
effective control effort. Theoretical consideration was verified through experimental results
under both stabilization control and tracking control of CIP. Although the proposed con-
troller showed effective performance, actuator saturation constraints were not included
in the controller design. The SONTSMC was developed under the assumption of unlim-
ited control signals, and its performance was validated experimentally under the actual
hardware limits. While the controller demonstrated satisfactory results in practice, a formal
treatment of input constraints remains an important extension. Actuator saturation reduces
the effective control authority, which can violate the sliding mode reaching condition and
prevent the system from attaining the sliding surface in finite time. Therefore, incorporating
actuator saturation into the sliding mode design will be considered in future work to further
enhance the robustness and applicability of the method.
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The following abbreviations are used in this manuscript:

SONTSMC second-order nonsingular terminal sliding mode control
LQRSMC linear quadratic regulator sliding mode control
ILQRSMC integral linear quadratic regulator sliding mode control
UMS underactuated mechanical systems
DOF degree of freedom
CIP cart–inverted pendulum
SMC sliding mode control
IAE integral absolute error
ISE integral squared error
IAC integral absolute control
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