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Abstract


Aiming at the trajectory tracking control problem of wheeled mobile robots under unknown slip ratio conditions, this paper designs a trajectory tracking controller based on an improved rapid variable power reaching law and a sliding mode observer. First, a kinematic model of the wheeled mobile robot is established, explicitly considering the influence of slip ratio. Then, a sliding mode observer is developed for online estimation of the slip ratio, addressing the difficulty of direct slip ratio measurement. On this basis, a trajectory tracking controller is designed based on the improved rapid variable power reaching law, enabling fast tracking of multiple complex trajectories under slip conditions. Simulation and experimental results show that the proposed trajectory tracking controller not only effectively eliminates the influence of unknown slip disturbances on trajectory tracking, improving smoothness and tracking accuracy but also greatly accelerates the convergence process. The shortest convergence time is only 20.56% of that achieved by a fuzzy PID trajectory tracking controller and 61.43% of that achieved by a rapid double power reaching law trajectory tracking controller with a sliding mode observer.
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1. Introduction


The rapid advancement of wheeled mobile robot technology has led to their widespread adoption in diverse domains, including domestic services, industrial operations, and space exploration, significantly enhancing both quality of life and scientific research capabilities. To accomplish their designated tasks, wheeled mobile robots must reliably and precisely follow predetermined paths to reach target destinations. Consequently, accurate trajectory tracking has become one of the most fundamental and critical technologies for wheeled mobile robots [1,2].



As a typical nonlinear and complex motion system, a wheeled mobile robot encounters numerous challenges in trajectory tracking due to its operation in diverse and dynamic environments. External factors such as environmental disturbances, tire slippage, and variable ground friction make the design of high-performance trajectory tracking controllers particularly complex. Therefore, achieving high-precision and fast trajectory tracking control requires the development of robust and efficient control strategies [3,4]. To this end, numerous control methods have been proposed both domestically and internationally for the trajectory tracking of wheeled mobile robots, including optimal control [5], sliding mode control [6,7], fuzzy logic control [8,9,10], model predictive control [11,12,13,14], neural network-based control [15,16,17], adaptive control [18,19], backstepping control [20,21], and nonlinear control [22,23]. Among these, sliding mode control [24,25] has demonstrated outstanding performance due to its strong robustness against external disturbances, fast dynamic response, simple structure, and ease of implementation, making it widely adopted in wheeled mobile robot trajectory tracking applications. For example, Lin et al. [26] proposed a global sliding mode tracking controller using a fast power law approach, achieving rapid convergence of velocity and trajectory tracking errors while significantly reducing chattering. Wang et al. [27] developed a novel sliding mode control strategy with a finite-time convergence reaching law, which improved reaching speed and reduced convergence time. Geng et al. [28] combined the backstepping method with hierarchical sliding mode control to ensure robust asymptotic stability of the closed-loop system. However, these studies primarily consider ideal operating conditions. In real-world scenarios, environmental complexities—such as icy roads in winter, wet surfaces on rainy days, or rapid sharp turns—can lead to wheel slip, significantly degrading tracking performance.



To address slip effects, several studies have explored trajectory tracking control under sliding conditions. Wang et al. [29] proposed an active disturbance rejection control strategy capable of accurately observing disturbances, thereby improving robustness and maintaining trajectory tracking performance during slip events. Li et al. [30] developed an anti-saturation fuzzy super-spiral sliding mode control to mitigate slip disturbances, effectively reducing chattering. Jia et al. [31] designed a backstepping controller capable of automatically compensating for unknown wheel slip disturbances, improving tracking accuracy, anti-interference capability, and robustness. Nevertheless, these methods do not explicitly estimate slip parameters in real time or analyze the slip ratio in detail. In summary, this study addresses the critical challenge of trajectory tracking control for wheeled mobile robots operating under unknown slip conditions, where conventional methods often fail to achieve satisfactory accuracy and robustness. The proposed approach introduces two key innovations: (1) an improved rapid variable exponential reaching law-based controller that ensures stable tracking within finite convergence time despite unknown slip ratios, and (2) a sliding mode observer for real-time slip parameter estimation. By integrating these components, the proposed framework achieves rapid convergence of tracking errors to zero, thereby enabling reliable trajectory tracking and motion control, even under significant slip conditions. The control block diagram was shown in Figure 1. The sliding mode observer performs real-time estimation of slip parameters, while the trajectory tracking controller dynamically adjusts the control law based on both the observer’s outputs and the pose errors of the wheeled mobile robot, ensuring that stable tracking can be achieved within a finite convergence time even under unknown slip ratio conditions.



The key innovations of this research are reflected in three aspects:



	(1)

	
Innovative Control Architecture: Unlike the independent design methods of sliding mode observer and approaching law in existing research, the sliding mode state observer and the improved rapid exponential convergence law are integrated into the same control framework in this paper. The observer is used to estimate unmeasurable slip ratios (    S   L    ,     S   R    ) in real time, and the observation results are directly embedded into the control law. The parameters of the improved rapid exponential convergence law are adjusted in real time according to the motion situation. This deep coupling not only achieves adaptive parameter adjustment and disturbance compensation but also maintains high-precision trajectory tracking performance under unknown sideslip conditions.




	(2)

	
Algorithmic Advancements: Proposes a dual-phase adaptive convergence mechanism that simultaneously accelerates convergence speed and effectively suppresses chattering. Designs a novel sliding surface whose structural parameters can be tuned to regulate the convergence rate of pose errors, guaranteeing finite-time convergence.




	(3)

	
Performance Breakthroughs: Both simulations and experimental results validate the proposed method’s rapid convergence characteristics and strong robustness in unknown slip scenarios.








2. Establishment of Kinematic Model of Wheeled Mobile Robot in Slipping State


As shown in Figure 2, it is assumed that the geometric center of the wheeled robot coincides with its center of mass, and the overall coordinate system is established with reference to the geodetic coordinate system. xoy is a local coordinate system, which is established with reference to the robot’s own coordinate system. The geometric center of the vehicle body is represented by the point O(x,y) in the global coordinate system; the θ is the angle between the forward direction of the robot’s head and the positive direction of the X-axis of the overall coordinate system [32].   v   is the linear velocity of the robot. When the robot is moving, the wheels on the same side rotate at the same speed, that is,     ω   1   =   ω   2   =   ω   L    ,     ω   3   =   ω   4   =   ω   R    , let     ω   L     and     ω   R     represent the angular velocities of the left and right sides of the wheel, respectively, and let     v   L     and     v   R     represent the velocities of the left and right wheel centers, respectively.



Under non-slip conditions, the wheel velocities satisfy the following:


         v   L   = r   ω   L         v   R   = r   ω   R         



(1)




where r is the radius of the wheel. From the kinematic relationships in Figure 2:


       v =      v   L   +   v   R     2          θ  ˙  = ω =      v   L   −   v   R     b          



(2)







In the global coordinate system, the kinematic equation of the robot in the absence of slippage can be expressed as follows:


         X  ˙        Y  ˙        θ  ˙       =        cos   θ     0       sin   θ     0     0   1           v     ω       



(3)







When the robot slides longitudinally,     v   L   ′     and     v   R   ′     represent the longitudinal velocities of the left and right wheel centers, respectively, and the following relationship holds:


         s   L   =    r   ω   L   −   v   L   ′     r   ω   L            s   R   =    r   ω   R   −   v   R   ′     r   ω   R            



(4)




where     s   L     and     s   R     represent the longitudinal slip rates of the left and right wheels, respectively.



By combining Figure 2 and Equation (2), the following can be obtained:


       v =      v   L   ′   +   v   R   ′     2    =    r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2        ω =   θ  ˙  =      v   L   −   v   R     b    =    r   ω   L   ( 1 −   s   L   ) − r   ω   R   ( 1 −   s   R   )   b          



(5)







In the global coordinate system, the kinematic equation of the robot under longitudinal slip [33] can be expressed as follows:


         X  ˙        Y  ˙        θ  ˙       =         r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2      cos   θ          r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2      sin   θ          r   ω   L   ( 1 −   s   L   ) − r   ω   R   ( 1 −   s   R   )   b          



(6)







When the robot slides sideways, its speed is not aligned with its forward direction (as indicated by   v   in Figure 1). The angle between them is denoted as   α  , and   σ   is defined as the robot’s sideways slip ratio, leading to the following equations [34]:


  σ =   tan   α   .  



(7)






    y  ˙  =   x  ˙  σ =   x  ˙    tan   α   .  



(8)







In the local coordinate system, the kinematic equation describing the robot’s slip motion is given by the following:


         x  ˙        y  ˙        θ  ˙       =         r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2           r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2    σ        r   ω   L   ( 1 −   s   L   ) − r   ω   R   ( 1 −   s   R   )   b          



(9)







The transformation between the global and local coordinate systems can be expressed as follows:


         X  ˙        Y  ˙        θ  ˙       =        cos   θ       sin   θ     0       sin   θ     −   cos   θ     0     0   0   1             x  ˙        y  ˙        θ  ˙        



(10)







Combining Equations (6), (9) and (10) yields the kinematic equations in the global coordinate system for the case when the robot experiences both longitudinal and lateral sliding simultaneously:


         X  ˙        Y  ˙        θ  ˙       =        cos   θ   + σ   sin   θ     0       sin   θ   − σ   cos   θ     0     0   1           v     ω       



(11)







That is:


         X  ˙        Y  ˙        θ  ˙       =         r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2    (   cos   θ   + σ   sin   θ   )        r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2    (   sin   σ   − σ   cos   θ   )        r   ω   L   ( 1 −   s   L   ) − r   ω   R   ( 1 −   s   R   )   b          



(12)








3. Estimation of Slippage Parameters


3.1. Design of Sliding Mode Observer


When the wheeled robot moves on ice or smooth ground, the wheels are particularly easy to slip. Because the slip parameters are not measurable, the trajectory tracking control effect of the robot in the slip state is poor. To solve these problems, a sliding mode observer is designed to estimate the sliding parameters. Let


  M =    r   ω   L   ( 1 −   s   L   ) + r   ω   R   ( 1 −   s   R   )   2     



(13)







Then Equation (12) can be expressed as follows:


          X  ˙  = M (   cos   θ   + σ   sin   θ   )         Y  ˙  = M (   sin   θ   − σ   cos   θ   )         θ  ˙  =    2 M   b    −    2 r   b      ω   R   ( 1 −   s   R   )        



(14)







The angular velocity of the wheeled robot can be written as follows:


      θ  ˙    1   = −    2 M   b    +    2 r   b      ω   L   ( 1 −   s   L   )  








and       θ  ˙    1   =   θ  ˙   .



The system dynamics can be reformulated as follows:


          X  ˙  = M (   cos   θ   + σ   sin   θ   )         θ  ˙  =    2 M   b    −    2 r   b      ω   R   ( 1 −   s   R   )           θ  ˙    1   = −    2 M   b    +    2 r   b      ω   L   ( 1 −   s   L   )        



(15)







Based on Equation (15), the sliding mode observer is designed as follows:


            X  ^   ˙  = M   cos   θ   +   L   1     sgn   (   X −   X  ^  ) +   L   2   ( X −   X  ^  )           θ  ^   ˙  =    2 M   b    +   L   3     sgn   (   θ −   θ  ^  ) +   L   2   ( θ −   θ  ^  )             θ  ^   ˙    1   = −    2 M   b    +   L   4     sgn   (   θ −     θ  ^    1   ) +   L   2   ( θ −     θ  ^    1   )        



(16)




where     L   i   > 0 ( i = 1,2 , 3,4 )   are sliding mode observer gains;       θ  ^   ˙  ,       θ  ^   ˙    1     are observed values of robot angular velocity.



The observation error dynamics are defined as follows. By combining Equations (15) and (16), the following is obtained:


            X  ~   ˙  = M σ   sin   θ   −   L   1     sgn   (   X −   X  ̑  ) −   L   2   ( X −   X  ^  )           θ  ~   ˙  = −    2 r   b      ω   R   ( 1 −   s   R   ) −   L   3     sgn   (   θ −   θ  ^  ) −   L   2   ( θ −   θ  ^  )             θ  ~   ˙    1   =    2 r   b      ω   L   ( 1 −   s   L   ) −   L   3     sgn   (   θ −     θ  ^    1   ) −   L   2   ( θ −     θ  ^    1   )        



(17)







The primary function of the sliding mode observer is to ensure finite-time convergence of the observation error. According to Equation (17), the following relationship holds:


        M σ   sin   θ   −   L   1     sgn   (   X −   X  ̑  ) −   L   2   ( X −   X  ^  ) ≈ 0       −    2 r   b      ω   R   ( 1 −   s   R   ) −   L   3     sgn   (   θ −   θ  ^  ) −   L   2   ( θ −   θ  ^  ) ≈ 0          2 r   b      ω   L   ( 1 −   s   L   ) −   L   4     sgn   (   θ −     θ  ^    1   ) −   L   2   ( θ −     θ  ^    1   ) ≈ 0        



(18)







The estimated slip parameters are obtained as follows:


        α = ± a r   cos           M  ˙    2       sin   2     θ     (   L   1   ( X −   X  ^  )   )   2   +     M  ˙    2       sin   2     θ                   s  ^    R   = 1 +    b   L   3     sgn   (   θ −   θ  ^  )   2 r   ω   R                s  ^    L   = 1 −    b   L   4     sgn   (   θ −     θ  ^    1   )   2 r   ω   L             



(19)








3.2. Stability Analysis of Sliding Mode Observer


According to reference [35], to ensure the stability of the sliding mode observer, its switching function must satisfy     s   n       s  ˙    n   < 0  . This section discusses the stability conditions of the sliding mode observer based on this.



The switching functions are designed as follows:


          s   1   = X −   X  ^          s   2   = θ −   θ  ^          s   3   = θ −     θ  ^    1          



(20)







The Lyapunov functions are constructed as follows:


         V   1   =      s   1   2     2          V   2   =      s   2   2     2          V   3   =      s   3   2     2          



(21)







Differentiating each term in Equation (21) and substituting Equations (17) and (20) yields the following:


          V  ˙    1   =   s   1       s  ˙    1   =   s   1   M σ s i n θ −   s   1     L   1   s g n (   s   1   ) −   s   1   2     L   2                                               ≤   M   σ s i n θ   −   L   1         s   1     −   s   1   2     L   2   < 0      



(22)






          V  ˙    2   =   s   2       s  ˙    2       = −    2 r   b      ω   R   ( 1 −   s   R   )   s   2   −   L   3   s g n (   s   2   )   s   2   −   L   2     s   2   2          ≤      2 r   b    |   ω   R   ( 1 −   s   R   ) | −   L   3     |   s   2   | −   L   2     s   2   2   < 0      



(23)






          V  ˙    3   =   s   3       s  ˙    3   =    2 r   b      ω   L   ( 1 −   s   L   )   s   3   −   L   4   s g n (   s   3   )   s   3   −   L   2     s   3   2                                       ≤      2 r   b    |   ω   L   ( 1 −   s   L   ) | −   L   4     |    s   3    | −   L   2     s   3   2   < 0      



(24)







From Expressions (22)–(24), it follows that:


    L   1   > M   σ   sin   θ      



(25)






    L   3   >    2 r   b        ω   R   ( 1 −   s   R   )    



(26)






    L   4   >    2 r   b        ω   L   ( 1 −   s   L   )    



(27)







In summary, when the sliding mode gains     L   1    ,     L   2    , and     L   3     satisfy the above conditions respectively, the observation error of the sliding mode observer will tend to zero within a limited time.





4. Design of Trajectory Tracking Controller


4.1. Establishment of Trajectory Tracking Error Model in Slip State


The schematic diagram of the pose error of the wheeled mobile robot is shown in Figure 3. Here,   θ   and     θ   r     represent the angle between the actual heading of the vehicle and the positive direction of the X-axis and the given heading, respectively. The actual pose of the robot in the global coordinate system is denoted by          x   y   θ        T    , the given pose is denoted by            x   r       y   r       θ   r          T    , and the deviation between the given pose and the actual pose is denoted by            x   e       y   e       θ   e          T    . Let     v   r     and     ω   r     represent the expected linear velocity and angular velocity of the robot during forward movement, respectively, and   v   and   ω   represent the actual linear velocity and angular velocity, respectively.



The expected pose expression given as follows:


           x  ˙    r           y  ˙    r           θ  ˙    r        =        cos     θ   r     + σ   sin     θ   r       0       sin     θ   r     − σ   cos     θ   r       0     0   1             v   r         ω   r         



(28)







The trajectory tracking error of the wheeled mobile robot in the global coordinate system can be expressed as follows:


         x   e         y   e         θ   e        =        cos   θ   + σ   sin   θ       sin   θ   − σ   cos   θ     0     −   sin   θ   + σ   cos   θ       cos   θ   + σ   sin   θ     0     0   0   1             x   r   − x       y   r   − y       θ   r   − θ       



(29)







Differentiating Equation (29) and combining it with Equation (28) yields the trajectory error model of the robot in a slipping state:


           x  ˙    e           y  ˙    e           θ  ˙    e        =        y   e   ω + ( 1 +   σ   2   )   v   r     cos     θ   e     − ( 1 +   σ   2   ) v     −   x   e   ω + ( 1 +   σ   2   )   v   r     sin     θ   e           ω   r   − ω       



(30)







In this article, the main objective of trajectory tracking for wheeled mobile robots is as follows: in the slipping state, obtain an appropriate control input          v   ω        T     to make the trajectory tracking error            x   e       y   e       θ   e          T     of the robot bounded and satisfied     lim   t → ∞              x   e       y   e       θ   e          T     = 0  .




4.2. Design of Trajectory Tracking Controller Improved Rapid Variable Exponential Reaching Law and Its Performance Analysis Under Different Parameters


4.2.1. Improved Rapid Variable Exponential Reaching Law


In this paper, an improved rapid variable exponential reaching law proposed in reference [36] is used. This approach law introduces a variable index term on the basis of a rapid double exponential reaching law, and the specific equation is as follows:


    s  ˙  = −   k   1       s     γ     sgn   (   s ) −   k   2       s     b     sgn   (   s ) −   k   3   s  



(31)






  γ =      a ,   s   ≥ 1     1 ,   s   < 1       



(32)




where     k   1   > 0 ,   k   2   > 0 ,   k   3   > 0 , a > 1,0 < b < 1  .



If     s   < 1  , the approximation law is     s  ˙  = −   k   1     s   −   k   2       s     b     sgn   (   s ) −   k   3   s  , which is approximately equal to the rapid power approximation law. It not only ensures the reaching speed but also makes the system smoothly transition to the sliding mode stage, so as to effectively reduce chattering. If     s   ≥ 1  , the approximation law is     s  ˙  = −   k   1       s     a     sgn   (   s ) −   k   2       s     b     sgn   (   s ) −   k   3   s  , which has a faster convergence rate and can significantly reduce the convergence time.




4.2.2. Analysis of the Influence of Reaching Law Parameters on Performance


The impact of parameters in Equations (31) and (32) on the reaching law performance is analyzed as follows:



	(1)

	
    k   1     and exponent a: Govern the convergence speed in the large-error phase (    s   ≥ 1  ). Increasing     k   1     accelerates initial convergence, while   a > 1   ensures high-power terms (      s     a    ) dominate far from the sliding surface, significantly improving initial convergence speed. Excessively large     k   1     or a may exacerbate chattering.




	(2)

	
    k   2     and exponent b: Regulate dynamics near the sliding surface (    s   < 1  ). Increasing     k   2     shortens convergence time for small errors but may intensify chattering. Setting   0 < b < 1   enables fractional-power terms (      s     b    ) near the sliding surface, smoothing transitions and suppressing chattering.




	(3)

	
    k   3    : Ensures linear convergence and steady-state robustness against disturbances. Increasing     k   3     accelerates overall convergence but may cause oscillations if oversized.







Optimization: An appropriate configuration of     k   1    ,     k   2    ,   a  , and   b   balances speed and smoothness, ensuring overshoot-free transient processes.





4.3. Design and Stability Analysis of Sliding Mode Trajectory Tracking Controller with Parameter Influence on Control Performance


4.3.1. Design of Trajectory Tracking Controller


From Equation (5), the following is obtained:


       v     ω      =         1 −   s   L     2         1 −   s   R     2           − ( 1 −   s   L   )   b         1 −   s   R     b                ω   L         ω   R         



(33)







By conversion, the following expression is obtained:


         ω   L         ω   R        =    1   r            1   1 −   s   L        −    b   2 ( 1 −   s   L   )           1   1 −   s   R           b   2 ( 1 −   s   R   )              v     ω       



(34)







Substituting the estimated values of the slip ratio for the actual values yields the following:


         ω   L         ω   R        =    1   r            1   1 −     s  ^    L        −    b   2 ( 1 −     s  ^    L   )           1   1 −     s  ^    R           b   2 ( 1 −     s  ^    R   )              v     ω       



(35)







According to the time convergence characteristic of improved rapid variable exponential reaching law, the sliding surfaces are designed as follows:


  s =        s   4         s   5        =        θ   e         n   1     x   e   −   n   2     ω   r     y   e         



(36)




where     n   1   ,     n   2   > 0  ,     ω   r   ≠ 0   and is a constant.



The convergence dynamics of the sliding surfaces follow:


    S  ˙  =          s  ˙    4           s  ˙    5        = =      −   μ   11     s   4   −   μ   12         s   4         λ   1       sgn   (     s   4   ) −   μ   13         s   4       B     sgn   (     s   4   )     −   μ   21     s   5   −   μ   22         s   5         λ   2       sgn   (     s   5   ) −   μ   23         s   5       B     sgn   (     s   5   )       



(37)




where   λ =      α ,   s   < 1       s   ,   s   ≥ 1      ,   μ   11   ,   μ   12   ,   μ   21    ,     μ   22    ,     μ   13    ,     μ   23    >0,   α > 1  ,   0 < B < 1  .



Using Equations (33), (36) and (37), the trajectory tracking motion control law is derived as follows:


  ω =   ω   r   +   μ   11     s   4   +   μ   12         s   4         λ   1       sgn   (     s   4   ) +   μ   13         s   4       B     sgn   (     s   4   )  



(38)






  v =      y   e     ω   r     1 +   σ   2      +   v   r   −    1     n   1   ( 1 +   σ   2   )      −   n   2       ω   r     2     x   e   −   μ   21     s   5   −   μ   22         s   5         λ   2       sgn   (     s   5   )  −   μ   23         s   5       B     sgn   (     s   5   )    



(39)







Substituting Equations (19), (38) and (39) into Equation (35) yields the angular velocities of the left and right wheels in the slip state.



Unlike existing studies that generally assume ideal adhesion conditions, this work explicitly considers the trajectory tracking problem under unknown slip conditions. By directly incorporating the output of the sliding mode observer into the control law, the controller achieves real-time disturbance compensation, ensuring robustness while significantly improving convergence speed.




4.3.2. Stability Analysis


Theorem 1.

Under the action of sliding mode tracking controllers (36) and (37) based on the improved rapid exponential reaching law, the trajectory tracking errors     x   e    ,     y   e    , and      θ   e     of the wheeled mobile robot can converge to 0 within a finite time.





Proof. 

(1) Proof that the sliding surface     s   4   =   θ   e     continuously approaches to 0 within a finite time:



Assuming the initial state of the system is     s   0   =   s   i   ( 0 ) > 1 , i = 1,2 , 3  , the convergence process of the system moving from its initial state to the sliding mode switching surface and converging to 0 can be divided into three stages. Stage 1: the system moves from its initial state to     s   i   (   t   1   ) = 1  ; Stage 2: the system moves from     s   i   (   t   1   ) = 1   to     s   i   (   t   2   ) = B  ; Stage 3: the system moves from     s   i   (   t   2   ) = B   to     s   i   (   t   3   ) = 0  .



Stage 1: When the system moves from the initial state     s   0   =   s   i   ( 0 ) > 1   to     s   i   (   t   1   ) = 1  , it is known that       s     4   > 1  . During this phase, the reaching law simplifies to the following:


      s  ˙    4   = −   μ   11     s   4   −   μ   12     s   4   a   −   μ   13     s   4   B    



(40)







From Equation (40), it can be seen that there are two power-law equations. These can be decomposed into       s  ˙    4   +   μ   11     s   4   = −   μ   12     s   4   a     and       s  ˙    4   +   μ   11     s   4   = −   μ   13     s   4   B    , which are solved separately.       s  ˙    4   +   μ   11     s   4   = −   μ   12     s   4   a     denotes the required approach time when the system is influenced only by   −   μ   12       s     a     sgn   (   s )  , and       s  ˙    4   +   μ   11     s   4   = −   μ   13     s   4   B     denotes the required approach time when influenced only by   −   μ   13       s     B     sgn   (   s )  . Therefore, the approach time of Equation (41) must be less than either of the above solutions:



To solve       s  ˙    4   +   μ   11     s   4   = −   μ   12     s   4   a    , the process is as follows:


    s   4   − a      d   s   4     d t    +   μ   11     s   4   1 − a   = −   μ   12    



(41)







Assuming the existence of an intermediate variable   A =   s   4   1 − a    , Equation (41) can be written as follows:


     d A   d t    +   1 − a     μ   11   A = −   1 − a     μ   12    



(42)







Solving Equation (42) gives the following:


      A =   − ∫ ( 1 − a )   μ   12     e   − ∫ ( 1 − a )   μ   11   d t   d t +   C   1     −   e   − ∫ ( 1 − a )   μ   11   d t         =   C   1     e   − ∫ ( 1 − a )   μ   11   d t   −      μ   12     e   − ∫ ( 1 − a )   k   3   d t       k   3        e   − ∫ ( 1 − a )   μ   11   d t         =   C   1     e   − ( 1 − a )   μ   11   t   −      μ   12       μ   11           



(43)







Namely:


    s   4   1 − a   =   C   1     e   − ( 1 − a )   μ   11   t   −      μ   12       μ   11       



(44)







When   t = 0  ,     s   i   ( 0 ) =   s   0    , the constant     C   1     can be solved:


    C   1   =   s   0   1 − a        μ   12       μ   11       



(45)







The solution to Equation (41) is obtained using Expressions (44) and (45):


    t   1   =    1   ( 1 − a )   μ   11          ln   (     s   4   1 − a   +      μ   12       μ   11      ) −   ln   (     s   0   1 − a   +      μ   12       μ   11      )    



(46)







So the time required to move from     s   0     to     s   i   (   t   1   ) = 1   is as follows:


    T   1   =    1   ( 1 − a )   μ   11          ln   (     a   1 − a   +      μ   12       μ   11      ) −   ln   (     s   0   1 − a   +      μ   12       μ   11      )    



(47)







Therefore, the time required for the system to move from       s   0     to     s   i   (   t   1   ) = 1   is less than     T   1    , that is, the actual convergence time of     s   4   =   θ   e     in the first stage is less than     T   1    .



Stage 2: The system moves from     s   i   (   t   1   ) = 1   to     s   i   (   t   2   ) = B  . In this case, the approximation law can still be expressed by Equation (40).



To solve       s  ˙    4   +   μ   11   s = −   μ   13     s   B    , similarly, it can be solved that:


    s   4   1 − B   =   C   2     e   − ( 1 − B )   μ   11   t   −      μ   13       μ   11       



(48)







When   t = 0 ,   s   4   = 1  , then     C   2   = 1 +      μ   13       μ   11       , then corresponding time can be calculated as follows:


    t   2   =    1   ( B − 1 )   μ   11          ln   (     s   4   1 − B   +      μ   13       μ   11      ) −   ln   (   1 +      μ   13       μ   11      )    



(49)







So the time required   f   to move from     s   i   (   t   1   ) = 1   to     s   i   (   t   2   ) = B   is as follows:


    T   2   =    1   ( B − 1 )   μ   11          ln   (     B   1 − B   +      μ   13       μ   11      ) −   ln   (   1 +      μ   13       μ   11      )    



(50)







Therefore, the time required for the system to move from     s   i   (   t   1   ) = 1   to     s   i   (   t   2   ) = B   is less than     T   2    , that is, the actual convergence time of     s   4   =   θ   e     in the second stage is less than     T   2    .



Stage 3: The system moves from     s   i   (   t   2   ) = B   to     s   i   (   t   3   ) = 0  , and it can be inferred that       s     4   < 1  . At this point, the law of approximation can be written as follows:


          s  ˙    4   = −   μ   12       s   4     −   μ   13     s   4   B   −   μ   11     s   4         = − (   μ   11   +   μ   12   ) s −   μ   13     s   B        



(51)







Similarly:


    t   3   =    1   ( B − 1 ) (   μ   11   +   μ   12   )            ln   (     s   4   1 − B   +      μ   13       μ   11   +   μ   12        sgn   (     s   0   ) )       −   ln   (     B   1 − B   +      μ   13       μ   11   +   μ   12        sgn   (     s   0   ) )        



(52)







Namely, the time required for the system to move     s   i   (   t   2   ) = B   to     s   i   (   t   3   ) = 0   is as follows:


    T   3   =    1   ( B − 1 ) (   μ   11   +   μ   12   )            ln   (   1 +      μ   13       μ   11   +   μ   12        sgn   (     s   0   ) )       −   ln   (     B   1 − B   +      μ   13       μ   11   +   μ   12        sgn   (     s   0   ) )        



(53)







In summary, when the initial state     s   0   > 0  , the time for the system to reach the sliding mode surface from its initial state and converge to 0 should be less than the sum of the time required for the above three stages       T   1   +   T   2   +   T   3      .



When the initial state     s   0   < 0  , the time for the system to reach the sliding mode sur face from its initial state and converge to 0 can also be divided into three stages. The solution principle is the same as for the system with initial state     s   0   > 0   mentioned above.



(2) Prove that the sliding mode surface     s   5   =   n   1     x   e   −   n   2     ω   r     y   e     converges to 0 within a finite time.



Let the convergence times of     s   4     and     s   5     be     t     s   4       and     t     s   5       respectively. Therefore, when the total time   t >   t     s   4     +   t     s   5      , the sliding surfaces     s   4     and     s   5     can converge to 0, and the angular velocity and linear velocity are as follows:


  ω =   ω   r    



(54)






  v =   y   e     ω   r   +   v   r   +      n   2       ω   r     2     x   e       n   1       



(55)







In this case, Equation (30) can be rewritten as follows:


      x  ˙    e   =   y   e     ω   r   +   v   r   − v  



(56)






      y  ˙    e   = −   x   e   ω  



(57)







Assuming that the Lyapunov function is     V   x   =    1   2        x   e     2    , its derivative can be obtained as follows:


          V  ˙    x   =   x   e       x  ˙    e         =   x   e   (   y   e     ω   r   +   v   r   − v )       =   x   e   (   y   e     ω   r   +   v   r   −   y   e     ω   r   −   v   r   −      n   2       ω   r     2     x   e       n   1      )       = −      n   2       ω   r     2       x   e     2       n   1            = −    2   n   2       ω   r     2     V   x       n   1            ≤ 0      



(58)







So when     ω   r   ≠ 0  ,     x   e     will converge asymptotically to 0, at this time:     y   e   =      n   1     x   e   −   s   2       n   2     ω   r       .



Since     x   e    ,     s   4    , and     s   5     can converge asymptotically to 0, it can be inferred that     y   e     will also converge asymptotically to 0.



In summary, under the influence of trajectory tracking controller based on the improved exponential reaching law,     x   e   ,   y   e    , and     θ   e     can all converge to 0 in a finite time. □






4.3.3. Analysis of the Influence of Sliding Mode Trajectory Tracking Controller Parameters on Control Performance


	(1)

	
    μ   11   /   μ   21     (Linear term coefficients): Directly determine the exponential convergence rate of errors. Increasing them accelerates linear error convergence but may induce overshoot and oscillations.




	(2)

	
    μ   12   /   μ   22     (High-power term coefficients): Dominate rapid convergence in the large-error phase (  | s | ≥ 1  ).




	(3)

	
    μ   13   /   μ   23     (Fractional-power terms): Optimize smoothness in the small-error phase (    s   < 1  ), avoiding steady-state chattering.




	(4)

	
    n   1   /   n   2     ratio: Determines the convergence speed of position error     x   e     via Equation (58). Increasing the ratio accelerates     x   e     convergence but may cause oscillations (e.g., oversized     n   1     or undersized     n   2     in simulations). The optimal ratio balances speed and smoothness. Simulations use     n   1     = 16.4,     n   2     = 17.8 (ratio ≈ 0.92) to ensure convergence while suppressing oscillations.










5. Simulation and Experiment


5.1. Simulation Verification


To verify the effectiveness of the trajectory tracking controller designed in this paper, a simulation study is conducted using MATLAB R2023a software for the trajectory tracking control problem of wheeled mobile robots. The desired linear velocity and angular velocity are selected as     v   r   = 1.8 m / s   and     ω   r   = 1.2   r a d / s  , respectively. The desired initial pose of the robot is set to          3   1   − 1        T    , and the actual initial pose is          2   1   2        T    .



From Equation (37), it can be seen that the convergence speed of the sliding mode surface is influenced by parameters     λ   1     and     λ   2    . Through simulation experiments to adjust     λ   1     and     λ   2    , it was found that when     λ   1   > 0.5   and     λ   2   > 4  , the system will exhibit significant oscillations.Furthermore, from expressions (47), (50), and (53), it can be seen that the approach time of the system is influenced by parameters     μ   11    ,     μ   12    ,     μ   13    ,     μ   21    ,     μ   22    , and     μ   23    ; therefore, the convergence time of the system can be controlled by adjusting the values of these parameters. From Equation (58), it can be seen that the convergence speed of     x   e     is determined by the ratio of     n   2   /   n   1    . In simulations, by adjusting the values of     n   1     and     n   2    , it is not difficult to observe that when the value of     n   1     is too large or the value of     n   2     is too small, the system will exhibit excessive oscillations.



In summary, various parameters were adjusted based on the simulation results, and the final selection was     μ   11   = 6 ,   μ   12   = 2 ,   μ   13   = 1 ,   μ   21   = 7 ,   μ   22   = 3 ,   μ   23   = 2 ,   λ   1   = 0.2 ,   λ   2   = 3  , B = 1.5,     n   1   = 16.4 ,   a n d     n   2   = 17.8  . According to Equations (26) and (27), the sliding mode gains are determined as     L   3   = 2 r   ω   L   / b  ,     L   4   = 2 r   ω   R   / b  , and the initial values for sliding parameter estimation are set to     s   L   ( 0 ) =   s   R   ( 0 ) = 0  . During the robot’s movement, the actual slip parameters of the left and right wheels at the 20th second are assumed to be     s   L   = 0.4   and     s   R   = − 0.4  , respectively, with perturbations of amplitude 0.05 introduced from the 32nd to the 35th second:




	(1)

	
The tracking path of the robot is selected as a circular shape, and its reference trajectory is as follows:











          x   r   ( t ) =   cos   (     ω   r   t )         y   r   ( t ) =   sin   (     ω   r   t )         θ   r   =   ω   r   t        



(59)







The simulation results are shown in Figure 4, and Table 1 presents the dynamic performance indicators for tracking the circular trajectory under the influence of slip ratio.



From Figure 4 and Table 1, it can be observed that the robot’s pose errors     x   e    ,     y   e    , and     θ   e     converge to 0 within 0.66 s, 0.51 s, and 0.76 s, respectively. This means that the robot fully tracks the desired circular trajectory after 0.76 s. The robot’s linear velocity and angular velocity converge to the desired values within 1.37 s and 1.24 s, respectively. And after only one oscillation, the steady state is reached, which indicates that the whole tracking process runs smoothly and is hardly affected by the slip rate. As shown in Figure 4d,e, the sliding mode observer can accurately predict the slip ratio, which is the foundation for good trajectory tracking performance.



	(2)

	
The tracking path of the robot is selected as “8” shape, and its reference trajectory is as follows:








          x   r   ( t ) = 30   sin   (      t   10    )       y   r   ( t ) = 30   sin   (      t   20    )        



(60)





The simulation results are shown in Figure 5, and Table 2 presents dynamic performance indicators for tracking the “8”-shaped trajectory under the influence of slip ratio.



Due to the greater difficulty in tracking the “8”-shaped trajectory, it can be seen from Figure 5 and Table 2 that the convergence times of the robot’s pose error, linear velocity, and angular velocity are longer, and the number of oscillations during the transition process and the overshoots of various variables have also increased. However, after 1.48 s, it fully tracked the desired “8”-shaped trajectory. Similarly, the sliding mode observer also accurately estimated the slip rates of the left and right wheels.



	(3)

	
The tracking path of the robot is selected as a sinusoidal shape, with its reference trajectory being the following:








           x   r   ( t ) = t         y   r   ( t ) =   sin   t           θ   r   ( t ) =   ω   r   t         



(61)





The simulation results are shown in Figure 6, and Table 3 presents the dynamic performance indicators for tracking the sinusoidal shape trajectory under the influence of slip ratio.



Due to the higher frequency of changes in the sinusoidal trajectory compared to the “8”-shaped trajectory, the tracking difficulty is greater. As can be seen from Figure 6 and Table 3, the robot’s pose error, linear velocity, and angular velocity converge over a longer period of time. However, after 1.56 s, it fully tracked the desired sinusoidal trajectory, and after 2.12 s, both linear velocity and angular velocity reached the desired values. The sliding mode observer also estimated the slip rates of the left and right wheels in a timely manner.



Based on the above simulation results, it can be concluded that the trajectory tracking controller designed in this paper achieves good tracking performance when tracking circular, “8”-shaped, and sinusoidal trajectories. As can be seen from sub-figures (a) and (c) of Figure 4, Figure 5 and Figure 6, the actual trajectories of the robot are very close to the desired trajectories, and as time goes by, the error between the two gradually decreases and approaches 0, indicating that the controller has strong tracking and convergence performance. Even if the sliding parameters change, the designed sliding mode observer can still accurately estimate, further verifying the effectiveness of the sliding mode observer and the robustness of the trajectory tracking controller designed in this paper.




5.2. Simulation Comparison Verification


To verify the control effect of the trajectory tracking controller with the sliding mode observer designed in this paper, a set of simulation comparison experiments was conducted using circular trajectory tracking as an example (with experimental conditions identical to those in Section 4.1). The experimental contents include the following:



	(1)

	
Replace the convergence law of the sliding mode trajectory tracking controller designed in Section 3.2 with a rapid double exponential reaching law, keeping other aspects unchanged. The result of tracking the circular trajectory is shown in Figure 7.




	(2)

	
Let the slip rate parameters       S  ^    L     and       S  ^    R     in Equation (35) be 0; the sliding mode observer is not used to estimate the slip rate, nor is the influence of the slip rate considered in the control; the others remain unchanged. The result of tracking the circular trajectory is shown in Figure 8.




	(3)

	
Due to the ability of fuzzy PID controller to adjust PID parameters in real time according to environmental changes, it has strong environmental adaptability and robustness. Therefore, in this section, the fuzzy PID control algorithm was used to design a trajectory tracking controller. Other experimental conditions remain unchanged; the result of tracking the circular trajectory is shown in Figure 9.







The comparison results of the adjustment times of robot pose error and tracking speed are shown in Table 4.



Comparing Figure 4a, Figure 7, Figure 8, Figure 9 and Table 4, it can be seen that the trajectory tracking controller designed using the fuzzy PID control algorithm has the worst tracking effect. The trajectory tracking controller based on the improved rapid variable exponential reaching law with the sliding mode observer designed in this paper has the best tracking effect. This is due to two factors. Firstly, although fuzzy PID control can adjust PID parameters in real time according to environmental changes, it cannot effectively identify and cancel out unknown slip ratio disturbances solely based on fuzzy rules. Secondly, fuzzy PID control needs to adjust parameters through multiple iterations and rule matching, which limits the real-time performance of the system to a certain extent. The trajectory tracking controller designed in this article can accurately estimate the slip parameters using the sliding mode observer and introduce the observation results into the trajectory tracking controller for control, which can quickly eliminate the influence of slip rate. On the other hand, the improved rapid variable exponential reaching law possesses faster reaching speed and can effectively reduce chattering, so the trajectory tracking process is stable and smooth.



From Table 4, it can be seen that compared to the other three control schemes, the trajectory tracking controller designed in this paper significantly reduces convergence times of the tracking errors (    x   e    ,     y   e    ,     θ   e    ), linear velocity   v  , and angular velocity   ω  . The convergence times of the above variables are only 25.19%, 20.56%, 24.92%, 34.42%, and 32.98% of that of the fuzzy PID trajectory tracking controller, respectively, and the convergence times of the above variables are only 65.34%, 64.56%, 80.85%, 61.43%, and 61.68% of that of the fast double power law trajectory tracking controller with sliding mode observer, which has better relative control effect compared to the other two control schemes.



While the reaching law employed in the trajectory tracking controller (Figure 7) demonstrates relatively weaker performance compared to Figure 8, the system still achieves superior tracking performance to controllers using the improved rapid variable exponential reaching law without slip ratio compensation. This enhancement stems from two key factors: (1) the sliding mode observer’s effective slip ratio estimation, and (2) the controller’s explicit consideration of slip effects. Although minor trajectory fluctuations and deviations persist (Figure 8), these results conclusively demonstrate the necessity of incorporating a sliding mode observer to estimate slip rates and feed this critical information into the control system.




5.3. Experimental Verification


To validate the effectiveness of the trajectory tracking controller designed in this paper in the actual environment, experiments were conducted using a wheeled mobile robot. The physical parameters of the robot are as follows: overall mass m = 3 kg, distance between front and rear wheels l = 0.2 m, and the distance from the center point to the side of the wheel d = 0.1 m. Edible oil was poured on the ground to make the wheels slip, as shown in Figure 10, where the radius of the circular trajectory is 2 m, and the dashed line represents the given motion trajectory for the robot. The specific experimental results are shown in Figure 11.



From Figure 11, it can be seen that the oil on the ground causes the wheel to slip. At the moment when the oil is stained, the trajectory tracking error range becomes larger, the speed fluctuation is intensified, and the convergence performance becomes worse. This is because in the actual operation, the tracking error will be further increased by the moment of inertia, damping effect of the left and right wheel motors, and the driving force attenuation caused by the slip due to the ground slip. As illustrated in Figure 11b,c, at t = 2.5 s, the error suddenly increases due to slipping, and the wheel torque required to maintain the robot’s turning will also increase. Although the sliding mode observer can correct the slip parameters in real time, the motor torque saturation characteristics still cause short-term control lag. Afterwards, within approximately 1 s, the torque demand is restricted within the motor’s feasible range, thereby restoring tracking.



In addition, the rapid double exponential reaching law is used to verify the trajectory tracking effect in the actual environment under the same experimental conditions, and the specific results are shown in Figure 12.



From the comparison of Figure 11 and Figure 12, it can be observed that under the same conditions, the trajectory tracking controller designed in this paper has better tracking performance.





6. Limitations and Future Work


Although the proposed control method demonstrates high robustness and accuracy under unknown slip conditions, several limitations remain. First, the experimental validation primarily focuses on scenarios with constant slip rates or single abrupt slip changes, without fully addressing the complex dynamics during high-speed cornering or large velocity variations. Second, the adaptability of the controller to a wide range of road surfaces (e.g., wet, gravel) has not been systematically tested. In addition, the tuning of controller parameters still relies on offline adjustment, lacking a fully adaptive online optimization mechanism.



Future work will focus on the following: (1) verifying and optimizing the robustness of the control strategy in more complex dynamic scenarios such as high-speed turns and sudden acceleration/deceleration; (2) improving the accuracy and real-time performance of slip rate estimation through multi-sensor fusion; (3) introducing an online parameter adaptation mechanism to reduce dependency on manual tuning; and (4) extending applicability tests to various road surface types and weather conditions.




7. Conclusions


This study proposes a trajectory tracking control scheme incorporating a slip ratio observer. The proposed control framework consists of three core components: (1) a sliding mode observer for real-time estimation of unknown slip ratios; (2) an improved rapid variable-power reaching law that accelerates convergence and mitigates chattering; and (3) an integrated control structure that directly incorporates the observer’s output into the control law. Theoretical analysis proves the stability and finite-time convergence of the system. Compared with traditional methods, this study deeply couples the sliding mode observer with the improved rapid variable-power reaching law within a unified framework, achieving adaptive parameter adjustment and disturbance compensation, thereby maintaining high-precision trajectory tracking performance even under sideslip conditions. Simulation and experimental results show that the proposed control scheme not only achieves high-accuracy and smooth trajectory tracking under unknown slip conditions but also significantly enhances convergence speed, reducing the shortest convergence time to only 20.56% of that of an environmentally adaptive fuzzy PID trajectory tracking controller and 61.43% of that of a rapid double-power reaching law controller with a sliding mode observer.



The findings of this study are of considerable importance from both theoretical and practical perspectives. Theoretically, the proposed control strategy effectively addresses the challenges faced by wheeled mobile robots under slip conditions, delivering more accurate and robust trajectory tracking performance compared with conventional methods. Practically, the successful validation through both simulations and real-world experiments demonstrates the applicability of the method in complex operating environments. Such robustness and adaptability are particularly valuable for tasks requiring high precision and reliability, such as autonomous navigation, industrial logistics, and field robotics. These results not only confirm the feasibility of the proposed approach but also lay a solid foundation for its integration into broader intelligent robotic systems, where safety, accuracy, and adaptability are of paramount importance.
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Figure 1. Control block diagram. 
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Figure 2. Schematic diagram of wheeled robot movement in slipping state. 
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Figure 3. Schematic diagram of pose error of wheeled mobile robot. 
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Figure 4. Simulation results of circular trajectory tracking. (a) Circular trajectory tracking curves. (b) Trajectory tracking linear velocity and angular velocity curves. (c) Trajectory tracking pose error curves of robots. (d) Right wheel slip rate estimation curves. (e) Left wheel slip rate estimation curves. 
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Figure 5. Simulation results of “8”-shaped trajectory tracking. (a) “8”-shaped trajectory tracking curve. (b) Trajectory tracking linear velocity and angular velocity curves. (c) Trajectory tracking pose error curves of robots. (d) Right wheel slip rate estimation curves. (e) Left wheel slip rate estimation curves. 
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Figure 6. Simulation results of sinusoidal trajectory. (a) Sinusoidal trajectory tracking curves. (b) Trajectory tracking linear velocity and angular velocity curves. (c) Trajectory tracking pose error curves of robots. (d) Right wheel slip rate estimation curves. (e) Left wheel slip rate estimation curves. 
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Figure 7. Tracking curves of the trajectory tracking controller with observer based on a rapid double exponential reaching law. 
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Figure 8. Tracking curves of the trajectory tracking controller without considering the effect of slip ratio. 
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Figure 9. Tracking curves of the fuzzy PID trajectory tracking controller. 
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Figure 10. Wheeled mobile robot used in the experiment. (a) Global view. (b) Local view. 
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Figure 11. Tracking results of the trajectory tracking controller designed in this paper in actual environment. (a) Circular trajectory tracking curves. (b) Trajectory tracking linear velocity and angular velocity curves. (c) Trajectory tracking pose error curve of robots. 
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Figure 12. Tracking results of rapid double power reaching rate in a real environment. (a) Tracking circular trajectory curves. (b) Trajectory tracking linear velocity and angular velocity curves. (c) Trajectory tracking pose error curve of robots. 
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Table 1. Dynamic performance indicators for tracking circular trajectories under the influence of slip ratio.
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	Performance Indicators
	      x   e      
	      y   e      
	      θ   e      
	    v    
	    ω    





	Adjust time/s
	0.66
	0.51
	0.76
	1.37
	1.24



	Number of oscillations
	1
	0
	0
	1
	1



	Overshoot
	0.06
	0
	0
	0.17
	0.5










 





Table 2. Dynamic performance indicators for tracking the “8”-shaped trajectory under the influence of slip ratio.
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	Performance Indicators
	      x   e      
	      y   e      
	      θ   e      
	    v    
	    ω    





	Adjust time/s
	1.48
	1.47
	1.45
	1.53
	0.44



	Number of oscillations
	1
	1
	1
	2
	2



	overshoot
	0.67
	0.53
	0.14
	0.33
	1.17










 





Table 3. Dynamic performance indicators for tracking the sine-shaped trajectory under the influence of slip ratio.
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	Performance Indicators
	      x   e      
	      y   e      
	      θ   e      
	    v    
	    ω    





	Adjust time/s
	1.37
	1.56
	1.45
	2.12
	2.04



	Number of oscillations
	1
	1
	1
	1
	1



	overshoot
	0.16
	0.09
	0.18
	0.78
	0.25










 





Table 4. Adjustment times comparison.
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	Adjustment Time/s
	      x   e      
	      y   e      
	      θ   e      
	    v    
	    ω    





	Improved Rapid Variable Exponential Reaching Law + Observe
	0.66
	0.51
	0.76
	1.37
	1.24



	Rapid Double Exponential Reaching Law + Observe
	1.01
	0.79
	0.94
	2.23
	2.01



	Improved Rapid Power Approximation Law
	1.38
	1.16
	1.67
	2.43
	2.26



	Fuzzy PID Trajectory Tracking Controller
	2.62
	2.48
	3.05
	3.98
	3.76
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