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Abstract

The contact performance of high-contact-ratio asymmetrical planetary gears is comprehen-
sively evaluated using multiple indicators. The relationship between the indicators and
modification parameters is difficult to accurately describe with a single type of surrogate
model due to their varying degrees of nonlinearity. This paper proposes an optimization
design method for comprehensive modification parameters based on a hybrid surrogate
model to improve the optimization accuracy of comprehensive modification. Firstly, a the-
oretical model of comprehensive modification for high-contact-ratio asymmetrical plan-
etary gears and a dynamically selected hybrid surrogate model are proposed based on
different contact performance indicators. Then, the explicit constraints of comprehensive
modification and the implicit constraints of non-edge contact are modeled for the modifi-
cation parameters. Finally, a multi-objective optimization algorithm for the modification
parameters based on the hybrid surrogate model is established and validated through ex-
periments and simulations. The results show that the proposed method improves the op-
timization accuracy and edge contact on the tooth surface is avoided while improving the
contact performance, and they provide a reference for efficient and precise optimization
of high-contact-ratio asymmetrical planetary gears.

Keywords: gear; comprehensive modification; multi-objective optimization; hybrid

surrogate model

1. Introduction

A high-contact-ratio gear is prone to tooth tip sharpening and breakage. A high-
contact-ratio asymmetric gear combines the characteristics of both asymmetric gears and
high-contact-ratio gears, effectively overcoming the aforementioned shortcomings. Re-
search on the design and analysis of this new tooth profile gear is being conducted [1-3].
Yildirim [4-6] pioneered a theoretical study of the meshing of high-contact-ratio gears, lay-
ing an important foundation for subsequent research. Mohanty [7] and Rameshkumar [8]
revealed the load transfer mechanism under multi-tooth meshing conditions by systemat-
ically analyzing the load distribution and contact stress distribution. Sanchez et al. [9] pro-
posed a contact stress calculation method based on the principle of the minimum elastic po-
tential energy, providing a new theoretical tool for strength analysis. Franulovic et al. [10]
conducted in-depth research on the impact of manufacturing errors on the meshing per-
formance. Their study showed that tooth pitch errors significantly alter the load distribu-
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tion coefficient and the accuracy level is a key factor affecting the uniformity of the load
distribution. Pleguezuelos [11] established an approximate calculation model for the trans-
mission efficiency of high-contact-ratio gears through theoretical analysis, focusing on the
relationship between key parameters such as the transmission ratio, pressure angle, and
transmission efficiency. He achieved optimization of the transmission efficiency. To ad-
dress the issue of scuffing failure in the transmission process in high-contact-ratio gears,
Rackov et al. [12,13] proposed a scuffing prediction method that innovatively introduces
genetic optimization algorithms into the scuffing calculation model, enabling rapid pre-
diction while maintaining accuracy compared to traditional methods. His study [14] in-
vestigated the impact of the gear tooth number and module values on the load capacity
in universal helical gear drives, optimizing gear ratio selection for single-stage reducers
while balancing the performance and production costs. His analysis highlights trade-offs
between the module size, load capacity, and component strength. Mo et al. [15] established
an analytical model for the time-varying meshing stiffness of asymmetric helical gears con-
sidering the effect of adjacent teeth based on the principle of potential energy. The study
found that increasing the pressure angle on the driving side can significantly reduce stiff-
ness fluctuations, especially when the contact ratio is an integer. The study also revealed
for the first time that the variation trend of load static transmission errors in asymmetric
gears exhibits a unique inverse characteristic compared to the stiffness curve. Karpat [16]
proposed an innovative method for calculating the meshing stiffness of asymmetric gears,
mainly using the finite element method to calculate the stiffness of a single tooth, provid-
ing an important reference to understand involute asymmetric gears. Puneeth et al. [17]
revealed the inherent relationship between the dynamic performance and pressure angle
by studying the instantaneous contact stress of asymmetric gear pairs under different pres-
sure angles. His study provides a theoretical basis for the optimal selection of the pressure
angle. Rajesh et al. [18] established a numerical model for the contact fatigue life of asym-
metric helical gears, confirming that asymmetric designs exhibit superior fatigue perfor-
mance compared to traditional symmetric gears. The characteristics of single-stage plane-
tary and cycloidal reducers have been analyzed [19], with the results showing that plane-
tary gearboxes have an advantage if a lower gear ratio is required. Namboothiri et al. [20]
revealed the fracture characteristics of asymmetric gears through three-dimensional frac-
ture analysis, finding that increasing the pressure angle on the driving side significantly
enhances the load-bearing capacity of the gear, with the open fracture mode playing a
dominant role. Toman et al. [21] were the first to systematically study the influence of the
friction coefficient on the performance of asymmetric gears, establishing a stress analysis
model that considers meshing friction.

The analysis and optimization of the contact ratio is one of the key issues in the de-
velopment of high-performance gears. Pedrero et al. [22] analyzed the tooth root stress in
high-contact-ratio (HCR) spur gears, where load-induced deflections increased the contact
ratio beyond 2, reducing the stress. They compared analytical and finite element models
with ISO/AGMA standards, proposing a load-sharing coefficient to correct conservative
results while retaining existing geometry factors. Zhu et al. [23] developed a fractal-based
TVMS model for super-high-contact-ratio helical gears, incorporating slice-specific contact
disparities and axial forces to improve the stiffness accuracy. Huang et al. [24] analyzed the
nonlinear dynamics of SHCR helical gears, revealing chaotic behavior under high-speed
conditions and the influence of backlash/friction on the system stability.

Regarding analysis and optimization methodologies [25-27], a single surrogate model
is commonly employed as a fitness function within intelligent algorithms, such as genetic
algorithms [28-30], to optimize gear meshing and the contact parameters. Tavakoli [31]
introduced a generalized method for calculating the static transmission error and load-
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sharing coefficient, applicable to both external and internal gear meshing across varying
contact ratios. This approach centers on minimizing the peak-to-peak static transmission
error and selects design variables including the tooth profile modification, modification
height, and modification curve parameters, thereby establishing a comprehensive opti-
mization system for gear modification design. Dhafer et al. [32] highlighted the increasing
demands on modern gears concerning their load capacity, performance, and noise, not-
ing that trade-offs often exist among metrics such as the transmission error, meshing effi-
ciency, and wear resistance. To address these conflicting requirements, the research team
utilized the NSGA-II multi-objective optimization algorithm to optimize the profile mod-
ification parameters and validated the method’s feasibility through an engineering case
study. Wang et al. [33] developed a rigid—flexible coupled dynamic model for wind tur-
bine gearbox systems, analyzing the influence of tooth surface modification on the system'’s
dynamic response. Field testing demonstrated that an appropriate modification strategy
can significantly improve the gear contact performance, reducing the transmission error
fluctuations, vibration, and noise levels. Pleguezuelos et al. [34] proposed a symmetric
long modification optimization method based on the assumption of equal time delay in-
tervals, which not only identifies the optimal tip relief curve but also quantitatively relates
the modification length to the contact ratio.

The evaluation of the contact performance in high-contact-ratio asymmetric gears in-
volves multiple indicators, such as the peak-to-peak transmission error, maximum tooth
surface contact stress, and maximum tooth root bending stress. These indicators ex-
hibit complex and often nonlinear relationships with the modification parameters [35-37],
which cannot be adequately captured by a single type of surrogate model during optimiza-
tion. Additionally, the modification parameters are subject to explicit constraint bound-
ary conditions and edge contact limitations to prevent structural failure caused by concen-
trated contact stress. Therefore, establishing a multi-objective optimization model based
on a dynamic hybrid surrogate model and developing a high-precision algorithm capable
of accounting for multiple implicit constraints have become essential requirements for the
design of high-contact-ratio asymmetric gears.

To deal with these issues, we developed a comprehensive modification theory for
high = contact-ratio asymmetric gears and an analysis method based on the hybrid surro-
gate model. The explicit constraint of comprehensive modification and the implicit con-
straint of non-edge contact was modeled for the modification parameters. Based on this, a
comprehensive modification optimization algorithm based on the hybrid surrogate model
was established. Experimental and simulation results verified that the algorithm can effec-
tively avoid edge contact while improving the contact performance.

2. Method for Comprehensive Modification Using Hybrid Surrogate
Model for Parameter Analysis

2.1. The Comprehensive Modification of the Tooth Surface Geometry

A high-contact-ratio asymmetric planetary gear is manufactured using an asymmetric
gear shaper, as illustrated in Figure 1. The straight segment AB of the rack cutter generates
the root arc segment of the gear tooth, the arc segment BC forms the root transition curve,
and the segment CD produces the involute profile of the gear tooth.

During gear machining, manufacturing errors are inevitable, leading to tooth pro-
files that deviate from the ideal theoretical involute. This deviation is further exacerbated
by elastic deformation under operating loads. Tooth surface modification is employed to
achieve a more favorable contact pattern, thereby enhancing the gear’s load capacity.
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Figure 1. Schematic diagram of (a) asymmetric rack cutter and (b) meshing of gear and rack cutter.
Comprehensive modification comprises two components: tooth profile modification
and lead crowning, as illustrated in Figure 2. The tooth profile modification is defined by
a parabolic function, expressed as follows.
h—rsq 2
(m) “APpaxti, Ysa < h<r,
Ap(h) = rep—h 2 (1)
(%f*"b) ’ ApmuxL/ Ty < h < rsf
where } is the distance from a point on the standard tooth profile to the origin. r, is the
radius of the tooth tip circle. r; is the radius at which the modification ends. 7, is the
distance from the starting point of tooth tip modification to the origin. Ap,,,,s is the maxi-
mum modification of the tooth tip circle. 7, is the distance from the starting point of tooth
root modification to the origin, and Apmayr is the maximum modification at the involute
starting circle.
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Figure 2. Schematic diagram of comprehensive modification. (a) Tooth profile modification;
(b) tooth direction modification.
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The modified tooth profile can be expressed as

Cy(h) = M =

()
Yp

ngFAp-ng?
yg — Ap - n%P

where the upper and lower operators correspond to the left and right tooth profiles, respec-
tively. ng,P and ngyD represent the unit normal vectors of the original tooth profile in the x
and y axes, respectively.

The tooth profile modification is expressed by two different parabolas (Figure 2b), and
the offset defined by the tooth profile is calculated using

|y +AIl
C(f) = = 3)
(f) Ll ;
The tooth surface after comprehensive modification is
Xg FAp-nGP
1l f) = |yg = Ap-ng £ AI(f) 4)

28

2.2. Dimensionality Reduction of Modification Parameters Based on SS-ANOVA

Since tooth root modification can compromise the tooth strength, this study focuses
exclusively on tooth tip profile modification. The key design variables selected for the tooth
tip modification in both the sun gear and planetary gears include the tooth tip modification
Aps, the diameter of the starting circle for the modification, ¢, and the tooth direction
drum shape, Al;, of the sun gear, as well as the tooth tip modification Apy, the diameter of
the starting circle for the modification, ¢, and the tooth direction drum shape, Al,, of the
planetary gear.

A Smooth Spline Analysis of Variance (SS-ANOVA) decomposes a multivariate func-
tion into the sum of multiple independent functions, with its extended form being an ad-
ditive model, as shown in the following equation:

N
fw%=§ﬁ&0 (5)
=

f is expressed as a function of N independent components and is a function of the
correlated variables. The component functions are estimated by minimizing the following
objective function.

i N 1p 2
mmni_zl<fz-—f<xi>>2+];%/o [ ()| ©

In this case, each component, f;, adopts the form of a natural cubic spline curve, and
each term corresponds to a tuning parameter, A;.

The contact performance includes three parameters: the maximum contact stress on
the tooth surface, 0;;; the maximum bending stress at the tooth root, 3, and the peak-to-
peak transmission error ¢. ¢ is defined as follows:

Firstly, the transmission error quantitatively describes the deviation between the ideal
position and the actual position of the driven gear:

_ 0
A¢=Omm¢0—(m—¢® )
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where i1; is the transmission ratio of the gear, and ¢; and ¢y are the rotation angles of the
driving gear and the driven gear, respectively. ¢{ and ¢ are the initial rotation angles of
the driving gear and the driven gear, respectively. As shown in Figure 3, the peak-to-peak
transmission error is

¢ = A@max — APmin (8)

Y, /rad

Pinion 14 /rad

Figure 3. The transmission error curve.

Obtained through a process based on the SS~ANOVA method, the influence of the
modification parameters on the three key performance indicators of the gear transmission
(the maximum contact stress on the tooth surface, 0, the bending stress at the tooth root,
op, and the peak-to-peak transmission error ¢,which is introduced in Section 3) is shown
in Figure 4.
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Figure 4. Sensitivity indicators of the modification parameters.

The results indicate that, in terms of the maximum bending stress at the tooth root and
maximum contact stress on the tooth surface, the tooth direction drum shape, Al;, of the
sun gear shows the highest sensitivity, while the influence of the diameters of the starting
circles for the modification, ¢s and ¢y, is the weakest. For the peak-to-peak transmission
error, the sensitivity ranking is as follows: tooth tip modification of the planetary gear
App >the tooth direction drum shape of the sun gear Als > the tooth direction drum shape of
the planetary gear Alj,. Based on this sensitivity ranking, this study selected the parameters
Aly, Als, and Ap), as key optimization variables for further research.
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2.3. Accurate Analysis Method Based on Hybrid Surrogate Model

To ensure the robustness of the rapid optimization algorithm, the Uniform Latin Hy-
percube (ULH) algorithm is adopted. The number of DOE designs is S = 2 X n; X ny,
where n; is the number of optimization variables and ng is the number of optimization
objective functions. In this optimization model, there are three optimization variables
and three objective functions, so the number of DOE designs is 18. The initial sam-
ple design scheme is shown in Table 1 (see Section 4.2 for the system parameters and
modeling methods).

Table 1. Samples and their responses.

No. Al Al Ap, On op @
(um) (um) (um) (MPa) (MPa) (x10-5)
1 10.25 8.0 0.1 173.495575 478.551544 2.928814
2 4.55 4.75 8.9 176.620804 512.350037 2.289831
3 11.55 5.7 3.7 171.289276 497.398651 2.928814
4 18.05 4.6 5.75 183.829590 534.303528 3.583051
17 3.45 5.4 3.3 162.928696 475.500214 2.228814
18 5.15 9.55 2.85 174.484467 507.080444 2.328814

The three key performance indicators, namely the maximum contact stress on the
tooth surface, the maximum bending stress at the tooth root, and the peak-to-peak trans-
mission error, exhibit significant differences in their complexity and linear characteristics.
Therefore, this paper adopts a dynamic selection strategy for surrogate models including
polynomial response surface models, radial basis functions, Kriging models, and neural
network models to establish a surrogate model with the optimal prediction accuracy.

The polynomial response surface model is based on the least squares principle and
determines the relationship between the input vector x and the output y(x), and its expres-
sion is

n n n n n
Yo (%) = Bo+ Y Bixi+ Y Bixt + Y Biiix; + Y Biiiixi+ Y BijXixj )
i=1 i=1 i=1 i=1 i£1

where 7 is the number of design variables. Bo, Bi, Bii, Biii, Biiii, and p;; are the regression
parameters of the response surface, determined using the least squares method.

For radial basis function (rbf) networks, the relationship between the input and output
is as follows:

N
Yrof(x) = ;wi(P(Hx_CiH) +p(x) (10)

where c; is the center point of the ith radial basis function, and the vector basis function
. . . 2
adopts a Gaussian function, i.e., ¢(r) = ex (7217 .
Another commonly used surrogate model is the Kriging model, whose expression is

Yirg(x) = f(x)" B+ Z(x) (11)

where B an the unknown coefficient vector, which is modeled as a Gaussian distribution
with a mean of zero.

Lastly, artificial neural networks (ANNSs) clearly demonstrate their advantages when
dealing with high-dimensional nonlinear problems. However, in the case of small samples,
overfitting is prone to occurring.
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The accuracy of the surrogate model was evaluated based on the Mean Absolute Er-
ror (MAE), Root Mean Squared Error (RMSE), Maximum Absolute Error (MAX), and the
Coefficient of Determination (R?), as follows:

1¢ ~
MAE = 3 |y — il (12)
i=1
MAX = max|y; - ;| (13)

RMSE = (14)
L (i - 5)?
2 \Yi— Vi

R271—IS{§;:1—1? (15)
x (i —7)°

where 1 is the number of sample points. y; is the output response of the ith sampling point.
Vi is the response estimation value of the surrogate model for the ith sampling point. ¥, is
the mean of the samples.

3. Constraint Modeling of Comprehensive Modification Parameters

Three key parameters, Alp,, Als, and Apy, are selected as optimizable variables, and
the remaining modification parameters are set to fixed values. This study establishes con-
straint conditions based on tooth surface contact pattern analysis, as follows:

APp_min < App < AP;o_max
Al;a_min < Alp < Alp_max
s.t.q Als min < Als < Al max (16)
PLmin < L < PLmax
PHmin < @H < ¢Hmax

where Apy_min and App_max define the modification range of the tooth tip for planetary
gears; Aly_min and Alj_max define the modification range of the tooth direction drum shape
for planetary gears; Als min and Als max define the modification range of the tooth direction
drum shape for sun gears; @;min and @ max define the position range of the left and right
boundaries of the contact print; and @Hmin and @Hmax define the position range of the
upper boundary of the contact pattern. To avoid edge contact during gear transmission,
it is necessary to ensure that there are no boundaries on either side of the tooth surface or
across the width of the tooth. Here, ¢; = L./L and ¢y = H./H. L. are the distances from
the two boundaries of the print to the widest part of the tooth, and L is the width of the
gear. H, is the distance from the upper boundary of the print to the tooth tip, and H is the
height of the tooth surface. The constraints are derived in the following section.

3.1. Explicit Constraints on Modification Parameters
3.1.1. Tooth Profile Modification

In gear modification, a larger modification is not necessarily better. This paper refers
to mature and widely used symmetric gear ISO standards [38] as boundary values, provid-
ing design intervals to reduce the search space in the optimization process. Meanwhile, the
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optimization results are not the defined boundary values and are validated through finite
element analysis (see Section 4.2.2). The calculation for the modification is as follows:

KAF
be,C,

APmax = (17)
where b is the tooth width; e, is the contact ratio of the end face. The other key parameters
are defined as follows.

Utilization factor, K4: An adjustment factor reflecting the load condition, with a
value range of 1.0-1.5. For heavy load conditions, it is recommended to adopt the upper-
limit value.

Comprehensive meshing stiffness, C,: C, = ¢/(0.25 + 0.75¢,). ¢’ is the stiff-
ness of a single pair of teeth; for gears made of rigid materials, when the unit load
(FK4)/b < 100 N/mm is

0.25
¢ = c},CmCrCp cos,B(FtIf(‘;o/b> (18)
When the unit load (F;K4)/b > 100 N/mm is
C/ = C;hCMCRCB COS‘B (19)

where ¢}, in Equation (19) is the theoretical single-pair tooth meshing stiffness. ¢y, = 1/4’.
g’ is the minimum for a pair of flexible gears:
G G

Csx1 Crxp
4 2 Cy- Ce -
1 1+ an + Zn2 Tl t an +her X2t Zn2

+Cs-x24+Co-x5  (20)

where Z,; and Z,; are the equivalent teeth numbers of the driving gear and the driven
gear, respectively. The coefficients in Equation (20) are listed in Table 2. Cy is the
correction coefficient, and Cy; = 0.8; Cg is the gear blank influence coefficient, and
Cr = 1. Cp is the basic tooth profile coefficient, which is determined using Cp =
[1.0 + 0.5(1.25 — hfp/mn):| [1.0 — 0.02(20° — ap,,)]. When the large and small gears are
machined from gears with different tooth roots, Cg = 0.5(Cp1 + Cp).

Table 2. Coefficient values in Equation (20) [38].

Coefficient Value
G 0.04723
) 0.15551
Cs 0.25791
Cy —0.00635
Cs —0.11654
Cs —0.00193
Cy —0.24188
Cg 0.00529
Co 0.00182

3.1.2. Tooth Direction Drum Shape Modification

The maximum value of the tooth direction drum shape is determined, and its modifi-
cation method is shown in Figure 5.
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i q

Figure 5. Schematic diagram of the modification of the tooth direction drum shape.

The drum shape of the gears, Almay, is calculated using
Alpax = 0.5Fgxc0 = 0.5(fsn + 1.5fma) (21)

where Fgyp is the equivalent meshing skewness, using the original skewness of the un-
modified gear as a reference value, and a safety factor of 1.5 is introduced to avoid tooth
edge contact.

In Equation (21) f,j, is the degree of skew of the meshing axis caused by the deforma-
tion of the gear body and the supporting shaft system during the transmission of the gear

b1 \?
(&) @)

In the equation, F;, = F{K4Ky. I represents the bearing span, which is the center-to-

pair. It is calculated using

4
B* —O—K'l—s (dl) —0.3|+03

Fy
= —0.023
fSh b1 d% dsh

center distance between two supporting bearings. S is the axial distance from the middle
plane of the pinion to the midpoint of the bearing span; B* is the power distribution coeffi-
cient. When the transmission system transmits power from a single input source, B* = 1.
If there are multiple inputs, B* = 14 2(100 — k) /k, where k is the percentage of the power
contributed by the current input. d; is the pitch circle diameter. dgj, is the equivalent diam-
eter of the gear shaft. K’ is the bearing parameter.

In Equation (21) fy, is the maximum allowable value for the clearance on the sides of
the teeth in meshing gear pairs, which is calculated using

b
fma = fupr + fHp2 +fz/57 (23)

fHp is the slope deviation of the helical line, reflecting the effect of the tooth profile
modification on the load distribution; fs is the installation tolerance of the two gear axes
at the bearing position, directly affecting the meshing alignment accuracy. b is the meshing
tooth width.

3.2. Implicit Constraints of Edge Contact

To obtain the precise location of the gear contact pattern, the extracted tooth surface
contact stress contour map undergoes data processing. Using the average contact stress
of the entire tooth surface as the dividing point, areas where the contact stress exceeds the
average are defined as white pixels, while the remaining areas are defined as black pixels.
A black-and-white image of the contact print is drawn, as shown in Figure 6.
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Figure 6. Contact pattern of the tooth surface.

The positions of the upper (L) and lower (H;) boundaries of the contact pattern are
precisely determined using this method. Here, L, is the distance from the boundaries on
both sides of the print to the widest part of the tooth. H, is the distance from the upper
boundary of the print to the tooth tip. The boundary proportions are defined as ¢;, = L./L
and ¢y = H./H, where L is the tooth width and H is the length of the tooth surface.

Therefore, when ¢ > 0, there is no edge contact on either side of the widest part of
the tooth; when @y > 0, there is no edge contact on the tooth tip. Ideally, both ¢ and ¢y
should be greater than zero. In order to maximize the contact area, ¢ and ¢ should also
be as small as possible.

4. Optimization of Comprehensive Modification and Verification Based
on Hybrid Surrogate Model

4.1. Multi-Objective Optimization Algorithm for Contact Performance Based on Hybrid
Surrogate Model

Multi-objective optimization based on a hybrid surrogate model is solved using the
NSGA-II algorithm. In this process, it is necessary to consider the tooth surface constraints.
Therefore, a flow chart of the comprehensive modification optimization method based on
a hybrid surrogate model proposed in this paper is shown in Figure 7.

Step 1: Under explicit constraints, sample the modification parameters using Uniform
Latin Hypercube. Calculate the indentation locations ¢; and ¢ and contact performances
0, 0, and @ using the finite element model.

Step 2: Calculate the constraints ¢@rimin < @1 < @rmax aNd @Hmin < ¢H < @Hmax-
Check if the requirements are met to prevent edge contact in the hybrid surrogate model.
If not, return to Step 1 to continue sampling. If yes, proceed to Step 3.

Step 3: Establish four surrogate models: an RSM, RBF, Kriging model, and ANN.
Calculate the MAE, MAX, RMSE, and R? indices using Equations (10)—(13), and establish
the surrogate models with the best performance: o, (Al,, Als, Apy), 0 (Aly, Als, App), and
@ (Alp, Als, App).

Step 4: Initialize the population of modification parameters and the maximum num-
ber of iterations.

Step 5: Select a parent individual, p, perform genetic crossover and mutation opera-
tions, and obtain the offspring population.

Step 6: Calculate the damage to the population using the hybrid surrogate model from
Step 3, and perform non-dominated sorting and crowding degree calculation. Calculate
the response of the population using the hybrid surrogate model in Step 3, and perform
non-dominated sorting and calculate the crowding distance.

Step 7: Merge the parent and offspring populations. Select the best individuals to
form a new generation of the population. Check whether the number of iterations is
greater than the maximum number of iterations. If not, return to Step 5; otherwise, the
iterations end.
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Figure 7. A flow chart of the proposed optimization algorithm.

Multi-objective optimization based on a hybrid surrogate model is achieved using this

method, and implicit constraints of edge contact are considered in the optimization.

4.2. Case Analysis

In this study, tooth surface optimization was conducted for a high-contact-ratio asym-

metrical planetary gear. The parameters are listed in Table 3.

Table 3. Design parameters of high-contact-ratio asymmetrical planetary gear system.

Parameters Values
Module 3.22
Addendum coefficient, h, 1.35
Tip clearance coefficient 0.3
Number of sun gear teeth, Z; 58
Number of planetary gear teeth, Z, 67
Number of teeth on the inner ring gear, Z3 192
Tooth width of sun gear, B; (mm) 90
Tooth width of planetary gear, B, (mm) 88
Tooth width of internal gear ring, B3 (mm) 80
Pressure angle on drive side, g (°) 25
Pressure angle on non-driving side, . (°) 19
Center distance of gears, ay (mm) 201
Input torque of sun gear, T (N-m) 1500
Elastic modulus, E (N/mm?) 210,000
Poisson’s ratio, v 0.3
Modification coefficient of sun gear —0.0774
Modification coefficient of planetary gear 0
Modification coefficient of internal gear 0.08
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The high-contact-ratio asymmetrical planetary gear system is shown in Figure 8. The
finite element model of the system was based on the parameters in Table 3. The elastic
modulus of the gear was 210 MPa, and Poisson’s ratio was 0.3 in the finite element software
Abaqus 2018. We selected contact pairs between the tooth surfaces of the sun gear and the
planetary gear, as well as two contact pairs between the tooth surfaces of the planetary
gear and the inner ring gear. A load was applied at the reference point on the planetary
carrier [39], as shown in Figure 9. The input speed was 1500 r/min.

Contact with small
Inner gear ring pressure angle

Planetary gear

Contact with large
pressure angle

\

Planetary gear ‘

Figure 8. The high-contact-ratio asymmetrical planetary gear system.

Interaction: Inner

Couple: Inner gear ring meshing contact pair

and reference point

Interaction: Outer
meshing contact pair

Tie: Outer diameter of inner s 3 ~
gear ring and fixed web Couple: Bearing installation

surface and reference point

Figure 9. Finite element model of high-contact-ratio asymmetrical gear system.

The contact performance indicators 0y, 03, and ¢ from the finite element model were
obtained for further analysis.

4.2.1. Results and Analysis of Hybrid Surrogate Model

By training the four surrogate models based on the initial sample data, a relationship
between the optimization variables and the objective function was obtained, with the cor-
responding errors as follows.

The response errors of different surrogate models are shown in Table 4. For the maxi-
mum contact stress on the tooth surface, o, the determination coefficient of the radial basis
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function was the highest, at 0.989804. For the maximum bending stress at the tooth root,
the determination coefficient of the radial basis function was the highest, at 0.98849. For
the peak-to-peak transmission error ¢, the neural network had the highest determination
coefficient of 0.995287.

Table 4. The response errors of different surrogate models: MAE, MAX, RMSE, and R2.

Response Surrogate Model MAE MAX RMSE R?
On RSM 1.40579 0.00804961 0.112102 0.854113
RBFs 0.696719 0.00397370  0.0555583 0.989804
Kriging Model 0.761367 0.00433823  0.0607135 0.935342
Neural Networks 2.20393 0.0124594 0.175748 0.6681794
oy RSM 3.39184 0.00663721 0.0822055 0.928907
RBFs 1.7536 0.00344523  0.0425008 0.98849
Kriging Model 2.82846 0.00557047  0.0685512 0.943370
Neural Networks 2.00608 0.0395192 0.0486199 0.970385
@ RSM 0.0863355 0.0317385 0.0513487 0.963822
RBFs 0.0707741 0.0278598 0.0420935 0.975366
Kriging Model 0.082335 0.0335032 0.0489694 0.968144

Neural Networks 0.0280823 0.0118767 0.0167022  0.995287

Based on the results obtained from the error analysis, this study adopted a differ-
entiated surrogate model selection strategy for the multi-objective optimization of gear
systems. When comparing and analyzing the predictive performance of different mod-
els, it was found that the radial basis functions (RBFs) exhibited optimal performance in
predicting the maximum contact stress on the tooth surface and maximum bending stress
at the tooth root (with a correlation coefficient of 0.98), while the neural network model
was optimal in predicting the peak-to-peak transmission error (with a correlation coef-
ficient of 0.99), and both had correlation coefficients very close to one, indicating high
model reliability.

4.2.2. Optimization Result Analysis

The modification parameters APy, Aly, and Al; were optimized using the proposed
method. The remaining modification parameters were set to fixed values as shown
in Table 5.

Table 5. Gear modification parameters in the system.

Gear Modification Method Value (um)
Sun gear Tooth tip 13
Tooth tip 5

Inner gear ring Tooth direction drum shape 5

The design quantity for this experiment was 18, and the number of iterations was
set to 50. Therefore, this optimization included 900 sets of calculations. The maximum
contact stress on the tooth surface, 0, maximum bending stress at the tooth root, o3, and
peak-to-peak transmission error ¢ are shown in Table 6.

The modification scheme derived from the optimization algorithm proposed in this
paper was case C in Table 7. This scheme comprehensively considers the effects of the max-
imum contact stress on the tooth surface, 0, and maximum bending stress at the tooth
root, o, which improves the performance of the gear transmission system. In contrast, the
modification scheme based on traditional empirical formulas was case B. This scheme is
relatively simple, primarily relying on existing design experience and formula derivation.
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However, it has significant limitations in practical applications. The non-modification
scheme A incorporated the original contour characteristics of the gear, which provided
a reference and comparison for the optimization. The specific modification values and
parameter settings for each modification scheme are shown in Table 7.

Table 6. Contact performance response with different modification parameter combinations.

No. App Al Al oy oy @
(um) (um) (um) (MPa) (MPa) (x10-3)
1 10.25 8.0 0.1 173.495575 478.551544  2.92881
2 4.55 4.75 8.9 176.620804 512.350037 2.289831
3 11.55 5.7 3.7 171.289276 497.398651 2.928814
4 18.05 4.6 5.75 183.829590 534.303528 3.583051
898 12 6.1 4.4 509.235 175.276 2.93005
899 15.1 3.75 6 516.578 177.664 3.09234
900 15.6 1.6 2.8 475.649 163.013 3.27828

Table 7. The parameters of the modification schemes.

Case App Al,, Al
A 0 0 0
B 20 10 10
C 2.15 4.1 8.25

The tooth surface contact stress of the gear under rated operating conditions is shown
in Figure 10. According to the results, the maximum contact stress on the sun gear tooth
surface under the three schemes was 397.5 MPa, 518.8 MPa, and 448.69 MPa, respectively.
The maximum contact stress on the planet gear tooth surface was 403.3 MPa, 611.5 MPa,
and 493 MPa, respectively.

Sun gear Planet gear

-
N q97 46

(a) Case A

:-a - :f%

= ﬂ

O)CaseB
"'—_*I

(c) Case C

BB 88 3

Figure 10. Contact stress on the tooth surface of the sun gear and planet gear.
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Figure 11 shows the contact patterns during gear meshing. It is evident that in modi-
fication case A, edge contact occurred on both sides of the tooth root and across the width
of the tooth of the sun gear, as well as on both sides of the tooth tip and across the width
of the tooth of the planet gear, i.e., ¢rs = ¢, = ¢yp = 0. In contrast, the contact in case
B and C was mainly concentrated in the middle of the tooth surface, exhibiting a more
uniform contact distribution and demonstrating a better load-bearing capacity.

Sun gear Planet gear

@, = 0;¢, =0.145 ¢, =0:¢, =0
(a) Case A
=0.109;¢,, =0.158 ¢, =0.085;¢, =0.133
(b) Case B
=0.05;¢, =0.102 ¢, =0.05;¢, =0.108
(c) Case C

Figure 11. Contact pattern of the sun gear and planet gear.

From Figure 12, we can see that the maximum bending stresses at the tooth root of the
sun gear under the three modification schemes were 157.6 MPa, 227.7 MPa, and 200.3 MPa,
respectively. The maximum bending stresses at the tooth root of the planet gear were
150.2 MPa, 214.9 MPa, and 171.9 MPa, respectively.

The transmission error curves of the modification schemes are shown in Figure 13,
with peak-to-peak values of 3.4 x 1072,4.3 x 107>, and 1.9 x 107, respectively.
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Sun gear Planet gear

e —— e —— . 0

Max: 157.6167 MPa Max: 150.1802 MPa

(a) Case A

- ol S -
- 100
['] o
4400 =100
I o
500
Max: 227.6954 MPa Max: 214.8968 MPa

(b) Case B

200 ——
100 b 100
° o
{-100 100
-200 -200
-300 300

e —

Max: 200.3125 MPa Max: 171.9694 MPa

(c) Case C

Figure 12. Bending stress of sun gear and planet gear.

From the tooth surface contact pattern, it can be observed that there was significant
edge contact in the unmodified case A, although the tooth surface contact stress and tooth
root bending stress were relatively small. Under actual operating conditions, the edge
contact further intensified due to the assembly errors and load variations, leading to lo-
cal stress concentration. Although there was no edge contact in case B, it showed higher
contact stress and tooth root bending stress as excessive modification reduced the contact
area. In contrast, case C performed well in terms of its load-bearing capacity and contact
area, with a minimal transmission error. Compared to case B, the maximum contact stress
on the sun gear was reduced by about 14%, and the maximum bending stress on the sun
gear was reduced by 12%. The maximum contact stress on the planet gear was reduced by
19%, and the maximum bending stress on the planet gear was reduced by 20%; the peak-to-
peak transmission error was reduced by 55%. These results indicate that the modification
optimization algorithm has good feasibility and improves the load-bearing capacity while
optimizing the gear transmission performance.



Machines 2025, 13, 757 18 of 23

«'E ®
< N
N L~
< |
05 F . " " . 25 . . . R .
0.25 0.3 0.35 0.4 0.45 05 0.55 0.25 03 0.35 04 0.45 05 0.55
pinion :_-1/rad pinion :-Ix’rad
(a) Case A (b) Case B

6
20 & 10

.A:.-z/rad

0.25 0.3 0.35 04 0.45 0.5 0.55
pinion r:‘/rad
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Figure 13. The transmission error curves of the modification schemes.

4.3. Experimental Verification of Optimization Results

To verify the transmission performance of the high-contact-ratio asymmetrical plan-
etary gear after modification optimization, this section compares the tooth surface contact

patterns of the physical prototype with the finite element simulation results using the con-
tact pattern analysis method.

4.3.1. Setup of the Experiment

To verify the effectiveness of the modification parameters, a test of the high-contact-
ratio asymmetrical planetary gear was conducted, with the parameters listed in Table 3
(the modification parameters are listed in Table 8). The material of the gears was 9310 steel,
which was treated through a carburizing process.

Schematic diagrams of the test platform are shown in Figures 14 and 15. The test
platform consisted of a drive motor, a torque loading motor, a test gear system, and a sup-
port system. The drive motor provided the power input and transmitted the power to
the sun gear input end of the tested planetary gear. The torque loading device applied a
controllable load at the output end of the planet carrier to simulate the torque characteris-
tics under actual working conditions. High-stiffness bearing blocks were adopted in the
support system to ensure accurate positioning and stable operation of each shaft system.
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Table 8. Modification parameters of the gears used in the test.

Gear Parameters Values
Tooth tip modification (um) 13
Diameter of starting circle for
S
Hn gear modification (mm) 192
Tooth direction drum shape (um) 8.25
Tooth tip modification (um) 2.15
Planet gear Diameter of sta.rtmg circle for 2202
modification (mm)
Tooth direction drum shape (um) 41
Tooth tip modification (um) 5
Inner oear rin Diameter of starting circle for 610
& & modification (mm)
Tooth direction drum shape (um) 5
Power distribution
N=|] Converter
Common DC bus
= | Inverter 1 —
l Sample Accompanying —_ | Inverter 2

test box :
Drive Imotor —> |_§ 1 T

Rated power: ZSOOKW_l l | | i —
Rated speed: 1500rpm I | | [ 1 I Loadmg motor
/ 4| I— Rated power: 2500kW
| - I Rated speed: 1500rpm

Torque and speed sensor
Torque and speed sensor

Figure 14. Schematic diagram of the asymmetrical planetary gear system experimental platform.

A loading contact experiment was conducted, and the experimental steps were
as follows.

First, the experimental equipment was initialized, with the operational status of each
transmission component verified. A uniform layer of coloring agent was applied to the
meshing tooth surfaces of the sun gear, planetary gear, and inner gear ring. Subsequently,
the sun gear was mounted onto the input shaft, with its radial runout calibrated before
being securely clamped. The planetary gears were then assembled onto the planet carrier,
with their axial clearance adjusted accordingly. The inner gear ring was fixed in place,
ensuring proper alignment with the theoretical meshing position of the planetary gears.

Following component installation, the axial position of the sun gear was fine-tuned
to ensure simultaneous contact between the planetary gears and both the sun gear and the
inner gear ring, thereby preliminarily verifying the engagement status. Torque was then
applied in stages, beginning with preloading and low-torque operation before gradually
increasing to the designated working torque. Throughout the operation, key parameters
including the speed, torque, and vibration data were recorded for subsequent analysis.
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Figure 15. The asymmetrical planetary gear system experimental platform.

Upon cessation of the operation, the distribution of the contact patterns on the tooth
surfaces of each gear was examined. The area and location of the contact regions were
assessed to determine compliance with the design specifications.

4.3.2. Results and Analysis of the Test

The experimental and simulated loading contact areas of the sun gear are shown in
Figure 16a and Figure 16c, respectively. The experimental and simulated loading contact
areas of the planetary gears are shown in Figure 16b and Figure 16d respectively. By com-
parison, it can be seen that the simulated contact area obtained from the optimization anal-
ysis matched the actual contact area obtained from the experiment, with no edge contact
occurring, thus verifying the accuracy of the optimized simulation results.

(a) Sun gear (b) Planet gear

B B 88 B

g

g

° 8

Figure 16. Comparison of contact pattern of optimized planetary gear system between experiments
and simulations. (a,b) experimental results; (c,d) simulation results.

5. Conclusions

In response to the complex nonlinear relationship between the contact performance
and comprehensive modification parameters, as well as the implicit constraint require-
ments of modification methods, this paper establishes a theoretical comprehensive mod-
ification model for high-contact-ratio asymmetric gears and proposes a hybrid surrogate
model analysis method with dynamic selection. The explicit constraints of comprehensive
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modification and the implicit constraints of non-edge contact are used for modeling the
modification parameters. A comprehensive modification optimization algorithm based
on a hybrid surrogate model is proposed to improve the contact performance. The pro-
posed algorithm was applied to the optimization of high-contact-ratio asymmetric plane-
tary gears, and it was found that the proposed algorithm improved the optimization ac-
curacy, accurately avoided edge contact, and reduced the maximum contact stress on the
tooth surface and the maximum bending stress on the tooth root compared with the tradi-
tional methods.

In the future, this approach can be further expanded to optimize dynamic perfor-
mance indicators, including by establishing dynamic optimization models. Time-varying
loads and speed fluctuations should be considered to construct a more comprehensive
multi-objective optimization method.
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