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Abstract

In tolerance design for complex mechanical systems, 3D dimension chain analyses are
crucial for assembly accuracy. The current methods (e.g., worst-case analysis, statistical
tolerance analysis) face limitations from oversimplified assumptions—treating datum fea-
tures as ideal geometries while ignoring manufacturing-induced spatial distribution of
form errors and failing to characterize 3D coupled error constraints. This study proposes a
six-dimensional spatial dimension chain (SDC) model based on transfer matrix theory. The
key innovations include (1) a six-dimensional model integrating position and orientation
vectors, incorporating geometric error propagation constraints for high-fidelity error predic-
tion and tolerance optimization, (2) the characterization of spatially distributed form errors
and 3D coupled errors of spatial dimension chain-based multiple mating-surface constraint
(SDC-MMSC) using six-degree-of-freedom (6-DoF) geometric error components, reducing
the assembly topology complexity while improving the efficiency, and (3) a 6-DoF error
characterization method for non-mating-constrained data, providing the theoretical basis
for SDC modeling. The experimental validation on an aero-engine casing assembly shows
that the SDC model captures multidimensional closed-loop spatial errors, with absolute
errors of max—min closed-loop distances below 9.3 um and coaxiality prediction errors
under 8.3%. The SDC-MMSC method demonstrates superiority, yielding normal vector
angular errors <0.008° and envelope surface RMSE values <0.006 mm. This method over-
comes traditional simplified assumptions, establishing a high-precision, multidimensional
distributed-form-error-driven SDC model for complex mechanical systems.

Keywords: assembly; spatial dimension chain; spatial distribution of form errors;
multiconstraint

1. Introduction

During the design phase, a dimensional chain analysis serves as a critical tool for the
rational tolerance allocation of components [1], while providing essential references for
subsequent control of the machining and assembly accuracy. With increasing product com-
plexity and higher integration of component structures, the conventional dimensional chain
analysis methods face significant challenges. In high-complexity and large-dimension sce-
narios, such as aero-engines, the effects of error propagation and accumulation substantially
complicate dimensional chain analyses. This study focused on the influence of geometric
errors, particularly the spatial distribution of form errors, on spatial dimensional chains.
Spatially distributed form errors refer to the widely spaced deviations of the real surface
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from the nominal surface [2]. Such errors result in inconsistent clearances. As illustrated in
Figure 1, the impact of spatially distributed form errors on the final assembly accuracy is
demonstrated. The figure shows that when a plane with spatially distributed form errors
is assembled with an ideal plane, the non-uniform distribution of form errors within the
error area induces a rotational displacement of the ideal plane. Furthermore, as shown in
Figure 2, the casing assembly consists of multiple components. The combined effects of
dimensional errors in individual parts, geometric errors of mating surfaces, and multidi-
rectional constraints on composite mating surfaces of the flange interfaces (including both
axial constraints such as end-face contacts and radial constraints such as spigot fits) may
lead to out-of-spec closed-loop dimensions (e.g., coaxiality errors in the casing assembly),
potentially requiring assembly process adjustments that extend the production lead time
and increase manufacturing costs. As shown in Figure 3, the axial assembly distance of
the rotor is a critical parameter in ensuring aero-engine assembly quality. However, due
to geometric errors at component mating surfaces, the axial relative positioning between
the high-pressure compressor rotor and turbine rotor requires multiple trial assemblies to
select appropriate shims for dimensional compensation. When treating either the shim
thickness or post-assembly axial clearance as the closing loop, the accurate determination
of this loop becomes key to reducing aero-engine manufacturing costs. The complexity of
assembly analyses stems from multiple factors, including the large dimensions of compo-
nent mating surfaces, cumulative errors during multicomponent assembly, and complex
multiconstraint mating relationships at assembly interfaces. A conventional dimensional
chain analysis is inadequate in addressing these challenges, creating an urgent need to
develop distributed-form-error-based spatial dimensional chain analysis methods.
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Figure 1. Effects of spatially distributed form errors.
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Previous studies have developed various types of dimensional chain models. For
instance, one-dimensional or two-dimensional assembly dimensional chains were estab-
lished based on 2D drawings, followed by traditional numerical analysis methods such
as the worst-case method [3-5] and statistical method [6] to calculate assembly errors
in the dimensional chain. Subsequently, manual tolerance allocation and optimization
were performed based on engineering experience. However, these methods fail to fully
account for (1) geometric errors of mating surfaces in 3D space, (2) coupling effects between
assembly features, and (3) multidimensional characteristics of closed loops. Consequently,
when applied to dimensional chains involving large-scale mating surfaces (which cannot
be simplified as points) where geometric errors are non-negligible, they produce inaccurate
tolerance design results. Several studies have developed three-dimensional spatial dimen-
sional chain models, such as the tolerance map (T-MAP) model [7-9]. Chase et al. [10-13]
employed two-dimensional and three-dimensional direct linearization methods, respec-
tively, to convert deviations caused by geometric tolerances into dimensional deviations.
Clément et al. applied the small displacement torsor (SDT) model [14-20], which utilizes
deviation torsors and clearance torsors to describe geometric deviations and mating clear-
ances between parts, and solves functional requirements through algebraic composition
operations. Other researchers have approached dimensional chain modeling from the
perspective of geometric relationship propagation. Desrochers and Riviere [21] proposed
a matrix model, arguing that feature variations relative to a datum can be decomposed
into six independent components—three translational displacements along the coordinate
axes and three rotational displacements about the axes. Wang et al. [22] introduced a
CAD-model-based automated generation method for 3D assembly dimensional chains
using graph theory. El Mouden et al. [23] developed a 3D tolerance analysis method com-
bining the Jacobian matrix with the torsor model, improving the computational efficiency
for complex assemblies. Additionally, Zhang et al. [24] proposed a 3D tolerance zone
computation method based on SDT, robotic kinematics, and convex set theory models,
addressing challenges in process dimensioning and tolerance design for 3D manufacturing.
Jain [25] proposed a method by fitting an orthotope inside an ellipsoid, employing the
system Jacobian matrix to address challenges in tolerance analyses, tolerance allocation,
and compensator selection. Tang et al. [26] introduced an improved Monte Carlo simu-
lation approach utilizing surrogate models and low-discrepancy sequences, significantly
enhancing the computational efficiency in dimensional variation analyses while maintain-
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ing accuracy. In another study [27], the authors developed a tolerance analysis tool based
on Monte Carlo simulation to mitigate assembly rework caused by dimensional variability
in prefabricated and offsite construction, subsequently reducing the rework risks through
process optimization. Additionally, McGregor [28] applied a support vector regression
(SVR) machine learning approach to develop a geometric shape prediction and qualification
tool based on manufacturing parameters and feature descriptors, effectively predicting and
diagnosing geometric defects in additive manufacturing while improving the part classifica-
tion accuracy. Maltauro et al. [29] introduced the concept of variable-dependent admissible
limits for tolerance stack-up analyses, where the limits are adaptively adjusted based on
both geometrical and non-geometrical variables. While the aforementioned studies have
made positive contributions to tolerance accumulation in geometric relationship trans-
mission, these spatial dimension chain models face two primary limitations. First, most
models are tolerance-based, where the tolerances merely describe the permissible variation
range of geometric errors. Such approaches oversimplify the situation by reducing the
geometric errors to ‘extreme boundaries” within tolerance zones, treating post-machining
surface form errors as scalar quantities (as shown in Figure 3). In reality, form errors exhibit
spatial distributions. Second, in conventional dimension chains, the closed loop is typi-
cally represented by a scalar quantity (such as Ah in Figure 4) as the accumulation result.
However, due to the stacking of spatially distributed form errors and other geometric
errors, the closed-loop clearance actually demonstrates multidimensional spatial distribu-
tion characteristics, leading to discrepancies between design values and actual assembly
outcomes. Under high-dimensional and large-scale conditions with limited part quantities,
assembly process adjustments through part replacement become unfeasible. Consequently,
accurate dimension chain prediction during the design phase can fundamentally reduce
the subsequent manufacturing costs, time expenditures, and labor requirements. Moreover,
precise dimension chain prediction at the design stage can provide optimized feedback
for more accurate tolerance allocation. Thus, developing methods to obtain more precise
dimension chain prediction results, thereby achieving more accurate tolerance allocation
outcomes, represents an urgent and significant challenge.
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S2.1 S2.3 S3.1 S3.3 Si.1 N .
; v [ b : :
' 1
I 1
" Part3 % * “Part i ! :
NN SO hP ¥ :
Contributing loop Closed loop

Figure 4. Spatial multidimensional distribution characteristics of the closed loop.

Meanwhile, in practical engineering, geometric errors propagate through the geo-
metric relationships in the dimensional chain. The constrained mating surfaces of parts
often involve more than one pair of critical interfaces (as shown in Figure 4, where the key
mating surface of part 2 serves as a key datum plane in the dimensional chain, with its
position and orientation jointly constrained by both the horizontal plane and the left vertical
plane of part 1). The resulting three-dimensional error coupling from these constraints
ultimately directly affects the product performance. Zhang et al. [30,31] proposed a method
for solving contact problems of mating surfaces by considering spatially distributed form
errors. While these studies account for the influence of spatially distributed form errors
on assembly posture, they primarily focus on single-reference assembly problems (i.e.,
assemblies constrained by only one pair of mating surfaces), with limited research on
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posture constraints imposed by dual mating surfaces. Liu et al. [32] introduced a general
analysis method incorporating the parallel effects of geometric structures, utilizing con-
strained registration to compute the optimal mating results. Shi et al. [33] comprehensively
considered the influence of the surface morphology and non-uniform contact deformation
on the error propagation process, further adopting a phase optimization method to improve
the assembly accuracy of multistage rotors. However, these methods primarily focus on
error propagation mechanisms, while the systematic modeling of geometric constraints
and assembly relationships within dimensional chains remains unresolved.

In response to the aforementioned challenges, the main contributions of this work
are as follows: (1) We developed a distributed-form-error-driven spatial dimension chain
model establishing mapping relationships between geometric features and functional
dimensions through six-dimensional vector functions. The model incorporates spatially
distributed form errors in datum definitions and employs the transfer matrix method
to represent closed loops in both positional and orientational dimensions, enabling high-
fidelity error prediction for large-scale assemblies. (2) We addressed multiple mating surface
constraints by characterizing form errors and 3D coupled errors using 6-DoF geometric
error components, significantly reducing the computational complexity while improving
the prediction accuracy. (3) Non-mating-constrained datum errors were characterized using
6-DoF geometric error components based on spatially distributed form errors and modified
envelope conditions, ensuring interchangeability and assembly quality. (4) We validated
the model through a casing assembly case, demonstrating its effectiveness in analyzing
six-dimensional closed-loop characteristics. (5) We applied the proposed six-dimensional
spatial dimension chain model to the tolerance optimization design of aero-engine casing
components, where its multidimensional error prediction capability facilitates precision
tolerance allocation.

2. Six-Dimensional Spatial Dimension Chain Modeling

The proposed six-dimensional spatial dimension chain (SDC) model accounts for
spatially distributed form errors during the design stage. The processing of the spatially
distributed form errors follows the methodology in [34]—an error modeling approach
that considers the distribution patterns of form errors induced by existing manufacturing
processes at the design phase. This approach is predicated on the assumption that the
machining errors remain statistically stable during a machine tool’s precision stability pe-
riod. The machining errors on part surfaces comprise systematic errors and random errors.
Systematic errors, as deterministic components, exhibit repeatability and predictability;,
constituting the dominant portion of the total errors; random errors lack regularity and
typically account for a minor proportion. To establish manufacturing-process-referenced
spatially distributed form errors, we inspect historically machined workpieces and em-
ploy NURBS (non-uniform rational B-spline)-based surface regression [35] to extract and
separate systematic and random errors, subsequently utilizing the systematic error mor-
phology (including both magnitude and spatial distribution patterns) as the primary error
model component. Anwer et al. [36] made significant contributions to the field of tolerance
analysis [37,38] by developing skin-model-based approaches, which utilize statistical distri-
butions and idealized geometric deviation assumptions. In contrast to these methods, the
present work establishes a fundamentally distinct manufacturing-feature-driven modeling
process based on actual machining process data.

2.1. Definition of Modeling Data

The error modeling method based on existing manufacturing processes and the
NURBS surface regression method for extracting systematic errors serve as the foundational
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error data for constructing the SDC model. The core of SDC modeling lies in establishing
constraint relationships between geometric elements (e.g., planes, axes) and analyzing error
accumulation through a datum reference system. In this study, the term ‘datum’ refers to a
theoretically exact feature (as defined in ISO GPS [39]). Its closed-loop characteristic relies
on well-defined geometric data and constraint propagation paths. Thus, defining a datum
coordinate system via geometric elements (e.g., mating surfaces) to constrain the error
directions constitutes the fundamental requirement for establishing an SDC. Subsequently,
the modeling data for mating surfaces are selected and classified. Since most parts demand
high assembly precision and exhibit substantial rigidity, deformation is not considered in
this model. Therefore, this study operated under the assumption of rigid body conditions.

As shown in Figure 5, when considering the influence of spatially distributed form
errors [31], the data are categorized based on the constraint properties of mating surfaces:

e  Mating-constrained datum planes: The coordinate systems are established at both the
ideal mating positions (e.g., surface b or ¢) and the actual mating positions (e.g., surface
b’), referred to as the ideal mating-constrained datum and actual mating-constrained
datum, respectively;

e Non-mating-constrained datum planes: The coordinate systems are defined at the
ideal locations of critical surfaces (e.g., surfaces a and d) and their actual locations
(e.g., surfaces a’ and d’), designated as the ideal non-mating-constrained datum and

actual non-mating-constrained datum, respectively.

aa dd chb'b

Figure 5. Datum for SDC modeling.
2.2. Establishment of SDC

Next, the SDC model with planar mating surfaces is constructed to characterize the
mapping relationships between geometric features and functional dimensions.

The definition of the starting point in the SDC model affects its mathematical formu-
lation. Since this section focuses on methodological research, the following fundamental
rules are adopted to ensure the generality of the SDC model and to align with conventional
measurement or design datum selection practices:

1.  The assembly datum plane of the component is selected as the primary reference for
the global coordinate system of the SDC model;

2. Local coordinate systems are then established on the critical surfaces of the part, with
their relationship to the global coordinate system illustrated in Figure 6;

3. The SDC model is then decomposed into two branches:

e  First branch: Starting from the assembly datum (i.e., the origin of the global
coordinate system), local coordinate systems are sequentially constructed along
the transmission path of the contributing loops until reaching the datum plane at
one end of the closed loop.

e  Second branch: Similarly, starting from the assembly datum, the process contin-
ues until reaching the datum plane at the other end of the closed loop.

e  Figure 7 illustrates the implementation of this principle via a distributed-form-
error-based multidimensional SDC framework, covering both its construction
and application (specific variables are detailed in the following two paragraphs).
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The mechanistic implementation of this workflow is demonstrated through a repre-
sentative case study, as shown in Figure 8. Based on the fundamental rules of modeling,
mating surface S1.1 of part 1 serves as the assembly datum for the system. Therefore, the
global coordinate system is established at the geometric center of mating surface S1.1/2.1.
Subsequently, part 2 is assembled relative to part 1, and local coordinate systems are defined
at their key mating surfaces—the ideal mating-constrained data (S1.1 and S2.1) and the
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actual mating-constrained datum (S1.1/2.1). The geometric error of the actual mating-
constrained datum S1.1/2.1 from the ideal mating-constrained datum 52.1 is defined as
the mating-constrained datum error M ;. (In this study, the mating-constrained datum
error refers to the error between the ideal and actual mating-constrained data caused by
spatially distributed form errors of critical surfaces.) This geometric error can be treated as a
contributing loop with a nominal dimension of zero and incorporated into the contributing
loops of part 2.
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Figure 8. Modeling mechanism for six-dimensional SDC.

Similarly, when assembling part 3 relative to part 2, the local coordinate systems are
defined at their key mating surfaces—the ideal mating-constrained data (52.3 and 53.1) and
the actual mating-constrained datum (52.3/3.1). The geometric error M 3 between 52.3/3.1
and 52.3 is also treated as a zero-nominal-dimension contributing loop and merged into part
2’s contributing loops. The homogeneous transformation matrix (HTM) H; characterizes
the pose variation between ideal datum planes within the loop (e.g., Hy represents the
relationship between datum planes 52.1 and 52.3), where the translation matrix T; describes
positional offsets and the rotation matrix R; accounts for angular changes in Equation (1). In
Figure 8, elements connected by arrows of the same color belong to the same contributing
loop. The set of contributing loops is denoted as {Cy1, Cp2, .. ., C;}.

H; = (1)

0 1

R; Ti]

This assembly logic applies recursively to part i (where i denotes the generic part
index). At the non-mating-constrained critical surfaces, the ideal non-mating-constrained
datum (Si.3) and actual non-mating-constrained datum (5i.3’) are established. The error
between them is defined as the non-mating-constrained datum error N;3. (Here, the
non-mating-constrained datum error refers to the error between the ideal and actual non-
mating-constrained data due to spatially distributed form errors.) The spatial vector gap
between part i’s actual non-mating-constrained datum (5i.3’) and part 1’s actual non-
mating-constrained datum (S1.3") forms the closed loop (Cs).

The relationship between the geometric features (the mating-constrained datum error
(M), the non-mating-constrained datum error (N), and SDC contributing loops) and the
functional dimension (SDC closed loop Cs) is illustrated in Figure 8.
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As demonstrated above, the integration of the error modeling method based on the
current machining process with the NURBS surface regression method provides an effective
solution for extracting, generating, and characterizing spatially distributed form errors.
The transfer matrix method (TMM) employs rigid body kinematics to model pose errors
(position + orientation) caused by geometric error propagation, and can also analyze
coupled errors between geometric features (e.g., coupling errors caused by multimating
surface constraints). However, it does not directly provide geometric error constraint
relationships (e.g., assembly functional requirements). The conventional dimension chain
models, based on tolerance boundaries or deviation analysis, disregard the influence of
spatially distributed form errors. Consequently, they fail to characterize the non-uniform
distribution of form errors in actual machining processes, inadequately describe 3D spatial
error coupling, and lack precision in representing spatially distributed geometric features
and critical functional dimensions. To address these limitations, this study integrates
spatially distributed form errors, derived from the geometric error modeling method based
on the current machining process and the NURBS surface regression method, with the
transfer matrix into an SDC model. Furthermore, the SDC model is constructed using
a six-dimensional vector function, establishing the mapping relationship between the
geometric features and functional dimensions, as illustrated in Figure 9.
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Figure 9. SDC model.

Here, P, (i = 1,2) denotes the pose of the closed-loop datum in the global coordinate
system. The spatial gap of the closed loop is defined as the relationship between a pair
of six-dimensional closed-loop datum coordinate systems P,;. Based on this relationship,
additional multidimensional closed-loop parameters can be derived, such as the maximum
and minimum distances of closed loops and the parallelism of one datum plane relative to
another. In Figure 9, (x1,y1) and (x2,2) represent the boundary ranges of the closed-loop
data. The closed-loop datum plane P,/ is defined in the local coordinate system with the
origin position vector [ox, 0y, 0z, 1]T and unit normal vector [y, Moy, Moz, 0] T (e.g.,10,0,1,
0]" for Z-normal planes, respectively. The mating-constrained and non-mating-constrained
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Single mating-surface constraint

Ideal mating-constrained
datum plane T2'
g

datum plane errors are formulated as small displacement screws M and N, respectively
(Equation (2)). Each component of M and N represents an error along six degrees of
freedom, including rotations about the x-, y-, and z-axes and translations along these axes
(Figure 10).

M = (Awj, ABi, Avi, Axi, Ayi, Az;); Nip = (Attie, ABic, MYie, AXie, Alie, AZie) )

748

Ideal datum plang ZJ Actual datum plane
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Figure 10. Schematic of mating-constrained and non-mating-constrained datum errors.

Next, the key parameters of the SDC model are characterized. The actual mating-
constrained datum and its error (M) are derived in Section 2.3, while the non-mating-
constrained datum and its error (N) are addressed in Section 2.4. Finally, an aero-engine
casing assembly case study (Section 2.5) demonstrates the model’s application, with the
validation results discussed in Section 3.

2.3. Characterization for Mating-Constrained Datum Error

As illustrated in Figure 11, the middle panel serves as the primary schematic. A
global coordinate system is established at the assembly datum, followed by the sequential
assembly of part A and part B. The distance between the top surface of part B and the
bottom surface of part A constitutes the closed loop, while the spatial distances between
the top and bottom surfaces of part A and part B act as the contributing loops. The mating
surfaces of both parts belong to the mating-constrained datum plane category. Based on the
quantity of mating surfaces, the mating-constrained datum planes are classified into the
single mating surface constraint (SMSC, left panel of Figure 11) and the multiple mating
surface constraint (MMSC, right panel of Figure 11). The subsequent analyses focus on
characterizing the mating-constrained datum plane and solving its associated errors under
both scenarios, with the key procedural steps detailed in Figure 12.
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Figure 11. Types of mating-constrained datum planes.
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Figure 12. Characterization flowchart for mating-constrained datum errors.

(1) The SMSC: As shown in the left panel of Figure 11, the coordinate system of
the mating-constrained datum plane is established at both the ideal mating position
(critical surfaces T1’ and T2’) and the actual mating position (critical surfaces T1 or T2).
The mating-constrained datum error, denoted as M = (Aa;, AB;, Avy;, Ax;, Ay;, Az;), corre-
sponds to the error between the ideal mating-constrained datum plane T1” and the actual
mating-constrained datum plane T1, or between T2" and T2. This error is characterized by
six geometric error components, including rotations about and translations along the x-, y-,
and z-axes.

The mating-constrained datum error is solved using the minimum potential energy
method, with the following steps.

When the assembly reaches a stable state [30], the potential energy of part B relative to
part A is minimized. The optimization objective is to minimize the potential energy of part
B relative to part A, with the constraint that the mating surfaces of parts A and B do not
interfere, as specified in Equation (3). The bare bones particle swarm optimization (BBPSO)
algorithm is employed to determine the optimal solution for matrix T;.,, and to identify
three pairs of contact points on the two mating surfaces (three non-collinear contact points
ensure a stable assembly).

The surface containing these three contact points on the same part defines the actual
mating-constrained datum plane (T1 or T2). Through matrix operations, the six-degree-
of-freedom (6-DoF) geometric error components of the ideal mating-constrained datum
plane T1’ relative to the actual mating-constrained datum plane T1 (denoted as M,, jo;)
and those of T2’ relative to T2 (denoted as M; ;) can be obtained. The matrix relationship
among Ty, M yp, and M, gy is then given by Equation (4).

min)_ (T;_, - D' = D*)mg S.T. T_,-D'—D*>0 (3)

Here, D! and D? represent the point cloud data of the mating surfaces of part A and
part B in the assembly coordinate system, respectively. The term (T;.,-D' — D?) denotes
the distance between part A and part B, where m is the mass of each point and g is the
gravitational acceleration (a constant).
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Ti—u = ERiup - ERydown
1 DYy DBiwyp Ay 1 —DYudown ABudown DXy down
B AYiup 1 — Aty AYiup AYudown 1 =Dty down AYudown
~DPiup Dty 1 Dziuy —DBudoen Atudown 1 AZyy down
0 0 0 1 0 0 0 1 (4)
T+ (=AYiap)-BYudown + (BBiap) (= BBudown)  (=DVudown) + (=AYiup) + ABiup-Dtisdoron DBudoon + (=DYiup) (=Dt dowon) + DBip Atuwdown + (= AYiup) Mudoron + DBiup-Dzudoon + Diup
B AYiup + AVudown + (=Dt up) (—BBudown) AYiap-(=AVudown) + 1+ (=Dt up )-(Dty down) AYiup-DBudown + (— Bty down) + (=Dt p) AViup-Bxudown + BYudown + (—Aiup) Bz down + AY;yp
—DBiap + Dtiup- AV down + (—DPudowon) (=BBiup) (= AViwdown) + Dttiup + Aty doron (=BBiup)-DBudoron + Btiup-(—Dtydowon) + 1 (=DBiup)-BXudowon + Atjup-BYudown + AZudown + Dziup
0 0 0 1

Here, T}, describes the pose error of the ideal mating-constrained datum plane of the
u-th part relative to that of the i-th part, caused by mating surface errors; Ax, Ay, and Az
denote the infinitesimal translations along the x-, y-, and z-axes, respectively; Ax, AB, and
Ay represent the infinitesimal rotations about the x-, -, and z-axes, respectively.

(2) The MMSC: The conventional dimension chain methods consider only a single
pair of mating surfaces along a specified direction while neglecting others, with a primary
focus on dimensional magnitudes and tolerances. These methods fail to account for the
coupled effects of geometric errors from two pairs of mating surfaces in different directions
on the SDC.

To address these limitations, we first selected an optimal pair of mating surfaces (the
pair of mating surfaces that maximally constrains the part’s degrees of freedom) to obtain a
datum plane as the actual mating-constrained datum plane in the SDC model (Figure 11,
right panel), based on the assembly dimension chain direction. Subsequently, based on
the selected mating-constrained datum plane, the constrained registration method [40]
was employed to characterize the actual mating-constrained datum plane and solve its
associated 6-DoF error M.

Whether for SMSC or MMSC, the mating-constrained datum plane error is inherently
linked to the part’s manufacturing process. Under different processes, the magnitude and
range of the geometric error components vary, typically following a probability distribution
such as a normal distribution. These variations in geometric error components ultimately
influence the characterization and distribution of the SDC error.

The mating-constrained datum plane error is solved using the constrained registration
method, with the following procedure.

A constrained registration optimization model is constructed to obtain the optimal
solution for matrix T;, between the ideal mating-constrained datum planes T2" and T1’
in a multimating surface assembly structure. When the two parts are stably assembled,
three pairs of the closest points (approaching infinitesimal proximity to zero) are selected
on the designated mating surfaces c and b as contact points. These three contact point pairs
can be recorded as C1(xy;, y1i, 215, 1) and C2(x;, Y2i, 221, 1) (i=1, 2, 3). The surfaces containing
these three contact points on each part defines the actual mating-constrained datum planes
T1 or T2. Subsequently, through matrix operations, the mating-constrained datum plane
errors M;,, and M, 4o, can be obtained. Here, M;,, represents the geometric error of
the ideal mating-constrained datum plane T2’ relative to the actual mating-constrained
datum plane T2, while M,, j,,,, represents T1” versus T1. The matrix relationship among
Tiws Miup, and My, g0, 18 given by Equation (4).

This methodology, which incorporates geometric errors (particularly spatially dis-
tributed form errors) and employs constrained registration to solve both the actual mating-
constrained datum planes in SDC and their associated error (M) under the MMSC, effec-
tively reduces the topological complexity in assembled component surfaces. Consequently,
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it achieves computational simplification while enhancing both the efficiency and accuracy
of SDC predictions.

2.4. Characterization for Non-Mating-Constrained Datum Error

To ensure part interchangeability and assembly quality, this subsection intro-
duces an improved envelope condition (also referred to as the envelope requirement
in some standards) and proposes new definitions of the envelope surface and enve-
lope area. The envelope surface is then used to characterize the actual non-mating-
constrained datum plane, from which the non-mating-constrained datum plane error
Nie = (Awje, ABie, AYie, AXie, AYje, Azje ) is derived. This error is characterized by six geomet-
ric error components, including rotations about and translations along the x-, y-, and z-axes.
As illustrated in Figure 13, taking a simplified cylindrical casing as an example, a global
coordinate system is established at the assembly datum O, followed by the sequential
assembly of part A and part B. The distance between the top surface of part B and the
bottom surface of part A forms the closed loop. As established in Section 2.1, the top
surface of Part B is a non-mating-constrained datum plane. To characterize this plane
using the envelope surface, the envelope surface must first be determined based on the
envelope condition—a constraint ensuring that the non-mating-constrained datum plane
error maintains dimensional and form compliance with assembly requirements under
error conditions.

non-mating constrained datum plane

Actual non-mating constrained =

datum plane d' (envelope surface)
~

Ideal non-mating %
constrained __| y Tooo

datum plane d

|

|

|

|

|

|

|

|

|

:

: Envelope plane

I Actual plane
| Ideal plane A
: ' Assembly datum O
|

|

|

|

|

|

|

|

|

|

|

|
ﬁ (b) 2D schematic of \
an actual surface N
Envelope
’ Actual plane " plane

(a) 3D schematic of an ideal part (c¢) 3D schematic of an actual part

Figure 13. Schematic of envelope plane characterization for actual non-mating-constrained da-
tum planes.

The improved envelope condition further specifies four criteria:

1.  Envelope condition definition: The envelope condition is an error analysis method.
The envelope condition bounds all elements of the spatially distributed form errors
within the envelope surface, controlling the surface’s position, orientation, and form
to meet interchangeability and assembly quality requirements.

2. Envelope surface definition: In a given direction, an ideal surface approximates the
actual surface, with its position and form satisfying the envelope condition (criterion
1 above).

3. Envelope area definition: The envelope surface and actual plane must intersect at
>3 points, forming a triangular area termed the envelope area.
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4. Maximization requirement: The envelope area must be maximized to closely conform
to the actual error surface.

The envelope surface with the maximum envelope area is identified as the actual
non-mating-constrained datum plane. Subsequently, the six-degree-of-freedom (6-DoF)
non-mating-constrained datum plane error (N) of the envelope surface d’ relative to the
ideal non-mating-constrained datum plane d is then derived. The characterization of the
envelope surface and the solution for N are detailed below in Figure 14.

Start

{

Ideal Surface Fitting <

Geometric Center Validation

Maximum Envelope Area
Optimization

Output Contact Points and Envelope Plane

!

Calculate N via matrix operations

v
End

Figure 14. Flowchart for solving envelope surface and non-mating-constrained datum errors.

1. Ideal Surface Fitting

An ideal datum plane is fitted to the actual error surface S through asymptotic con-
vergence, subject to the following constraints. The ideal plane does not interfere with the
actual error surface S, and there exist at least three contact points between the ideal plane
and S, P1(x1/, y1', z1'), Pa(x2’, o', z2'), and P5(x3’, 3, z3'), as formalized in Equation (5):

V- (x5,y52) <° V(x5,yj,2) €S )
where V is the normal vector of the envelope plane and (x;j, y;, z;) represents all measured
points on S.

2. Geometric Center Validation

Since the casing part is a hollow cylinder, its centroid must lie within the cavity. To
ensure the envelope surface better conforms to the actual condition, the geometric center
of the casing’s critical surface must lie within the triangle formed by contact points Py, P,
and Pj3. If this condition fails, the algorithm returns to step 1.

3. Maximum Envelope Area Optimization

To ensure the envelope surface maximally encompasses the actual surface for optimal
conformity and improved model accuracy, the maximum envelope area (max Sgr;) must
be determined. The envelope area S;,;, defined by the contact points P1, Py, and Ps
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(Equation (6)), is evaluated. If the condition is satisfied, the procedure proceeds; otherwise,

it returns to step 1.

1
Sarea = 2 x ||(P2—=P1) x (P3 — P1)|| (6)

where x denotes the cross product and ||- || the vector norm
4. Output Contact Points and Envelope Plane

The coordinates of Py, P;, and P5 are recorded, and the position of the envelope plane
d’ is determined.

5. Non-Mating-Constrained Datum Error Calculation

The 6-DoF geometric error components of d’ relative to the ideal datum plane d
(denoted as N) are computed and output.

This subsection accounts for spatially distributed form errors and characterizes the
actual non-mating-constrained datum planes error using more precise 6-DoF parameters.
The N is correlated with the part’s manufacturing processes, as different processes yield
varying error magnitudes and ranges that typically following probability distributions
such as normal distributions. Variations in error ultimately affect the spatial distribution of
the closed loop.

2.5. Six-Dimensional Modeling for Aero-Engine Casing Assembly

Taking the assembly of a simulated aero-engine casing as an example, we analyzed
two typical assembly issues caused by geometric error accumulation: (1) an end-face closed-
loop SDC, where the spatial distance of the closed loop is referenced to the flange end face
as the datum plane; (2) an axis-based closed-loop SDC, where the coaxiality spatial error is
referenced to the casing housing axis as the datum axis. Additionally, Table 1 summarizes
the advantages of the SDC model.

Table 1. Comparative advantages of the SDC model for aero-engine casing assembly.

Limitation of

Key Issue Conventional SDC-Based Solution Application Value
Methods
Flange spatially Tf)leran'ce—base.d SbC mo del incorporating Solves high-precision
I dimension chain spatially distributed - .
distributed form errors . prediction of mating surfaces
modeling form errors
Multiconstrained Single mating surfe?ce Multlma'tmg surface Enables 3D coupled error
constraint assumption constraints for 3D .
flange structure analyses in SDCs
(end face only) coupled errors
Functional dimension . Six-dimension parameters Supports multidimensional
: Scalar-based expression o . : . o
representation (position + orientation vectors) spatial characterization

(1) SDC propagation law with the end face as the closed-loop datum.

The contributing loops are Cy11 and Cp12, as shown in Figure 15a, with the closed loop
Cs representing the spatial dimension from the upper end face O;,; of the upper casing to
the assembly datum face Ojjyyy,. Following the aforementioned computational process, the
coordinate systems for critical surfaces are established and the influencing factors of SDC
errors are analyzed, as depicted in Figure 15b.

The predominant error sources in SDC are:

1. The mating-constrained datum plane error 114 of the lower casing top surface
Oy (comprising two constrained surfaces—the flange end face and flange spigot
cylindrical face);
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The end-face closed loop

Coiz2 |

Upper casing

Chi1

Lower casing

Assembly datum |

(a)

The mating-constrained datum plane error My, of the upper casing bottom surface
Os4own (also including two constrained surfaces—the flange end face and flange spigot
cylindrical face);

The non-mating-constrained datum plane error Nj,; at the end face of the upper
casing’s top surface;

The mating-constrained datum plane error 1140y, at the end face of the lower casing’s
bottom surface.

——— Yellow: Assembly datum plane
] Red: Envelope surface
Niel Pink: Ideal datum plane
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Figure 15. End face closed-loop SDC in simulated casing assembly: (a) schematic of simulated casing

assembly; (b) datum coordinate system construction and error contributors.

Here, the lower casing bottom end face and the assembly datum plane O}y, are con-

sidered nominally ideal surfaces; therefore, the error component M;j,,,, can be disregarded.

The initial pose of the closed-loop datum plane P;;” is defined by the position vector

of the coordinate system origin: O = [0y, 0y, 0, 1]%; the unit normal vector of the datum

plane: n = [nox, 1oy, Moz, 0]t (e.g.,10,0,1, 0]" for Z-axis alignment).

The influence of geometric errors on the closed loop is analyzed using the transfer

matrix method, where the pose of the closed-loop datum in the global coordinate system is

characterized by a six-dimensional parameter P,1’, as expressed in Equations (7) and (8).

Finally, the closed-loop metrics are evaluated against assembly or design requirements. If

the results are unsatisfactory, the process iterates for redesign optimization.

cos 1 cos Y1
cos fB1 siny; + sinay sin B cos 1

sin B1 siny; — cos &1 sin B1 cos 1
0

T
Oiel = (xiellryicl,rziellr 1)
T
=H;- Mlup * Magown - Ha * Nie1 - [Ux/ 0y, 0z, 1}
T
=H; - Ti—2-Hy Njer - [Ux/ 0y, 0z, 1]

— cos By sinyg sin By X1 1 —Ayi2 AP12  Axip
coswy Cosy; —sinwgsinBysiny;  —sinajcosPy g Ay1_p 1 —Ax1—2  Ay1-2
COs w1 COS Y1 + cos g sin By sinyq cos w1 COs B1 z1 . —AB1-2 AV 1 Nz1_» (7)
0 0 1 0 0 0 1
1 —Aviee  DABia DXien| |ox
) AYie1 1 —Awje1  AYiel oy
—ABier  Dujer 1 Az | |0z
0 0 0 1 1

T T T
nie1 = (nXie1" ,MYiet M2ie”,0)" = Hy - M1yp - Magown - Ha - Niet - [ox, 0y, 102,0] " = Hy - Ti—2 - Ha - Nie1 - [10x, 110y, 1102,0]* (8)
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Here, M1,p, M gown, and Ty, share the same definitions as discussed in Section 2.3.
Similarly, Nj,; retains the meaning introduced in Section 2.4:

Cos By oS Yy; — €08 Py;j sin y; sin By;
€08 By SIn Yxj + Sin ag; Sin Py COS ygj  COS &g COS Ygj — Sinay; sin Py;sinyy;  — sinay; cos Py;

H; = Hyj = )

sin By; sin 7y — COS &g SIN Pyj COS Yxj  COS (gj COS Ykj + COS (g SIN Py Sinygj  €OS (gj COS Py
0 0 0

—_ N < X

where H; - Hy; denotes the matrix representation of positional and orientational variations
between multiple ideal datum planes on the same component within an SDC (e.g., the pose
relationship between ideal datum planes Oz, and Oz on the upper casing in Figure 15).
It specifically describes the coordinate system pose relationship between the k-th and j-th
critical surfaces on the i-th component. In the matrix, x, y, and z represent the displacements
of coordinate system O; relative to Oy along the x-, y-, and z-axes, respectively; ay;, By, and
7Yk denote the rotation angles of O relative to Oy about the x-, y-, and z-axes. In this case,
i=1,2..., k=1 (constant), and j = 2 (constant).

From Equations (9) and (10), the position and orientation vector expression P,;" = {x;.1/,
Yie1', Zie1', nXje1’, nyje1’, nzie1'} is derived for datum plane Oy, at one end of the closed loop
in the global coordinate system. Similarly, the position and orientation vector expression
Py =A{xie2!, Viea!, zied', %102’ nYie2’, nzie2'} is obtained for the other datum plane O1yy, in
the closed loop. In this example, to simplify the model description and avoid redundant
terms, O14yyy, 1S treated as an ideal plane; hence, P,,’ = {0, 0, 0, 0, 0, 1}. Consequently, the
closed-loop characterization is given by Equation (12).

2
Py = {xiel/r%ﬂ’,Ziel/,ﬂxiel//”yieﬂ,nzm’}/x1 € [x1c =7, x1c + 7l y1 € [y1e — /(2 = (x1 — x10)7)]

Csi(close loop) = (10)
Pr2/ = {

Xieo ied 1 Zied X! Yied MzZi' } = {0}, %2 € [xX2c — 7, X200 + 7], 42 € [y2c — \/ (12 — (22 — x2¢)7)]

Here, (x1¢,41c) and (xa.,l2.) represent the coordinates of the center points of the closed-
loop end faces along the x- and y-axes, respectively, and r denotes the radius of the circle.

Based on Equation (10), the spatial six-dimensional distribution (position and orienta-
tion vectors) of a pair of datum planes for the end-face closed loop in the global coordinate
system can be obtained. This further enables the derivation of parameters related to the
end-face closed loop, such as the maximum and minimum spatial distances, parallelism, or
relative normal vector relationship between the evaluated datum plane P,;’ and the other
datum plane.

(2) SDC propagation law with the axis as the closed-loop datum.

Based on the aforementioned computational process, the coordinate systems of critical
surfaces are established (Figure 16). The primary error contributors in the SDC are:

e  The mating-constrained datum plane error My, of the lower casing’s top surface
(including two constraint surfaces—the flange end face and the flange spigot cylindri-
cal surface);

e  The mating-constrained datum plane error My, of the upper casing’s bottom surface
(similarly comprising the flange end face and spigot cylindrical surface).

This model primarily analyzes spatially distributed form errors, while radial errors
(e.g., cylindricity of the casing’s inner surface) and spatial relative positions (e.g., axial
misalignment between upper and lower casings) remain uncharacterized.

For the closed loop, one datum axis Ly, is defined by the equation Loy, = {lx;’, Iy,
Iz, nlx;', nly;,', nlz;,'}, where Ly, (the assembly datum axis) is treated as a known value.
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Figure 16. Axis-based closed-loop SDC in simulated casing assembly: (a) schematic of simulated
casing assembly; (b) datum coordinate system construction and error contributors.

The initial pose of the other datum axis L,y is specified as:

e Position vector of the coordinate origin: [0y, 0, 01z, 1]%;
e  Unit normal vector of the datum axis: [1lyy, 1loy, 11lyy, 017 (e.g.,[0,0,1, 0]* for Z-axis
alignment).

After error propagation through the SDC, the pose of the closed-loop datum in the
global coordinate system is described using a six-dimensional parameter L,, (position
vector + orientation vector), as defined in Equations (11) and (12).

T T T
Liet = (Ixie1 Wit 1zier", 1) = Hi - Muup - Magown - {le, 01y, 01z, 1} =H-Th2- [olxrolyrolzrl} (11)

T T T
nLiet = (nlxier’,nlyie’ ,nlzier’,0)" = Hy - Myyp - Mogown - [lox, nlloy, nlo,, 0] " = Hy - Ty_p - [nloy, nlyy, nloy, 0] (12)

Cg(close loop) = {

Liown = {lxie/rlyie/rlzie/r”lxie//”l]/ie/r”lziel} ={0,0,0,0,0,1,0}, x5 € [X2min, meaxLl/Z € []/Zmin/]/Zmax]

Here, M1.p, Magown, H1, and T1_; share the same definitions as in Equations (7) and (8).

Theorem-type environments (including propositions, lemmas, corollaries, etc.) can be
formatted as follows. Consequently, the closed-loop expression (Equation (13)) is derived
from Equations (11) and (12).

Lup = {Ixiet  Wier 1zier lxie nlyje ,nlzi"} , X1 € [Ximin, Ximax)s Y1 € [Y1min, Y1max) (13)

Here, (x1, y1) and (x, ) represent the interval range of the datum axis for the
closed loop. Based on Equation (13), the spatial six-dimensional distribution (position and
orientation vectors) of the datum axis pair for the closed loop in the global coordinate system
can be obtained. This further enables the derivation of coaxiality-related parameters, such
as the spatial pose normal vector of the evaluated axis L, and the coaxiality error itself.

3. Experimental Validation of the SDC Model for Casing Assembly
3.1. Experimental Design

The SDC model in this study is an error modeling method based on existing manu-
facturing processes, using the error distribution patterns induced by current machining
techniques as design references. Machined casings from previous productions were in-
spected, and the corresponding systematic errors were extracted and separated using a
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NURBS-based surface regression method to serve as the primary errors in the SDC model.
The validity of the SDC model was verified through casing assembly experiments.

To enable multiple tests with a limited number of parts, several bolt holes were
arranged on the flange end face, allowing the flange to be rotated at specific angles to
obtain multiple sets of assembly results. The casing part samples are shown in Figure 17a,
and the assembled casing structure is illustrated in Figure 17b. The upper surface of the
base was ground to serve as an ideal assembly reference plane. To more clearly validate
the multidimensional characteristics of the closed loop, the design tolerance band for the
components was intentionally widened.
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Figure 17. (a) Casing component diagram and (b) casing assembly diagram.

Using datum A, the parallelism of the upper annular surface of the lower casing
was 0.121 mm, while that of the upper casing was 0.07 mm. The perpendicularity of the
upper annular surface of the lower casing, relative to datum B, was 0.08 mm. Two upper
casings (casing 1 and casing 2) and one lower casing were machined. During assembly, the
cylindrical mating surfaces at the flange interface were designed as transition fits.

3.2. Experimental Procedure
3.2.1. Component Measurement

This study employed a coordinate measuring machine (CMM) to collect data points
from the critical surfaces of the parts. The CMM model used was a Hexagon SCIROCCO
09.10.07, with a measurement uncertainty of (2.0 + 3L/1000) um, and the software system
was PC-DMIS 2020. The measured critical surfaces included the lower annular surface,
lower cylindrical surface, upper annular surface, upper cylindrical surface, and inner
cylindrical surface of the casing, as shown in Figure 17a. A total of 240 points were collected
from five circular paths on both the upper and lower annular surfaces of the casing. For
the cylindrical surfaces at the upper end of the lower casing and the lower end of the
upper casing, 96 points were collected from two circular paths each (the number of points
depended on the sampling interval, which was set to 3-5 mm in this study). The inner
cylindrical surface of the casing was measured along two circular paths, totaling 16 points
(the line connecting the centers of these circles was used as the part axis). All measurements
were performed after CMM calibration, with the errors primarily being dependent on the
equipment’s inherent accuracy. The orientation of the measurement coordinate system is
illustrated in Figure 15. Taking the lower annular surface as an example, the coordinate
system origin is located at the center of the lower annular surface, with the positive X-axis
pointing to the right and the positive Z-axis pointing upward. The measurement of an
individual part is shown in Figure 18a. To ensure experimental repeatability, two sets of
experiments were conducted using casing 1 and casing 2 for the upper casing.
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Figure 18. (a) Component measurement and (b) assembly measurement.

3.2.2. Assembly Measurement

(1) One objective of assembly measurement is to obtain the measured pose of the upper
end face of the upper casing in the end face closed-loop model, as shown in Figure 18b.
This allows the characterization of key parameters such as the envelope surface (one of the
closed-loop datum planes), the distance from the envelope surface to the assembly datum
(another closed-loop datum plane), the perpendicularity of the envelope surface relative to
the lower casing axis, and its parallelism relative to the assembly datum plane—thereby
validating the multidimensional characteristics and accuracy of the closed loop. (2) To
further validate the model’s effectiveness, the second objective is to acquire spatial closed-
loop parameters formed by the axes of the upper and lower casings in the axis-based closed-
loop model, thereby deriving optimization-relevant metrics such as the coaxiality error.

As illustrated in Figure 15, an assembly coordinate system was established on the base,
coinciding with the coordinate system of the lower casing’s bottom annular face. The lower
casing served as the assembly datum, to which casing 1 was mounted and adjusted to a
stabilized configuration before being secured with M3 bolts. Post-assembly, measurements
were taken at the upper casing’s top annular face (240 points across 5 concentric circles)
and the inner cylindrical surfaces of both upper and lower casings (16 points per cylinder,
sampled in 2 separate circles), as shown in Figure 17b.

To ensure experimental repeatability and validate the impact of assembly phase differ-
ences between the upper and lower casings on the SDC model predictions—particularly
when the same set of components exhibits identical spatially distributed form errors and
geometric errors—the following procedure was implemented. Casing 1 was rotated clock-
wise around the z-axis by random angles to vary the bolt hole engagement sequence during
assembly. Five experimental trials were conducted under these conditions. Subsequently,
casing 1 was replaced with casing 2 while repeating the same assembly and measure-
ment steps. This process yielded 10 comparative experimental sets (5 sets for the casing
1 assembly test group and 5 sets for the casing 2 assembly test group).

3.3. Results and Analysis

First, in the local coordinate system, the mating-constrained datum error was calcu-
lated using the method described in Section 2.3, while the non-mating-constrained datum
error was determined using the approach from Section 2.4. Next, the surface data of the
upper casing’s top face were measured in the assembly coordinate system, and an envelope
surface was characterized based on the method in Section 2.4. Then, in the global coor-
dinate system, the characterized parameters were substituted into Equations (7)—(13) to
predict the pose of the envelope surface (Equation (14)). Finally, comparative experiments
demonstrated the effectiveness of the SDC modeling method, thereby achieving the goal of
guiding the tolerance design optimization.
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3.3.1. Prediction Results of the Datum Plane for the End Face SDC Closed Loop

To demonstrate the multidimensional advantages of the SDC model, this subsection
analyzes the prediction results using the following parameters. The predicted and actual
envelope surfaces are shown in Figure 19, the maximum and minimum distances of the
closed loop are presented in Figure 20, the parallelism in Figure 21, and the perpendicularity

in Figure 22.
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1.  Characterization results of the closed-loop datum plane

Figure 19 shows the state of the upper end face of casing 1 when rotated 0° clockwise
around the z-axis in the assembly coordinate system (dataset 1 from the casing 1 assembly
test group). The red point cloud represents the measured point cloud data, the blue point
cloud represents the actual envelope surface obtained after characterization of the measured
point cloud, the purple point cloud represents the predicted point cloud data obtained
from the SDC model, and the yellow point cloud represents the predicted envelope surface
after characterization of the predicted point cloud.

Characterizing parameters of the envelope surface: Py’ = {—0.0818, —0.0143, 88.0601,

—0.0012, 0.0008, 1}

The characteristic equation is expressed as:

(—0.0012) x (x — (—0.0818)) + 0.0008 x (y — (—0.0143)) + (z — 88.0601) = 0

y € [—0.0143 — \/ 312 — (x +0.0818)%, —0.0143 + \/ 312 — (x + 0.0818)?]

x € [—0.0818 — 31, —0.0818 + 31]

2. Maximum and minimum distances of the closed loop

max_pre = max|Qp|; max_act = max|Qu;
max_err = |max|Qp;| — max|Qa;

7

min_pre = min|Qp;|; min_act = min|Qa;|;

min_err = |min|Qp;| — min|Qa;

4

C o Gj=1,2,...,n)

(14)

(15)
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where Qp;—the z-coordinates of the predicted envelope point cloud; Qa,—the z-coordinates
of the actual envelope point cloud; max_pre—maximum value of Qp;; max_act—maximum
value of Qa;; max_err—absolute error between max_pre and max_act; min_pre—minimum
value of Qp;; min_act—minimum value of Qa;; min_err—absolute error between min_pre
and min_act; n-—number of verification points.

A comparison of the actual results of the envelope surface, the predicted results of
the envelope surface, and the predicted values from the traditional worst-case dimension
chain method (closed-loop dimensional errors range between t_min = 87.975 mm and
t_max = 88.124 mm) is shown in Figure 20. The results obtained by the traditional worst-
case dimension chain method remain unchanged regardless of the phase rotation of the
upper casing. This is because the worst-case method yields a fixed interval range (a scalar
value) that does not account for the distribution of form errors. In contrast, the spatial
gap of the closed loop varies with the assembly phase shift between the upper and lower
casings, demonstrating the advantage of the SDC model in providing multidimensional
closed-loop results. The absolute errors between the predicted and actual values are all
below 9.3 um, further confirming the accuracy of the predictions. These findings provide a
theoretical basis for optimizing tolerance design.

3. Parallelism of the envelope surface

para_act — para_pre

x 100% (16)
para_act

para_per =

where para_act denotes the parallelism of the actual envelope surface, par_pre denotes
the parallelism of the predicted envelope surface, and para_per denotes the relative error
between para_act and par_pre.

As shown in Figure 21, as the upper casing rotates relative to the lower casing, the
parallelism of the closed loop varies, further demonstrating the advantage of the SDC
model in dimensional characterization. Moreover, the relative error between the actual and
predicted parallelism values remains below 6.8%, validating that the model’s predictions
closely match the real results.

4. Perpendicularity of the envelope surface

perpend_per = | perpend_act — perpend_pre | (17)

where perpend_act denotes the perpendicularity of the actual envelope surface, perpend_pre
denotes the perpendicularity of the predicted envelope surface, and perpend_per denotes
the absolute error between perpend_act and perpend_pre.

As shown in Figure 22, the perpendicularity of the envelope surface relative to the
datum axis changes with the assembly phase variation between the upper and lower
casings, further highlighting the SDC model’s advantage in dimensional characterization.
Additionally, the relative error between the actual and predicted perpendicularity values
remains below 7.4%, confirming the model’s prediction accuracy.

3.3.2. Effect of SMSC and MMSC on End Face Closed-Loop Accuracy

To validate the accuracy improvement of the spatial dimension chain-based multiple
mating-surface constraint (SDC-MMSC) method for assembled structures with multiin-
terface constraints (Figure 15, showing the flange fitting between the lower casing’s top
surface and the upper casing’s bottom surface), this subsection compares three parameters
among the SDC-MMSC method, the spatial dimension chain-based single mating surface
constraint (SDC-SMSC) method (simplifying multiple constraints to a single mating surface
constraint), and experimental measurements:
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Y-axis(mm)

Y-axis(mm)

1.  The normal vector of the envelope surface (Figure 23);

The angular error 0 between the predicted and actual normal vectors (Figure 24);
3. The root mean square error (RMSE) between the predicted and actual envelope
surfaces (Figure 25).
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Figure 23. Comparison between predicted normal vectors (SDC-MMSC/SDC-SMSC methods) and

actual measurements on envelope surfaces: (a) casing 1 test group; (b) casing 2 test group.

Figure 23 shows that the influence of the two pairs of mating surfaces on dimensional

chain accuracy cannot be neglected. From Figure 24b, the angular error 0 obtained via
the SDC-MMSC method remains below 0.008°. Among the 10 datasets, the SDC-MMSC
method exhibits smaller relative errors than the SDC-SMSC method in 7 cases, while the
two methods achieve comparable accuracy in the remaining 3 cases. Figure 25 indicates that
the RMSE of the SDC-MMSC method remains below 0.006 mm, demonstrating its superior
accuracy over the SDC-SMSC method. The experimental results confirm the method’s
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effectiveness and demonstrate that multiconstraint consideration significantly enhances
the accuracy over existing techniques.

0.016
I SDC-MMSCmethod(0)
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Figure 24. Angular error () between predicted and actual normal vectors: (a) definition schematic;
(b) comparison between SDC-MMSC and SDC-SMSC methods.

%10 3

9
——#—— SDC-MMSC method (Casing 1)

SDC-SMSC method (Casing 1)
——¥—— SDC-MMSC method (Casing 2)
7t ——+—— SDC-SMSC method (Casing 2)

RMSE(mm)

o I ] !
3 4

Test Group

(]
w

Figure 25. RMSE between predicted and actual envelope surfaces.
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. . K (ax; + by; + cz; — d)?
Normal vector extraction from envelope surfaces :min ) (ax; + by, > i—d)
i=1

— =
m-n

(=)
- ]

* 100%

6 = arccos (18)

angle_per = 360

where 1 = (a,b,c) is the normal vector of the plane, d is the constant term in the plane
equation composed of K points, (x;, y;, z;) represents the point cloud coordinates of the

. . . = =
envelope surface, K is the number of point clouds, 6 is the angle between two vectors, m, n
denote two vectors, | |- 1| represents the magnitude (norm) of a vector, and angle_pre is
the relative error (normalized to 360°) between the predicted surface normal vector and the
actual surface normal vector.

k E_ pn? k WAV 2 AV
RMSE = Z (P - P ) — Z (xs xs) + (ys kys) + (Zs ZS) (19)
s=1 s=1

where k denotes the number of measurement points, PE = (x,, Vs, zs) represents the actual
envelope surface, and P’ = (xs’, y5/, z5') denotes the predicted envelope surface.

3.3.3. Coaxiality Prediction in Axis-Based Closed Loop

In practical engineering, secondary factors are often empirically neglected to simplify
calculations. This study focuses on geometric errors of casing mating surfaces (e.g., flat-
ness, parallelism) that significantly affect the coaxiality. By substituting the characteristic
parameters into Equations (11) and (12), Equation (13) is derived, representing the spatial
six-dimensional (position and orientation vectors) distribution of a pair of datum axes in
the axis-based closed loop. This subsection validates the accuracy of the SDC model through
the coaxiality metric (Equation (20)), comparing the dimension chain worst-case method,
the proposed model’s predictions, and experimental results, as shown in Figure 26.

coax_act — coax_pre
coax_act

coax_per = x 100% (20)
where coax_act denotes the actual coaxiality, coax_pre represents the predicted coaxiality,
and coax_per is the relative error between the predicted and actual coaxiality.

A comparative analysis was conducted between the predicted values from the axis-
based closed-loop model and actual measured values, along with results from the worst-case
assembly dimension chain method. As illustrated, due to differences in the assembly phase
between the upper and lower casings, the coaxiality also varies. This further demonstrates
that spatially distributed form errors cannot be neglected in the SDC model. Moreover, the
relative error between the predicted and actual coaxiality is less than 8.3% in all cases and
consistently smaller than the results obtained using the traditional worst-case dimension
chain method (coaxiality errors of 0.185 mm for casing 1 test group and 0.165 mm for casing
2 test group). These results validate that the predictions of the proposed model closely
align with the actual measurements.
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Figure 26. Coaxiality comparison in axis-based closed loop: (a) schematic of axis-based closed loop;

(b) predicted vs. measured coaxiality.

4. Application of SDC Model for Tolerance Allocation Optimization

The effectiveness of the SDC model has been experimentally validated in the previous

section using an engine casing case study. The ultimate goal of constructing this model is to

enable more precise tolerance allocation in design. Taking the engine casing from Section 3

as an example, the application steps of the SDC model are as follows:

1.

Define the assembly’s functional requirements: The parallelism of the envelope surface
derived from the upper casing’s top face must be <0.03 mm.

Identify contributing loops: The specific parameters are illustrated in Figure 15.
Assign tolerances: Based on design experience and process capability, tolerances are
allocated to each contributing loop (see case 1).

Establish the SDC model: Based on the tolerance range defined in step 3, previ-
ously machined casings within this tolerance are inspected. Systematic errors are
extracted and separated using NURBS-based surface regression [35], serving as the
error component in the SDC model. The actual mating-constrained datum surface
and non-mating-constrained datum surface are characterized, and their respective
errors (M and N) are solved. The SDC model is then established, followed by Monte
Carlo simulation.

A critical point is that form tolerances must comply with orientation tolerances; for
instance, in design and simulation, the generated form errors (e.g., flatness) must be
smaller than the corresponding orientation errors (e.g., parallelism).

To elucidate the connection between steps 3 and 4, we provide illustrative examples
that demonstrate their interrelationship in the geometric error generation process.

D) Form Error (e.g., Flatness)
Evaluation method: Two parallel planes minimally enclose the actual surface
(minimum zone method).
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) Orientation Error (e.g., Parallelism)
Evaluation method: First, an ideal reference plane is fitted from the measured
datum surface using a mathematical method such as least squares regression.
Second, the maximum vertical deviation of all measured surface points from
this reference plane is calculated, which defines the parallelism error value.
3) Generating Form Errors (e.g., Flatness)

(a) Assign a flatness error magnitude V.
(b) Incorporate the error distribution pattern from existing manufacturing
processes.
(c) Scale the Z-coordinates of measured point clouds:
Znew = Lori X VV' (21)
ort

where Z,,; denotes the original coordinate; V,,; denotes the measured
flatness error.

(4) Generating Orientation Errors (e.g., Parallelism)
(a) Assign a parallelism error magnitude.
(b) Rotate the form-corrected point cloud (about the x-axis, y-axis, or both

axes) to control the quadrant of maximum Z-deviation.
(5) Monte Carlo Simulation Workflow

(a) Set tolerances for all relevant part surfaces.

(b) Randomly sample error magnitudes within tolerance limits and gener-
ate corresponding error point clouds.

(c) Map geometric features to functional dimensions using the 6-DOF
vector function.

(d) Calculate the functional parameters (e.g., assembly clearance)

(e) Determine the batch assembly yield.

Validate the tolerance design: For example, the rationality can be evaluated by as-
sessing whether the compliance rate of positional errors (e.g., parallelism or perpen-
dicularity) in the datum plane of the closed loop meets the design requirements. As
shown in Figure 27, the parallelism of the envelope surface falls within [0, 0.025] mm
with a 93% compliance rate, confirming compliance with the <0.03 mm requirement.
Optimize the tolerances: Adjust the tolerances with lower process costs to improve
the product accuracy and reduce manufacturing expenses. For instance, if the dimen-
sional or parallelism tolerances of the upper or lower casings are overly stringent
(leading to high machining costs), they can be relaxed per case 2. Repeating step
4 yields the results in Figure 28, where the parallelism within [0, 0.029] mm achieves
a 78% compliance rate. If acceptable, this relaxation maintains precision while lower-
ing costs.

The advantages of using the SDC model for tolerance allocation include:
Cost reductions: Loosening the tolerances where possible without compromising
assembly requirements reduces the machining costs.

Design optimization: Refining the tolerance allocation process via the distributed-
form-error-based SDC model enhances the part design accuracy.

The simulation parameters used in the above steps were as follows.
The error magnitudes were sampled based on a normal distribution within the toler-

ance range, and the spatially distributed form errors were characterized based on experi-
mental measurement data from existing manufacturing processes. The perpendicularity
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datum axis was constructed based on measured data from the inner cylinder of the casing,
and the basic dimensional parameters of the contributing loops are shown in Figure 17.
After 1000 simulation runs, the pose errors [dz, ox, oy] of the envelope surface at different
tolerance grades were obtained, along with the parallelism and perpendicularity.

300
A 250 F
250
200
s
150
100
50
0
003 002 -001
dz(mm)
200
0 0.01 0.02 0.03 00.02 0.04 0.06 0.08
parallelism(mm) perpendicularity(mm)
Figure 27. Distributions of the rotational errors (X/Y), translational error (Z), parallelism, and
perpendicularity for the envelope surface in case 1.
300
350

Count

0
—0.04 -0.02 0 0.02
dz(mm)

200

0 0.02 0.04 0 0.05 0.1
parallelism(mm) perpendicularity(mm)

Figure 28. Distributions of the rotational errors (X/Y), translational Error (Z), parallelism, and
perpendicularity for the envelope surface in case 2.
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Case 1: As previously discussed, the geometric errors in the upper end face of the
lower casing and both end faces of the upper casing are critical factors influencing the
closed loop. The specific parameters are as follows: dimensional tolerance [—0.011, 0.014]
mm, positional tolerance (parallelism) [0, 0.02] mm, and form tolerance (flatness) [0, 0.01]
mm. Regarding the simulation results, the displacement in the z-direction is primarily
distributed within the range of [-0.014, —0.006] mm, with 492 data points. The rotational
error about the x-axis is mainly distributed within [—0.00016, 0.00017] rad, with 604 data
points, while the rotational error about the y-axis is mainly distributed within [0.00005,
0.00015] rad, with 411 data points. The parallelism of the envelope surface achieves a
compliance rate of 93% within the [0, 0.025] mm range, whereas the perpendicularity
compliance rate is 79% within the [0, 0.06] mm range. The result distribution is illustrated
in Figure 27.

Case 2: Similarly, the tolerance parameters for the three surfaces, the upper end face
of the lower casing and the upper and lower end faces of the upper casing, are specified
as follows: dimensional tolerance of [—0.015, 0.024] mm, positional tolerance (parallelism)
of [0, 0.03] mm, and form tolerance (flatness) of [0, 0.015] mm. The displacement z is
predominantly distributed within [—0.0128, —0.0055] mm, with 550 data points. The
rotational error about the x-axis is mainly distributed in [—0.00028, 0.00014] rad, with
565 data points, while the rotational error about the y-axis is primarily within [—0.00016,
0.00032] rad, with 612 data points. The parallelism of the envelope surface yields a 62%
compliance rate within [0, 0.0245] mm, 78% within [0, 0.029] mm, and 90% within [0, 0.034]
mm. The perpendicularity achieves a 71.5% compliance rate within [0,0.06] mm. The result
distribution is illustrated in Figure 28.

5. Conclusions and Future Work

This study established an advanced framework for precision tolerance design, with the
core innovation being the development of a six-dimensional SDC model. The effectiveness
of the SDC model was validated through an assembly case study using simulated aero-
engine casings. The main conclusions are as follows:

(1) A six-dimensional SDC model was developed, which integrates spatially dis-
tributed form errors into datum definitions using the transfer matrix theory. By employing
six-dimensional vector functions (combining position and orientation parameters), the
model achieves high-fidelity mapping between geometric features and functional dimen-
sions, enabling accurate closed-loop predictions for large-scale assemblies.

(2) The six-dimensional SDC model systematically addresses complex constraint sce-
narios through a hierarchical approach. For the SMSC, the model characterizes spatially
distributed form errors by deriving 6-DoF geometric error components through optimized
algorithms, thereby enhancing the prediction accuracy. The solution extends to MMSC
interactions by characterizing 3D coupled errors through 6-DoF components, effectively
reducing the computational complexity while improving the prediction accuracy. Addi-
tionally, a novel non-mating-constrained datum plane error characterization method based
on modified envelope conditions ensures assembly interchangeability.

(3) Assembly experiments using simulated aero-engine casings demonstrated that
all measured values satisfied worst-case dimension chain tolerance limits. Furthermore,
the closed-loop spatial distances varied with the assembly phase difference between the
upper and lower casings, conclusively validating the necessity of considering spatially
distributed form errors in SDC modeling and their multidimensional characteristics. A
comparative analysis between the SDC-SMSC and SDC-MMSC methods further confirmed
the superiority of the multiconstraint approach.
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The model is applicable to planar mating assemblies where surfaces cannot be sim-
plified as points or beams for analyses, enabling error prediction and tolerance allocation
during the design phase. Our future work will extend the methodology to curved surface
mating assemblies, enhancing its industrial applicability. This research provides both
theoretical foundations and practical solutions for the precision assembly and cost-effective
manufacturing of complex mechanical systems.
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Abbreviations

The following abbreviations are used in this manuscript:

SDC Spatial dimension chain

6-DoF Six-degree-of-freedom

NURBS Non-uniform rational B-spline
SMSC Single mating surface constraint
MMSC Multiple mating surface constraint
RMSE Root mean square error

SDC-MMSC  Spatial dimension chain-based multiple mating surface constraint
SDC-SMSC Spatial dimension chain-based single mating surface constraint
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