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Abstract: Titanium alloy thin-walled components are extensively used in aerospace engi-
neering, yet their milling stability remains a persistent challenge due to vibration-induced
surface anomalies. This study develops an advanced dynamic model for the face milling
of titanium alloy thin-walled structures, systematically integrating axial cutting dynamics
with regenerative chatter mechanisms and nonlinear process damping phenomena. The
proposed framework crucially accounts for time-varying tool–workpiece interactions and
damping characteristics, enabling precise characterization of stability transitions under dy-
namically varying axial immersion conditions. A novel extension of the semi-discretization
method is implemented to resolve multi-parameter stability solutions, establishing a com-
putational paradigm for generating three-dimensional stability lobe diagrams (3D SLDs)
that concurrently evaluate spindle speed, cutting position, and the axial depth of a cut.
Comprehensive experimental validation through time-domain chatter tests demonstrates
remarkable consistency between theoretical predictions and empirical chatter thresholds.
The results reveal that process damping significantly suppresses chatter at low spindle
speeds, while regenerative effects dominate instability at higher speeds. This work provides
a systematic framework for optimizing machining parameters in thin-walled component
manufacturing, offering improved accuracy in stability prediction compared to traditional
two-dimensional SLD methods. The proposed methodology bridges the gap between theo-
retical dynamics and industrial applications, facilitating efficient high-precision machining
of titanium alloys.

Keywords: face milling; parameter coupling; stability prediction; thin-walled components;
auxiliary supports

1. Introduction
Thin-walled structural components with a large height-to-thickness ratio (about

10:1–50:1) have become indispensable in aerospace engineering due to their exceptional
strength-to-mass ratio and design flexibility [1,2]. While milling operations remain the
predominant manufacturing method for such components [3,4], the increasing adoption of
advanced titanium alloys like Ti-6Al-4V—prized for their superior specific strength, cor-
rosion resistance, and fatigue performance—introduces significant machining challenges.
Unlike conventional aluminum alloys, titanium alloys exhibit inherently poor machinability
characterized by low thermal conductivity and intense chemical affinity with cutting tools,
necessitating restrictive cutting speeds during face milling operations [3]. These constraints,
when coupled with the structural compliance of thin-walled workpieces, synergistically
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amplify dynamic instabilities. The resulting regenerative chatter phenomena manifest as
self-excited vibrations that degrade surface integrity, accelerate tool wear, and constrain
material removal rates [5]. Current stability prediction models, however, inadequately
address the coupled thermo-mechanical effects and time-varying dynamics inherent to
titanium alloy thin-wall face milling. This persistent gap underscores the critical need for
high-fidelity modeling frameworks that simultaneously account for process damping mech-
anisms and transient tool–workpiece interactions specific to titanium alloy thin-walled
component machining.

The evolution of milling stability prediction methodologies has progressed through
the following three distinct developmental phases: frequency-domain analyses, time-
domain discretization techniques, and coupled process damping formulations. Founda-
tional frequency-domain approaches, exemplified by Altintas and Budak’s single-frequency
method (SFM) [6], established stability lobe diagrams (SLDs) through Fourier series approx-
imations of time-varying cutting coefficients. Subsequent refinements addressed period-
doubling bifurcations in serrated tool dynamics [7] and interrupted milling [8], yet they
remained constrained by quasi-static assumptions. A paradigm shift toward time-domain
methods emerged with Insperger and Stepan’s semi-discretization method (SDM) [9],
which inspired derivative techniques including Newton–PTI hybrid algorithms [10], Runge–
Kutta enhanced SDM [11], and full-discretization formulations [12–14] with state-delay
term resolutions. Parallel developments introduced temporal finite element analysis [15]
and Newton–Cotes rule-based acceleration [16,17], achieving <5% prediction errors in
benchmark cases.

Recent advances have recognized the critical influence of nonlinear process damping
(PD) mechanisms—particularly tool flank/workpiece indentation interactions—which
stabilize low-speed regimes through equivalent viscous damping effects [18–20]. Contem-
porary models integrate PD with regenerative chatter [21,22], mode coupling [22], and
thermomechanical effects [23], while machine learning implementations [24] demonstrate
12–18% improvements in accuracy over conventional SLDs. Nevertheless, these frame-
works remain fundamentally limited by two-dimensional parameter spaces (spindle speed
vs. axial depth), inadequate for thin-walled component dynamics where structural com-
pliance induces time-varying modal characteristics during machining. This limitation has
spurred several three-dimensional stability analysis innovations. Song et al. [25] employed
Sherman–Morrison–Woodbury formulations to generate position-dependent SLDs, while
Jin et al. [26] incorporated helical tool dynamics in thin-wall 3D lobe predictions. Advanced
methodologies now couple structural dynamic modification schemes with mass redistribu-
tion strategies [27], multi-point machining path dynamics [28,29], and ball-end mill contact
state transitions [30]. Despite these advancements, critical gaps persist in simultaneously
addressing process damping in titanium alloys and real-time tool position-dependent
stability transitions.

Fixture-mediated stiffness enhancement has emerged as a pivotal strategy for sta-
bilizing thin-walled component machining, with recent innovations spanning passive,
active, and adaptive fixture architectures. Topology-optimized fixture configurations [31]
demonstrate 40–60% stability improvement through genetic algorithm-driven optimization
of support positions and preload forces. For rotational symmetric components, torsion
spring-preloaded ancillary devices [32] achieve chatter suppression via controlled energy
dissipation. Smart fixture paradigms now integrate magnetorheological fluid layers, achiev-
ing vibration attenuation through real-time stiffness modulation [33]; robotic end-effectors,
providing position-dependent stiffness compensation [34]; and pneumatic systems, en-
abling pressure-regulated dynamic support [35]. Breakthrough adaptive solutions eliminate
static fixture limitations through moving fixtures with contact-point stiffness tracking [36].
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Tool-synchronized clamping systems have been devised, combining (a) real-time machin-
ing zone fixation and (b) counter-pressure air jets [37]. These advancements collectively
address the stiffness paradox in thin-wall machining—balancing structural compliance for
distortion avoidance with localized rigidity for chatter suppression.

While extensive research has established stability prediction frameworks for end
milling operations, face milling dynamics—particularly for thin-walled titanium alloys—
remain underexplored. Lglesias et al. [38] pioneered a multi-axis coupled stability model for
heavy-duty face milling, incorporating workspace kinematics and feed-directional dynam-
ics to achieve cutting force prediction accuracy. Contrasting conventional hammer-impact
methods, Shi et al. [39] developed an in-process electromagnetic excitation technique that
reduces modal parameter identification errors through real-time frequency response func-
tion tracking. Danil’s mechanistic analysis [40] demonstrated that spindle acceleration
rates induce fluctuations in face milling stability thresholds due to transient thermal-stress
coupling. Das et al. [41] employed hybrid Taguchi–Grey Relational Analysis to optimize
Ti6Al4V face milling parameters, demonstrating surface roughness improvement through
cutting speed and tool path synchronization. Edelbi’s dual-nozzle MQL system [42] en-
hanced Ti–3Al–2.5V face milling performance via tool wear reduction through pulsed
lubrication, as well as surface integrity improvement through tribofilm formation. Com-
plementing process innovations, Qu et al. [43] established a machine vision-based cutter
damage quantification method through multi-spectral illumination compensation and
convolutional neural network defect recognition. Notwithstanding this collective progress,
critical limitations persist in modeling process damping effects under face milling’s inter-
mittent engagement, as well as in resolving time-varying stability boundaries caused by
thin-wall dynamic coupling.

While prior investigations have predominantly focused on stability prediction in con-
ventional milling configurations, a critical knowledge gap persists in addressing the unique
dynamic coupling effects inherent to low-speed face milling of titanium alloy thin-walled
components—particularly the interplay between process damping and regenerative chatter
under subcritical spindle regimes. To bridge this technological void, this study establishes
a generalized stability criterion through the following two fundamental innovations:

1. A multi-degree-of-freedom face milling dynamics framework is developed, inte-
grating regenerative delay effects with variable immersion kinematics, process
damping via tool flank/workpiece indentation mechanics, and time-dependent
structural dynamics.

2. The conventional semi-discretization method (SDM) is extended through simultane-
ous discretization of delay differential equations and process damping terms, as well
as three-dimensional stability lobe diagrams (3D-SLDs) parameterized by spindle
speed, cutting position, and the axial depth of a cut.

The methodological framework comprises the following four principal components:
Section 2 formulates the coupled dynamics model, explicitly resolving the process damping
in titanium alloys. Section 3 introduces a modified SDM algorithm to calculate stability
lobes. Section 4 establishes 3D-SLDs through parametric sweeps across spindle speed, axial
cutting depth, and tool position, validated by a series of milling trials. Section 5 concludes
the paper.

2. Dynamic Modeling Integrating Regenerative Chatter and Process
Damping Effects

The face milling dynamics, schematically represented in Figure 1, are modeled through
a three-degree-of-freedom system considering orthogonal cutting force interactions. Un-
der the rigid-tool assumption, the workpiece’s dynamic compliance dominates vibration
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characteristics, exhibiting feed (x), transverse (y), and axial (z) directions. Kinematic
excitation by periodic cutting forces induces regenerative surface undulations with ampli-
tude modulation characteristics. This phenomenon indicates the potential occurrence of
regenerative chatter.

Figure 1. Schematic representation of thin-wall face milling.

2.1. Cutting Force Modeling

The spatial orientation of the resultant cutting force is governed by multiple interdepen-
dent factors, resulting in considerable prediction complexity. To facilitate comprehensive
analysis, three distinct coordinate systems are employed for force characterization— CS0,
CS1, and CS2.

As illustrated in Figure 2, CS0 denotes the global coordinate system of the cutting tool,
with its origin positioned at the bottom center of the tool geometry. In this system, the
z-axis is aligned with the spindle axis and oriented perpendicular to the workpiece surface,
while the x-axis coincides with the feed direction. The y-axis is subsequently determined
by the right-hand rule. Within CS0, the resultant cutting force can be resolved into three
orthogonal components—Fx, Fy, and Fz.

Figure 2. Schematic representation of face milling process geometry and associated
coordinate systems.

CS1 represents a local coordinate system defined at the cutting point of each insert,
rotating synchronously with the tool. Here, the resultant force is decomposed into three
process-relevant components—the tangential force Ft, radial force Fr, and axial force Fa.
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Finally, CS2 constitutes a cylindrical coordinate system that corresponds to the insert’s
spatial position within the machine workspace. In this framework, the resultant force is
expressed in terms of normal force Fn and friction force Ff components acting on the rake
face, providing critical insights into tool–chip interaction mechanics.

This multi-coordinate representation enables a systematic examination of cutting forces
from global, tool-embedded, and tribological perspectives, enhancing the interpretability
of machining dynamics.

The transformation of cutting force components from CS2 to CS1 can be mathemati-
cally expressed as follows:Ft(i)

Fr(i)
Fa(i)

 =

 cos γr sin γr 0
− sin γr cos γr 0

0 0 1


 cos γa 0 sin γa

0 1 0
− sin γa 0 cos γa


 Fn(i)

Ff (i) cos ηc

Ff (i) sin ηc

 (1)

where γr and γa represent the radial and axial rake angles of the insert, respectively. ηc

denotes the chip flow angle, defined as the angle between the friction force (Ff ) and the
projection of the radial force (Fr) in the axial rake plane.

The fundamental cutting forces acting at the tool–chip interface are determined by
the product of the instantaneous uncut chip cross-sectional area and the material-specific
cutting pressure. This relationship can be formulated as follows:

Ft(i) = Ktaphi(θ) (2)

Fr(i) = Kraphi(θ) (3)

Fa(i) = Kaaphi(θ) (4)

where ap is the axial depth of the cut, and hi(θ) represents the actual cutting chip thickness
of the i-th tooth when it rotates by an angle of θ (0 ≤ θ ≤ 180◦). Kt, Kr, and Ka are
the tangential, radial, and axial cutting force coefficients, respectively. The cutting force
coefficients can be derived from mechanics through the following equations:

Kt = Kn cos γr cos γa + K f sin γr cos ηc + K f cos γr sin γa sin ηc (5)

Kr = −Kn sin γr cos γa + K f cos γr cos ηc − K f sin γr sin γa sin ηc (6)

Ka = −Kn sin γr + K f cos γa sin ηc (7)

Finally, the transformation from CS1 to CS0 is given by the following transformation
matrix: Fx(i)

Fy(i)
Fz(i)

 =

− cos θi − sin θi 0
sin θi − cos θi 0

0 0 1


Ft(i)

Fr(i)
Fa(i)

 (8)

where θi represents the instantaneous angular position of the i-th cutting insert relative to
the y-axis.

2.2. Modeling of Instantaneous Radial Chip Thickness

The chip thickness hi(θ) in milling operations comprises the following two funda-
mental components: the static chip thickness resulting from nominal feed motion, and
the regenerative chip thickness caused by structural vibrations. This relationship can be
mathematically expressed as follows:

hi(θ) = ft sin θ +
(

rc(t−τ) − rw(t−τ)

)
−

(
rc(t) − rw(t)

)
(9)
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where ft is the feed per tooth; τ indicates the time delay; and rc(t−τ), rw(t−τ) and rc(t), rw(t)
are the dynamic displacement of cutter and workpiece.

In thin-walled component machining, the effective radial chip thickness exhibits
significant variation due to the influence of the tool lead angle γL on chip formation
geometry, workpiece compliance-induced vibrations, and dynamic coupling between
cutting forces and structural deflections.

For systems with notable compliance in the axial direction, these effects can sub-
stantially alter machining stability boundaries. When considering the i-th cutting tooth
at angular position θ, the complete formulation of radial chip thickness in the global
coordinate system (CS0) incorporates both tool and workpiece dynamics, as follows:

hi(θ) = ft sin θ +
[(

xc(t) − xc(t−τ)

)
−

(
xw(t) − xw(t−τ)

)]
sin θ cos γL

+
[(

yc(t) − yc(t−τ)

)
−

(
yw(t) − yw(t−τ)

)]
cos θ cos γL −

[(
zc(t) − zc(t−τ)

)
−

(
zw(t) − zw(t−τ)

)]
sin γL

(10)

where xc(t), yc(t) and xw(t), yw(t) are the cutter and workpiece displacements, and xc(t−τ),
yc(t−τ) and xw(t−τ), yw(t−τ) are the cutter and workpiece displacements that are imprinted
on the surface by the previous tooth at the same point.

2.3. Modeling of Process Damping

Process damping represents a critical phenomenon in machining dynamics, primarily
characterized by the tool flank–workpiece interaction effect. As illustrated in Figure 3,
this mechanism occurs when the tool’s flank face engages with the machined surface
waviness, significantly enhancing machining stability, particularly in low-speed regimes.
Consequently, accurate stability prediction models must incorporate process damping
effects for reliable performance estimation.

Flank face r(t-τ)

r(t)VB

Machined surface

Workpiece

Cutting insert

Extruded area

Figure 3. Schematic diagram of dynamic milling system with process damping.

The fundamental physical mechanism of process damping is schematically presented
in Figure 4. The analysis reveals the following:

1. During tool motion from position A to B:

The clearance angle γ decreases progressively;
The plowing volume of extruded material increases correspondingly;
Damping effects intensify proportionally.

2. During transition from position B to C:

The clearance angle γ increases systematically;
The extruded material volume decreases accordingly;
Damping effects attenuate gradually.

3. The C-D segment exhibits identical behavioral patterns to B-C, with minimal damping
observed at position D.
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Wave length

Surface tangent

γ

Figure 4. Description of mechanism underlying process damping.

Following the theoretical framework established by Ahmadi and Ismail [44], under
the assumption of small amplitude vibrations, the process damping can be modeled as an
equivalent linear viscous damper, as follows:

Ceq =
KspapCd

Vt
(11)

where Ksp denotes the specific indentation force coefficient, dependent on workpiece
material properties; Vt represents the tangential cutting velocity; and Cd corresponds to the
effective tool wear land width, as quantified in Figure 3.

The shape damping factor Cd is derived from tool geometry and surface undulation
characteristics. As proposed in [43], this parameter can be expressed as a function of tool
wear state, as follows:

Cd = 0.25VB2 (12)

where VB is the effective tool wear shown in Figure 3.

2.4. Dynamic Modeling

The synthesized dynamic model of the face milling system, incorporating both regener-
ative chatter and process damping effects, is formulated as the following delay differential
equation (DDE):

M
..
x(t) + C

.
x(t) + Kx(t) = [A(t)]x(t)− [A(t)]x(t − τ) + [B(t)]

.
x(t) (13)

where M = diag
[
mx, my, mz

]
, C = diag

[
cx, cy, cz

]
and K = diag

[
kx, ky, kz

]
represent the

modal mass, damping, and stiffness matrices in the x, y, and z directions, respectively.
τ denotes the time delay, equivalent to the tooth passing period, [A(t)] ∈ R3×3 is the
time-varying directional dynamic force coefficient matrix with the following elements:

axx =
N

∑
i=1

g(θi)(Kt cos θi + Kr sin θi) sin θi (14)

axy =
N

∑
i=1

g(θi)(Kt cos θi + Kr sin θi) cos θi (15)

axz =
N

∑
i=1

g(θi)(Kt cos θi + Kr sin θi) tan γL (16)

ayx =
N

∑
i=1

g(θi)(−Kt sin θi + Kr cos θi) sin θi (17)

ayy =
N

∑
i=1

g(θi)(−Kt sin θi + Kr cos θi) cos θi (18)
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ayz =
N

∑
i=1

g(θi)(−Kt sin θi + Kr cos θi) tan γL (19)

azx =
N

∑
i=1

g(θi)(−Ka sin θi) (20)

azy =
N

∑
i=1

g(θi)(−Ka cos θi) (21)

azz =
N

∑
i=1

g(θi)(−Ka tan λL) (22)

[B(t)] ∈ R3×3 represents the process damping coefficient matrix with the following
components:

bxx =
N

∑
i=1

Ceqg(θi)(µ cos θi + sin θi) sin θi (23)

bxy =
N

∑
i=1

Ceqg(θi)(µ cos θi + sin θi) cos θi (24)

bxz =
N

∑
i=1

Ceqg(θi)(µ cos θi + sin θi) tan γL (25)

byx =
N

∑
i=1

Ceqg(θi)(−µ sin θi + cos θi) sin θi (26)

byy =
N

∑
i=1

Ceqg(θi)(−µ sin θi + cos θi) cos θi (27)

byz =
N

∑
i=1

Ceqg(θi)(−µ sin θi + cos θi) tan γL (28)

bzx =
N

∑
i=1

Ceqg(θi)(− sin θi) (29)

bzy =
N

∑
i=1

Ceqg(θi)(− cos θi) (30)

bzz =
N

∑
i=1

Ceqg(θi)(− tan λL) (31)

where µ is the coulomb friction coefficient, and g(θi) is the unit step function determining
tool engagement, which can be expressed as follows:

g(θi) =

{
1, θs < θi < θe

0, otherwise
(32)

The start θs and exit θe angles vary with milling configuration, as expressed in the
following equations: 

down milling

{
θs = arccos(2a/D − 1)
θe = π

up milling

{
θs = 0
θe = arccos(1 − 2a/D)

(33)

where a/D is the ratio of radial cutting depth to tool diameter.
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3. Three-Dimensional Stability Prediction via Enhanced Semi-
Discretization Methodology

The classical semi-discretization method (SDM) developed by Insperger and Stepan [8]
provides an effective numerical framework for milling stability analysis, combining com-
putational accuracy with implementation simplicity. This section presents its extension to
face milling operations through three key methodological advancements.

The dynamic system (Equation (13)) is transformed into state-space representation,
as follows:

.
X(t) = P(t)X(t) + Q(t)X(t − τ) (34)

where P(t), Q(t) ∈ R6×6 are T-periodic coefficient matrices (P(t + T) = P(t), Q(t + T) = Q(t));
t refers to the continuous time variable; τ is the discrete time delay; and T is the principal
period of coefficient variation.

The solution interval [0, T] is partitioned into k subintervals of length ∆t = T/k, where
∆t denotes the time increment, with m = int(τ/∆t) determining delay resolution. Within
each interval t ∈ [ti, ti+1], we consider the following:

.
X(t) = RiX(t) + Si(t)X(t − m∆τ) (35)

where coefficient matrices Ri, Si ∈ R6×6 are derived via Cauchy transformation of system
matrices and weighted averaging of periodic terms; and ∆τ is the step size for the discrete
time delay.

By Cauchy transformation, Equation (35) can be written as follows:

.
X(t) = AiX(t) + waBiXi−m+1 + wbBiXi−m (36)

where the coefficient matrices Ai and Bi are given in the following equations:

Ai =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−ω2
nx −

apaxxi
mx

− apaxyi
mx

− apaxzi
mx

−2ζxωnx − bxxi
mx

− bxyi
mx

− bxzi
mx

− apayxi
my

−ω2
ny −

apayyi
my

− apayzi
my

− byxi
my

−2ζxωnx −
byyi
my

− byzi
my

− apazxi
mz

− apazyi
mz

−ω2
nz −

apazzi
mz

− bzxi
mz

− bzyi
mz

−2ζzωnz − bzzi
mz


(37)

Bi =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
apaxxi

mx

apaxyi
mx

apaxzi
mx

0 0 0
apayxi

my

apayyi
my

apayzi
my

0 0 0
apazxi

mz

apazyi
mz

apazzi
mz

0 0 0


(38)

The vector X(t) and Xj are as follows:

X(t) =
[

x(t) y(t) z(t)
.
x(t)

.
y(t)

.
z(t)

]T
(39)

Xj =
[

xj yj zj
.
xj

.
yj

.
zj

]T
(40)
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The weights of Xi−m+1 and Xi−m are expressed as follows:

wa =
τ + ∆t/2 − m∆t

∆t
(41)

wb =
m∆t + ∆t/2 − τ

∆t
(42)

Then, the solution of Equation (36) can be obtained, consisting of the general solution
Xgi(t) and the special solution Xsi(t), as follows:

Xi(t) = Xgi(t) + Xsi(t) (43)

And the complete solution of the system can be expressed as follows:

Xi(t) = exp(Ai(t − ti))E0 − A−1
i Bi(waXi−m+1 + wbXi−m) (44)

Then, by substituting t = ti in Equation (44) and establishing Xi(t) = Xi as the initial
conditions in the i-th interval, the following equation can be obtained:

E0 = Xi + A−1
i Bi(waXi−m+1 + wbXi−m) (45)

Since the above results are feasible in the discrete time interval ∆t = ti+1 − ti, the
following formula can be obtained when t = ti+1:

Xi+1 = exp(Ai∆t)Xi + exp(Ai∆t − I)A−1
i Bi(waXi−m+1 + wbXi−m) (46)

From the above, it can be seen that Xi+1 depends on xi, yi, zi,
.
xi,

.
yi,

.
zi, xi−m+1, yi−m+1,

zi−m+1, xi−m, yi−m and zi−m, but it does not depends on
.
xi−m+1,

.
yi−m+1,

.
zi−m+1,

.
xi−m,

.
yi−m and

.
zi−m. This is because

.
x(t − τ),

.
y(t − τ), and

.
z(t − τ) do not appear in Equation

(34). In this way, we can obtain the 3m + 6 dimensional state vector, as follows:

ui = col
(

Pi Pi−1 . . . Pi−m

)
= col

(
xi yi zi

.
xi

.
yi

.
zi . . . xi−m yi−m zi−m

) (47)

instead of the 6m + 6 dimensional vector.
Now, the resulting discrete map can be constructed, as expressed in the following

equation:
ui+1 = Diui (48)

where the 3m + 6 dimensional coefficient matrix is as follows:
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Di =



Li,11 Li,12 Li,13 Li,14 Li,15 Li,16 0 . . . 0 waRi,11 waRi,12 waRi,13 wbRi,11 wbRi,12 waRi,13

Li,21 Li,22 Li,23 Li,24 Li,25 Li,26 0 . . . 0 waRi,21 waRi,22 waRi,23 wbRi,21 wbRi,22 wbRi,23

Li,31 Li,32 Li,33 Li,34 Li,35 Li,36 0 . . . 0 waRi,31 waRi,32 waRi,33 wbRi,31 wbRi,32 wbRi,33

Li,41 Li,42 Li,43 Li,44 Li,45 Li,46 0 . . . 0 waRi,41 waRi,42 waRi,43 wbRi,41 wbRi,42 wbRi,43

Li,51 Li,52 Li,53 Li,54 Li,55 Li,56 0 . . . 0 waRi,51 waRi,52 waRi,53 wbRi,51 wbRi,52 wbRi,53

Li,61 Li,62 Li,63 Li,64 Li,65 Li,66 0 . . . 0 waRi,61 waRi,62 waRi,63 wbRi,61 wbRi,62 wbRi,63

1 0 0 0 0 0 0 . . . 0 0 0 0 0 0 0
0 1 0 0 0 0 0 . . . 0 0 0 0 0 0 0
0 0 1 0 0 0 0 . . . 0 0 0 0 0 0 0
0 0 0 0 0 0 1 . . . 0 0 0 0 0 0 0
...

...
...

...
...

...
...

. . .
...

...
...

...
...

...
...

0 0 0 0 0 0 0 . . . 1 0 0 0 0 0 0
0 0 0 0 0 0 0 . . . 0 1 0 0 0 0 0
0 0 0 0 0 0 0 . . . 0 0 1 0 0 0 0
0 0 0 0 0 0 0 . . . 0 0 0 1 0 0 0



(49)

According to Equation (48), the following equation can be obtained:

ui+1 = Di . . . D1D0u0 (50)

from which the transition matrix can be identified as follows:

Φ = Di . . . D1D0 (51)

Ultimately, the stability of the face milling system can be determined based on the
Floquet theory. If the eigenvalues of Φ are less than one, then the system is stable; otherwise,
it will be unstable.

4. Experimental Analysis and Validation
This section systematically validates the proposed 3D stability prediction framework

through experimental and analytical investigations on a T-shaped thin-walled titanium
alloy (Ti-6Al-4V) workpiece, addressing position-dependent dynamics and stability en-
hancement strategies.

4.1. Dynamic Modeling of Thin-Wall Workpiece Milling

To establish a tractable dynamic model for face milling of thin-walled structures, the
following validated assumptions are adopted:

1. Tool–Workpiece Stiffness Disparity: The tool’s axial stiffness dominates the work-
piece’s compliance, justifying rigid-tool/flexible-workpiece dynamics.

2. Quasi-Static Deformation Exclusion: Dynamic analysis focuses on vibration-induced
displacements, omitting static deflection components.

3. Cantilever Boundary Condition: The workpiece is modeled as a clamped-free Euler–
Bernoulli beam, exhibiting dominant out-of-plane vibrations

4. Material Removal Neglect: Stability thresholds are evaluated per pass, assuming
negligible mass redistribution during machining.

Under these assumptions, the system dynamics reduce to z-direction vibrations, as
governed by the following:

z(x, t) =
∞

∑
i=1

ϕi(x)pi(t) (52)
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where ϕ(x) represents the modal shape corresponding to the natural mode, normalized to
the point of force application in this study, and p(t) is the displacement in the modal space.

For well-separated modes, stability analysis focuses on the primary flexible mode [45],
yielding a simplified single-degree-of-freedom (SDOF) system, as follows:

..
z(t) +

(
2ξzωnz +

bzz(t)
mz

)
.
z(t) +

(
ω2

nz +
apazz(t)

mz

)
z(t) =

apazz(t)
mz

z(t − τ) (53)

Transforming into state-space representation, as follows:

A(t) =

[
0 1

− apazzω2
nz

kz
− ω2

nz − bzzω2
nz

kz
− 2ξzωnz

]
(54)

B(t) =

[
0 0

apazzω2
nz

kz
0

]
(55)

The stiffness kz varies with the tool position x, influencing dynamic behavior during
milling [46]. And the tool position coordinate x can be defined as in the following equation:

x ∈ [0, Lw ], ∆x = ft (56)

where Lw is the workpiece length; ft is feed rate; and t is machining time.
As the material removal effect is neglected, both the natural undamped frequency and

the damping ratio can be considered constant along the feed direction in a single-pass face
milling process. Consequently, three-dimensional stability lobes are required to predict the
stability of thin-walled milling operations.

Before calculating these stability lobes, two types of experiments—cutting and dy-
namic tests—will first be conducted to extract the relevant parameters necessary for an
accurate prediction.

4.2. Cutting Tests

Cutting tests are conducted to determine the cutting force coefficient. A mechanical
identification method is employed to obtain the cutting constants based on the average
cutting force measured during full-immersion cutting tests, which are performed at various
feed rates using a dynamometer. The average cutting constant for full immersion cutting is
expressed as follows:

Fz = −
NtapKa

π
ft −

NtapKae

2
(57)

where Nt is the number of teeth; ft is the feed per tooth; and ap is the axial depth of the
cut. Then, the cutting force coefficient Ka can be determined via linear regression from
measured mean force values.

The cutting tests are carried out on a CNC machining center (GJ430), as shown in
Figure 5. A titanium workpiece with dimensions of 80 × 80 × 20 mm is mounted on a
three-component dynamometer (Kistler 9527B manufactured by Kistler Instrumente AG,
located in Winterthur, Switzerland) using a fixture. The dynamometer is positioned on
the CNC worktable, and data are collected at a rate of 5000 data points per second. An
end-face milling cutter with four inserts is used in this study. The cutter features a 50 mm
diameter, a 45◦ lead angle, a 5◦ axial rake angle, and a 5◦ radial rake angle. The cutting tool
is made of carbide, and the inserts are made of PVD-coated carbide.
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Dynamometer

Workpiece

Tool

Charge amplifier

DAQ system

Software

Figure 5. Experimental setup for cutting tests.

During the cutting tests, the spindle speed and axial cutting depth are kept constant,
while the feed per tooth is varied. Five sets of average cutting forces corresponding to
different axial feeds are obtained. These values and their associated cutting parameters are
presented in Table 1. Linear regression, as shown in Figure 6, is performed to determine
the slope of the force vs. feed curve, which enables the calculation of the cutting constants.
In this study, the ultimate axial cutting force coefficient is determined to be 4790.9 N/mm2.

Table 1. Average milling force in z-direction.

Number
Spindle
Speed Ω

(rpm)

Feed Per Tooth ft
(mm/tooth)

Axial Cutting
Depth ap

(mm)

Average Force in Z
Direction Fz (N)

1 400 0.01 0.2 151.62
2 400 0.02 0.2 169.33
3 400 0.03 0.2 184.27
4 400 0.04 0.2 196.41
5 400 0.05 0.2 202.58

Figure 6. Linear regression results for measured forces.

4.3. Dynamic Tests

The dynamic characteristics of the thin-walled workpiece are determined through
experimental modal analysis (EMA) to predict its stability limit. A typical T-shaped
cantilever plate, measuring 115 mm × 90 mm × 3 mm (height to thickness is 30:1) and
made of titanium alloy (Ti-6Al-4V), is utilized for the experiment.
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Standard impact tests are performed to acquire the frequency response function (FRF).
As outlined in Section 4.1, the dynamic response of the machine structure depends on
the position of the tool, and thus the FRF must be measured at each tool position. While
increasing the number of measurement positions enhances the accuracy of the results, it
also complicates the EMA process. To strike a balance, FRF measurements are taken at five
distinct locations, as illustrated in Figure 7. These measurement points are strategically
selected to avoid modal nodes and ensure the capture of all significant modes. Notably,
points 1 and 5, as well as points 2 and 4, are symmetric, meaning their corresponding FRFs
are identical.

Figure 7. Measuring points on workpiece.

The experimental setup for the dynamic tests is depicted in Figure 8. An impact
hammer (PCB 086C manufactured by PCB Piezotronics, located in Depew, NY, USA) is
employed to excite the test structure, while a miniature accelerometer (PCB 356A manufac-
tured by PCB Piezotronics, located in Depew, NY, USA., 1g in weight, with a maximum
sampling frequency of 8 kHz) is used to record the response of the thin-walled workpiece.
Each measurement point is struck five times to minimize noise interference. The response
and force signals are collected using the LMS data acquisition system and processed with
LMS Test.Lab 14A software. This procedure yields the FRFs of the workpiece, allowing for
the identification of modal parameters.

 

Figure 8. Experimental setup for dynamic tests.

The direct FRFs measured at the five locations are shown in Figure 9. It is observed
that only the first two modes (corresponding to points 1/5 and 3) or the first three modes
(corresponding to points 2/4) of the workpiece fall within the sampling bandwidth, and
these modes are well separated. The identified modal parameters are summarized in
Table 2.
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Figure 9. Direct FRFs measured at different positions.

Table 2. Modal parameters of thin-walled workpiece.

Position Mode Natural
Frequency (Hz)

Damping
Ratio (%)

Modal Stiffness
(N/m)

1/5 1 325.12 1.04 1.30 × 104

2 645.31 0.39 2.94 × 104

2/4 1 327.15 1.01 1.26 × 104

2 645.03 0.28 1.27 × 105

3 1608.61 0.11 4.42 × 105

3 1 327.15 0.99 1.17 × 104

2 1604.69 0.13 2.32 × 105

4.4. Stability Prediction Based on 3D Lobe Diagrams

Following the completion of the dynamic tests, the relevant cutting force coeffi-
cients and modal parameters are accurately determined. To construct the stability lobes,
the following additional parameters are incorporated: ft = 0.05 mm/tooth, a/D = 0.5,
Ksp = 30,000 N/mm3 [19], µ = 0.3, and VB = 0.08 mm. Additionally, up-milling is chosen as
the milling mode. Utilizing the proposed method and employing MATLAB 2014a software
for calculations, the 3D stability lobes for the thin-walled workpiece are established, as
shown in Figure 10.

Figure 10. 3D stability lobes of thin-walled workpiece.

It is evident that the axial limit depth of cut is influenced by two primary factors—the
spindle speed and the relative position of the tool. In the context of stability evaluation,
similar to traditional 2D lobe diagrams, the region beneath the curved surface indicates
stable cutting conditions, while the area above the surface signifies unstable cutting con-
ditions. However, a significant distinction in the 3D lobe diagram is the inclusion of a
third axis, which illustrates the variation in the stability limit curve with respect to the
tool position during the milling process of flexible components. This feature enables the
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selection of optimal machining parameters, ensuring stable cutting throughout the entire
milling operation and facilitating the achievement of the maximum material removal rate.

It is observed that the critical stability limit is relatively low. Nevertheless, below
500 rpm, the critical stability limit exhibits an upward trend, suggesting that process
damping plays a role in enhancing stability during low-speed machining. Given the low
stability limit, it is crucial to implement strategies that improve the overall stability of the
milling process.

4.5. Stability Improvement Strategy

In practical engineering applications, the incorporation of an auxiliary support is a
widely adopted method to enhance the stability of dynamic systems. In this section, we
investigate the effect of adding supports to the rear surface of a thin-walled workpiece to
improve its dynamic characteristics. As illustrated in Figure 11, three auxiliary supports are
strategically placed to reinforce the stability of the structure, where (a) is the overall view
of the structure, showing the complete effect, and (b) is the schematic diagram specifically
illustrating the positioning of the additional supports.

(a) Diagram of overall system  (b) Diagram of Support Position 

Support

Figure 11. Modification of the thin-walled workpiece by the addition of three auxiliary supports.

Similar to the cases without supports, dynamic tests are conducted with supports, and
the results are presented in Figure 12. To facilitate a clear comparison of the dynamic behav-
ior with and without support, the FRFs of the original structure are also shown in Figure 12.
It is observed that the vibration amplitudes are significantly reduced when supports are
added, leading to a noticeable improvement in the stability of the milling process.

Figure 12. FRFs measured at various points for structure with and without supports.

The 3D stability lobes for the supported structure are derived using the same procedure
as for the original configuration, with the results displayed in Figure 13. Notably, the critical
depth of cut is substantially enhanced by the addition of the auxiliary supports, indicating
a marked improvement in the stability performance of the milling process.
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Figure 13. 3D stability lobes of the thin-walled workpiece with supports.

4.6. Experimental Verification

To validate the feasibility of the established stability lobes, a series of machining
experiments are conducted with various combinations of spindle speeds and axial cutting
depths. The milling operations are performed according to the experimental setup depicted
in Figure 14. Sound signals generated during the machining process are captured using a
microphone. These sound signals are subsequently processed using Fast Fourier Transform
(FFT) to obtain their frequency spectra, which are then analyzed to assess cutting stability. If
the sound spectrum is dominated by multiples of the spindle and tooth passing frequencies,
the process is considered stable; otherwise, it is deemed unstable.

Figure 14. Experimental setup for milling operations.

The stiffness at points 2 and 4 is lower than at the other positions, resulting in lower
predicted stability lobes at these locations. Throughout the entire cutting process, the
stability lobes at these two points play a critical role in optimizing the milling parameters
to ensure the maximum material removal rate (MRR). Since points 2 and 4 are symmetrical,
the experimentally observed stability results at point 2 are summarized in Figure 15. In
this figure, circles represent stable cases, while crosses correspond to chatter cases. It is
evident that the experimental results align reasonably well with the simulation stability
lobes, taking process damping into account. Only a few discrepancies are observed, such
as at 500 rpm and 0.4 mm, as well as at 600 rpm and 0.25 mm. These inconsistencies
can be attributed to their proximity to the stability boundary, making them susceptible to
uncertainties such as the processing environment and machine system variations.

To provide further clarity, three typical parameter combinations were selected for
analysis, including 700 rpm and 0.2 mm (case A); 700 rpm and 0.35 mm (case B); and
700 rpm and 0.5 mm (case C). In order to observe the variation in critical stability limits
along the relative position, a cross-sectional profile is extracted from the 3D stability lobe
by fixing the spindle speed at Ω = 700 rpm, as shown in Figure 16. The critical stability
limit exhibits a trend characterized by a decrease, followed by a rise, a subsequent decrease,
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and a final increase. To facilitate an intuitive comparison of the experimental results for
these three cases, the machined surface quality and the sound signals, along with their
corresponding spectra, are presented in Figures 17–19.

Figure 15. Stability lobes at point 2.

Figure 16. A section of 3D stability lobe at Ω = 700 rpm.

Figure 17. Cutting results of case A.
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Figure 18. Cutting results of case B.

Figure 19. Cutting results of case C.

During the experiment, the measurement process involves capturing both the ma-
chined surface quality and the acoustic signal during machining. Frequency domain data
are obtained from acoustic signals collected using a microphone (GRAS 46AE manufac-
tured by GRAS Sound & Vibration, located in Lynge, Denmark, which has a sensitivity of
50 mV/Pa), and the machined surface is then analyzed for vibration marks. These data are
then processed and analyzed to identify the presence of chatter. Specifically, the appearance
of vibration marks on the machined surface and the presence of chatter frequencies in the
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frequency domain signal indicate the onset of chatter. Conversely, the absence of vibration
marks on the machined surface and the presence of only the tooth passing frequency and
its harmonics in the frequency domain signal confirm the absence of chatter.

For case A (700 rpm, 0.2 mm), as shown in Figure 17a, no chatter marks are visible on
the machined surface, indicating a stable and chatter-free process across the entire cutting
position. In Figure 17b, the sound signals remain essentially constant throughout the pro-
cess. Furthermore, as depicted in Figure 17c, the sound spectra are dominated by multiples
of the tooth passing frequency (NΩ/60 = 46.7 Hz), with no chatter frequencies present.
These observations suggest that the axial cutting depth of 0.2 mm is below the critical sta-
bility limit, resulting in stable milling, which is consistent with the theoretical predictions.

For case B (700 rpm, 0.35 mm), Figure 18 shows that the machining process is stable
in three regions —on both sides and in the middle of the workpiece. However, instability
is observed in the second and fourth regions, leading to alternating stable and unstable
cutting conditions. In Figure 18a, clear chatter marks are visible in regions B and D, while
no such marks appear in the other regions, which aligns with the predicted results. More
convincingly, the measured sound signals, as shown in Figure 18b, exhibit variations that
correspond to the predicted stability changes. Additionally, the sound spectra for region B,
as shown in Figure 18c, clearly display the presence of chatter frequencies. Due to the
symmetry of the process, the sound spectra in region D are similar to those in region B,
further confirming the accuracy of the prediction.

For case C (700 rpm, 0.5 mm), instability is predicted across all relative tool posi-
tions. As shown in Figure 19a, chatter marks are evident across the entire machined
surface. Moreover, as depicted in Figure 19b,c, the sound signals exhibit a significant
increase, and chatter frequencies are clearly discernible in the sound spectra. These results
strongly corroborate the prediction that the milling process is unstable for this particular
parameter combination.

5. Conclusions
This study introduces a novel analytical model for predicting stability limits in end-face

milling operations, explicitly incorporating the effects of regeneration and process damping.
A 3D stability lobe diagram, which accounts for the tool position, is developed as a practical
tool for selecting optimal cutting parameters, particularly for thin-wall milling processes.
Additionally, the integration of three auxiliary supports significantly improves the overall
system stability. The effectiveness of the proposed method is validated through a series of
controlled experiments. These experiments assess the stability of the milling process by
examining the quality of the machined surface and analyzing the measured sound signals.
The key findings of this study demonstrate the potential of the proposed model to enhance
stability prediction and optimize cutting conditions in practical milling applications.

The experimental results show strong agreement with the theoretical predictions. The
key conclusions drawn from this research are as follows:

1. Axial Force Significance: In the end-face milling of thin-walled workpieces, the axial
force plays a crucial role and cannot be neglected when compared to the forces
in the other two directions. It significantly influences the system’s stability. To
account for this, the dynamic cutting force model proposed in this paper integrates
the instantaneous dynamic uncut chip thickness in all three directions.

2. Impact of Process Damping: Process damping has a substantial effect on machining
stability. A dynamic model that incorporates milling damping is developed, and
stability lobes are predicted based on this model. The accuracy of the proposed model
is validated by experimental results, particularly in the case of difficult-to-machine
materials such as Ti-6Al-4V.
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3. Effectiveness of Auxiliary Supports: The dynamic machinability of thin-walled compo-
nents is significantly improved by adding auxiliary supports to the back of the work-
piece. This method proves to be an effective strategy for enhancing cutting efficiency,
particularly by optimizing cutting parameters in the milling of thin-walled parts.
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