
Academic Editor: Payam Shams

Ghahfarokhi

Received: 10 April 2025

Revised: 7 May 2025

Accepted: 12 May 2025

Published: 14 May 2025

Citation: Li, M.; Xu, J.; Zhu, J.; Wang,

Y.; Chen, T. Transient High-Frequency

Electromagnetic Force Calculation for

Linear Induction Motors Under Pulse

Width Modulation Current Excitation.

Machines 2025, 13, 409. https://

doi.org/10.3390/machines13050409

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Transient High-Frequency Electromagnetic Force Calculation for
Linear Induction Motors Under Pulse Width Modulation
Current Excitation
Mingke Li 1, Jin Xu 1,*, Junjie Zhu 1, Yuhu Wang 2 and Tairan Chen 2

1 National Key Laboratory for Electromagnetic Energy, Naval University of Engineering, Wuhan 430033, China;
13100725669@163.com (M.L.)

2 School of Mechanical Engineering, Beijing Institute of Technology, Beijing 100081, China
* Correspondence: 15308653681@163.com

Abstract: Because of their transient working mode and end effects, it is particularly difficult
to compute high-frequency electromagnetic forces on linear induction motors under PWM
current simulation. The current methods for computing high-frequency electromagnetic
forces in transient operating conditions are computationally expensive and have limited
practicality. To deal with these issues, this paper introduces a non-periodic transient
high-frequency electromagnetic force calculation model. Firstly, an examination of a
linear induction motor under PWM currents demonstrates that the transient magnetic field
calculation issue in a linear induction motor can be simplified to a periodic boundary steady-
state magnetic field calculation problem. Based on this, a 2D magnetic field analytical
model is established for high-frequency magnetic field calculation. Subsequently, a hybrid
approach employing both finite element analysis and analytical methods is employed to
compute the transient magnetic field. Finally, electromagnetic forces are calculated across
the entire frequency spectrum, and the correctness of the model is validated indirectly
through motor vibration experiments. This model offers faster and more accurate results
than finite element analysis, making it suitable for application in the iterative stages of
motor optimization design and applicable to rotary induction motors.

Keywords: PWM current; high-frequency electromagnetic force; linear induction motor;
transient 2D magnetic field model

1. Introduction
Due to their straightforward mechanical structure and high reliability, linear induction

motors (LIMs) are receiving increasing attention in the fields of electromagnetic launch,
rail transportation, and logistics transmission [1–5]. LIMs are mostly driven by inverters,
and since the output current of the inverter contains a large amount of PWM harmonics,
it will cause high-frequency vibrations in the motor product [6–8], which will eventually
lead to mechanical damage and fatigue failure. LIMs have a unique structure, making
the electromagnetic vibration theory of rotary motors not directly applicable to LIMs. The
distinction between LIMs and rotary motors primarily lies in two aspects: firstly, the shorter
travel distance of LIMs, with most operating in non-periodic transient conditions, and
secondly, the end effects, which cause distortion of the magnetic field (MF) [9,10]. Due
to the above MF characteristics, which differ from those of rotating motors, the study
of vibrations in LIMs is more complex. On the other hand, there is also a distinction in
their applications. In wave power generation [11–14], linear motors directly convert the
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wave’s reciprocating linear motion into electrical energy without intermediate conversion
mechanisms such as gears/screws, which gives them the advantages of compact structure,
high efficiency, and low maintenance costs, whereas rotary motors need to convert the
wave’s linear motion into rotary motion, which leads to transmission loss and mechanical
wear-and-tear problems. In monorail transportation [15–18], linear motors directly drive
the linear motion of the vehicle, without a transmission mechanism, and with high climbing
capacity; in contrast, rotary motors need gears/screws to convert rotational motion to linear
motion, and there are transmission losses, but the technology is mature and low-cost. In
launching equipment [19,20], linear motors generate electromagnetic thrust directly and
achieve high speed, while rotary motors require mechanical conversion and have a mature
structure but low efficiency.

Calculating the electromagnetic force (EF) is important in researching the electromag-
netic vibration of motors, and the first step in calculating EFs is to compute the MF. For
the calculation of the MF inside the motor, the mainstream methods currently include
the magnetic potential method [7,21], the semi-analytical subdomain method [22–24], the
conformal mapping method [25,26], and FEA [27–29]. The magnetic potential method relies
on the winding configuration of coils to compute the spatial magnetic flux distribution.
This method involves linearized processing and cannot account for the effects of core satu-
ration, resulting in relatively low accuracy. The subdomain method divides the MF solving
region into several subdomains, combines boundary conditions at the interfaces of each
subdomain, and directly solves the Laplace or Poisson equations. This method establishes
analytical relationships between MF distribution and motor structural parameters, with
clear physical significance. However, it involves some difficulty in formulating and solving
partial differential equations. The semi-analytical subdomain method emerged to sim-
plify the analytical solving process, as it involves complex derivations and large formulas,
ultimately resorting to numerical computations in the final solving stage to simplify the
formulas. Comparing the subdomain method with FEA, the former overcomes topological
constraints and exhibits robustness to geometric models. Moreover, the computational time
cost of using the semi-analytical subdomain method is much lower than that of FEA, but
the subdomain method still cannot solve nonlinear problems.

Except for FEA, the methods listed above are acceptable for steady-state solutions. FEA
is most appropriate for transient analysis. However, the computational cost of FEA is quite
expensive for large-scale motor models. For the problem addressed in this paper, solving
the transient MF problem with FEA under PWM current excitation is challenging, because
the PWM current frequency is too high, making FEM simulation completely impractical if
the time step for the solution must be extremely small.

In order to address the high-frequency EF issue of LIMs operating under inverter
drive in transient conditions, this paper comprehensively considers factors such as PWM
currents, non-periodic transient conditions, and end effects, and proposes a fast approach to
the EF calculation of LIMs. Firstly, the electromagnetic characteristics of LIMs under PWM
high-frequency excitation are analyzed, and it is determined that under high-frequency
excitation, the end effects of LIMs can be ignored and the transient process of LIMs is short.
Therefore, the challenge of calculating high-frequency MF for transient operation may be
reduced to that of calculating high-frequency MF for steady-state operation with periodic
boundaries. Then, the low-frequency MF is computed by FEA, whereas the high-frequency
MF is calculated analytically. Subsequently, based on the principle of MF superposition,
the whole MF inside the motor is generated through superposition at temporal and spatial
coordinate points, and the EFs of various motor components are calculated. Finally, the
EFs are applied to a dynamic model of an LIM to calculate the electromagnetic vibrations,
which are compared with the experimental vibrations to indirectly validate the accuracy of
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the EF calculation results. A flowchart of the research methodology and research approach
of this paper is shown in Figure 1.
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Figure 1. Research methodology and approach.

2. System of Double Three-Phase LIM
The mover of the LIM is integrated with the piston, where the mover’s motion drives

the piston’s movement. This configuration is applicable to underwater propulsion, applica-
tions requiring reciprocating piston motion for gas compression, and high-impact scenarios
demanding short-distance actuation, such as offshore pile drivers.

The double three-phase LIM is powered by a symmetric parallel double three-phase
inverter, which is composed of two identical three-phase full-bridge inverters connected
in parallel, and its topology is illustrated in Figure 2. It consists of two independent three-
phase full-bridge inverters connected in parallel. On the AC side, they are linked to the two
independent three-phase windings of the LIM. On the DC side, a steady DC power source
is connected in parallel with a smoothing capacitor to reduce DC-side current fluctuations.
Both Inverter 1 and Inverter 2 employ SPWM modulation.
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The structure of the double three-phase LIM is shown in Figure 3, and the mechanism
and motion process of the LIM are shown in Figure 4. The mover of the LIM is integrated
with a piston, which can compress water or gas, and both ends of the piston are in contact
with the stator to play a supporting role. The mover moves in a straight line under the
action of electromagnetic forces in the windings and is supported by sliding friction during
the movement. The position of the mover is measured by means of a pull-cord-type position
sensor, which detects the position of the pull-cord to obtain the position of the mover. It
features a long secondary and short primary structure, with primary motion. The primary
core is designed without slots to reduce spatial cogging harmonics. Two independent
windings on the primary core are Y-connected with a 30◦ spatial phase difference. The
secondary component is composed of copper layers and an iron core, the primary and
secondary cores are laminated and stacked circumferentially, with the specific structural
parameters detailed in Table 1.
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Table 1. Structural parameters of LIM.

Parameter Symbols Value Unit

Primary core thickness hpc 40 mm
Primary length lp 660 mm

Winding thickness hco 15 mm
Air gap ge 3 mm

Conductive layer thickness hcl 10 mm
Back iron thickness hbi 30 mm

Pole pitch τ 155 mm
Conductive layer conductivity σcu 6.6 × 106 S/m

Pole pair number P 2 --
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3. Characteristics of LIM Under High-Frequency Current Excitation
3.1. Characteristics of End Effect Under High-Frequency Current Excitation
3.1.1. Theoretical Analysis

Referring to the analytical formulation in [30], MF modeling of the LIM was conducted.
The motor was initially divided into four subdomains, namely the secondary back iron
(Subdomain 1), the conductive layer (Subdomain 2), the air gap (Subdomain 3), and
the primary core (Subdomain 4), and we assumed that the winding was a current layer
with no thickness; the subdomain names of the LIM can be found in the 2D model in
Figure 2. By employing the governing equations and boundary conditions applicable to
each subdomain, MF equations for each subdomain were derived. Within the conductive
layer, the MF equations along the x-axis and y-axis directions are expressed as (1) and (2),
respectively, with the x-axis’ positive direction corresponding to the direction of motion of
the mover.

Bx2 = µ0 J


− exp{−j(β+ψ2)L}ϕ2sinh{ϕ2(hcl+y)} exp(jψ2x)

(ψ2+β)Q′(ψ2)

−
(ϕ)−βsinh

{
(hcl+y)(ϕ)−β

}
exp(−jβx)

Q(−β)

− ϕ1sinh{ϕ1(hcl+y)} exp(jψ1x)
(ψ1+β)Q′(ψ1)

 (1)

By2 = jµ0 J


−β cosh

{
(hcl+y)(ϕ)−β

}
exp(−jβx)

Q(−β)

+
ψ1 cosh

{
(hcl+y)(ϕ)ψ1

}
exp(jψ1x)

(ψ1+β)Q′(ψ1)

+
ψ2 exp{−j(β+ψ2)L} cosh

{
(hcl+y)(ϕ)ψ2

}
exp(jψ2x)

(ψ2+β)Q′(ψ2)

 (2)

Q(ψi) = ψisinhhairψi cosh ϕihcl

+ϕi cosh hairψisinhϕihcl
(3)

ϕi =
√

ψ2
i + jµiσi(Vψi + ω) (4)

where µ0 represents the permeability of air, J denotes the traveling wave’s current density,
β = π/τ signifies the wave number, L stands for the primary length, ψi represents the
zero crossing of Q(ψi), σi is the conductivity of subdomain i (i = 1, 2, 3, 4), V denotes the
mover’s velocity, and ω represents the primary current’s angular frequency (for a detailed
derivation of the formula above, please refer to [30]).

In (1) and (2), terms with exp(−βx) represent the fundamental wave MF, while terms
with exp(jψ1x) and exp(jψ2x) correspond to the inlet and outlet wave MF, respectively.

Solving for the zeros of Q(ψi) is a complex task, and it is challenging to find these
zeros through analytical methods, but it can be achieved using the Muller iterative method.
The solution reveals that as the supply frequency ω increases, the zeros ψ1 and ψ2 move
away from the real axis, as illustrated in Figure 5. This implies that the imaginary parts
of the zeros ψ1 and ψ2 increase, which will lead to greater attenuation in the variation in
exp(jψ1x) and exp(jψ2x) with respect to x; this manifests rapid attenuation of the inlet and
outlet waves, with a relatively minor impact on the fundamental MF. Consequently, with
the rise in supply frequency, the end effect weakens.

Based on derivation and analysis, it can be observed that the end effects are associated
with the supply frequency. To explore the effect of supply frequency on the characteristics
of end effects, the analytical model from [30] is used to compute the MF distribution at
different supply frequencies. A comparison is made between the total air gap MF, inlet
wave MF, and outlet wave MF at supply frequencies of 10 Hz, 100 Hz, and 1000 Hz, with a
mover velocity of 4 m/s and a current amplitude of 1000 A. The results of this calculation
are depicted in Figure 6. From Figure 6, it is evident that increasing the supply frequency
reduces the distortion of the total air gap MF. Furthermore, the inlet wave MF and outlet
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wave MF exhibit increased attenuation along the x-direction. When the supply frequency
reaches 1000 Hz, the total air gap MF approximates a sinusoidal waveform.
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Figure 6. Air gap MF at supply frequencies of 10 Hz, 100 Hz, and 1000 Hz. (a) Total air gap MF;
(b) Inlet wave MF; (c) Outlet wave MF.

When the velocity is kept constant, the analysis mentioned above shows that as the
supply frequency increase, the end effects steadily decrease. So, under PWM current
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excitation, the end effects can be neglected. Thus, the LIM model with open boundaries
can be simplified to a model with periodic boundary conditions.

3.1.2. Verification of Analysis Results Based on FEA

To validate the replacement of the actual motor structure model with a periodic
boundary model under high-frequency excitation, transient FEA models for both the actual
structure and the periodic boundary structure are established in FEA software (Maxwell
2022R1) by the 2D axisymmetric transient MF solver, as depicted in Figure 7.

Machines 2025, 13, x FOR PEER REVIEW  7  of  21 
 

 

 
(c) 

Figure 6. Air gap MF at supply frequencies of 10 Hz, 100 Hz, and 1000 Hz. (a) Total air gap MF; (b) 

Inlet wave MF; (c) Outlet wave MF. 

When the velocity is kept constant, the analysis mentioned above shows that as the 

supply frequency increase, the end effects steadily decrease. So, under PWM current ex-

citation, the end effects can be neglected. Thus, the LIM model with open boundaries can 

be simplified to a model with periodic boundary conditions. 

3.1.2. Verification of Analysis Results Based on FEA 

To validate  the  replacement of  the  actual motor  structure model with  a periodic 

boundary model under high-frequency excitation, transient FEA models for both the ac-

tual structure and the periodic boundary structure are established in FEA software (Max-

well 2022R1) by the 2D axisymmetric transient MF solver, as depicted in Figure 7. 

 

Figure 7. FEA models for the actual structure and periodic boundary structure. 

In the FEA models, the simulated operating conditions are transient, where the cur-

rent amplitude undergoes an instantaneous rise from 0 A to 5000 A within the time inter-

val of 0 s to 1 s. The current frequency ranges from 4 kHz to 4.02 kHz, with a simulated 

switching frequency of 4 kHz and a fundamental frequency of 0–20 Hz. The mover’s trans-

lational velocity is set at 4 m/s. A comparison of MF at the midpoint of the electromagnetic 

air gap is performed at 0.3 s, as illustrated in Figure 8. 

     
(a)  (b) 

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60

-1.0

-0.5

0.0

0.5

1.0

0.56 0.57 0.58 0.59 0.60 0.61 0.62
-1.0

-0.5

0.0

0.5

1.0

M
ag

ne
ti

c 
fi

el
d 

de
ns

ity
/T

x-axis position/m

 10Hz
 100Hz
 1000Hz

100 200 300 400 500 600

-0.010

-0.005

0.000

0.005

0.010

M
ag

ne
tic

 f
ei

ld
 d

en
si

ty
/T

x-axis position/m

 Actual model
 Periodic boundary model

100 200 300 400 500 600

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

M
ag

ne
ti

c 
fe

il
d 

de
ns

it
y/

T

x-axis Position/m

 Actual model
 Periodic boundary model

Figure 7. FEA models for the actual structure and periodic boundary structure.

In the FEA models, the simulated operating conditions are transient, where the current
amplitude undergoes an instantaneous rise from 0 A to 5000 A within the time interval of
0 s to 1 s. The current frequency ranges from 4 kHz to 4.02 kHz, with a simulated switching
frequency of 4 kHz and a fundamental frequency of 0–20 Hz. The mover’s translational
velocity is set at 4 m/s. A comparison of MF at the midpoint of the electromagnetic air gap
is performed at 0.3 s, as illustrated in Figure 8.
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Figure 8. Comparison of the y-direction and x-direction MF densities between the actual model and
the periodic boundary model at 0.3 s. (a) A comparison of MFs in the y-direction; (b) a comparison of
MFs in the x-direction.

From Figure 8a, it can be observed that there is good agreement in the y-direction MFs
between the actual motor model and the periodic boundary model. However, near the end,
an error of 4% is introduced due to static end effects. Similarly, there is favorable alignment
in the x-direction MFs between the actual motor model and the periodic boundary model,
with an error at the end measuring 4.5%, as depicted in Figure 8b.

Based on the comprehensive analysis above, under high-frequency excitation, it can
be concluded that the end effects are not significant under high-frequency excitation.
Consequently, the periodic boundary model can be effectively utilized for equivalent
calculations of the actual structure model.
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3.2. Transient Electromagnetic Characteristic Under High-Frequency Current Excitation
3.2.1. Theoretical Analysis

At low-frequency excitation, the magnetic path passes through the secondary conduct-
ing layer and the secondary core, and the whole transient electromagnetic response time of
the secondary system is collectively determined by the conducting layer and the secondary
core. However, under high-frequency excitation, the shielding effect of the conducting
layer modifieds the magnetic path, causing the conducting layer surface and the air gap to
become the primary components of the magnetic path, as illustrated in Figure 9. There-
fore, under high-frequency excitation, the transient electromagnetic response time of the
secondary system is primarily determined by the stable duration of eddy currents on the
conducting layer. In the following sections, the establishment time of eddy currents in the
conducting layer under high-frequency excitation is investigated qualitatively from a field
perspective.
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Due to the skin effect, induced eddy currents concentrate on the surface of the con-
ducting layer, and the penetration depth of these eddy currents relative to their thickness is
relatively small. The conducting layer can be approximated as an infinitely large conductor
under high-frequency excitation. Therefore, the transient electromagnetic response time of
the secondary system under high-frequency excitation can be determined by analyzing the
establishment time of eddy currents in a semi-infinite conductor.

As shown in Figure 10, the structure represents a semi-infinite conductor, extending
infinitely along the positive and negative halves of the y-axis, and infinitely along the
positive half of the x-axis. Applying a step MF H0(t) to the surface of the conductor, at
this moment, only the MF component Hy exists in the y-direction within the semi-infinite
conductor. Furthermore, Hy is a function of both x and t, denoted as H = Hy(x,t), satisfying
a one-dimensional eddy-current equation.

∂2Hy

∂x2 = µσ
∂Hy

∂t
(x > 0) (5)
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Based on the step magnetic field on the conductor surface, the corresponding initial
and boundary conditions can be derived as follows.

1. When t = 0, Hy(x,0) = 0 (except for x = 0).
2. When x = 0, Hy(0,t) = H0.

Furthermore, by utilizing Laplace transforms in accordance with the eddy-current
equation, initial conditions, and boundary conditions, the induced current Jz within a
semi-infinite planar region can be solved using Equation (6).

Jz = −H0

√
µσ

πt
e−

µσ
4t x2

(6)

From the above equation, one can deduce the transient penetration depth to be as
follows:

∆′ =

√
4t
µσ

(7)

From (7), it can be observed that at the onset, due to the abrupt change in the magnetic
field, the initial penetration depth is relatively small. As time progresses, the depth of
penetration increases.

If the step magnetic field excitation is replaced by a sudden sinusoidal magnetic field
excitation, the expression for transient penetration depth remains applicable. It can be
considered that the time required for the transient penetration depth to coincide with the
skin effect depth is the duration of electromagnetic transient stability, as shown in (8).√

4t
µσ

=

√
2

ωµσ
(8)

The time required to reach a stable state can be determined by (9).

t =
1

2ω
(9)

Taking excitation at a switching frequency of 4 kHz as an example, the time required
to reach a stable state is approximately 19.89 µs. It can be observed that the time required
to reach stability is rather short and decreases with increasing frequency.

Based on the above analysis, under high-frequency excitation, due to the relatively
short time required to reach a stable state, it is possible to employ a steady-state field to
perform equivalent calculations for transient fields.

3.2.2. Verification of Analysis Results Based on FEA

To verify the feasibility of utilizing a steady-state field for equivalent calculations
of transient fields under high-frequency excitation, the eddy-current periodic boundary
FEA models and transient periodic boundary FEA models were established separately. A
comparison was made between the spatial magnetic field distributions of the two models
under non-periodic transient conditions. The simulation conditions for the transient
periodic boundary model were a current amplitude transitioning instantaneously from
0 A to 5000 A within 0 s to 1 s, a current frequency transitioning instantaneously from
4 kHz to 4.02 kHz within 0 s to 1 s, a mover velocity of 4 m/s, and a magnetic field output
at the midline of the air gap at 0.5 s. Subsequently, the corresponding current amplitudes
and frequencies at 0.5 s were loaded into the eddy-current periodic boundary model, and
the magnetic field at the midline of the air gap was output. The output results of the two
models were compared, as shown in Figure 11.
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Figure 11. A comparison of magnetic fields at the midline of the electromagnetic air gap between the
transient model and the eddy-current model at 0.5 s. (a) MF in y-direction; (b) MF in x-direction.

From the comparison results, it can be observed that the y-direction and x-direction
MFs exhibit good agreement between the eddy-current and transient models, which im-
plies that under high-frequency excitation, the transient field at each moment closely
approximates the eddy-current field. Therefore, under high-frequency excitation, it is
feasible to employ the steady-state (eddy-current) field for equivalent calculations of the
transient field.

4. Novel Simplified Modeling of High-Frequency Electromagnetic Forces
in LIMs
4.1. Establishment of High-Frequency MF Analytical Model for LIM
4.1.1. Derivation of Theoretical Formulas

Based on the above analysis, the computational challenge of high-frequency MFs
during transient operation can be simplified to the calculation under steady-state condi-
tions with periodic boundaries. So, for high-frequency fields, the subdomain method can
be used.

Due to the y-direction and x-direction magnetic field distribution differences in the
air gap of the LIM under PWM current excitation, a 2D electromagnetic field subdomain
model was established to compute the y-direction and x-direction EFs on the windings and
conductive layers, as shown in Figure 12.
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Figure 12. Periodic boundary 2D subdomain model.

To simplify the expression, a 2D model was established within a Cartesian coordinate
system. Subsequently, the three-dimensional characteristics were obtained through the
application of axisymmetric relationships.

The model was divided into three subdomains: the primary current layer (Subdomain 1),
the air gap layer (Subdomain 2), and the secondary conductive layer (Subdomain 3). To
streamline the computation, the following assumptions were made:
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1. The currents on the primary current layer and secondary conductive layer have only
the z-axis component;

2. The primary moves in the positive x-axis direction;
3. All field quantities vary sinusoidally with time;
4. The magnetic permeability of the primary and secondary cores is infinite.

Derived from the Maxwell equation set, the governing equations satisfied by each
subdomain are expressed as

∂2 Azi
∂x2 +

∂2 Azi
∂y2 = µiσi

(
∂Azi

∂t
+ V

∂Azi
∂x

)
(10)

where Azi represents the vector magnetic potential of subdomain i, as expressed in (11),
where v corresponds to the harmonic order.

Azi = Ai(y)ej(ωt−vβx) (11)

Simplifying the governing equations based on the characteristics of each subdomain,
the governing equation for Subdomain 1 can be reduced to (12).

∂2 Az1

∂x2 +
∂2 Az1

∂y2 = µ0 Jvz1 (12)

where Jvz1 represents the current distribution density on the primary current layer plane.
Its expression is given by (13).

Jzv1 =
mpNKwv Iv

Pτhco
ej(ωt−vβx) (13)

where mp denotes the number of motor phases, N represents the number of turns in the
winding, Kwv is the winding distribution coefficient, and Iv is the amplitude of the vth
harmonic current.

In Subdomain 2, where the conductivity is 0, the governing equation can be simplified
to (14).

∂2 Az2

∂x2 +
∂2 Az2

∂y2 = 0 (14)

In Subdomain 3, expanding the partial derivatives in (10) yields (15) and (16).

∂Az3

∂t
= jωA3(y)ej(ωt−vβx) (15)

∂Az3

∂x
= −jVβA3(y)ej(ωt−vβx) (16)

Due to the fact that the PWM current frequency ω is significantly greater than the
mover motion velocity V, (15) dominates (16) by a large margin. When solving the gov-
erning equation for Subdomain 3, (16) can be safely neglected, effectively assuming the
velocity V to be 0. Finaly, the governing equation for Subdomain 3 can be simplified to the
following form:

∂2 Az3

∂x2 +
∂2 Az3

∂y2 = µ0σ3
∂Az3

∂t
(17)

Solving differential Equations (12), (14), and (17) leads to the general solution for the
magnetic potential Azi in each subdomain:

Subdomain 1:
Az1(y) = C1evβy + C1

′e−vβy − µ0 Jzv1

v2β2 (18)
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Subdomain 2:
Az2(y) = C2evβy + C2

′e−vβy (19)

Subdomain 3:
Az3(y) = C3ery + C3

′e−ry (20)

r =
√

jωµ0σ3 + v2β2 (21)

The boundary conditions at the interfaces between each subdomain are as follows,
where Bxi represents the MF density in the x-direction within subdomain i, and Byi repre-
sents the MF density in the y-direction within subdomain i.

1. When y = 0, Bx1 = 0;
2. When y = hco, Bx1 = Bx2, By1 = By2;
3. When y = hco + ge, Bx2 = Bx3, By2 = By3;
4. When y = hco + ge + hcl, Bx3 = 0.

By employing the general solution for the magnetic potential Azi in each subdomain
and considering the boundary conditions, six sets of linear equations can be derived. These
six sets of linear equations are simultaneously solved and yield the numerical values C1,
C′

1, C2, C′
2, C3, and C′

3. Subsequently, the magnetic field equations for subdomains 1, 2,
and 3, as well as the eddy-current equation for subdomain 3, can be obtained. The specific
forms of these equations are as follows.

MF equation of subdomain 1:

Bx1(x, y) =
(

vβC1evβy − vβC′
1e−vβy

)
ej(ωt−vβx) (22)

By1(x, y) = jβk

(
C1evβy + C′

1e−vβy

− µ0 Jzv1
v2β2

)
ej(ωt−vβx) (23)

MF equation of subdomain 2:

Bx2(x, y) =
(

vβC2evβy − vβC′
2e−vβy

)
ej(ωt−vβx) (24)

By2(x, y) = jvβ
(

C2eβky + C′
2e−βky

)
ej(ωt−vβx) (25)

MF equation and eddy-current equation of subdomain 3:

Bx3(x, y) =
(
rC3ery − rC′

3e−ry)ej(ωt−vβx) (26)

By3(x, y) = jvβ
(
C3ery + C′

3e−ry)ej(ωt−vβx) (27)

Jzv3(x, y) = jωσ3
(
C3ery + C′

3e−ry)ej(ωt−vβx) (28)

The MF excited by each harmonic current can be superimposed according to the
magnetic field superposition theorem.

4.1.2. Validated by FEA

To validate the accuracy of the 2D subdomain model, a periodic boundary eddy-
current FEA model was established for comparison.

The simulation input of the FEA model comprised harmonic currents derived from the
inverter output. The inverter operated at a switching frequency of 4 kHz and a fundamental
frequency of 10 Hz. Subsequently, the current with a frequency of 4020 Hz was extracted
from the harmonic components of the inverter current. Then, these currents were utilized
as excitation inputs for the FEA model and analytical model.
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A comparative analysis was performed between the analytical and FEA models for
the air gap magnetic field; the comparative results are presented in Figure 13.
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Figure 13. Comparison between FEA and analytical models in frequency band of 4020 Hz. (a) MF in
y-direction; (b) MF in x-direction.

We extracted the current with a frequency of 8010 Hz from the harmonic components
of the inverter current, serving as the excitation for the FEA model and analytic model. The
comparative results are illustrated in Figure 14.
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Figure 14. Comparison between FEA and analytical models in frequency band of 8010 Hz. (a) MF in
y-direction; (b) MF in x-direction.

From Figures 13 and 14, it can be observed that the FEA simulation results are in
good agreement with the analytical calculations. Given the modulation strategy employed
in this experiment, which involves carrier phase shifting by 90 degrees, the primary har-
monic orders in the air gap magnetic field are 11th and 13th in the vicinity of frequency
f c ± 2f r, while at frequency 2f c ± f r (f c represents the switching frequency, and f r repre-
sents the fundamental frequency), the dominant harmonic orders are 5th and 7th. Hence,
the magnetic field waveforms differ at frequencies of 4020 Hz and 8010 Hz.

4.2. Calculation Flow of MF Model

This section introduces a rapid computational method for the transient MF calculation
of LIM, combining low-frequency FEA transient field calculations with high-frequency
analytical computations. The computational workflow is illustrated in Figure 15. For
low-frequency electromagnetic field calculations, FEA is performed using Ansys Maxwell
software (2022R1) for modeling. For high-frequency electromagnetic field calculations,
MATLAB (2021A) is utilized for programmatic modeling.
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Figure 15. Transient MF calculation flow for LIM.

The computational process comprises three components: low-frequency electromag-
netic field calculation, high-frequency electromagnetic field calculation, and magnetic field
superposition. For low-frequency electromagnetic field analysis under transient operating
conditions, an FEA model is employed due to the complex time-varying MF variations
within LIMs, which cannot be adequately described by analytical models. This module
takes current and mover velocity as inputs, outputting time-step field data including mesh
information and field quantities. The high-frequency electromagnetic field calculation
integrates a three-phase full-bridge inverter output voltage analytical model with our
proposed high-frequency electromagnetic field model. The inverter voltage model is de-
rived through double Fourier decomposition, retaining only switching frequency-related
harmonic currents and their multiples by filtering low-frequency components. Subsequent
field quantities across subdomains are computed using the high-frequency analytical model.
As low-frequency field data are discrete while high-frequency results are continuous, node
coordinates are utilized to convert continuous high-frequency field quantities into discrete
data prior to superposition with their low-frequency counterparts. The complete workflow
proceeds as follows:

Initially, the MF calculations are divided into low-frequency and high-frequency
components, which can be performed simultaneously. For low-frequency MF calculations,
it is imperative to establish a transient FEA model. The fundamental current and mover
velocity profiles are sent into the transient FEA model, which computes the electromagnetic
field quantities at each node for every moment and outputs of the results as data files.
Due to the large amplitude of the fundamental wave current, core saturation occurs,
while the smaller amplitude of the high-frequency currents contributes less to saturation.
Therefore, the saturation state of the core in the low-frequency MF can be applied to
the high-frequency MF. The saturation coefficient ks is defined by the output of the low-
frequency electromagnetic field at each moment, as in (29), where B represents the MF
considering the nonlinearity of the core, while B0 represents the MF without considering
the nonlinearity of the core.

ks =
B
B0

(29)

Secondly, the PWM currents are then computed using an equivalent port model [31]
and incorporated into the 2D analytic model developed in this paper to calculate the high-
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frequency MF. The MF is then multiplied by the saturation coefficient corresponding to the
specific time point, and then, the results are stored accordingly.

Finally, the field quantities of each node in the low-frequency MF are first subjected
to temporal interpolation, which increases the sampling rate of low-frequency field data.
The sampling rate, in accordance with the sampling theorem, should be higher than or
equal to twice the highest frequency of the high-frequency magnetic field. Then, the low-
frequency MF quantities are superimposed with the high-frequency electromagnetic field
quantities at grid nodes, resulting in the completion of node quantities across the whole
frequency spectrum.

To further clarify the distinctions between the proposed method and existing ap-
proaches, and to highlight the advantages of the proposed method in calculating high-
frequency EFs during the transient operation of LIMs, a comparative analysis between the
proposed method and those reported in prior studies is presented in Table 2.

Table 2. Comparison of the methodology of this paper with that of the relevant literature.

Reference Suitable for
Linear Motors?

Suitable for Transient
Conditions?

Suitable for
High-Frequency EF

Calculation?

Ability to Calculate
All Components

Calculation
Speed

[7]
√ × √ × fast

[32]
√ × √ × fast

[33]
√ × √ × fast

[34] × √ √ × fast
[35]

√ × √ × fast
[36]

√ √ √ √
slow

[37]
√ √ √ √

slow
This paper

√ √ √ √
fast

References [7,32–35] primarily employ analytical methods, calculating the air gap flux
density first and subsequently applying Maxwell’s tensor method to determine the EFs at
the stator tooth tips. While this approach benefits from rapid computation speed, its air gap
flux density formulas are derived under steady-state assumptions, rendering it inapplicable
to transient scenarios and incapable for computing EFs on other motor components. In con-
trast, References [36,37] adopt FEA, which fully satisfy the requirements for high-frequency
EF calculations for linear motors in transient operating conditions. However, FEA suffers
from slow computation speeds and significant computational resource demands. Our
comparative analysis reveals that the proposed method demonstrates notable advantages
in high-frequency EF calculations under transient conditions, particularly suited for linear
motors operating in non-periodic transient regimes where conventional methods fall short.

4.3. EF Calculation Formula

For the surface of ferromagnetic materials, calculations can be performed using a
simplified Maxwell tensor, the expression of which is as follows:

Fn =
B2

n
2µ0

(30)

Here, Bn represents the normal MF density on the surface of the ferromagnetic material.
For the conductor components, such as windings and secondary conductive layers, we can
use (31).

f = J × B (31)
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The main force-bearing components in the LIM include the surface of the primary
core (near the winding end face) and the secondary iron core, the primary winding, and
the secondary conductive layer. Because the high-frequency MF does not travel through
the secondary iron core, high-frequency EFs are not generated on the surface or within
the interior of the secondary iron core. Furthermore, as the secondary iron core adopts a
laminated structure, it is incapable of generating eddy currents. Therefore, the secondary
iron core mainly experiences fundamental EFs on its surface, which are generated by the
action of the fundamental magnetic field.

5. Experimental Validation
Since it is challenging to directly measure EFs with testing devices. To validate the

results of transient EF calculations, mechanical dynamic FEA methods are typically used to
calculate electromagnetic vibration responses and compare them to experimental vibration
test results. It is worth stating that this experiment was constructed to verify that the model
was correct.

5.1. Experimental Platform

The subject of this experiment was a cylindrical LIM. Initially, the cylindrical LIM was
positioned vertically fastened to the ground using ground anchor bolts and pressure plates.
The mover was placed flat on three supporting bases, each measuring around 200 mm in
height. If a change in the mover’s position was required, this was achieved by altering the
number of overlapping support bases. The experimental platform is shown in Figure 16.
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Both the stator and the mover were vertically oriented. This configuration was im-
plemented to prevent a contact relationship between the stator and mover induced by
gravity, thereby mitigating the transmission of vibrations between the mover and stator.
The mover was elevated to approximately the height of the stator center (600 mm) using
overlapping support bases. Its bottom surface was supported by rubber pads arranged
on the overlapping support bases, which reduced vibration transfer from the mover to
the support base. Simultaneously, this configuration also countered the electromagnetic
downward force exerted on the mover during electrical energization. The bottom surface
of the stator was bolted to the base to imitate a permanent link to the ground, thereby
counteracting the vertical electromagnetic upward force experienced by the stator. The
experiment employed 11 uniaxial acceleration sensors, which were mounted on the outer



Machines 2025, 13, 409 17 of 21

surface of the stator and foot, with signal lines connecting them to a multi-channel data
acquisition device.

The stator was fixed to the ground, and considering the substantial stiffness of the
ground, the vibrations of the stator were effectively isolated from the ground. Similarly, the
supporting base was also fixed to the ground, with a 2 mm gap between its inner wall and
the stator, preventing the vibrations of the mover from transmitting to the ground while
also isolating the stator.

According to the analysis, there was no vibration transmission channel between the
mover and the stator under these experimental conditions. Therefore, in establishing the
mechanical dynamic FEA model, the stator and the mover could be modeled separately,
with EFs applied individually to compute their respective vibration responses.

5.2. Experimental Validation Results

Establishing the mechanical dynamic FEA model, the stator and the mover could
be modeled separately, with EFs applied individually to compute their respective
vibration responses.

In the preliminary phase, we completed the dynamical modeling, and details of the
study process can be found in [38,39]. Based on the research foundation of the LIM dynamic
model in [38], the EFs calculated using the method in this paper were applied to the dynamic
models of the stator and mover, and their vibration responses were calculated. The method
of validating the analytical model through experimentation is shown in Figure 17.

Machines 2025, 13, x FOR PEER REVIEW  18  of  21 
 

 

calculated. The method of validating  the  analytical model  through  experimentation  is 

shown in Figure 17. 

 

Figure 17. The method of validating the analytical model through experimentation. 

The experimental conditions employed for validation were as follows: a peak current 

of 5000 A, a supply frequency ranging from 0 Hz to 12 Hz, and a switching frequency of 

4 kHz. The current waveform is shown in Figure 18. 

 

Figure 18. The waveform of the input current. 

We Utilized  the experimentally derived operational conditions  to compute  the EF 

acting on the stator and mover with the EF calculation model. Subsequently, based on the 

coordinates of the mesh nodes in the dynamic FEA model, the computed EF excitations 

were  applied.  Finally,  the  vibrational  response  generated  by  the mechanical dynamic 

model was computed, and  the corresponding vibration acceleration data at designated 

measurement points was outputted. 

Figure 19 displays a comparative analysis between the calculation and experimental 

results  for  vibration  accelerations  at measurement  points,  encompassing  acceleration 

magnitudes and velocity spectra within the 10 kHz range. 

Our research team conducted FEA modeling, model analysis, vibration testing, and 

model calibration of the LIM dynamic model in the earlier stages, ensuring the correctness 

of the dynamic model used in this paper. 

Examining  the  vibration  acceleration  spectrum  throughout  the whole  frequency 

range  reveals  that  the calculated  results are perfectly consistent with  the experimental 

data, indirectly confirming the accuracy of the EF calculation model. From the compari-

son, it can be observed that the vibrations at the switching frequency and its harmonic 

bands are the most significant, constituting the primary vibrations. Further analysis of the 

vibration results can be found in References [38,39]. 

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75
-8000

-6000

-4000

-2000

0

2000

4000

6000

8000

C
ur

re
nt

/A

Time/s

 A1  B1  C1
 A2  B2  C2

Figure 17. The method of validating the analytical model through experimentation.

The experimental conditions employed for validation were as follows: a peak current
of 5000 A, a supply frequency ranging from 0 Hz to 12 Hz, and a switching frequency of
4 kHz. The current waveform is shown in Figure 18.
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We Utilized the experimentally derived operational conditions to compute the EF
acting on the stator and mover with the EF calculation model. Subsequently, based on the
coordinates of the mesh nodes in the dynamic FEA model, the computed EF excitations
were applied. Finally, the vibrational response generated by the mechanical dynamic
model was computed, and the corresponding vibration acceleration data at designated
measurement points was outputted.

Figure 19 displays a comparative analysis between the calculation and experimen-
tal results for vibration accelerations at measurement points, encompassing acceleration
magnitudes and velocity spectra within the 10 kHz range.
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Figure 19. Comparison between experimental and calculated acceleration results. (a) Measurement
point of mover; (b) measurement point of stator.

Our research team conducted FEA modeling, model analysis, vibration testing, and
model calibration of the LIM dynamic model in the earlier stages, ensuring the correctness
of the dynamic model used in this paper.

Examining the vibration acceleration spectrum throughout the whole frequency range
reveals that the calculated results are perfectly consistent with the experimental data,
indirectly confirming the accuracy of the EF calculation model. From the comparison, it
can be observed that the vibrations at the switching frequency and its harmonic bands are
the most significant, constituting the primary vibrations. Further analysis of the vibration
results can be found in References [38,39].

6. Conclusions
This study analyzes the MF characteristics of a LIM under PWM current excitation.

It is concluded that under high-frequency current excitation, the end effect of the LIM
is weak. The usage of a periodic boundary model is effective in obtaining an equivalent
representation of the actual model. Furthermore, the transient processes are extremely
short under high-frequency current excitation, allowing the transformation of transient
calculation to be converted into steady-state calculation.

Based on these two crucial conclusions, a rapid transient high-frequency EF calculation
method optimized for LIMs is proposed. This method represents a hybrid approach com-
bining FEA and analytical methodologies. Specifically, the low-frequency MF is computed
using transient FEA, while the high-frequency MF is evaluated through analytical models.
Subsequently, the complete field quantity data for each node are obtained by employing
the principle of MF superposition.

Finally, the computed EF loads are applied to the dynamic model of the LIM to calcu-
late the vibration response. Then, vibration test are conducted to confirm the correctness of
the EF calculations.
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This method, compared to FEA, enables the rapid and accurate calculation of transient
high-frequency EFs, making it suitable for application in the iterative stages of motor
optimization design and applicable to rotary induction motors.
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