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Abstract: Surface roughness and sliding friction are pivotal in determining the dynamic
meshing performance of helical gears, especially under conditions of flexible support.
In addition, the meshing parameters influenced by gear vibrations exhibit time-varying
characteristics under flexible support stiffness, which is disregarded by many scholars.
Based on this, a nonlinear dynamic model of a helical cylindrical gear system under
flexible support conditions is developed, considering the coupling effects of dynamic
friction and backlash influenced by fractal surface roughness. The motion differential
equations of the system are derived using the Lagrange method, and numerical solutions
are obtained through the Runge–Kutta method. The effect of several control parameters
(driving speed, surface roughness and fractal dimension) on the dynamic response of gear
system is studied, and the proposed dynamic model is compared with the traditional
model under different support stiffness to demonstrate its adaptability to highly flexible
support scenarios. The results indicate that the proposed dynamic model is better suited
for flexible support structures. Moreover, the coupling effects of sliding friction and fractal
backlash amplify the dynamic response of the gear system and introduce complex spectrum
characteristics. This study provides theoretical guidance for the optimization of vibration
and noise reduction designs in helical gear systems.

Keywords: flexible support; friction; fractal theory; helical gear

1. Introduction
As a common gear transmission device, helical gears have been widely used in me-

chanical manufacturing, automotive transmission, wind power generation and other fields
due to their high contact ratio characteristics [1–4]. Under special working conditions such
as high precision, high load, and flexible support, sliding friction influenced by surface
roughness have a significant impact on the dynamic performance of gear systems [5].
Therefore, to accurately analyze and evaluate the dynamic performance of gear systems
and to reduce system vibration and noise, it is essential to develop an accurate dynamic
model of the gear system that considers the effects of surface roughness and sliding friction.

The establishment of gear dynamic models has always been a focus in the field of
gear research. Researchers first established a 1-DOF dynamic model considering speed
coordination to roughly analyze the dynamic behavior of gears [6,7]. Higher demands
for vibration reduction and noise control in gearboxes have been proposed in aerospace
applications, necessitating the consideration of multidirectional vibrations in gear dynamic
models [8,9]. In recent years, the study of multi-degree-of-freedom (MDOF) gear systems
has become a research focus. Wang et al. [10] established a 5-DOF gear system to represent
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the dynamic response of its flex-twist coupling. Jiang et al. [11,12] analyzed X and Z
translations based on 6-DOF helical gear models. Wan et al. [13] analyzed helical gear
dynamics due to Y and Z translations based on 6-DOF models. Sun et al. [14] used finite
element method to build a MDOF gear model and analyzed the influence of temperature
and bearing type on gear system dynamics. With the demand for lightweight gear systems
in aviation and military equipment, bearing stiffness structures will no longer be suitable for
the future development of the helical gear system industry, and flexible support structures
such as thin hollow shafts and thin-walled gearboxes will become the future development
trend [15]. However, after introducing a flexible support structure, its support stiffness
will be significantly lower than that of the bearing structure. This will result in greater
displacement of the two gears during operation, and the original model will not be able to
accurately predict the dynamic behavior of the gears. Therefore, the dynamic modeling of
helical gears under flexible support stiffness remains a challenge for the future.

In addition, tooth surface friction is an important source of gear vibration and noise
that affects the system dynamics in terms of external excitation [16]. Therefore, a large num-
ber of scholars have studied the impact of this factor on gear systems. Singh analyzed the
dynamic behavior of a single degree of freedom gear pair, including sliding friction, by us-
ing Floquet theory [17], the harmonic balance method [18], and the numerical method [19],
and extended the influence of sliding friction to a multi-free gear pair [20]. Kar et al. [21]
proposed a method and algorithm for solving the torsional friction moment of a helical gear
system under constant friction coefficient. Wang et al. [22] studied the vibration character-
istics of the star bearing based on the dynamic response under constant friction coefficient
excitation and controlled the dynamic behavior by changing the support stiffness. Chen
et al. [23] calculated the meshing efficiency of gear pairs considering sliding friction losses
by studying the tooth surface meshing force and relative sliding/entrainment velocity and
incorporating them into the formula for sliding friction coefficient. Chen et al. [24] found
that at low driving speeds, friction increases the displacement amplitude and has a signifi-
cant impact on the high-frequency part of the frequency domain by considering friction
and dynamic backlash in the dynamic study of the system. Building on this foundation,
Kang et al. [25] introduced fractal theory to characterize rough surfaces based on their
study of friction. While this approach improved the understanding of microstructural sur-
face properties, it still lacks comprehensive exploration of its impact on system dynamics.
Therefore, further studying the coupling effect between sliding friction and fractal tooth
gaps is crucial for accurate gear dynamics analysis.

Focusing on the issues, this paper establishes a dynamic model of a helical gear
system considering fractal backlash and sliding friction under flexible support and analyses
the dynamic characteristics of the system based on this model. The rest of this article
is organized as follows: In Section 2, dynamic meshing parameters and corresponding
dynamic mesh force and friction forces affected by lateral vibration were presented, and
a 7-degree-of-freedom nonlinear dynamic model of a helical gear system with velocity
coordination, time-varying pressure angle, dynamic clearance, and sliding friction was
established. And the Lagrange method was used to derive the equation. In Section 3,
the proposed dynamic model is compared with the traditional model under different
support stiffness to demonstrate its adaptability to highly flexible support scenarios. In
the following section, Section 4, the effects of friction and Fractal Effects in Backlash on
the dynamic response of the gear system are analyzed. Finally, some brief findings of this
study are provided.
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2. Model and Methodology
Considering the effects of input, output, and supporting bearings, the dynamic lumped

parameter model of the helical gear-rotor-bearing system is shown in Figure 1. The system is
simplified into a 7-degree-of-freedom (DOF) bending-torsion coupled generalized lumped
parameter model, comprising the driving gear and driven gear. Among them, k1,2

x , k1,2
y

and k1,2
z represent the support stiffness of the gear mesh in the x, y and z directions,

respectively, while c1,2
x , c1,2

y and c1,2
z denote the corresponding bearing damping. The

gear pair is simplified as two rigid disks connected through the meshing stiffness km and
meshing damping cm. The driving speed

.
θ1 is exerted on the pinion, and the output torque

T1 is loaded to the gear. In addition, a representation of the pressure plane is also illustrated,
depicted as a two-dimensional “unwrapping band” that unwinds from one base cylinder
and winds onto the other. In this figure, solid lines represent changes in the contact line,
while dashed lines represent extensions of the contact line.
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Figure 1. The three-dimensional meshing diagram after meshing.

According to the research of Liu et al. [26], a general expression of the excitation speed
of pinion for rigid-body conditions can be rewritten as:

.
θ1(t) =

.
θ1m

(
1 + ∑∞

i=1 λi sin(iωt + φ2)
)

(1)

here,
.
θ1m denotes the average driving speed, λi and φi denote the fluctuation amplitudes

of driving speed and the phase of the ith harmonic, respectively. The excitation frequency
ω mainly depends on the relevant configuration of the prime mover [27].

Based on the geometric relationship, the relative displacement of the gear system δL

along the line-of-action (LOA) and the dynamic transmission error components δL along
the LOA and δO along the off-line-of-action (OLOA) are derived [28]. These parameters
can be expressed as:

δL = ((x1 − x2) sin ψ + (y1 − y2) cos ψ + θ1R1 + θ2R2) cos β − (z1 − z2) sin β (2)
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δO = ((x1 − x2) cos ψ − (y1 − y2) sin ψ) cos β + (z1 − z2) sin β (3)

Considering the positive or negative values of the transmission error, the angle ψ can
be expressed as:

ψ =

{
an − bn δ(t) ≥ 0
−an − bn δ(t) < 0

(4)

The lateral relative position angle of the gear pair bn can be expressed as:

bn = tan−1((y1 − y2 + d0 sin β0)/(x1 − x2 + d0 cos β0)) (5)

The transverse working pressure angle of the gear an can be expressed as [29]:

an = cos−1
((

Rb
1 + Rb

2

)
/d
)

(6)

To facilitate the analysis, the transverse displacement of the gear center is magnified.
As shown in Figure 2, LOA represents the line of action, while OLOA is perpendicular to
the meshing line. dτ denotes the surface center distance, an is the surface meshing angle,
and bn is the relative position angle at any given time. O1 and O2 represent the initial center
positions of gear p and gear g, respectively. d0 refers to the initial center distance, and a0 is
the initial pressure angle, which is assumed to be 20◦ in this paper.
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Due to the translational motion of the drive and driven wheels, the surface center
distance of the gear changes from d0 to d [30]. The time-varying center distance d can be
given as:

d =

√
(x1 − x2 + d0 cos β0)

2 + (y1 − y2 + d0 sin β0)
2 (7)

where the original center distance is calculated as d0 = R1 + R2, and R1 and R2 denote the
radii of the indexing circle for the large and small gears, respectively.

The meshing process of helical gears involves alternating logarithmic cycles of different
teeth, with the tooth width determining the instantaneous meshing number. Mo et al. [31]
discussed the calculation of the meshing teeth logarithm but did not account for the z-axis
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vibration error affecting the tooth width. To address this, the variation in tooth width
during meshing is analyzed based on the helical gear’s force angle. Using the actual center
distance d from Equation (7), the total contact ratio of helical gears and the length of the
line of action Zact, which can be expressed as:

Zzct =

√(
Ro

1
)2 −

(
Rb

1
)2

+

√(
Ro

2
)2 −

(
Rb

2
)2 − d sin an (8)

here, Ro
1 and Ro

2 represent the pinion and gear’s tooth top circle radii, respectively. The
initial contact surface tooth width is defined as Lτ . When considering the influence of helix
angle β on axial transmission error, the positive and negative directions of gear helix angle
can be defined as:

β

{
> 0 if gear has right − hand teeth
< 0 if gear has left − hand teeth

(9)

According to left-hand helical gear as shown in Figure 1, the axial force of the master
and slave gears can be determined based on the spiral direction. Therefore, the relative
axial vibration mode of the driven gear relative to the driving gear is determined. The
tooth width Ln of the contact surface at this time can be expressed as:

Ln = L + sign(β)(z1 − z2) (10)

here, L in the above equation is the initial tooth width, set to 30 mm.
With the contact surface tooth width determined, the instantaneous number of mesh-

ing teeth n can be calculated. Considering the influence of the helix angle on axial vibration,
the diagonal pitch length along the line of action Ln can be evaluated, alongside the number
of teeth behind Nb and in front N f of the current contact location. The number of contacted
mesh teeth at any given moment is established as:

n = 1 + floor
{

l/Pb
′}︸ ︷︷ ︸

Nb

+ floor
{
(Zact/ sin(γ)− l)/Pb

′}︸ ︷︷ ︸
N f

(11)

The function rounds off the ratio (x/y) to the nearest inter (toward a lower value); Zact

is represented by the equation above Equation (8); Pb
′ = Pb ∗ cosβ/sin(γ + β) represents

the projection of tooth width on the diagonal; φm = Zact/Rb
1 is the theoretical meshing

cycle. The γ = tan−1(Zzct/Ln) angle is shown in the figure above as the angle formed by
the diagonal AB and Lτ of the 3-dimensional unfolded band; l is the parameter increased
diagonally from point A to point B, which can be expressed as:

l = (φm1mod(θ1R1, Zact) cos βb)/sin(γ + βb) (12)

mod(y, z) = y − zfloor(y/z) z ̸=0 (13)

here, βb = tan−1(tan β× cosa0) is the base circular helix angle.

2.1. Time-Varying Gear Backlash Based on Fractal Theory

To analyze the dynamic performance of gears under specific parameters, researchers
simplify gear contact into spring-damping models and establish corresponding dynamic
equations. For example, Yi et al. [32] incorporated the calculation of time-varying clearance
at the gear end face, which provides a significant advantage in analyzing the time-varying
backlash of helical gears. Additionally, the true contour of the rough gear surface, char-
acterized by a series of peaks and valleys, has been found to considerably influence the
variation in backlash between meshing teeth [33]. In fractal modeling approaches for differ-
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ent surface characteristics, the microscopic morphology of surfaces with varying roughness
can be simulated by adjusting the fractal dimension as well as other fractal parameters,
such as the roughness scale [34].

As illustrated in Figure 3, the contact characteristics of helical gear pairs exhibit
marked disparities between ideal and actual tooth surfaces. The dashed lines represent
the ideal tooth surface, while the solid lines represent the actual tooth surface affected
by manufacturing errors and roughness. Fractal theory, characterized by inherent self-
affinity and self-similarity, provides a robust framework for describing the complex surface
morphology of mechanical interfaces. Accordingly, the Weier-Mandelbrot (W-M) function
is widely employed to simulate rough surfaces [35], and its mathematical expression is
given by:

z(x) = GD−1
∞

∑
n=nl

γ(D−2)n cos(2πγnx), 1 < D < 2, γ > 1 (14)

here, γn is the discrete frequency spectrum, nl is the low cut-off frequency of minimum
frequency index.
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Figure 3. Contact representation of helical gear pair with surface topography and asperity details.

When considering the surface roughness values of two gears. The mathematical
expression for the distance between the end faces in the normal direction ∆b f can be
calculated by Ref. [35] as:

∆b f = Ra

(
∞

∑
k=nl

γ(D−2)k sin
(

2πNsγk mod(θ1, θm1)

θm1

))
/RD (15)

here, N denotes the intermediate variables affecting the value of the sampled wave crest of
the calculated roughness curve, Ra is the arithmetic mean deviation (µm); The torsional
angular displacement θm1 = mπ/Rb

1 for one meshing cycle; m denotes the gear module; In
this paper, γ and D are set as 1.5 and 1.1, respectively.

RD =

(∫ θm1

0

∣∣∣∣∣ ∞

∑
k=nl

γ(D−2)k sin
(

2πNsγk mod(θ1, θm1)

θm1

)∣∣∣∣dθ1

)
/θm1 (16)

The total backlash, namely the normal backlash of the helical gear on the end face is
expressed as:

bt = b0 + ∆b cos β + ∆b f (17)

here, ∆b is caused by changes in the center distance, which can be expressed as [36]:

∆b =
(

Rb
1 + Rb

2

)
(inv(an)− inv(a0)) (18)

where inv(x) is the involute function; inv(x) = tan(x)− x. The above derivation gives the
basic theory of backlash. More detailed research of backlash can refer to Refs. [24,32].
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2.2. Dynamic Model of the Gear System

The different equations of motion for the gear pair can be derived by the seven
generalized coordinates, whose vector form is expressed as:

[q] =
[

x1 y1 z1 x2 y2 z2 θ2

]
(19)

where x1, y1, z1, x2, y2, z2, θ2 represent the translational and angular vibration displace-
ments of the active and driven wheels, respectively, along the x, y and z-axis.

The displacement vectors for the centers of gears p and g in the coordinate system are
subsequently derived, which can be given as:

r1 = x1i + y1 j + z1k, r2 = x2i + y2 j + z2k (20)

where i and j and k are unit vectors along the x and y and z, respectively.
The kinetic energy TE of the system can be expressed by mass and driving speed, can

be calculated as:

TE =
2

∑
i=1

(
mi∥∥ .

ri
∥∥2

+ Ji
.
θi

2
)

/2 (21)

The energy generated by gear pairs and bearings can be expressed as elastic potential
energy U and dissipated energy as follows:

U =

(
∑2

i=1

(
ki

xx2
i + ki

yy2
i + ki

zz2
i

)
+

n

∑
j=1

kj
m f 2(δL, bt)

)
/2 (22)

here, bt is helical gear end normal backlash, which can be obtained from Equation (17);
The total dissipation function RC consists of the dissipation function of radial bearing

damping and gear meshing damping:

RC =

(
∑2

i=1

(
ci

x
.
x2

i + ci
y

.
y2

i + ki
z

.
z2

i

)
+

n

∑
j=1

cj
m

.
f

2
(δL, bt)

)
/2 (23)

Considering the effect of gravity, the generalized force vector Q can be expressed as:

Qj =
[
0 −m1g 0 0 −m2g 0 T2

]
(24)

Q f =

[ n
∑

j=1
F

f1,j
x

n
∑

j=1
F

f1,j
y

n
∑

j=1
F

f1,j
z

n
∑

j=1
F

f2,j
x

n
∑

j=1
F

f2,j
y

n
∑

j=1
F

f2,j
z

n
∑

j=1
T

f2,j
θ

]
(25)

The differential equation of motion was derived using the Lagrange equation:

d
dt

(
∂TE

∂
.
qi

)
− ∂TE

∂qi +
∂U
∂qi +

∂RC

∂
.
qi = Qj + Q f (26)

Substituting the four equations TE, RC, U, Qj in the above equation into the Lagrange
Equation (26) can produced:

mi ..
xi + ci

x
.
xi + ki

xxi +
n

∑
j=1

Fi
x −

n

∑
j=1

F
fi,j

x = 0 (27)

mi ..
yi + ci

x
.
yi + ki

xyi +
n

∑
j=1

Fi
y −

n

∑
j=1

F
fi,j

y = −mig (28)
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mi ..
zi + ci

x
.
zi + ki

xzi +
n

∑
j=1

Fi
z −

n

∑
j=1

F
fi,j

z = 0 (29)

J2
..
θ2 +

n

∑
j=1

F2
θ −

n

∑
j=1

T
f2,j

θ = T2 (30)

here, superscripts (·) and (··) denote the first and second order derivatives with respect to
time, respectively.

The equivalent stiffness and damping coefficients are employed to simulate the flexi-
bility of shafts and bearings. Under the condition of flexible support stiffness, the system’s
support stiffness is not merely approximated as the bearing stiffness k1,2

x,y,z. Instead, it

considers the series stiffness of the shaft stiffness kj
x,y,z and the bearing stiffness k1,2

x,y,z. In this
case, the calculation utilizes the empirical Formula (26). Consequently, the total equivalent
stiffness of the bearing system can be obtained as follows:

k1,2
x,y,z =

kb1,b2
x,y,z kj

x,y,z

kb1,b2
x,y,z + kj

x,y,z
, c1,2

x,y,z = 2ξs

√
m1,2k1,2

x,y,z (31)

where support damping coefficient ξs is 0.025.
The x, y and z directions of the dynamic meshing force F1,2

∆ can be expressed as:

F1,2
∆ =

(
cj

m + kj
m

)
(∂ f /∂∆), ∆ = xi, yi, zi, θi (32)

where ki
m is the mesh stiffness of the helical gear.

The nonlinear function of backlash f (δL, bt) and its relative speed f1(δL, bt) of the gear
system can be given as:

f (δL, bt) =

{
δL(t)− sign(δL)bt | δL| > bt

0 | δL| ≤ bt
, f1(δL, bt) =

{ .
δL(t)− sign(δL)

.
bt | δL| > bt

0 | δL| ≤ bt
(33)

∂ f (δL, bt)/∂∆ =

{
∂δL/∂∆ − sign(δL)(∂bt/∂∆)

0
| δL| > bt

else
, ∆ = xi, yi, zi, θi (34)

∂bt/∂x1

∂bt/∂y1

∂bt/∂z1

 = −

∂bt/∂x2

∂bt/∂y2

∂bt/∂z2

 =

sin(an) cos(β) 0 0
0 sin(an) cos(β) 0
0 0 1


cos(bn)

sin(bn)

0

 (35)

where
∂ f1

( .
δ,

.
bt

)
.

∆i
= ∂ f (δ,bt)

∆i
. ∆i =xi, yi, zi, θi.

The individual derivation components in the gear dynamics equation can be
expressed as:

.
δL(t) =

2

∑
i=1

( .
xi(∂δL/∂xi) +

.
yi(∂δL/∂yi) +

.
zi(∂δL/∂zi) +

.
θi(∂δL/∂θi)

)
(36)


∂δL/∂x1

∂δL/∂y1

∂δL/∂z1

∂δL/∂θ1

 =


−∂δL/∂x2

−∂δL/∂y2

−∂δL/∂z2

(R2/R1) ∗ (∂δL/∂θ2)

 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




sin ψ cos β + δ′O(∂ψ/∂x1)

cos ψ cos β + δ′O(∂ψ/∂y1)

sin β

Rb
1 cos β

 (37)

The frictional force components of each axis in the above formula are expressed
as follows:

F
fi,j

x = (∂δO/∂xi)sign(Vs)µ
(

kj
m f (δL, bt) + cj

m f1(δL, bt)
)

(38)
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F
fi,j

y = (∂δO/∂yi)sign(Vs)µ
(

kj
m f (δL, bt) + cj

m f1(δL, bt)
)

(39)

F
fi,j

z = (∂δO/∂zi)sign(Vs)µ
(

kj
m f (δL, bt) + cj

m f1(δL, bt)
)

(40)

T
f2,j

θ = sign(Vs)µRi,j
f

(
kj

m f (δL, bt) + cj
m f1(δL, bt)

)
(41)

where Ri,j
f is the friction arm of the driving and driven gear, respectively, and the detailed

information of these variables are elaborately expressed in Appendix A. µ is the coef-
ficient of friction of the system; its calculations can be obtained by empirical formulas
in Ref. [37] as:

µ = 0.127 ∗ [1.27/(1.27 − S)]Log10

[
(29.66 ∗ W)/

(
v ∗ |Vs| ∗ (Vr)

2
)]

(42)

Regarding the calculation of the normal force W on the tooth surface, He provided the
formula W = Tp/(L ∗ R1 ∗ cosan

)
in Ref. [38]. However, this calculation method ignores

the situation where the tooth surface is not in contact, which is obviously inconsistent with
the modeling method in this article. Therefore, for the normal force F on the tooth surface,

it can be improved to W =

√(
∑n

i=1 Fi
x1

)2
+
(

∑n
i=1 Fi

y1

)2
/Lτ(N/m); Lτ is the width of the

contact surface (mm), given by (10), Fx1 and Fy1 are the meshing forces on the x-axis and
y-axis during meshing on the pinion, respectively; S is RMS of surface roughness in µm on
Ref. [25] and can be calculated as S = 1.1Ra.

The vibratory velocity influences the relative sliding velocity between meshing teeth,
which, in turn, alters the friction force, potentially increasing gear vibrations [39]. Therefore,
the sliding speed of the gear and the speed of the entrainment motion can be expressed by
the following equation as:

Vs = vpi − vgi +
(( .

x1 −
.
x2
)

cos ψ +
( .
y1 −

.
y2
)

sin ψ
)

cos β +
( .
z1 −

.
z2
)

sin β (43)

Vr = vpi + vgi +
(( .

x1 +
.
x2
)

cos ψ +
( .
y1 +

.
y2
)

sin ψ
)

cos β +
( .
z1 +

.
z2
)

sin β (44)

where vpi and vgi are the viscosity coefficient of the gear and the tooth surface velocity of
the driving and driven wheels, and can be derived from Ref. [40].

The derivative of the frictional force components of each axis in the above formula can
be expressed as:∂δO/∂x1

∂δO/∂y1

∂δO/∂z1

 = −

∂δO/∂x2

∂δO/∂y2

∂δO/∂z2

 =

1 0 0
0 −1 0
0 0 −1


cos ψ cos β − δ′L(∂ψ/∂x1)

sin ψ cos β + δ′L(∂ψ/∂y1)

sin β

 (45)

The planar displacement along the LOA direction and the LOA in the normal direction
are defined as δ′L and δ′O, calculated as:

δ′L = δL − (θ1R1 + θ2R2) cos β + (z1 − z2) sin β (46)

δ′O = δO − (z1 − z2) sin β (47)

where ∂ψ/∂x1, ∂ψ/∂y1 are partial derivatives of ψ(t) with respect to the x and y axes,
respectively, and can be given as:

∂ψ

∂x1
=

{
cos(an − bn)/d sin an δL ≥ 0
−cos(an + bn)/d sin an δL < 0

,
∂ψ

∂y1
=

{
−sin(an − bn)/d sin an δL ≥ 0
−sin(an + bn)/d sin an δL < 0

(48)
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The magnitude of dynamic meshing force and friction force can be expressed as:

Fm = km f (δ, bt) + cm(d f (δ, bt)/dt), Ff = µFm (49)

Therefore, we do not consider z-axis friction and Lang-range residual terms
δ′O = 0 and δ′L = 0, The dynamic equation can be transformed into the following form
Equations (27)–(30).

mi ..
xi + ci

x
.
xi + ki

xxi + (−1)i−1Fm sin(ψ) cos β + (−1)iFf cos(ψ) cos β = 0 (50)

mi ..
yi + ci

y
.
yi + ki

yyi + (−1)i−1Fm cos(ψ) cos β + (−1)i+1Ff sin(ψ) cos β = −mig (51)

mi ..
zi + ci

z
.
zi + ki

zzi + (−1)iFm sin β + (−1)iFf sin β = 0 (52)

J2
..
θ2 − FmR2 cos(β)− Ff R2

f sin(β) = T2 (53)

The time-varying mesh stiffness of the system is a periodic excitation with a contact
ratio of mp(2 < mp <3) and a mesh period of Tm(Tm = 2π/ωm). The contact ratio of the
system is closely related to the variation in gear mesh stiffness, so the stiffness variation
in the system is determined by the variation in the contact ratio of the system, as shown
in Figure 4. For any integer n(n ≥ 1), the stiffness of the contact area of the three tooth
pair ranges from

(
mp − 2

)
Tm to

(
mp + n − 3

)
Tm, and the stiffness of the double tooth

pair ranges from
(
3 − mp

)
Tm to nTm. In order to achieve higher accuracy in dynamic

calculations, this study used the finite element method to calculate the time-varying mesh
stiffness of helical gears.
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3. Model Validation and Adaptability
3.1. Model Experimental Verification

To validate the accuracy of the gear dynamics model proposed in this paper, the
experimental results from Feng [41] were compared with the simulation results obtained
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herein. The gear pair parameters used in the experimental verification are listed below
in Table 1.

Table 1. Geometrical and material parameters of helical gear pairs in Ref. [41].

Parameters Pinion/Gear

Number of teeth Zg, p 30/53
Helix angleβ (◦) 30

Pressure angle a </mo>) 20
Tooth width L(mm) 20

Module m(mm) 2.5
Face width (mm) 20
Module m(mm) 2.5

Base circle diameter (mm) 79.83/141.04
Reference diameter (mm) 86.60/153.00

Center distance (mm) 12.01
Total contact ratio (mm) 2.65

Shaft length (mm) 160
Shaft average radius (mm) 50

Shaft inner radius (mm) 25/30
Gear damping coefficient ξm 5 × 106

The amplitude of the acceleration signal from the driven wheel was selected as the de-
pendent variable, while the input torque was treated as the independent variable, resulting
in Figure 5. As shown in the figure, the simulation results (Sim) are in closer agreement
with the experimental data (Exp) compared to the traditional numerical method (Trad). Fur-
thermore, the figure clearly illustrates that the simulation curve generated by the proposed
model provides a more accurate reflection of the actual gear behavior compared to the
reference model [41]. This improvement is attributed to the fact that the proposed modeling
method projects forces onto each axis more accurately than traditional approaches, making
it particularly suitable for simulating and predicting dynamic scenarios under flexible
support conditions.
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Figure 5. Comparison between traditional numerical methods and experimental results and simula-
tion results from mesh harmonic amplitudes.
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3.2. Universal Adaptability of Model

To explore the differences between the proposed model using the Lagrange method
and traditional models under varying stiffness and driving speeds, the kinetic equation
derived from the energy method in Ref. [29] is cited for comparison. The results of the
two models are analyzed as follows. To ensure computational accuracy, the surface rough-
ness coefficient is set to 0.1 µm, and the driving speed is set to 800 RPM. Since the primary
focus of this paper is on the steady-state response of the gear system, the numerical proce-
dure should be executed for a sufficiently extended duration until the difference between
the last two cycles of the δL is less than 10−8 m. The comparative analysis of δLOA and δOLOA

is presented in the following results: The gear pair parameters used in the comparison are
listed below in Table 2.

Table 2. Geometrical and material parameters of helical gear pairs.

Parameters Pinion/Gear

Number of teeth Zg, p 23/47
Inertia Ig,p

(
kg/mm2) 501.6/8748

Gear massm (Kg) 0.78/3.28
Radial bearing stiffness DKz (N/m) 5 × 108

Radial axis stiffness DKx,y (N/m) 6.17 × 106

Module m(mm) 2.5
Helix angle β (◦) 8.0

Pressure angle a (◦) 20
Tooth width L(mm) 30
Backlash 2Cb(µm) 120

Contact surface roughness Ra(µm) 0.1
Tooth top height factor h∗a(H/a) 1.0

Damping coefficient of the shaft ξs 0.05
Gear damping coefficient ξm 0.025

From Figure 6, it can be preliminarily concluded that as the radial stiffness increases,
the results of the model established in this study gradually converge with those obtained
using traditional methods. As shown in Table 3, at a support stiffness of 106 Nm, the
difference in δLOA between the two models is approximately 25.6%, while δOLOA reaches
about 50.2%, highlighting a significant disparity. Moreover, it is expected that as the support
stiffness decreases, this divergence will further increase. This observation provides valuable
insights for practical engineering applications. To quantify the system’s impact, an impact
(residual) factor is introduced to represent the magnitude of the deviation. This factor is
defined as m = ((DTEB − DTEP)/DTEP), Among them, DTEB is the model proposed in
this article, while DTEP is the model proposed in Ref. [29].

Table 3. Different flexible support stiffness.

Driving
Speed
(RPM)

Support Stiffness (Nm)

δLOA(1 × 106) δOLOA(1 × 106) δLOA(6 × 106) δOLOA(6 × 106) δLOA(1.2 × 107) δOLOA(1.2 × 107)
800 25.6‰ 50.2‰ 1.8‰ 10.98‰ 0.36‰ 0.89‰
1800 27.4‰ 51.7‰ 2.12‰ 10.18‰ 0.74‰ 1.68‰
2800 26.5‰ 48.8‰ 2.15‰ 9.56‰ 0.66‰ 2.14‰
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Figure 6. Comparison diagram of two models at 800 RPM. (a,b) 106 Nm; (c,d) 6×106 Nm;
(e,f) 1.2 × 107 Nm; Present model (−); Traditional model (−).

To more clearly illustrate the differences between the two models under varying
driving torques, Figure 7 depicts the relationship between dynamic response amplitude
differences and driving torque. A total of 150,000 simulation data points were extracted
to ensure the accuracy of the calculated dynamic response amplitudes. It is evident that
significant deviations exist between the traditional method and the method proposed in this
study, particularly when applied to scenarios involving different control parameters. Since
helical gear systems are widely used under heavy load conditions, the traditional method
is inadequate for accurately modeling systems with low support stiffness. Therefore,
the dynamic model developed in this study is of great significance for improving the
performance of helical gears in precision instruments.
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4. Result and Analysis
4.1. Effect of Frictional Excitation on the Gear System

In order to explore the influence of friction on the helical gear system as a whole,
based on the established lumped mass model in Section 2, a series of numerical simulations
are conducted to illustrate the influence of driving speed on the dynamic characteristics
of the gear system. The seven -order Runge–Kutta method with variable time steps is
employed to solve the dynamic equations of the gear systems. Since the primary focus
of this paper is on the steady-state response of the gear system, the numerical procedure
should be executed for a sufficiently extended duration until the difference between the
last two cycles of the δL is less than 10−8 m. The following are the changes in the maximum
transmission error corresponding to different driving speeds.

From the observations in Figure 8, the gear system exhibits volatility in the low driving
speed range due to the effects of friction. Specifically, at a driving speed of 1160 RPM,
a significant change in transmission error occurs. This phenomenon is caused by the
strong coupling effect between friction force and dynamic backlash, leading to resonance
in the gear system. When the excitation frequency approaches the gear’s natural frequency
(ω1 = 444.4 Hz), resonance occurs. At low driving speeds, friction can alter the excitation
frequency of the gear system. When this excitation frequency nears the output shaft’s
natural frequency (ω2 = 222 Hz), resonance peaks are also observed. This highlights the
significant influence of friction-induced nonlinear dynamics on the gear system, particularly
under low driving speed operating conditions. This kind of jump clearly has a significant
impact on the stability of the system, so it is necessary to study the reasons for the occurrence
of the “jump” at this time to maintain the stability of the system. Therefore, the first studied
point ω2 = 575 RPM ( fm = 222.2 Hz). To investigate the reason for the “jump” of frictional
force at this time, two resonant speeds were analyzed in the following content.
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Figure 8. Transmission error-Max varies with driving speed. (a): with friction; (b): without friction.

As shown in Figure 9, at a driving speed of 1160 RPM, when friction is neglected, the
corresponding Poincare diagram exhibits nine distinct points, indicating that the system
operates in a 9-periodic motion. The FFT analysis reveals the presence of a fourth order
meshing frequency. However, when the influence of friction is considered, the phase-
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frequency diagram shows only two regular circles, and the corresponding Poincare diagram
reduces to two discrete points. From the FFT spectrum of the system, it can also be observed
that only the second order meshing frequency remains, indicating a transition of the system
from 9-periodic motion to 2-periodic motion.
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Figure 9. Comparison of gear dynamics with friction (−) and without friction (−) at a driving speed
of 570 RPM. (a) Time-domain response; (b) Phase portrait; (c) Poincare map; and (d) FFT spectrum.

As illustrated in Figure 10, at a driving speed of 1160 RPM and without considering the
effects of friction, the corresponding Poincare map displays five distinct points, indicating
that the system operates in a 5-period motion. The FFT analysis reveals the presence of
a fourth order meshing frequency. However, when the influence of friction is taken into
account, the phase-frequency diagram reduces to a single regular circle, and the Poincare
map consists of only one point. The FFT spectrum further confirms that only the first order
meshing frequency remains, signifying a transition of the system from 5-period motion to
1-period motion.
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To better observe the frequencies at points A and B in Figure 8, a three-dimensional
frequency spectrum was constructed based on the driving speed range of 500–2000 RPM.
As shown in Figure 11, when the system operates within the a-band (0–580 RPM), the
first order meshing frequency resonates with both the output shaft and the input shaft in
the subharmonic mode. In the three-dimensional spectrum, the vibration amplitude at
point A is greater than that at point B. Consequently, the sudden increase in transmission
error between points A and B can be attributed to the excitation of transverse resonance
frequency by the frictional force present at this specific speed.
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Based on the aforementioned findings, it is evident that in helical gear systems with
flexible supports, particularly under low driving speed conditions, friction has a significant
influence on gear dynamics. Therefore, the surface roughness coefficient Ra can be used as
a control parameter to further investigate the dynamic behavior of helical gear systems.
This study selects a helical gear system operating under low driving speed conditions
(0–740 RPM) as the research object. According to Refs. [25,42], the system exhibits complex
dynamic behavior under these conditions. Therefore, the surface roughness range [0, 0.82]
is chosen to analyze the bifurcation characteristics of the system. The bifurcation diagram
provides a visual representation of the system’s dynamic characteristics under varying
surface roughness conditions, revealing the relationships between periodic behavior and
key parameters such as surface roughness. It also identifies potential critical points in the
system and determines the response characteristics under different operating scenarios.

In Figure 12, the dynamic behavior of the gear system exhibits notable variations as
surface roughness Ra changes. At lower roughness values Ra ∈ [0.1, 0.48], the system
demonstrates stable periodic motion, characterized by minimal displacement variations.
During this range, the Largest Lyapunov exponents remains negative, further confirming
the system’s stability and periodic behavior. As the roughness increases beyond Ra = 0.48,
the system undergoes period-doubling bifurcations, leading to increasingly complex dy-
namics. At approximately Ra = 0.54, the system transitions into a chaotic state, as evidenced
by the scattered points in the bifurcation diagram. This transition is also reflected in the
Largest Lyapunov exponents, which shifts to positive values, signifying the onset of chaotic
behavior. At higher roughness values Ra ∈ [0.63, 0.82], the system alternates between
chaotic and quasi-periodic motion. In this range, the Largest Lyapunov exponents oscillates
between positive and negative values, indicating the dynamic transitions between chaotic
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and quasi-periodic states. This observation highlights the complex interplay between
surface roughness and the gear system’s nonlinear dynamics.
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To more clearly demonstrate the dynamic characteristics of the helical gear system
before and after the critical roughness values, time-domain responses, phase-frequency
plots, Poincare maps, and FFT spectra under various critical roughness values (Ra = 0.48,
0.52, 0.54, 0.63) are presented. Figure 13 shows that the motion period of the system
undergoes significant changes under different critical roughness levels. Specifically, low
roughness gear systems will experience continuous subharmonic motion. In this case,
changes in roughness will not cause significant changes in gear dynamics, as shown in
[0.1, 0.48] where the system is always in 2-period motion. As the roughness increases, the
system will exhibit a period doubling phenomenon and become a stable 4-period motion;
As Ra continues to increase, the final Poincare map will exhibit chaotic attractors, and the
corresponding Largest Lyapunov exponents will show positive values, indicating that the
system is in a chaotic state. However, chaotic changes are not static. When Ra ∈ [0.63, 0.82],
the motion of the system will transition from chaos to quasi periodic motion and then enter
periodic motion.
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Figure 14 illustrates the effect of surface roughness on the system in frequency domain.
It can be clearly seen that within the roughness range [0.1, 0.52], the mesh frequency fm and
its second harmonic are the dominant frequencies, with no other frequency components
present. As the friction coefficient increases from 0.52 to 0.54, periodic motion is replaced
by quasi-periodic motion. While fm remains the primary response, additional frequency
components begin to emerge. When the friction coefficient exceeds 0.63, the gear system
enters a chaotic state. The meshing frequency fm slightly decreases, while the amplitude
of its subharmonic component 0.5 fm increases significantly, surpassing the amplitude of
fm and becoming the dominant system response. As surface roughness increases further,
the system alternates between chaotic and periodic motion, and 0.5 fm exhibits an initial
decline followed by a sharp increase.
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4.2. The Coupling Effect of Frictional Excitation and Fractal Excitation

In current studies on fractal theory, the influence of fractal dimension on the system
cannot be ignored. Fractal dimension serves as a key parameter in describing the spatial
distribution characteristics of surface roughness, which directly impacts the meshing
behavior and dynamic performance of gear systems. To investigate the effect of fractal
dimension, this paper analyzes the dynamic behavior of the system under varying surface
roughness levels and fractal dimensions (Ra = 0.2, 0.4, 0.6, 0.8).

From Figure 15, it can be observed that the effect of fractal dimension on the dynamic
response of the gear system is not significant when the surface roughness is relatively low.
As the surface roughness increases, the peak value of the dynamic response gradually
intensifies. Simultaneously, the maximum dynamic transmission error shifts forward with
the increase in surface roughness. This phenomenon is attributed to the alteration of
the excitation frequency caused by changes in surface roughness, leading to an earlier
resonance peak. When the roughness increases to Ra = 0.8 µm, the influence of the fractal
dimension under different driving speeds becomes significant. Notably, at low driving
speeds (

.
θ1 < 864 RPM), the peak value of the dynamic response increases, resulting in larger

vibrations within the gear system. However, when the driving speed exceeds 864 RPM, the
low driving speed vibration is alleviated, leading to a noticeable reduction in gear system
vibrations caused by the fractal dimension. This reduction occurs because a higher fractal
dimension corresponds to a smoother tooth surface, which reduces the impact of friction
on the gear system.

To investigate the forward-shifting phenomenon in the dynamic response of gear
systems caused by fractal effects, three-dimensional spectrum diagrams under different
surface roughness Ra conditions are analyzed. From Figure 16, it can be observed that when
the surface roughness is relatively low (Ra = 0.2 µm), the first order meshing frequency
remains stable, with consistent amplitude. This indicates that under smooth surface
conditions, the impact of fractal characteristics on the gear system has not yet become
evident. However, as the surface roughness increases to Ra = 0.4 µm, fluctuations in
the dynamic response amplitude of the gear system begin to appear. Simultaneously, at
a driving speed of 1437 RPM, the excitation frequency changes, leading to a shift in the
resonance peak position. With further increases in roughness, the dynamic response peaks
of the gear system exhibit more pronounced fluctuation characteristics, and the excitation
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frequency undergoes further alterations, causing significant changes in the second- and
third order meshing frequencies. Finally, when the roughness reaches Ra = 0.8 µm, the
impact of roughness on the excitation frequency of the gear system reaches its maximum.
At this point, higher surface roughness results in the gear system exhibiting spectrum
characteristics that fluctuate with driving speed.
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To more clearly investigate the influence of fractal dimension on the spectrum charac-
teristics of gear systems, the driving speed corresponding to the maximum transmission
error is analyzed. From Figure 17, it is observed that when the fractal dimension remains
constant, the driving speed corresponding to the maximum transmission error decreases as
the surface roughness increases. This phenomenon primarily occurs because the uneven
distribution of backlash regions induces elastic deformation of the gear surface in different
directions as the driving speed changes, causing a lag in the dynamic response. Conse-
quently, the maximum transmission error shifts forward in speed. Furthermore, an analysis
of the fractal dimensions (D = 1.1, 1.5, 1.9) reveals that the driving speed corresponding to
the maximum transmission error increases with higher fractal dimensions. This indicates
that a larger fractal dimension suppresses the excitation frequency, thereby mitigating the
lag effect in the gear system.
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Figure 17. Changes in maximum driving speed of animals corresponding to different
fractal dimensions.

To further investigate the impact of driving speed on the system, this study represents
the maximum dynamic response based on input speed. By comparing Figures 8 and 18, it
is evident that when considering the coupled effects of fractal backlash and friction, the
system’s primary resonance points (A and B) show no significant changes. However, new
resonance points (C and D) emerge between points A and B within the two resonance
regions. To explore the influence of this coupling relationship on the system in deep,
a three-dimensional spectrum of the driving speed in the range of 500–2000 RPM is pre-
sented, illustrating the frequency variations.
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From the spectrum shown in Figure 19, it can be observed that the amplitude vari-
ations of the resonance frequencies are minimal when coupling effects are considered.
Nevertheless, as the speed increases, the number of frequency peaks grows, reflecting
increasingly complex dynamic behavior. At lower driving speeds, the system spectrum
response remains relatively stable, with amplitude unaffected by speed changes. However,
as speed increases, the first noticeable frequency peak emerges at 0.5 fm. At approximately
850 RPM, a smaller amplitude frequency peak appears at 1/5 fm. These findings demon-
strate that new frequency components arise at higher driving speeds, highlighting the
influence of the fractal structure on the system spectrum response.
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Figure 19. 3D spectral analysis of dynamic responses in fractal-coupled gear systems. (a) 3D spectrum;
(b) Top view.

To further investigate the impact of coupling effects on the dynamic characteristics of
gears under low driving speed conditions, the influence of surface roughness on motion
periodicity is analyzed. Figure 20 compares the dynamic behavior under coupling effects,
considering only friction, with the results in Figure 12. By revealing the relationship
between coupled periodic motion and key parameters such as surface roughness Ref. [35].
this analysis delves deeper into the periodic motion of the system under coupling effects.

Machines 2025, 13, x FOR PEER REVIEW  23  of  31 
 

 

between coupled periodic motion and key parameters such as surface roughness Ref. [35]. 

this analysis delves deeper into the periodic motion of the system under coupling effects. 

 

Figure 20. The dynamic response of the relative displacement of gear pair. (a,c) without fractal cou-

pling; (b,d) with fractal coupling. 

From the figure, it can be seen that after considering the coupling effect, the motion 

period significantly increases, and the dynamic response of the system undergoes signifi-

cant changes, especially in the nodes; The time-domain diagrams, Poincare maps, and FFT 

logarithmic amplitude diagrams of the system under different roughness conditions (𝑅௔ 
= 0.4,  𝑅௔  = 0.52,  𝑅௔  = 0.6) were presented to analyze the nodes. As shown in Figure 21, it 

can be clearly observed from the figure that with the increase in roughness, compared to 

only considering the friction effect, the transition from 2-period to 4-period-chaotic mo-

tion is presented. Considering the coupling phenomenon, the transition from multi period 

chaotic multi period motion  is exhibited. Specifically, when  𝑅௔  = 0.4, the Poincare dia-
gram considering only the friction effect presents two isolated points, and the correspond-

ing FFT spectrum only shows integer order meshing frequencies, indicating that the sys-

tem’s motion exhibits a motion period characteristic of 1𝑡௖. However, considering coupled 

motion, in addition to an increase in Poincare points, the spectrum shows a multiplication 

and division component of the meshing frequency 0.5𝑓௠, which is different from the sub-

harmonic motion characteristic indicating that the system’s motion exhibits  2𝑡௖; when the 

roughness  𝑅௔  = 0.52,  the  four  isolated steady-state attractors without considering cou-

pling effects are replaced by chaotic attractors, and the spectrum shows chaotic edge fre-

quency phenomena,  indicating  that  the steady-state motion of  the system has been re-

placed by chaotic motion and that the system has transformed from multi period motion 

to chaotic motion. As the roughness increases,  𝑅௔  = 0.6, the opposite phenomenon occurs, 

that is, the chaotic attractor without considering coupling effects is replaced by the steady-

state attractor, and the chaotic edge frequency phenomenon of the spectrum becomes a 

stable spectrum phenomenon dominated by 0.5𝑓௠, indicating that the chaotic phenome-

non of the system is suppressed. 

Figure 20. The dynamic response of the relative displacement of gear pair. (a,c) without fractal
coupling; (b,d) with fractal coupling.



Machines 2025, 13, 262 23 of 30

From the figure, it can be seen that after considering the coupling effect, the motion
period significantly increases, and the dynamic response of the system undergoes signif-
icant changes, especially in the nodes; The time-domain diagrams, Poincare maps, and
FFT logarithmic amplitude diagrams of the system under different roughness conditions
(Ra = 0.4, Ra = 0.52, Ra = 0.6) were presented to analyze the nodes. As shown in Figure 21,
it can be clearly observed from the figure that with the increase in roughness, compared to
only considering the friction effect, the transition from 2-period to 4-period-chaotic motion
is presented. Considering the coupling phenomenon, the transition from multi period
chaotic multi period motion is exhibited. Specifically, when Ra = 0.4, the Poincare diagram
considering only the friction effect presents two isolated points, and the corresponding
FFT spectrum only shows integer order meshing frequencies, indicating that the system’s
motion exhibits a motion period characteristic of 1tc. However, considering coupled mo-
tion, in addition to an increase in Poincare points, the spectrum shows a multiplication
and division component of the meshing frequency 0.5 fm, which is different from the sub-
harmonic motion characteristic indicating that the system’s motion exhibits 2tc; when the
roughness Ra = 0.52, the four isolated steady-state attractors without considering coupling
effects are replaced by chaotic attractors, and the spectrum shows chaotic edge frequency
phenomena, indicating that the steady-state motion of the system has been replaced by
chaotic motion and that the system has transformed from multi period motion to chaotic
motion. As the roughness increases, Ra = 0.6, the opposite phenomenon occurs, that is,
the chaotic attractor without considering coupling effects is replaced by the steady-state
attractor, and the chaotic edge frequency phenomenon of the spectrum becomes a stable
spectrum phenomenon dominated by 0.5 fm, indicating that the chaotic phenomenon of the
system is suppressed.
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As shown in Figure 22, with the change in motion period, the frequency of the
system shows that Ra ∈ [0, 0.17] system maintains multi period motion, and no other
frequency components appear in the corresponding three-dimensional spectrum. When the
motion period of Ra ∈ [0.17, 0.45] system changes, the phenomenon of increasing motion
period corresponds to the multiplication and division components of meshing frequency
0.5 fm appearing in the three-dimensional spectrum; when Ra ∈ [0.48, 0.53], considering
the coupling effect, the system will enter a chaotic state, and the corresponding Largest
Lyapunov exponents graph will show positive values, indicating that it is in a chaotic state.
At this time, there are more frequency components in the three-dimensional spectrum,
but the amplitude value of the meshing frequency fm is much larger than that of other
frequency components; As the roughness increases, the amplitude value of the system
frequency component will also increase. Unlike not considering coupling effects, in the
roughness range of Ra ∈ [0.6, 0.69] at higher roughness, considering coupling effects will
actually reduce the instability factor of the system, and the system will transition from chaos
to periodic motion; As the roughness continues to increase, the system enters a chaotic
state with an increasing number of attractors, and similarly to not considering coupling
effects, 0.5 fm will suddenly increase, becoming the main system frequency exceeding the
first-order meshing frequency, and other frequency components will increase.
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5. Conclusions
This article proposes a new 7-DOF dynamic model for helical cylindrical gear systems

with dynamic meshing parameters, which focuses on the influence of sliding friction and
fractal roughness on gear vibration under high flexibility support stiffness conditions. The
effects of the modulated input speed and the new dynamic model on the dynamic response
and frequency of the gear system are analyzed. The simulation results demonstrate that the
proposed dynamic model can produce a more realistic dynamic response than the previous
model under high flexibility support stiffness. The input speed has a significant influence
on the dynamic characteristics of the gear system. In the low-to-medium input speed range,
two resonance points,V1 (575 RPM) and V2 (1160 RPM), are observed. Notably, at low
driving speeds, the resonance effect of the flexible shaft results in the maximum dynamic
transmission error of the system.

Moreover, as surface roughness increases, friction induces transitions in the system’s
motion, including double-period bifurcations, quasi-periodic to chaotic motion evolution.
During chaotic periodic motion, the system’s 0.5 fm vibration frequency exceeds the primary
meshing frequency fm, becoming the dominant vibration frequency of the system. When
the fractal effect couples with friction in the gear system, the motion periods significantly
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increase, and the resonance points exhibit slight shifts with changes in speed. In the
corresponding second-order steady-state period (c) and fifth-order steady-state period,
two abrupt changes occur, as revealed in the three-dimensional frequency diagram with
sudden peak values at 0.5 fm and 0.2 fm. This indicates that the coupled effects of friction
and fractals not only enhance the system’s dynamic response but also lead to more complex
nonlinear spectral dynamics.

In future work, this model will be applied to analyze the dynamic characteristics
of gear-shaft-bearing systems, and finite element methods will be employed to design
the shafts.
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Nomenclature

Remarks: In the following formula, i = 1, 2, respectively, represent the gears of different
sizes.

Alphabets
a0 Initial normal pressure angle
an Time-varying normal pressure angle
b0 Initial normal backlash of gears
bn Time-varying normal position angle
bt Gear time-varying normal backlash
c1,2

m Time-varying mesh damping
c1,2

x,y,z Support damping in the x, y and z directions
d The time-varying center distance
d0 Initial Normal center distance of gears
D The fractal dimension
Fm(t) Dynamic mesh force of the tooth pair
Ff (t) Dynamic friction force of the tooth pair
F1,2

x,y,z The component of meshing force on the x, y, and z axes

F f1,2
x,y,z The component of fiction force on the x, y, and z axes

G The characteristic-scale coefficient
J1,2 Moment of inertia with respect to the mass center
k1,2

m Time-varying mesh stiffness
k1,2

x,y,z Support stiffness in the x, y and z directions
kb1,b2

x,y,z Bearing stiffness in the x, y and z directions
kj

x,y,z Shaft stiffness in the x, y and z directions
l Projection distance of theoretical meshing line
L Initial tooth width
Lp Projection length of base circle tooth pitch
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Ln Time-varying contact surface tooth width
m1,2 Mass of gear
mp Gear contact ratio
n Number of pairs of instantaneously engaged teeth
Pb Base pitch
Q Generalized force vector
R1,2 Pitch radius of pinion and gears
Ra Average surface roughness
R1,2

b Radius of the base circle
RC Total dissipation function
R1,2

f Moment arm of the friction force for the pair

R1,2
O Tooth tip circle radius of gears

T1,2 Input and output working torque
TE Kinetic energy of gear system
Tm System engagement cycle

T f1,2
θ Gear friction torque

U Energy generated of gear system
υ The viscosity coefficient of the gear
Vs The sliding speed
Vr The speed of entraining motion
W Normal force of tooth surface contact
Zact Contact wire length
β Helical angle of helical gear
βb Base helix angle
δL Transmission error along the LOA direction
δ′L Translational displacement along the LOA direction
δO Transmission error along the OLOA direction
δ′O Translational displacement along the OLOA direction
θ1,2 Torsional vibration displacement of pinion and gear
µ Coefficient of friction
ξm Mesh damping ratio
ξs Support damping ratio
ψ Time-varying normal meshing angle
OLOA Off-line-of-action
DTE Dynamic transmission error
LOA Line-of-action
EHL Electrohydrodynamic lubrication

Appendix A
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where 𝐿𝑚 is the instantaneous contact line length of the system. 

Figure A1. Normal and friction forces of analytical (MDOF) helical gear system model.
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The calculation formula for the friction arm of the helical gear system from the above
figure can be derived as follows:

Rp
f 1,2,3 = LpNp + ρg =


(

Rp sin a + Lm sin(βb) + ρg1
)
/2(

Rp sin a + Lm sin(βb) + ρg2
)
/2(

Rp sin a + Lm sin(βb) + ρg3
)
/2

(A1)

Rg
f 1,2,3 = LPNg − ρg =


(

Rg sin a − Lm sin(βb)− ρg1
)
/2(

Rg sin a − Lm sin(βb)− ρg2
)
/2(

Rg sin a − Lm sin(βb)− ρg3
)
/2

(A2)

where Lm is the instantaneous contact line length of the system.

Lm =


(Lmaxτ)/min

(
εα, εβ

)
0 ≤ τ < min

(
εα, εβ

)
Lmax min

(
εα, εβ

)
≤ τ < max

(
εα, εβ

)
−(Lmax(τ − ε))/min

(
εα, εβ

)
max

(
εα, εβ

)
≤ τ < ε

0 else

(A3)

where τ = θRb
1/Pt is the period of rotation of the pinion, ε = εα + εβ is the total overlap

ratio and Lmax is the maximum length of the contact line. With the change in tooth width
and lateral and longitudinal overlap ratio, two different cases occur and can be given as:

Lmax =

{
bn sec(βb) εα ≤ εβ

Zact csc(βb) εα > εβ
(A4)

ρg1 is the distance between node P and meshing point A when the first pair of teeth
contact, which can be calculated as:

ρg1 = Rg sin αn −
√(

RO
2
)2 −

(
Rb

2
)2

+ γ1 (A5)

ρg2 is the distance between node P and meshing point B when the first pair of teeth
contact, which can be calculated as:

ρg2 = R2 sin αn −
√(

RO
2
)2 −

(
Rb

2
)2

+ γ2 (A6)

ρg3 is the distance between node P and meshing point C when the first pair of teeth
contact, which can be calculated as:

ρg3 = R2 sin αn −
√(

RO
2
)2 −

(
Rb

2
)2

+ γ3 (A7)

γ is a cyclic variable that describes the contact between different tooth pairs,
calculated as:

γ1 =
((

Rb
1mod

(
θp, φmp

)
+ Pb

)
∗ cos(βb) ∗ sin(γ)

)
/sin(βb + γ) (A8)

γ2 =
((

Rb
1mod

(
θp, φmp

))
∗ cos(βb) ∗ sin(γ)

)
/sin(βb + γ) (A9)

γ3 =
(

Rb
1mod

(
θp, φmp

)
− Pb

)
∗ cos(βb) ∗ sin(γ)/sin(βb + γ) (A10)
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In summary, the frictional moment arms of the large and small gears in the helical
gear system can be obtained as:

Rg
f1,2,3

=




(√(

Ro
2
)2 −

(
Rb

2
)2 − Lm sin(βb)

)
sin(γ + βb)

−
(

Rb
1mod

(
θp, φmp

))
/2 sin(γ + βb)

(√(
Ro

2
)2 −

(
Rb

2
)2 − Lm sin(βb)

)
sin(γ + βb)

−
(

Rb
1mod

(
θp, φmp

)
+ Pb

)
/2 sin(γ + βb)(√(

Ro
2
)2 −

(
Rb

2
)2 − Lm sin(βb)

)
sin(γ + βb)

−
(

Rb
1mod

(
θp, φmp

)
+ 2Pb

) /2 sin(γ + βb)

(A11)

Rp
f1,2,3

=




((

Rp + Rg
)

sin an + Lm sin(βb)−
√(

Ro
2
)2 −

(
Rb

2
)2
)

sin(γ + βb) +
(

Rb
1mod

(
θp, φmp

)
+ Pb

)
/2 sin(γ + βb)

((
Rp + Rg

)
sin an + Lm sin(βb)−

√(
Ro

2
)2 −

(
Rb

2
)2
)

sin(γ + βb) +
(

Rb
1mod

(
θp, φmp

)
+ Pb

)
/2 sin(γ + βb)

((
Rp + Rg

)
sin an + Lm sin(βb)−

√(
Ro

2
)2 −

(
Rb

2
)2
)

sin(γ + βb) +
(

Rb
1mod

(
θp, φmp

)
+ 2Pb

)
/2 sin(γ + βb)

(A12)

where φmp is the theoretical meshing period, Rp and Rg respectively represent the meshing
radius of the gear.

Rp
f1,2,3

=




(

d sin an −
√(

Ro
2
)2 −

(
Rb

2
)2

+ Lm sin(βb)

)
sin(γ + βb) +

(
Rb

1mod
(
θp, φmp

))
/2 sin(γ + βb)

(
d sin an −

√(
Ro

2
)2 −

(
Rb

2
)2

+ Lm sin(βb)

)
sin(γ + βb) +

(
Rb

1mod
(
θp, φmp

)
+ Pb

)
/2 sin(γ + βb)

(
d sin an −

√(
Ro

2
)2 −

(
Rb

2
)2

+ Lm sin(βb)

)
sin(γ + βb) +

(
Rb

1mod
(
θp, φmp

)
+ 2Pb

)
/2 sin(γ + βb)

(A13)

Thus, the sliding speeds vpi and vgi of the tooth surfaces of the large and small gears
can be obtained as follows: [

vpi

vgi

]
=

[ .
θp 0
0 −

.
θg

][
Rp

f

Rg
f

]
(A14)
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