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Abstract


The nonlinear contact force between gears and bearings exhibits intricate dynamics. This paper focuses on the coupling relationship between the time-varying meshing parameters of the gears, dynamic backlash, and dynamic bearing clearance in gear-bearing transmission systems. A dynamic model of a gear-bearing transmission system considering dynamic meshing parameters is established. The coupling mechanism between meshing stiffness, gear backlash, bearing clearance, and gear vibration response in gear transmission systems is analyzed. The results demonstrate a negative correlation between the gears’ geometric center distance and meshing stiffness amplitude. Gear vibration can affect the relative position of the gears. Changes in the relative position of the gears lead to an increase in the number of frequency components in the frequency domain of gear meshing stiffness. During gear rotation, the meshing parameters of the gears and tooth side clearance fluctuate with gear vibration. With increasing speed, the model’s dynamic meshing parameters also increase accordingly. The model achieves a feedback calculation of the system parameters and vibration responses in gear-bearing system dynamics.
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1. Introduction


Gear-bearing transmission systems are extensively utilized in aviation, maritime vessels, automobiles, and various other mechanical applications. As the mechanical systems field advances, there is an increasing demand for enhanced vibration and noise control in these transmission systems. Given the multitude of nonlinear factors and complex dynamic interactions present in gear-bearing systems, developing a highly accurate dynamic model is essential.



In the modeling and analysis of the gear-bearing transmission system, time-varying meshing stiffness (TVMS) plays a crucial role. To develop more precise gear dynamic models, it is essential to employ more accurate methods for calculating TVMS. Among the numerous TVMS calculation methods, the finite element method has become a commonly used approach for calculating gear time-varying mesh stiffness (TVMS) due to its characteristics of high precision and speed [1]. Yang et al. [2] assumed that each tooth is a cantilever structure with an involute cross section and calculated gear TVMS through four components. Tian et al. [3] considered the effect of shear potential energy on the engagement stiffness based on Yang. Zhou [4] went a step further by considering the impact of the variable surface energy of the gear matrix on the meshing stiffness building on the work of Yang and Tian. Chen [5] further developed a gear TVMS calculation model that takes gear deviations into account. Ma [6] considered the TVMS of gears with different tooth profiles and calculated gear TVMS by dividing the variable cross-section profile into the involute and root fillet curves. All these studies regarded each parameter of the gear as a fixed value. Luo [7] established a gear TVMS calculation model when the center distance of the gears changes. He Dai [8] established a gear TVMS model considering tooth top modification and variable load conditions but the tooth profile of this model ignored the tooth root transition curve. From the above work, it can be understood that most papers consider the meshing parameters as constants when calculating the gear TVMS. Yang [9] and Liu [10] developed a time-varying mesh stiffness (TVMS) model that takes into account transmission errors and the transition curve of the tooth root. This model enhances the accuracy of stiffness predictions during gear engagement by considering the dynamic interactions between meshing teeth. Nevertheless, due to gear vibrations or other factors affecting gear meshing stiffness, the meshing parameters may vary in real time. Guo [11] investigated the time-varying back-mesh stiffness and its correlation with the tooth gap. Cheng [12] proposed a method for calculating the gear meshing stiffness under mixed lubrication. Hence, there is a need to develop a more precise TVMS model for gear meshing that takes into account dynamic meshing parameters. In previous research on gear dynamic modeling, in addition to considering time-varying mesh stiffness, gear dynamic models considering different factors were also proposed.



Blankenship and Kahraman [13] present a solver based on the harmonic balance method for nonlinear gear systems with parameter-containing excitations and backlash types. Kahraman [14] further studied the subharmonic and chaotic motions of a gear system containing a backlash using a multinomial harmonic balance method. Chen [15] used the fractal method, fixed value method, and positronic distribution, respectively, to represent the gear clearance, and the comparison yielded the fractal method as the more optimal solution. Cao et al. [16] devised a dynamic gear model that accounts for the gear eccentricity error. Zhao [17] formulated a dynamic model for gear systems, considering geometric eccentricity and the dynamic center distance. Han [18] established a collision model for gear shafts and bushings, taking into account bearing clearance. Liu [19] explored a dynamic model for spur gears incorporating pitch deviation, revealing its influence on the gear pair’s dynamic response by altering meshing conditions. Meng [20] constructed a gear dynamic model encompassing cracked and spalled gears, examining how the system’s dynamic displacement changes during fault progression. Han [21] proposed a dynamic gear-shaft bearing housing model that considered gear shaft cracking and peeling faults.



Many studies have confirmed the nonlinearity of bearing stiffness. Fukata et al. [22] conducted a detailed analysis of the impact of changes in the cage circumferential position and radial clearance of bearings on bearing stiffness. Sawalhi and Randall [23] explored the influence of extended faults occurring in the inner and outer raceways of rolling element bearings on gear-bearing systems. Tu [24] established a bearing dynamic model in which the contact forces between different parts of the rolling elements were considered as functions of the gravity and centrifugal forces acting on the rolling elements. Zhang [25] proposed a dynamic model considering bearing waviness and obtained the stiffness of angular contact bearings. Bizarre [26] developed a nonlinear dynamic model for angular contact ball bearings, which considered bearing lubrication. Xu et al. [27] established a bearing stiffness calculation model, which considered the misalignment of raceways. Eduardo Corral [28] introduced various contact force models, including the Hertzian contact model that neglects energy dissipation. Raúl Gismeros [29] Moreno proposed a modeling method for deep groove ball bearings with planar radial loads based on the dynamics of multibody systems. The method focuses on the study of the Hertzian contact behavior of the bearing components (inner ring, outer ring, rolling elements, and cage) using a smooth contact model.



In recent years, scholars have researched gear-bearing systems’ bearing nonlinearity and meshing stiffness nonlinearity. Kim [30] proposed a gear dynamic model considering translational motion. Yi [31] developed a dynamic model for gear transmission systems, which considered dynamic backlash based on Kim’s work. However, both Yi and Kim only considered the influence of changes in the relative positions of the gears on the frequency of TVMS, overlooking its impact on the amplitude. Kong [32] developed a model for gear-bearing systems considering TVMS and nonlinear bearing forces. They found that the gear meshing state significantly affects the internal loads of the bearings. Guo [33] and Parker established an aggregated parameter model considering bearing clearance and variations in gear meshing stiffness to research the nonlinear behavior of the planetary gears inducing bearing clearances. Liu [34] considered both back contact forces and journal bearing forces in the presence of clockwise and counterclockwise rotations of gears in the gear system dynamics model. Zhang [35] developed a planetary gear system model considering bearing clearances and computed the variations in system loads under different radial bearing errors and clearance ratios. Xu [36] investigated the dynamic vibration response of gears with different radial clearance bearings. Haonan Li [37] proposed a dynamic model based on gear compatibility conditions. Zeng [38] proposed a gear-bearing dynamics model considering bearing interference fits. Tian [39] contributed to the dynamic modeling and stability analysis of a spur gear system considering gear backlash and bearing clearance. Xu [40] developed a gear model using tooth spacing to simulate angular contact. Guan [41] established a gear-bearing dynamics model considering bearing friction. Nevertheless, these models ignore the situation that the gear clearance also changes when the gear meshing parameters change and the spring is equivalent to a linear spring. Accordingly, the nonlinear coupling between time-varying bearing stiffness and TVMS in gear-bearing transmission systems requires more systematic research.



The motivation of this article is to present a novel gear TVMS by considering the dynamic meshing parameters. Gear vibration causes variations in gear meshing parameters, gear backlash, and bearing clearance. A nonlinear dynamic model of the gear-bearing transmission system with dynamic meshing parameters is established by incorporating these factors. This model can be used to analyze the coupling relationship between meshing parameters and gear meshing stiffness. Furthermore, the impact of gear vibration on meshing parameters, dynamic gear backlash, and dynamic bearing clearance in the gear-bearing transmission system is also investigated.



The rest of this paper is organized as follows. In Section 2, the calculation model of gear meshing stiffness under dynamic meshing parameters is established. Then, in Section 3, the dynamic model of dynamic clearance ball bearing is established. In Section 4, the dynamic equations of the gear-bearing transmission system are derived, which are coupled with dynamic meshing parameters, dynamic gear clearance, dynamic bearing clearance, and gear mass eccentricity. Finally, in Section 5, the dynamic vibration response of a dynamic model—where parameters such as the pressure angle, offset angle, center distance, and contact ratio are treated as variables—is calculated and compared with the results obtained when these parameters are treated as constants.



Furthermore, the new model’s variation in the vibration response of the driven wheel under different gear speeds and initial bearing clearances is also analyzed.




2. Spur Gear Meshing Stiffness Model


This paper investigates a transmission system consisting of a pair of involute gears and bearings. It assumes the gears are rigid and can only move within the xoy-plane. A diagram of the relative positions of the gear transmission system at the previous and current time steps [30] is shown in Figure 1. The dashed lines represent the position of the gear transmission system at the previous moment, while the solid lines indicate its position at the next moment. The geometric centers of the gears are    C 1    and    C 2   , respectively, and the initial center distance of the gears is    L 0   . The centers of mass are    G 1    and    G 2   , respectively. The gears exhibit mass eccentricity, with mass eccentric distances of    ρ 1    and    ρ 2   , respectively. The geometric centers of the active and driven wheels at the initial moment are    O 1    0 , 0     and    O 2     L 0  , 0    , and at the next moment, the geometric centers become    C 1     x p  ,    y p      and    C 2     x g  ,    y g     .



Due to the changes in the relative positions of the geometric centers of the driving and driven wheels—resulting in a change in the center distance  L  and the angle of deflection  β , which leads to changes in the angle of engagement—this results in a change in instantaneous pressure angle  α . Assuming a positive counterclockwise direction of rotation,  L  and  β  are denoted as follows:


  L =        L 0  +  x g  −  x p     2  +      y g  −  y p     2     



(1)






  β =   tan   − 1        y g  −  y p    /    L 0  +  x g  −  x p       



(2)






  α =   cos   − 1      r  b p   +  r  b g     / L  



(3)




where    L 0    denotes the initial center distance;    r b    is the radius of the base circle;    r a    is the radius of the tooth apex circle; and the subscripts p and g indicate the master and follower wheels, respectively.



In the process of gear movement, there will be a single-tooth and double-tooth alternate mesh. The single-tooth mesh and double-tooth mesh intervals are expressed by the instantaneous pressure angle    α p j   , while the gear master wheel instantaneous pressure angle    α p  j ± 1     and the slave wheel pressure angle    α g  j ± 1     can be obtained through the gear geometric relationship.    α 0    is the standard pressure angle.



  w ( t )   represents the angle of rotation of the driving gear as a function of time. The angle of rotation of the driving gear is positively correlated with time; therefore, in this paper,   w ( t )   refers to the rotational speed of the driving gear.


   α p j  = arctan   s i g n ( β ) ∗    α 0  + β − α   +   θ + tan    a p         



(4)






  tan  a p  = −     ∫   t 1   t     w ( t ) d t + tan  a c   



(5)






  tan  α p  j ± 1   = tan  α p j  ± 2 π /  z p   



(6)






  tan  α g  j ± 1   =   L   r  b p   sin  α  p g      −     r  b p   +  r  b g      r  b p   tan  α  p g      −     r  b g   tan  α p  j ± 1      r  b p       



(7)







The double–single–double intervals in a meshing cycle are represented by the geometric relations of the gears in Figure 2. The double-tooth–single-tooth–double-tooth intervals correspond to the d-c, c-b, and b-a segments of the straight line ad, respectively, and the boundary points of the instantaneous pressure angles are denoted, respectively, as    α a   ,    α b   ,    α c   , and    α d   , where   φ = 2 π /  Z p    denotes the angle corresponding to a single tooth and    Z p    denotes the number of teeth of the main wheel.


  tan  α a  =      L 2  −      r  b p   +  r  b g      2    −    r  a g  2  −  r  b g  2      /  r  b p    



(8)






  tan  α b  = tan  α d  + φ  



(9)






  tan  α c  = tan  α a  − φ  



(10)






  cos  α d  =  r  b p   /  r  a p    



(11)







In this paper, the TVMS of the gears is calculated [42] based on the improved potential energy method. The TVMS of the gears is calculated based on the tooth profile, which is divided into an involute region and a transitional curve section. The meshing stiffness of each pair of teeth in the single-tooth meshing region can be expressed as the sum of the stiffnesses of each part of the active and passive gears.


    1   k m     =   1   k h     +   ∑   i = 1  2      1   k  a i      +   1   k  b i      +   1   k  s i      +   1   k  f i         



(12)







In Equation (12), the subscripts i = 1, 2 represent the driver gear and the driven gear.



The two-tooth meshing interval stiffness can be expressed as Equation (13).


    1   k m     =   ∑  j = 1  2      1   k  h , j     +   ∑   i = 1  2     1   k  a i , j     +  1   k  b i , j     +  1   k  s i , j     +  1   k  f i , j            



(13)







In Equation (13), the subscripts j = 1, 2 denote the upper pair of meshing teeth and the lower pair of meshing teeth, respectively.



Among them, the contact stiffness    k h   , bending stiffness    k b   , shear stiffness    k s   , compression stiffness    k a   , and matrix stiffness    k f    are expressed as Equations (14)–(18).


   k h  =    π E B   4   1 −  v 2        



(14)






    1   k b     =   ∫     π 2      α 0           cos  α 1    l −  y 1    − h sin  α 1     2    E  I  y 1         d  y 1       d  γ    d γ +   ∫   −  α 1     α 2       3     1 + cos  α 1       α 2  − α   sin α − cos α      2     α 2  − α   cos α   2 E B     sin α +    α 2  − α   cos α    3     d α  



(15)






    1   k s     =   ∫     π 2      α 0       1.2   cos  2   α 1    G  A  y 1         d  y 1       d  γ    d γ +   ∫   −  α 1     α 2       1.2 ( 1 + v )    α 2  − α   cos α     cos  2   α 1    E B   sin α +    α 2  − α   cos α      d α  



(16)






    1   k a     =   ∫     π 2      α 0         sin  2   α 1    E  A  y 1         d  y 1       d  γ    d γ +   ∫   −  α 1     α 2          α 2  − α   cos α   sin  2   α 1    2 E B   sin α +    α 2  − α   cos α      d α  



(17)






    1   k f     =      cos  2   α f    E B       P  01           u f     S f        2  +  P  02         u f     S f       +  P  03     1 +  P  04     tan  2   α f       



(18)




where    α 0    represents the standard pressure angle;    α f   ,    u f   ,    S f   ,    P  01    ,    P  02    ,    P  03    , and    P  04     can be found in Ref. [42]; and  G ,    A  y 1    ,    I   y 1     ,      d  y 1       d  γ     ,  l , and  h  can be seen in Appendix A.



The above calculation of gear mesh stiffness involves numerous integral formulas. To facilitate the subsequent calculation of TVMS and system response in a convenient and efficient manner, fitting curves for single-tooth stiffness and pair-mesh stiffness with varying pressure angles at the contact point were developed, as illustrated in Figure 3. The specific geometric and material parameters of the gear pair are outlined in Table 1.




3. Bearing Mechanics Model


The bearings [43,44,45,46] used in this paper are all ball bearings. Ball bearings serve as supports for the gear system, encompassing numerous nonlinear factors such as fractional-order restoring forces, clearances, and variable stiffness excitations. Their structure schematic diagrams are shown in Figure 4.



This paper assumes that the bearing connected to the master wheel behaves as a nonlinear spring with dynamic bearing clearance, while the bearing connected to the driven wheel behaves as a linear spring. Assuming that the balls are purely rolling between the outer inner and ring, in each location, there are small deformations. At this point, the angular displacement of the kth ball is denoted as    θ k   , where    N b    is the number of balls,   k = 1 ,   2 ,   ⋯ ,    N b   . The specific structural parameters are listed in Table 2.



The relative position relationship between the center of the kth ball and the inner and outer raceways is given by Equation (19).


   δ k  =    x i  −  x o    cos  θ k  +    y i  −  y o    sin  θ k  −  δ 0  ,   k = 1 ,   2 ,   ⋯ ,    N b     



(19)




where    ω 1   ,    ω 2   , and    ω c    represent the speeds of the inner race, outer race, and cage of the ball bearings, respectively;  o  and  i  denote the outer and inner races of the bearing.



By neglecting the displacement of the bearing’s outer ring, Equation (19) is simplified to Equation (20). In this paper, since the outer ring of the bearing is connected to the gear hub and the inner ring is chosen to be in contact with the ground, the displacement of the bearing’s inner ring is zero, while the displacement of the outer ring is consistent with that of the connected gear.


   δ k  =  x o  cos  θ k  +  y o  sin  θ k  −  δ 0  ,   k = 1 ,   2 ,   ⋯ ,    N b     



(20)




where


   θ k  = 2 π   k − 1   /  N b  +  ω c  t  



(21)






   ω c  =  ω 1   r i  / (  r i  +  r o  )  



(22)




where    δ 0    represents the initial clearance of the ball bearing. The expression for the nonlinear force of the ball bearing can be represented as Equation (23).


         F  b x          F  b y         =  K  b e a r     ∑  k = 1    N b      δ k  3 / 2   H    δ k            cos  θ k        sin  θ k         



(23)




where    K  b e a r     is the Hertz contact stiffness of each ball;   H    δ k      serves as the criterion for determining the contact between each ball and the bearing;   H  x  = 1   x ≥ 0     indicates that the kth roller is engaged with the raceway; and   H  x  = 0   x < 0     indicates that the kth roller is disengaged from the raceway. x > 0 indicates that    δ k    > 0 in Equation (20), meaning that the deformation of the ball is greater than the initial bearing clearance, and at this point, the ball is in contact with both the inner and outer rings of the bearing. On the other hand, x < 0 indicates that the ball does not come into contact with the inner and outer rings of the bearing.




4. Dynamic Modeling of Gear-Bearing Systems


In this section, a dynamic model of the gear-bearing transmission system was established, considering factors such as coupled gear eccentricity, relative position changes caused by gear vibrations, dynamic variations in backlash, and dynamic changes in bearing clearance. The gear-bearing model established in this section neglects the friction, lubrication, and wear between the gears. Additionally, the gears only move in the xoy-plane along the vertical axis z direction and are treated as rigid bodies. The bearing friction, lubrication, and other dissipative energies are also neglected.



The dynamic model is described by six generalized coordinates, represented by vector    q s   , as shown in Equation (24).


   q s  =          x p       y p       θ  z p        x g       y g       θ  z g          T   



(24)







Based on the meshing relationship of involute spur gears [21], it is possible to derive the amount of deformation of the tooth flanks in the meshing plane of the gears    δ d   , which is also known as the dynamic transmission error.   e  t    is the static transfer error.


   δ d  =    x p  −  x g    sin   α − β   +    y p  −  y g    cos   α − β   − e  t  +  r  b p    θ  z p   −  r  b g    θ  z g    



(25)






  e  t  =  e a  sin    ω p   Z p  t    



(26)




where    e a    is the static transmission error amplitude;    ω p    is the rotational speed of the main wheel;    r  b p     and    r  b g     are the base circle radii of the driving wheel and the driven wheel, respectively; and    Z p    represents the number of teeth on the driving gear.



Due to tooth deformation and gear vibration during gear movement, it is necessary to design a specific gear clearance between the non-contacting tooth sides. Gear clearance is divided into the initial backlash produced by tooth thickness deviation and installation errors and the time-varying backlash produced by changes in the geometric center of the gear due to geometric eccentricity or vibration. Dynamic backlash   b  t    is obtained by combining the two parts of the clearance according to the meshing relationship of the involute gears.


  b  t  =  b 0  +    r  b p   +  r  b g     [   tan  α  − α   −   tan    α 0    −  α 0    ]  



(27)




where    b 0    is the initial half-scale side clearance.



The nonlinear differential equations of motion for the gear-bearing transmission system are established based on the mechanical equilibrium equations, as shown in Equation (28).


         m p     x p    ..   −  m p   ρ p  sin  φ p     θ   z p      ..   +  c   x p       x p   .  +  F  b  x p    = −    F d   m     ∂    F d   m    ∂  x p     +  m p   ρ p       φ p   .   2  cos  φ p         m p     y p    ..   +  m p   ρ p  cos  φ p     θ   z p      ..   +  c   y p       y p   .  +  F  b  y p    = −    F d   m     ∂    F d   m    ∂  y p     +  m p   ρ p       φ p   .   2  sin  φ p  −  m p  g          J p  +  m p     ρ p   2       θ   z p      ..   −  m p   ρ p  sin  φ p     x p    ..   +  m p   ρ p  cos  φ p     y p    ..   = −    F d   m     ∂    F d   m    ∂  θ   z p       +  T p         m g     x g    ..   −  m g   ρ g  sin  φ g     θ   z g      ..   +  c   x g       x g   .  +  F  b x g   = −    F d   m     ∂    F d   m    ∂  x g     +  m g   ρ g       φ g   .   2  cos  φ g         m g     y g    ..   −  m g   ρ g  cos  φ g     θ   z g      ..   +  c   y g       x g   .  +  F  b  x g    = −    F d   m     ∂    F d   m    ∂  y g     −  m g   ρ g       φ g   .   2  sin  φ g  −  m g  g          J g  +  m g     ρ g   2       θ   z g      ..   −  m g   ρ g  sin  φ g     x g    ..   −  m g   ρ g  cos  φ g     y g    ..   = −    F d   m     ∂    F d   m    ∂  θ   z g       −  T g         



(28)




where    φ p    and    φ g    are shown in Equation (29);      F d   m    and      ∂    F d   m    ∂  q s       are shown in Appendix B.


    φ p  =  ω p  t +  θ  z p     ,    φ g  =     Z g     Z p      ω p  t +  θ  z g     



(29)







The traditional gear dynamic models, such as Equation (30), however, do not take into account gear eccentricity, the dynamic variation in gear meshing parameters, or the linearization of bearings.


         m p     x p    ..   +  c   x p       x p   .  +  k   x p     x p  + (  k m  f +  c m   f 1  ) sin α = 0        m p     y p    ..   +  c   y p       y p   .  +  k   y p     y p  + (  k m  f +  c m   f 1  ) cos α = −  m p  g        J p     θ   z p      ..   + (  k m  f +  c m   f 1  )  r  b p   =  T p         m g     x g    ..   +  c   x g       x g   .  +  k   x g     x g  − (  k m  f +  c m   f 1  ) sin α = 0        m g     y g    ..   +  c   y g       y g   .  +  k   y g     y g  − (  k m  f +  c m   f 1  ) cos α = −  m g  g        J g     θ   z g      ..   − (  k m  f +  c m   f 1  )  r  b g   = −  T g         



(30)








5. Results


The derivation and analysis of the equations in the preceding sections reveal that the gear-bearing transmission system is presented by various nonlinear solid and coupled factors. To accurately analyze the nonlinear and vibration characteristics of the system, it is essential to develop a more detailed mechanical model of the gear-bearing transmission system.



This section begins by calculating the gear TVMS under dynamic meshing parameters and analyzes the variation in gear meshing stiffness with changes in relative gear positions. Subsequently, the meshing stiffness calculation model is integrated into the gear-bearing system, allowing for a comparative analysis of the meshing states and vibration characteristics with the old model. Finally, the vibration characteristics of the system and the variations in the meshing parameters under different speeds and bearing clearances are analyzed.



5.1. Gear Mesh Stiffness Calculation Based on Dynamic Meshing Parameters


To more intuitively observe the changes in gear meshing stiffness as the relative positions of the gears change—assuming that the master wheel rotates around its geometric center at 1000 r/min—the initial relative position of the gear transmission system is shown by the dashed lines in Figure 5, where the center distance of the gears is L, while the standard center distance is L0. The driven gear undergoes eccentric motion with an eccentricity of 0.5 mm. The parameters of the driving and driven gears are listed in Table 1. The computed gear meshing stiffness, meshing stiffness of amplitude–frequency, center distance, and overlap variation are displayed in Figure 6.



From Figure 6, it is evident that in the spectrum of the gear stiffness curve under the standard center distance, there is only the meshing frequency and multiplicative frequency of the gear meshing frequency. The gear meshing stiffness curve under the dynamic center distance shows periodic fluctuation—which leads to the change in the frequency of the meshing stiffness—from the meshing frequency and its multiplicative frequency to the rotational frequency, the meshing frequency, its combined frequency, and multiplicative frequency. The center distance shows a periodic change. At the initial moment, the center distance of the gears is at its minimum. At this point, the meshing stiffness is at its maximum. The center distance gradually increases to its maximum as the main wheel rotates to 180°, and the meshing stiffness gradually decreases to its minimum as the main wheel rotates from 180° to 360°.



Hence, it can be inferred that with the increase in the relative position of the gears, the amplitude of gear meshing stiffness decreases, the dual-tooth meshing interval shortens, while the single-tooth meshing interval lengthens. Furthermore, the meshing frequency increases.




5.2. Calculation of Vibration Characteristics of the Gear-Bearing Transmission Systems Based on Dynamic Meshing Parameters


To further analyze the influence of dynamic meshing parameters on the vibration characteristics of the gear-bearing transmission system, a series of studies were conducted on the gear-bearing structure depicted in Figure 7.



Assuming that the active wheel support is a nonlinear spring, the driven wheel support is a linear spring, the mass eccentricity is zero, and the external input–output torque (   T 1    and    T 2   ) is a fluctuating torque, in this section, the system’s vibration characteristics were calculated using numerical methods and compared with the old model that neglects dynamic meshing parameters and bearing clearance. The gear parameters are the same as those in Section 5.1, while the bearing parameters are detailed in Table 2.


   T 1  =  T  o 1   +  T  a 1   sin    ω p  t    



(31)






   T 2  =  T  o 2   +  T  a 2   sin       Z g     Z p      ω p  t    



(32)







In Equations (31) and (32),    T  o 1     and    T  o 2     denote the average torque;    T  a 1     and    T  a 2     denote the torque fluctuation amplitude.



A dynamic model of the gear-bearing system in the literature [31] is established, considering the gear meshing parameters, dynamic gear backlash, and dynamic bearing clearance. To verify the accuracy of the dynamic model developed in this paper, simulation experiments were conducted.



First, a 3D gear model was created based on the gear parameters listed in Table 1, and a bearing module was referenced at the bearing locations. The gear-bearing system model is shown in Figure 8a. Next, the solid model was imported into finite element software for simulation analysis. Tetrahedral elements were used to discretize the mesh with a mesh size of 5 mm. The gears divide 117,814 elements and 176,252 nodes. The result is shown in Figure 8b. Finally, the displacement of the driving gear along the direction perpendicular to the centerline connecting the gear’s geometric centers was calculated and compared with the theoretical results. As can be seen from Figure 8c,d, the theoretical and simulation results are in close agreement.



To further investigate the differences between the new and old models, the system’s dynamic response at rotational speeds of 1000 RPM and 3500 RPM, with a bearing clearance of 10 μm connected to the main wheel, is taken as an example in Figure 9, Figure 10, Figure 11 and Figure 12.



The calculated TVMS of the gears and its amplitude–frequency transformation, dynamic center distance, contact ratio, pressure angle, deflection angle, dynamic tooth flank clearance, and dynamic transmission error with time are shown in Figure 9 when the speed of the main wheel is 1000 RPM and the bearing clearance is 10 μm.



From Figure 9a,b, it is evident that the meshing frequency (16.67 × 20 = 333.33 Hz) and its harmonics appear in the spectrum of the standard gear meshing stiffness, while the rotational frequency (1000/60 = 16.67 Hz), meshing frequency, the harmonics of the meshing frequency, as well as combination frequencies appear in the meshing stiffness plot of the existing model. The coupling between gear meshing parameters and system vibration induces time-varying characteristics in the center distance, contact ratio, pressure angle, and deflection angle.



From Figure 9c–f, the gear center distance, contact ratio, pressure angle, and deflection angle all exhibit fluctuating patterns. The centers of these fluctuations are as follows: the fluctuation center of the gear center distance is 200.06 mm; the contact ratio fluctuates around 1.551; the pressure angle fluctuates around 20.03°; and the deflection angle fluctuates around 0.025°. Except for the contact ratio, these fluctuation centers are all greater than the theoretical values obtained from the model, which does not consider dynamic meshing parameters.



From Figure 10, it is evident that the rotational frequency (1000/60 = 16.67 Hz), the meshing frequency (16.67 × 20 = 333.33 Hz), and their multiplicative and combined frequencies appear in the spectrogram, and the gear half-tooth side clearance fluctuates around 70.13 μm, which is higher than the initial value of 50 μm. It can be seen that considering the dynamic meshing parameter and the dynamic gear and bearing clearances, the dynamic transmission error (DTE) fluctuations significantly increased.



The calculated TVMS of the gears and its amplitude–frequency transformation, dynamic center distance, overlap, pressure angle, deflection angle, dynamic tooth flank clearance, and dynamic transmission error with time are depicted in Figure 11 when the speed of the main wheel is 3500 RPM and the bearing clearance is 10 μm.



From Figure 11a–f, it can be observed that the TVMS calculated by the new model is slightly smaller in amplitude compared to the old model. The rotational frequency (58.33 × 20 = 1166.67 Hz) and its harmonics appear in the FFT spectrum of km. Due to the coupling between the gear meshing parameters and the vibration response of the gear-bearing system, the gear center distance, overlap ratio, pressure angle, and deflection angle fluctuate with gear vibration. The fluctuation centers are as follows: the fluctuation center of the gear center distance is 200.065 mm; the contact ratio fluctuates around 1.5513; the pressure angle fluctuates around 20.052°; and the deflection angle fluctuates around 0.025°. Except for the contact ratio, the fluctuation centers of these parameters are all greater than the theoretical values calculated by the old model.



From Figure 12, it is evident that the rotational frequency (3500/60 = 58.33 Hz), the meshing frequency (58.33 × 20 = 1166.67 Hz), and their multiplicative and combined frequencies appear in the spectrogram, and the gear half-tooth side clearance fluctuates around 72.65 μm, which is higher than the initial value of 50 μm. It is evident that considering the dynamic meshing parameter and the dynamic gear and bearing clearances, the fluctuation in DTE significantly increased.



In summary, it is evident that with increasing rotational speed, the center distance enlarges, the gear half-tooth side clearance and pressure angle increase, the deflection angle becomes larger, overlap increases, and the fluctuation in dynamic transmission error (DTE) intensifies.




5.3. Influence of Bearing Clearance on Gear-Bearing Systems


As widely acknowledged, bearing clearance in gear-bearing systems is inevitable, leading to increased occurrences of gear impacts and tooth separation. As discussed in Section 3, the bearing clearance varies with time rather than remaining constant, and its increase or decrease leads to different dynamic characteristics. The initial bearing clearance in a gear-bearing system can vary during installation. Hence, examining the influence of initial bearing clearance on the dynamic characteristics of gear-bearing systems is crucial.



Assuming a gear-bearing transmission system depicted in Figure 7, with a central wheel speed of 3500 RPM and an initial bearing clearance of 10 μm, 20 μm, and 30 μm, the computed TVMS of the gears and their amplitude–frequency transformations, dynamic center distances, contact ratio, pressure angles, deflection angles, dynamic gear clearances, and dynamic transmission errors over time are shown in Figure 13.



From Figure 13, it is evident that as the initial bearing clearance increases, the frequency and amplitude variations in meshing stiffness become more pronounced. Additionally, the center distance increases overall, the contact ratio decreases overall, the instantaneous pressure angle increases overall, and the deflection angle increases overall.



From Figure 14 with the increase in the initial bearing clearance, the displacement of the driving gear in the ×1 direction increases overall. From Figure 14b, it can also be observed that the amplitudes corresponding to the rotational frequency and meshing frequency increase as the clearance increases. In the frequency spectrum of the driving gear, no new frequencies are added, and the increase in amplitude of the rotational frequency is greater than the increase in amplitude of the meshing frequency. Additionally, the variation in DTE becomes more pronounced with the increase in initial bearing clearance.





6. Conclusions


This paper has established a nonlinear dynamic model of a gear-bearing transmission system considering dynamic meshing parameters. Based on this, the effects of center distance, pressure angle, and meshing angle on gear meshing stiffness have been analyzed. Additionally, the variations in meshing stiffness, meshing parameters, and driving wheel response of the gear system have been analyzed under different gear speeds and initial bearing clearances. The main conclusions are as follows:




	(1)

	
The variation in the relative positions of the gears leads to changes in the amplitude and range of gear meshing stiffness. This change in relative gear positions is also reflected in the variations in the center distance and contact ratio. As the relative positions of the gears increase, the center distance increases while the contact ratio decreases. The amplitude of meshing stiffness diminishes, while the frequency of gear meshing stiffness increases;




	(2)

	
During gear rotation, the meshing parameters of the gear fluctuate over time. As the speed increases, the center distance of the gear, pressure angle, offset angle, contact ratio, and tooth side clearance increase as a whole;




	(3)

	
Under the condition of a fixed initial gear backlash, changes in the initial bearing clearance affect the dynamic characteristics of the gear-bearing transmission system. As the initial bearing clearance increases, the amplitudes corresponding to the rotational frequency and meshing frequency gradually increase, and the amplitudes of other frequencies also increase. The center distance, instantaneous pressure angle, deflection angle, lateral displacement of the driving gear, half-tooth side clearance, and contact ratio decrease, while the dynamic tooth engagement (DTE) shows more significant variation.









The research findings in this paper can make specific contributions to the structure design of gear systems and provide support for the system’s structural optimization and vibration control.
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Appendix A


 G ,    A  y 1    ,    I   y 1     ,      d  y 1       d  γ     ,  l , and  h  can be expressed as follows:


  G = E /   2   1 + ν      



(A1)






    A  y 1   = 2  x 1  B   ,    I   y 1    =    2  x 1 3  B  3     



(A2)






    α 1  =    acos ( rb   p     / ra   p  )   ,    α 2  =    acos ( rb   g     / ra   g  )   



(A3)






  l =    rb 1 ∗ ( ( w   t  +  θ b   ) ∗ sin (   θ b   ) + cos (   θ b   ) )   



(A4)






  h =    rb 1 ∗ ( ( w   t  +  θ b   ) ∗ cos (   θ b   ) − sin (   θ b   ) )   



(A5)






     d  y 1       d  γ    =  a 1  sin φ ( 1 +   tan  2  γ ) /   tan  2  γ +  a 1  cos γ sin ( γ + φ ) /   sin  2  γ − (     a 1    sin γ    + r p ) cos ( γ + φ ) ( 1 +     a 1  ( 1 +   tan  2  γ )    r 1    tan  2  γ    )  



(A6)




where  φ ,    θ b   ,    x 1   ,    y 1   ,    a 1   , and    b 1    can be expressed as outlined below:


  φ =       a 1    tan γ    +  b 1    /  r p   



(A7)






   θ b  =    pi / ( 2 ∗ Z   p   ) + tan (   α 0   )   −     α 0   



(A8)






   x 1  =  r 1  ∗ sin ( φ ) −       a 1    sin  γ     + r p   ∗ cos   γ − φ    



(A9)






   y 1  =  r 1  cos  φ  −       a 1    sin γ    + r p   cos ( γ − φ )  



(A10)






    a 1   = ( ha + hc ) ∗ m − rp    ,  b 1   = pi ∗ m / 4 + ha ∗ m ∗ tan (   α 0   ) + rp ∗ cos (   α 0  )   



(A11)




where    w t    represents the gear rotation angle;    r p    represents the pitch circle radius of the driving gear;   rb   represents the base circle radius;   ra   represents the addendum circle radius;   r p   represents the radius of the tool tip circle;    ha = 1   ;    hc = 0   . 25   .




Appendix B


Based on the theory of gear elasticity, the gear meshing force      F d   m    can be obtained.


     F d   m  =        k m d     δ d  − b  t    +  c m d       δ .   d  −  b .   t         0       k m d     δ d  + b  t    +  c m d       δ .   d  +  b .   t             δ d  > b  t           δ d    ≤ b  t         δ d  ≤ − b  t         



(A12)




where the damping ratio is    c m d  = 2  ξ m     k m   J p   J g     J g   r  b p  2  +  J p  R  r  b g  2       ;    ξ m    is the damping coefficient;    J p    and    J g    are the moment of inertia of the driving wheel and the driven wheel.


     δ .   d  =    x p   .     ∂  δ d    ∂  x p     +    y p   .     ∂  δ d    ∂  y p     +    z p   .     ∂  δ d    ∂  θ  z p      +    x g   .     ∂  δ d    ∂  x g     +    y g   .     ∂  δ d    ∂  y g     +    z g   .     ∂  δ d    ∂  θ  z g      +  e .   



(A13)






     b t   .  =    r  b p   +  r  b g       tan  2   α       x p   .     ∂  δ d    ∂  x p     +    y p   .     ∂  δ d    ∂  y p     +    x g   .     ∂  δ d    ∂  x g     +    y g   .     ∂  δ d    ∂  y g        



(A14)






     ∂    F d   m    ∂  q s     =        k m d       ∂  δ d    ∂  q s     −    ∂ b  t    ∂  q s       +  c m d       ∂    δ .   d    ∂  q s     −    ∂  b .   t    ∂  q s            0       k m d       ∂  δ d    ∂  q s     +    ∂ b  t    ∂  q s       +  c m d       ∂    δ .   d    ∂  q s     +    ∂  b .   t    ∂  q s                δ d  > b  t           δ d    ≤ b  t         δ d  ≤ − b  t         



(A15)




where


     ∂  δ d    ∂  x p     = sin   α − β   +      x p  −  x g    cos   α − β   −    y p  −  y g    sin   α − β          ∂ α   ∂  x p     −    ∂ β   ∂  x p        



(A16)






     ∂  δ d    ∂  y p     = cos   α − β   +      x p  −  x g    cos   α − β   −    y p  −  y g    sin   α − β          ∂ α   ∂  y p     −    ∂ β   ∂  y g        



(A17)






     ∂  δ d    ∂  x g     = − sin   α − β   +      x p  −  x g    cos   α − β   −    y p  −  y g    sin   α − β          ∂ α   ∂  x g     −    ∂ β   ∂  x g        



(A18)






     ∂  δ d    ∂  y g     = − cos   α − β   +      x p  −  x g    cos   α − β   −    y p  −  y g    sin   α − β          ∂ α   ∂  y g     −    ∂ β   ∂  y g        



(A19)






      ∂  δ d    ∂  θ  z p      =  r  b p     ,      ∂  δ d    ∂  θ  z g      = −  r  b g     



(A20)






     ∂ α   ∂  x p     = −    ∂ α   ∂  x g     =       r  b p   +  r  b g        x g  −  x p  +  L 0             x g  −  x p  +  L 0     2  +      y g  −  y p     2           x g  −  x p  +  L 0     2  +      y g  −  y p     2  −      r  b p   +  r  b g      2        



(A21)






     ∂ α   ∂  y p     = −    ∂ α   ∂  y g     =       r  b p   +  r  b g        y g  −  y p             x g  −  x p  +  L 0     2  +      y g  −  y p     2           x g  −  x p  +  L 0     2  +      y g  −  y p     2  −      r  b p   +  r  b g      2        



(A22)






     ∂ β   ∂  x p     = −    ∂ β   ∂  x g     =     y g  −  y p         x g  −  x p  +  L 0     2  +      y g  −  y p     2      



(A23)






     ∂ β   ∂  y p     = −    ∂ β   ∂  y g     =     x g  −  x p  +  L 0         x g  −  x p  +  L 0     2  +      y g  −  y p     2      



(A24)
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Figure 1. Configuration for a pair of spur gears. 






Figure 1. Configuration for a pair of spur gears.



[image: Machines 13 00230 g001]







[image: Machines 13 00230 g002] 





Figure 2. Boundary conditions of modification area. 






Figure 2. Boundary conditions of modification area.
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Figure 3. Fitting curve: (a) mesh-stiffness fitting curve with pressure angle; (b) a pair of gear-mesh-stiffness fitting curves. 
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Figure 4. Diagram of single- and double-tooth meshing relationship. 
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Figure 5. Diagram of the initial position of the gear system. 
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Figure 6. Plot of variation in parameters such as meshing stiffness based on dynamic meshing parameters of gears: (a) time-varying mesh stiffness; (b) FFT spectrum of km; (c) gear center distance. 
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Figure 7. Schematic diagram of gear-bearing structure. 
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Figure 8. Simulation experiment: (a) gear-bearing system model; (b) gear mesh division diagram; (c) comparison of FEM and theoretical displacement; (d) comparison of the FFT between FEM and theoretical displacement. 
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Figure 9. Variation in gear meshing parameters at 1000 rad/min of the action wheel: (a) TVMS; (b) FFT spectrum of km; (c) center distance; (d) contact ratio; (e) pressure angle; (f) deflection angle. 
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Figure 10. Gear response diagram at 1000 rad/min for the active wheel: (a) transverse displacement of active wheel; (b) FFT spectrum of ×1; (c) gear half-tooth side clearance; (d) DTE. 
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Figure 11. Variation in gear meshing parameters at 3500 rad/min of the action wheel: (a) TVMS; (b) FFT spectrum of km; (c) center distance; (d) contact ratio; (e) pressure angle; (f) deflection angle. 
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Figure 12. Gear response diagram at 3500 rad/min for the active wheel: (a) transverse displacement of active wheel; (b) FFT spectrum of ×1; (c) gear half-tooth side clearance; (d) DTE. 
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Figure 13. Variations in gear meshing parameters under different initial bearing clearances: (a) TVMS; (b) FFT spectrum of km; (c) center distance; (d) contact ratio; (e) pressure angle; (f) deflection angle. 
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Figure 14. Vibration characteristics of gears with different initial bearing clearances: (a) transverse displacement of active wheel; (b) FFT spectrum of ×1; (c) gear half-tooth side clearance; (d) DTE. 
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Table 1. Gear parameters.






Table 1. Gear parameters.





	Physical Parameters
	Variable
	Value





	Number of teeth of wheel
	    Z p       ,    Z g    
	20



	Modulus (mm)
	  m  
	10



	Elastic modulus (GPa)
	  E  
	206



	Standard pressure angle (°)
	    α 0    
	20



	Tooth width (mm)
	  B  
	30



	Standard center distance (mm)
	    L 0    
	200



	Static transmission error amplitude (μm)
	    e a    
	20



	Mass of wheel (kg)
	    m p       ,    m g    
	6.57



	  Moment   of   inertia   ( kg ·  m 2   )
	    J p       ,    J g    
	0.0365



	Damping factor
	    ξ m    
	0.07



	Torque average (N·m)
	    T  o 1        ,    T  o 2     
	300



	Torque amplitude (N·m)
	    T  a 1        ,    T  a 2     
	100



	Initial half-tooth clearance measurement (μm)
	    b 0    
	50










 





Table 2. Rolling-ball-bearing structure parameters.






Table 2. Rolling-ball-bearing structure parameters.





	Physical Parameters
	Variable
	Value





	Inner circle radius (mm)
	    r i    
	10



	Outer circle radius (mm)
	    r o    
	23.5



	Bearing widths (mm)
	B
	14



	Number of balls
	    N b    
	10



	Bearing damping (N·s/m)
	    c b    
	512.64



	Hertz contact stiffness (N/m)
	    K b    
	2 × 108
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