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Abstract

Accurate forecasting of springback continues to pose a significant challenge in sheet metal
forming processes. The present paper presents a numerical model designed for the pre-
cise prediction of springback, allowing for a deeper understanding of plasticity behavior
during cold forming operations in sheet metals. The key contribution of this model is the
introduction of a non-associated anisotropic constitutive model featuring nonlinear mixed
isotropic–kinematic hardening. This model is derived from Hill’48 quadratic function and
it was implemented into ABAQUS 6.13 software environment through the user defined
UMAT subroutine. For improved precision, kinematic hardening parameters specific to
5083 aluminum sheet metal were meticulously derived from cyclic shear experiments. Our
results demonstrate the model’s strong capability in predicting springback during the
U-bending operation, achieving remarkable accuracy. The design of experiments DOE
is used as a statistical method to optimize the number of experiments and analyze the
effects of key input factors. In this study, sheet thickness, punch speed, and sampling angle
relative to the rolling direction (RD) are examined at different levels to assess their impact
on folding force and springback. The strong agreement between experimental results and
theoretical predictions confirms the accuracy and reliability of the proposed models in
estimating folding force and springback.

Keywords: anisotropic plasticity; isotropic–kinematic hardening; U-bending test;
springback; DOE

1. Introduction
Sheet metals inherently exhibit initial plastic anisotropy, primarily driven by their

crystallographic texture. This anisotropy significantly influences the mechanical response
of sheet materials in forming processes. As a result, accurate and computationally efficient
anisotropic elasto-plastic constitutive models are essential for computer simulation codes
that use the FE method in the design of sheet forming processes.

To enhance the accuracy of finite element method (FEM) simulations, it is imperative
to employ the most precise yield function available, capable of capturing all pertinent
anisotropic effects.
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Many anisotropic yield functions have been introduced in the field of sheet metal
forming, which are primarily based on the associated flow rule hypothesis (AFR). Hill’s
48 quadratic yield criterion, as introduced by Hill [1], is a foundational model that captures
the anisotropic behavior of materials under different loading conditions. Later, researchers
expanded on this foundation, with notable contributions including Barlat’s yield criteria,
which includes a more complex description of plastic anisotropy using a linear transforma-
tion approach to characterize yield surfaces [2]. The work of Jung et al. [3] advances the
understanding of anisotropy in metallic materials by developing a tailored yield function
for advanced high-strength steels, validating the hypothesis of the yield anisotropy crite-
rion in predicting the behavior of materials. In addition, recent advances in computational
methods have facilitated the application of these anisotropic yield functions in industrial
settings, thereby optimizing sheet metal forming processes [4,5].

In recent decades, there has been growing interest in the development and application
of non-associated flow rule (AFR) models. These models utilize two separate functions: the
yield function, which delineates the elastic limit of the material, and the plastic potential
function, which governs the direction of the plastic strain rate [1,6–11]. During the elasto-
plastic deformation of a sheet metal workpiece in forming processes, several defects can
arise. Experimental and numerical studies were elaborated in order to predict and minimize
main defaults in sheet metal forming processes [12–14]. These studies focus on tooling de-
sign, forming process parameters, influence of lubricants and control of material properties.
The main defaults include the wrinkling, which is the formation of unwanted wrinkles [15].
This occurrence typically takes place when compressive stresses surpass a critical threshold,
leading to local material buckling. In addition, variation in sheet metal thickness can occur
due to inconsistent material flow during the forming process [16,17]. Thickness variation
can lead to structural weaknesses, dimensional inaccuracies, or difficulties in subsequent
assembly processes.

During the sheet metal forming process, the removal of tooling can lead to changes
in the final geometry, resulting in an undesirable deformation phenomenon known as
springback, as addressed in references [18–20]. Springback presents a major challenge in
the design of automotive parts such as car bodies, especially if a lightweight material such
as aluminum is used. These materials pose a distinct challenge because of their significant
springback characteristics. Research has demonstrated that the final geometry of the sheet
following springback is affected by a variety of factors, both physical and numerical. The
physical parameters encompass process variables such as friction conditions, sheet holding
force, thickness, tool shape, and sheet dimensions [21,22], along with material properties
like Young’s modulus, yield strength, and the Bauschinger effect [23]. On the numerical
side, factors that affect springback include the type, order, and integration scheme used in
the FE model, as well as the mesh shape, size, and refinement [24,25].

A range of experimental geometries has been examined to effectively characterize
and benchmark the springback phenomenon, with simple bending [21,25] and draw-
bending [26] being among the most commonly used methods. One of the primary objec-
tives of the research has been to improve the accuracy of springback predictions. Numerous
studies have investigated the effects of work-hardening models on these predictions [26–28].
For instance, L-bending tests have been conducted numerically, with springback angles
being recorded in various studies such as [22,29]. Oliveira et al. [25] focused on the effect
of work hardening models on springback simulation for the Numisheet’05 Benchmark #3
using an in-house implicit code, concentrating on DP600 material and a specific drawbead
penetration. Additionally, numerical predictions of springback in [30] were compared
with experimental results from the U-bending test (NUMISHEET’93) for AA5754-O sheet,
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demonstrating the efficacy of the associated flow rule model in scenarios involving moder-
ate strains.

On the other hand, some researchers have investigated the influence of various factors
in forming processes, and several approaches have been developed to optimize these
operations, notably Design of Experiments (DOE), Response Surface Methodology (RSM),
and other optimization techniques. These tools aim to enhance process outcomes through
the systematic and efficient selection of process parameters. DOE and RSM, in particular,
are widely applied to reduce the number of required experiments, especially in complex
forming operations where experimental costs and time are considerable. For instance,
Satonkar and Gopalan [31] employed DOE and RSM to analyze the influence of geometric
parameters in perforated sheet forming, providing valuable insights into how design fea-
tures affect process performance. Tang et al. [32] reviewed development trends in forming
process optimization and highlighted the usefulness of RSM in handling experimental
data with inherent variability. They also emphasized the increasing role of intelligent
optimization algorithms in controlling mechanical performance during forming operations.
Moreover, Zhang et al. [33] focused on optimizing stamping process parameters using
a combination of finite element analysis and experimental design. Their study aimed to
predict and minimize common forming defects, such as springback, by analyzing the effects
of variables such as blank holder force and friction coefficient.

In this paper, the accuracy of the non-associated anisotropic constitutive model, com-
bined with nonlinear mixed isotropic–kinematic hardening, for predicting springback in the
U-bending process is experimentally validated. The mathematical model has been stream-
lined to only two equations, which are tackled through the iterative Newton-Raphson
method. The non-associated model is based on the Hill quadratic function for both the
yielding function and the plastic potential. The anisotropic plasticity of Hill combined with
mixed isotropic–kinematic hardening model is considered, in the numerical simulations, for
modeling material behavior. The implementation of this model has been carried out in the
ABAQUS software using a user-defined UMAT subroutine. Firstly, the model’s reliability
is established by contrasting numerical outcomes with experimental data obtained from
cyclic shear tests, enabling the determination of kinematic hardening parameters. Secondly,
the model’s precision is affirmed by comparing the numerically predicted springback angle
with the experimental measurement in U-bending tests. Then, DOE statistical method is
used to optimize the number of experiments and analyze the effects of key input factors
such as sheet thickness, punch speed, and sampling angle relative to the rolling direction
examined at different levels to assess their impact on folding force and springback. The
optimization presented in this work could be used by manufacturers in the city of Hail and
elsewhere in the world to make the process more efficient and accurate.

2. Materials and Methods
2.1. Shear Test

A simplified shear test was introduced by [34], utilizing a configuration with two
distinct shear zones, as depicted in Figure 1. The specimen consists of three bars, all
securely clamped and interconnected through the sections representing the shear zones. By
subjecting the middle bar to a tensile load, shear deformation is induced in the connecting
regions. In fact, the shear zone rotations are efficiently minimized with this geometric
design during loading.
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Figure 1. Sample intended for a pure shear test.

This section focuses on the 5083-aluminum alloy, which has a sheet thickness of
2 mm. The experimental setup, depicted in Figure 2, ensures that the specimen is securely
positioned across three bars, aligned with the thickness direction of the blank sheet. The
fixture design permits direct observation of the specimen’s surface, facilitating precise
measurement of surface strains in the shear zones using a comparator. The machine
operates at a speed of 1 mm/min.

   

Figure 2. Device for the experimental pure shear test.

The specimen used for cyclic hardening testing is depicted in Figure 3, highlighting
both its initial and deformed states. The main objective of this experimental phase is
assessing the cyclic hardening behavior of the 5083-aluminum alloy under cyclic loading,
specifically with a shear strain amplitude of 0.22. In fact, as illustrated in Figure 4 in the
work of Bouhamed et al. [35], the maximum strain at fracture is approximately 0.25 for
all orientations (0◦, 45◦, and 90◦), indicating that the forming process studied involves
moderate plastic deformations. During the cyclic shear test, a shear strain amplitude of
0.22 is chosen to prevent the specimen from breaking at the start of the test. Having the
aim to derive the kinematic hardening parameters for the material under examination.
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Figure 3. Specimen for a cyclic shear test (a) Initial state (b) Deformed state.

   
(a)  (b) 

Figure 4. Experimental setup of U-bending process: (a) Initial state (b) Deformed state.

Shear stress and shear strain can be determined as follows:

τ =
F

2·l·e ; γ =
u

2·w . (1)

In this context, F represents the shear force, l refers to the length of the sheared
area (illustrated in Figure 1), e indicates the thickness of the sheet plate, u represents the
displacement of the drawn portion of the sample, and w denotes the sheared area width.

2.2. U-Bending Test

U-bending experiments are conducted using a tensile test machine and executed
through the experimental setup depicted in Figure 4 to assess the precision of predicting
springback (the angular difference between the state of the specimen at the end of loading
and after unloading). In this application, the blank refers to a 5083-aluminum sheet metal
strip measuring 140 mm in length and 20 mm in width, positioned centrally on the tool.
The punch descends and returns after reaching 16 mm. The dimensional specifications of
the various tools are shown in Figure 5, along with the geometric tolerances required for
successful bending. The experimental data comprises punch force plotted against punch
displacement, recorded through sensors on the tensile machine. The deformed specimen is
depicted in Figure 6, in which the angle after springback is estimated.
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Figure 5. Dimensional specifications of the tools.

   
(a)  (b) 

Figure 6. Deformed specimen: (a) Final part and (b) angle after springback.

3. Anisotropic Plasticity with Nonlinear Isotropic–Kinematic
Hardening Model

In this study, the Hill’48 quadratic yield function was adopted within a non-associated
plasticity framework to accurately describe both the stress and strain anisotropy of the
AA5083-aluminum alloy. The choice of Hill’48 was motivated by its well-established
formulation, its suitability for rolled aluminum sheets exhibiting planar anisotropy, and its
ability to be effectively implemented in a non-associated form to distinguish between the
yield surface and the plastic potential surface.

3.1. Elasto-Plastic Constitutive Model

Elastoplastic behavior is defined by the presence of irreversible strains that occur
upon the removal of the applied load. This is represented by the standard decomposition
of the strain tensor ε into an elastic (reversible) component εe and a plastic (irreversible)
component εp as written in the following equation:

ε = εe + εp. (2)

where the elastic strain is related to the stress tensor σ through the elastic stiffness matrix
D, formulated as follows:

σ = D : εe. (3)
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The yield criterion can be expressed in a generic form as:

f = φ f (ξ) − (σY + R) ≤ 0; ξ = σ − X. (4)

ξ : Effective stress tensor,
σY: Initial yield stress,
φ f (ξ): Equivalent stress,
X: Back-stress tensor,
R: Drag stress associated with isotropic hardening.
In this study, Voce law is considered to model the isotropic hardening function

R(κ) = Q1

(
1 − e−β1 κ

)
+ Q2

(
1 − e−β2 κ

)
. (5)

κ: Isotropic hardening parameter,
Q1, Q2, β1 and β2: material parameters.
Chaboche (1986) [36] proposed a method for modeling the back-stress tensor in

Equation (4) by superimposing multiple components as follows:

X =
M

∑
k=1

Xk. (6)

In the current non-associated elastoplastic model, the plastic potential function is
selected as described in [30].

F = φF(ξ) − (σY + R) +
1
2

M

∑
k=1

bk
ak

Xk : Xk. (7)

ak and bk: Material parameters,
Xk: Back-stress tensors,
φF(ξ) : Equivalent stress,
The equivalent stresses, φ f (ξ) and φF(ξ) , can take various forms, including quadratic

or non-quadratic, isotropic or orthotropic. For this work, the quadratic anisotropic function
based on Hill’s 48 model is applied to both φ f (ξ) and φF(ξ) .

φ f (ξ) = ∥ξ∥P =
√

ξt P ξ, φF(ξ) = ∥ξ∥Q =
√

ξt Q ξ. (8)

In the previous equation, P is a fourth-order tensor defining the yield criterion f . In
3D case, the Hill Yield criterion is derived by taking:

P = H; H = H(F, G, H, N, M, L) =



H + G −H −G 0 0 0
H + F −F 0 0 0

F + G 0 0 0
2N 0 0

Sym 2M 0
2L


. (9)

F, G, H, N, M, L: Material constants computed after testing the material in various
orientations. In the same Equation (8), Q is also a fourth order tensor. In three-dimensional
case, it is defined as:

Q = H′; H′ = H
(

F′, G′, H′, N′, M′, L′). (10)

where F′, G′, H′, N′, M′, L′: Material constants.
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It is important to mention that in the particular case of P = Q, the associated flow rule
is recovered.

The proposed model is developed for anisotropic sheet metals produced by the rolling
process, where the mechanical response depends strongly on the material orientation. Sev-
eral yield criteria, such as those proposed by Hosford (1972) [37] and Barlat et al. (2003) [2],
have been formulated to describe anisotropic plasticity using quadratic or non-quadratic
yield functions. In this work, the focus is placed on the Hill (1948) quadratic yield criterion,
widely recognized for its simplicity and robustness in representing the plastic anisotropy
of rolled aluminum sheets. The Hill’48 model requires only six anisotropy parameters
(F, G, H, L, M, N), which can be identified experimentally, making it both efficient and
practical for engineering applications [35]. Its non-associated plasticity formulation al-
lows differentiation between the yield surface and the plastic potential surface, leading to
improved accuracy in simulating complex forming behavior.

The equivalent stress according to the Hill (1948) quadratic criterion is expressed as:

σH
eq (σ, X) =

[
H(ξ1 − ξ2)

2 + F(ξ2 − ξ3)
2 + G(ξ3 − ξ1)

2 + 2Nξ2
12 + 2Lξ2

23 + 2Mξ2
31

]1/2
(11)

The evolution equations for the current problem are then presented as follows:

.
κ =

.
γ;

.
Xk = ak

.
ε

p − bk
.
γXk (12)

.
ε

p
=

.
γ

∂F
∂σ

=
.
γn; n =

1
φF

Qξ. (13)

.
γ: Plastic multiplier, which aligns with the loading/unloading conditions:

.
γ ≥ 0; f ≤ 0;

.
γ f = 0. (14)

Equation (6), along with the flow rule in Equations (12) and (13), provides:

.
X =

M

∑
k=1

.
Xk =

.
γHX ; HX = a n −

M

∑
k=1

bkXk; a =
M

∑
k=1

ak. (15)

3.2. Integration Algorithm

This section develops the mathematical formulation of the used algorithm that deals
with the fully implicit backward Euler integration scheme. This numerical method is
commonly used in elastoplastic problems due to its unconditional stability. The algorithm
is strain-driven, meaning that the stress history is derived from the strain history. The total
strain is updated using the following formula:

εn+1 = εn +∇s∆u. (16)

∇s(·): Symmetric gradient
∆u: Displacement increment along a time step [tn, tn+1].
The evolution equations in (12) and (13) can then be integrated to obtain:

ε
p
n+1 = ε

p
n + ∆γ nn+1; nn+1 =

1
φF,n+1

Q ξn+1. (17)

Xk,n+1 =
1

ωk
(Xk,n + ak ∆γ nn+1); ωk = 1 + bk∆γ. (18)

By applying the elasticity relation in Equation (3) and the strain decomposition in
Equation (2), the stress tensor is then:
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σn+1 = σTR − ∆γD·nn+1; σTR = D·
(

εn+1 − ε
p
n

)
(19)

where σTR is the elastic trial stress. By applying Equations (18) and (19), the effective stress
tensor ξ is given by:

ξn+1 = ξTR − ∆γ[D + aω I] nn+1; ξTR = σTR −
M

∑
k=1

1
ωk

Xk,n; aω =
M

∑
k=1

ak
ωk

(20)

and finally

ξn+1 = I−1
c ·ξTR; Ic = I + u[D + aω I]Q; u =

∆γ

φF,n+1
. (21)

From Equations (4), (8), and (21), enforcing the consistency condition and ensuring the
accuracy of the equivalent stress function φF simplifies the system to two scalar equations: f1(∆γ, φF,n+1) = φ f ,n+1 − (σY + Rn+1) = 0 ; φ f ,n+1 =

[
ξTRT · I−T

c ·P·I−1
c ·ξTR

]1/2

f2(∆γ, φF,n+1) = φF,n+1 −
[
ξTRT · I−T

c ·Q ·I−1
c ·ξTR

]1/2
= 0 ; Ic = I + u[D + aω I]Q

(22)

The plastic multiplier ∆γ and the equivalent stress function φF,n+1 are the unknowns
of this system of equations.

The system of equations given in Equation (22) is solved using the Newton–Raphson
iterative method. The governing equations for a single iteration step of this scheme are
summarized in Table 1.

Table 1. Local iteration: determination of (∆γ, φF) by Newton’s method.

(i) Check convergence

Ri =

[
f1
f2

]i
=

[
φ f − (σY + R)

φF −
[
ξTR· I−T

c ·Q ·I−1
c ·ξTR]1/2

]i

ξTR = σTR −
M
∑

k=1

1
ωk

Xk,n ; Ic = I + u[D + aω I]Q ; u =
∆γ

φF
if
∣∣Ri
∣∣ < Tol then End Loop

(ii) Compute Jacobean

J =

[
m·A − ∂R

∂(∆γ)
u m·B

−n·A 1 − u n·B

]
; m = 1

φ f
Pξ

(iii) Evaluate solution[
∆γi+1
φF,i+1

]
=

[
∆γi
φF,i

]
− J−1Ri

(iv) Set i = i + 1 go to (i)

The rate form of the constitutive equations (Equations (12)–(15)) is integrated over
the time increment [tn, tn+1] using a fully implicit backward Euler scheme to obtain the
incremental relations (Equations (16)–(22)). This numerical integration ensures a con-
sistent transition from the continuum rate formulation to the discrete finite element im-
plementation. The stress update follows an elastic predictor–plastic corrector approach
(see Figure 7 and Table 2), where the trial stress is first computed elastically and then
corrected by the return-mapping procedure to satisfy the yield surface at tn+1. The plastic
potential and plastic multiplier are implicitly determined through the consistency condition,
guaranteeing the stability and accuracy of the integration algorithm.
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Figure 7. Non-associated model with nonlinear isotropic–kinematic hardening.

Table 2. Implicit integration of a non-associated anisotropic plasticity with nonlinear isotropic–
kinematic hardening.

(i) Elastic predictor
∆γ = 0

σTR = D.
(

εn+1 − ε
p
n

)
; ξTR = σTR −

M
∑

k=1

1
ωk

Xk,n ; ωk = 1 + bk∆γ

• Check plastic condition

u = ∆γ
φF,n+1

; aω =
M
∑

k=1

ak
ωk

; Ic = I + u[D + aω I]Q

φ f ,n+1 =
[
ξTRT

. I−T
c .P .I−1

c .ξTR
]1/2

IF φ f ,n+1 − (σY + Rn+1) ≤ 0 THEN (Elastic)
Set ( )n+1 = ( )n and RETURN

ELSE (Plastic)

(ii) Plastic corrector
• Find (∆γ, φF,n+1) by local iteration: Table 1

(iii) Update

ξn+1 = I−1
c .ξTR ; nn+1 = 1

φF,n+1
Q ξn+1

Xk,n+1 = 1
ωk

(Xk,n + ak ∆γ nn+1) ; Xn+1 =
M
∑

k=1
Xk,n+1 σn+1 = ξn+1 + Xn+1

ENDIF

The mathematical formulations of the constitutive equations, including the yield
function, plastic potential, flow rule, and mixed isotropic–kinematic hardening laws, are
presented in detail in our previous works [30,35]. In the present study, these equations were
implemented into the ABAQUS environment through a user-defined UMAT subroutine to
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capture the anisotropic elastoplastic behavior of the AA5083-aluminum alloy. The UMAT
code integrates the constitutive relations at the material level using an incremental stress-
update algorithm. For improved understanding and reproducibility, Figure 8 presents a
flowchart summarizing the implementation methodology, outlining the key computational
steps (initialization, stress prediction, return mapping, plastic correction, and update of
internal variables) used during the finite element analysis.

 

Figure 8. Flow-chart illustrating material implementation methodology using the UMAT subroutine.

4. Accuracy of Numerical Model
The previously developed model has been integrated into ABAQUS using a user-

defined subroutine known as UMAT. This section focuses on creating a numerical analysis
to validate the anisotropic plasticity model, incorporating both nonlinear isotropic and
kinematic hardening. Numerical examples used to demonstrate the effectiveness and
accuracy of the proposed algorithm will be presented.

4.1. Cyclic Uniaxial Tension-Compression Loading

In this example, we perform a comparative analysis of linear versus nonlinear kine-
matic hardening models. We examine the behavior of a cubic sample with a side length of
5 units in a uniaxial tension-compression test. A uniform displacement is applied to the
specimen’s top boundary, with appropriate boundary conditions imposed on the opposite
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side, following the test procedure outlined in [38]. The sample is represented by a single
element, specifically C3D8, and the results are consistent across all integration points within
the element. The material chosen for this numerical test is X5CrNi 18·9, a chromium-nickel
stainless steel material, as described in [38]. The plasticity model employed is J2 plasticity
with kinematic hardening.

The simulation involves applying a loading program that subjects the specimen to
tension-compression while gradually increasing the mean stress. Figure 9 illustrates the
vertical displacement imposed on the top boundary of the specimen. Figure 10 presents
stress–strain curves, providing a comparative analysis between linear kinematic hardening
(LKH) behavior (b = 0) and nonlinear kinematic hardening (NLKH) behavior. The differ-
ences between these two kinematic hardening rule assumptions are clearly depicted. The
idea here is to verify the accuracy of our model in reproducing results similar to those
of other models such as that which was used in the work of Angelis [38]. It is worth
noting that the results obtained using the proposed algorithm closely align with those
reported in [38].
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Figure 9. Prescribed vertical displacement on the top boundary.
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Figure 10. Stress–strain curves for LKH and NLKH models for X5CrNi 18-9 steel.

4.2. Comparison of the Numerical and Experimental in a Cyclic Shearing Test

This section aims to evaluate the model’s precision in simulating the behavior of a shear
sample under cyclic loading by comparing its predictions with experimental findings. The
numerical simulations are carried out using FE method applied on ABAQUS 6.13 software,
with the help of user-material subroutine UMAT used to implement the material behavior
using the mathematical modeling presented in Section 3. These simulations focus on cyclic
shearing to compute the kinematic hardening parameters of the 5083-aluminum alloy. The
material properties and the isotropic hardening parameters are determined in [35]. Table 3
illustrates the elastoplastic and anisotropic parameters of 5083-aluminum alloy.
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Table 3. Elastoplastic and anisotropic parameters of 5083-aluminum alloy [35].

Young modulus (MPa) 75,636

Poisson’s ratio 0.33

Anisotropic parameters

Yield function Hill
parameters

F G H N
1.45 0.591 0.409 1.707

Potential function
Hill parameters

F′ G′ H′ N′

0.598 0.591 0.409 1.514

Double exponential
Hardening law (MPa) σ(r) = 106.36 + 235.77

(
1 − e−9 εp

)
+ 54.36

(
1 − e−514 εp

)

Table 4 presents the identified kinematic hardening parameters for the 5083-aluminum
alloy. Figure 11 compares the experimental and numerical shear stress–shear strain curves
obtained under tension–compression cyclic loading. The close agreement between the
experimental measurements and the model predictions demonstrates the accuracy and
reliability of the identified kinematic hardening parameters. It is important to note that
the cyclic shear simulations shown in this section were conducted exclusively to calibrate
the nonlinear kinematic hardening parameters (a and b) of the material, which were
subsequently employed as input data for the U-bending simulations.

Table 4. Predicted values of kinematic hardening parameters for 5083-aluminum alloy.
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a1 (MPa) b1
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Figure 11. Shear stress–shear strain curves of 5083 alloy.

4.3. Comparison of the Numerical and Experimental in U-Bending Test

To assess the current model’s performance under moderate strain, we conducted a
U-bending test (refer to Figure 12) using a 5083-aluminum sheet. It should be noted that in
the present simulation, an anisotropic material model based on a non-associated flow rule
and nonlinear mixed isotropic–kinematic hardening was employed to accurately capture
the elastoplastic behavior of the 5083-aluminum alloy. Consequently, the springback
phenomenon was modeled as a nonlinear unloading process, inherently governed by the
constitutive equations of the adopted model. The sheet dimensions were: thickness 2 mm,
length 140 mm (in the rolling direction), and width 20 mm (in the transverse direction). The
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friction coefficient in the contact zone is assumed to be 0.1, and the total traveled punch
stroke is 16 mm.

Figure 12. Numerical assembly model of U-bending test.

The numerical simulations were carried out using ABAQUS/Standard, with the
proposed anisotropic constitutive model incorporating nonlinear mixed isotropic–kinematic
hardening, implemented through a user-defined UMAT subroutine. A mesh sensitivity
analysis was performed to determine the optimal element size that ensures a balance
between computational efficiency and solution accuracy. The AA5083 aluminum sheet was
discretized using C3D8 elements, which are 8-node linear brick elements with reduced
integration, providing reliable accuracy in capturing local stress and strain gradients while
avoiding locking effects. The final mesh configuration consisted of 140 × 5 × 5 elements,
verified to yield mesh-independent results (see Figure 13).

Figure 13. Mesh sensitivity analysis.

The modeled sheet dimensions were 140 mm in length (rolling direction), 20 mm
in width (transverse direction), and 2 mm in thickness, while the total punch stroke was
set to 16 mm. The contact interactions between the forming tools and the sheet in the
U-bending operation were modeled using a surface-to-surface contact formulation in
ABAQUS with a penalty contact algorithm and a friction coefficient of 0.1. This method
accurately represents contact pressure and sliding behavior without inducing artificial
stress fluctuations. Detailed mechanical properties of the 5083-aluminum sheet are drawn
in Tables 3 and 4, while both the die and the punch were treated as rigid bodies.

As the punch descends, the blank undergoes elastic-plastic bending. Springback
occurs when the tools are withdrawn. We compared the final shapes after springback, as
determined by the present formulation, with the experimental results.
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Figure 14 depicts the post-springback deformation and displays the springback angle
in the sheet, as calculated using the combined nonlinear isotropic–kinematic hardening
model. A comparison was made between the experimentally measured springback angle
(2◦) and the numerically derived angle (1.84◦), which was obtained through the combined
application of the Hill yield criterion and mixed isotropic–kinematic hardening. The results
indicate that the numerical springback angle closely matches the experimental value.

Figure 14. Numerical deformed sheet after springback.

To evaluate the accuracy of the presented model, Figure 15 depicts and compares
the force-displacement curves obtained from both experimental and numerical data. The
force-displacement curves exhibit three distinct zones: the first zone demonstrates a sharp
increase in force, reaching 2.6 kN, which causes deformation in the aluminum sheet; the
second zone shows a stabilization of the punch force until the sheet is completely bent;
and then the final zone begins with a rapid force increase. There was a strong correlation
between the force-displacement curves, demonstrating the efficiency of the presented
anisotropic model combined with nonlinear isotropic–kinematic hardening in simulating
U-bending tests.
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Figure 15. Experimental and numerical Punch forces during U-bending test.

Figure 16 illustrates different steps of the U-bending test with Hill stress distributions
and plastic strain fields.
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(a)  (b) 

(c)  (d) 

Figure 16. Computed U-bending test. (a) Hill stress distribution at the end of the U-bending test;
(b) Plastic strain field at the end of the U-bending test; (c) Hill stress distribution after the release
phase of the U-bending test; (d) Plastic strain field after the release phase of the U-bending test.

4.4. Statistical Analysis and Optimization

DOE (Design of Experiments), developed as a systematic approach to planning ex-
periments, is used to identify the influence of multiple variables on a response variable
efficiently. It provides a structured method to evaluate the effects of input factors and
their interactions, optimizing the experimental process and reducing the number of trials
needed. In this study, sheet thickness (Th), punch speed (V), and sampling angle relative to
the rolling direction (θ) are examined at different levels to assess their impact on folding
force (F) and springback (SB). The strong agreement between experimental results and
theoretical predictions confirms the accuracy and reliability of the proposed models in
estimating folding force and springback.

Three U-bending factors are used at different levels as drawn in Table 5: sheet thickness,
punch speed, and sampling angle relative to the rolling direction.

Table 5. Input factors in U-bending tests.

Factors Thickness
Th (mm)

Sampling Angle
θ (◦)

Punch Speed
V (mm/min)

Value 1 1.3 2 0 45 90 1 10 20

Level 1 2 3 1 2 3 1 2 3

To develop a comprehensive full factorial Design of Experiments (DOE) plan, a total
of 27 tests were designed. Furthermore, these experiments are conducted twice to guar-
antee the reproducibility of the results. A designed experimental array, as presented in
Tables 6 and 7, was used to analyze the effects of these three parameters on springback
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and maximum folding force. The average (mean) value of the springback or folding force,
denoted as Y, represents the sum of the observed response values obtained from the ex-
periments, divided by the total number of experimental trials. This value is determined
using Equation (23), which provides a quantitative measure of the central tendency of the
response variable across all conducted experiments. We denote the yi: the outcome on the
i-th specimen.

Y =
1
n∑n

i=1 yi. (23)

where n is the number of springback values per experiment (which is 3 in this case for
each experiment).

Table 6. DOE results for springback using full factorial design.

Run
Control Factors and Levels Results

θ (◦) Th (mm) V (mm/min) SB (◦) S/N Ratio Mean Y

1 0 1 1 2.1 −6.44

1.952 0 1.3 1 1.94 −5.76

3 0 2 1 1.82 −5.2

4 45 1 1 2.52 −8.03

2.245 45 1.3 1 2.14 −6.61

6 45 2 1 2.08 −6.36

7 90 1 1 2.7 −8.63

2.468 90 1.3 1 2.42 −7.68

9 90 2 1 2.28 −7.16

10 0 1 10 2.12 −6.53

1.9711 0 1.3 10 1.98 −5.93

12 0 2 10 1.83 −5.25

13 45 1 10 2.5 −7.96

2.2714 45 1.3 10 2.18 −6.77

15 45 2 10 2.13 −6.57

16 90 1 10 2.75 −8.79

2.4917 90 1.3 10 2.43 −7.71

18 90 2 10 2.3 −7.23

19 0 1 20 2.13 −6.57

2.0120 0 1.3 20 2 −6.02

21 0 2 20 1.9 −5.58

22 45 1 20 2.51 −7.99

2.2723 45 1.3 20 2.17 −6.73

24 45 2 20 2.14 −6.61

25 90 1 20 2.78 −8.88

2.5226 90 1.3 20 2.45 −7.78

27 90 2 20 2.33 −7.35
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Table 7. DOE results for folding force F using full factorial design.

Run
Control Factors and Levels Results

θ (◦) Th (mm) V (mm/min) F (kN) S/N Ratio Mean Y

1 0 1 1 1.1 −0.8279

3.462 0 1.3 1 1.68 −1.2892

3 0 2 1 2.61 −1.5836

4 45 1 1 0.97 −4.5062

1.715 45 1.3 1 1.62 −4.6599

6 45 2 1 2.5 −4.8608

7 90 1 1 0.95 −8.3328

2.768 90 1.3 1 1.6 −8.755

9 90 2 1 2.42 −9.3964

10 0 1 10 1.16 0.2646

1.0311 0 1.3 10 1.71 −0.4238

12 0 2 10 2.74 −0.6685

13 45 1 10 1.05 −4.1903

1.6514 45 1.3 10 1.65 −4.3497

15 45 2 10 2.65 −4.5062

16 90 1 10 1.03 −7.9588

2.6617 90 1.3 10 1.63 −8.4649

18 90 2 10 2.65 −9.0969

19 0 1 20 1.2 0.4455

1.0220 0 1.3 20 1.75 −0.2567

21 0 2 20 2.95 −0.6685

22 45 1 20 1.08 −4.0824

1.6323 45 1.3 20 1.68 −4.2438

24 45 2 20 2.85 −4.4543

25 90 1 20 1.08 −7.6763

2.6326 90 1.3 20 1.67 −8.4649

27 90 2 20 2.82 −9.005

For minimization of springback, or folding force the S/N ratio is typically calculated
using the “smaller-the-better” criterion. Lower springback or folding force generally
corresponds to a higher S/N ratio for the “smaller-the-better” case:

S/N ratio = −10· log10

(
1
n

n

∑
i=1

y2
i

)
(24)

where
n is the number of experiments
yi is the springback or folding force value for the i-th experiment.
Figures 17 and 18 illustrate the mean effect of input factors on springback and folding

force, respectively. These figures are crucial for understanding how sheet thickness, orien-
tation angle, and punch speed influence the outcomes of the bending process. The figures
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demonstrate that sheet thickness has a direct and significant impact on both springback
(decreasing with thickness) and folding force (increasing with thickness). The orientation
angle shows an inverse relationship with folding force and a direct relationship with spring-
back. Punch speed generally leads to a slight increase in both springback and folding force.
These findings are critical for optimizing U-bending processes, especially when aiming to
minimize springback or manage forming forces.
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Figure 17. Springback as function of (a) thickness; (b) orientation angle; and (c) punch speed.
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Figure 18. Folding force as function of (a) thickness; (b) orientation angle; and (c) punch speed.

Figures 19 and 20 present the surface plot of springback and folding force as function
of thickness, orientation angle, and punch speed. One can note from the figures that the
lowest springback is presented in the lower values of orientation angle and punch speed,
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and the highest sheet thickness. However, the folding force has the maximum reading
when all the parameters are at their highest values.

(a)  (b) 

Figure 19. Surface plot of springback vs. thickness, orientation angle, and punch speed. (a): V =10
mm/min; (b): θ = 45◦.

(a)  (b) 

Figure 20. Surface plot of folding force vs. thickness, orientation angle, and punch speed.
(a): V = 10 mm/min; (b): θ = 45◦.

The relationship between the factors and the performance measures is modeled by the
following regression equations.

SB [◦] = 2.378 + 0.007445·θ − 0.2897·Th − 0.002357·V − 0.0012·θ·Th + 5.38·10−5·θ ·V
+0.003378 ·Th ·V − 3.9·10−5·θ·Th ·V

(25)

F [kN] = −0.3122 − 8.76·10−4·θ + 1.4564·Th − 0.011·V − 4.15·10−4·θ·Th − 1.428·10−5·θ·V
+0.0138·Th·V + 2.18·10−5·θ·Th·V .

(26)

Experiment 3 has the highest S/N ratio of −5.2 with the lowest mean value of 1.95,
indicating that this combination of factor levels (θ = 0◦, Th = 2 mm, V = 1 mm/min) leads to
the best performance in terms of minimizing springback. So, the best factor combinations
corresponding to the highest S/N ratio (lowest springback) would be considered the
optimal condition. Based on this, we would want to choose θ = 0◦, Th = 2 mm, and
V = 1 mm/min for the optimal result.

However, the better condition to reduce the forming force is for θ = 90◦, Th = 1 mm,
and V = 1 mm/min.

From this statistical analysis, it can be concluded that both the variation in sheet
thickness and the orientation angle significantly influence springback. In contrast, the
impact of punch speed on springback is minimal. Nevertheless, it is important to note that
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only the variation in sheet thickness has a substantial effect on the folding force, while the
effects of punch speed and orientation angle are deemed negligible.

5. Conclusions
In the present work, an anisotropic constitutive model for sheet metal forming integrat-

ing the AFR method is presented. From the Hill’48 quadratic formulation, the yield and plas-
tic potential functions were obtained. Furthermore, nonlinear mixed isotropic–kinematic
hardening is incorporated into the model to better depict material behavior during de-
formation. UMAT subroutine in ABAQUS was used to develop the model, which allows
accurate predictions of plasticity behavior and springback in sheet forming procedures.

The following are the research’s main conclusions:

• The suggested plasticity model under a non-associated flow rule shows good agree-
ment with experimental results acquired under cyclic shear loading conditions; cyclic
shear experiments have precisely established the kinematic hardening parameters for
the 5083-aluminum alloy.

• A numerical analysis that assessed the springback angle using the U-bending test
showed that the hardening and elastoplastic model could accurately predict springback
in the U-bending process.

• The presented design of forming tools used in the U-bending process are efficient
in avoiding the excessive springback highlighted in conventional bending processes
using rigid U-die-punch tools. This new design for forming tools will benefit the sheet
metal industry in the city of Hail and elsewhere around the world.

In conclusion, while the proposed model demonstrates strong predictive capability
and provides promising results in accurately capturing the springback phenomenon in
sheet metal forming, particularly for the U-bending process, several limitations warrant
further investigation. The model’s reliance on the Hill’48 yield criterion may restrict its
applicability to materials exhibiting different or more complex anisotropic behaviors. There-
fore, exploring alternative anisotropic formulations could enhance accuracy, especially
under non-proportional or multi-directional loading paths. Moreover, the current formula-
tion, based on the Swift hardening law, does not explicitly account for strain rate sensitivity
or temperature-dependent effects, which may become significant in high-speed or warm
forming processes. Although the model performs well in U-bending and cyclic shear
experiments, its validity should be further assessed under multiaxial stress states, cyclic
load reversals, and thermomechanical conditions. Overall, the present work contributes
valuable insights into anisotropic plasticity modeling and provides a promising framework
for improving springback prediction in sheet metal forming. Future research will focus
on extending the model to incorporate strain rate and temperature effects, validating it
across a broader range of materials and forming configurations to ensure its robustness
and industrial applicability.
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