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Abstract

The tooth surface geometry of harmonic gears directly affects the transmission accuracy and
service life. Traditional design methods may cause tooth profile distortion when changing
the radial deformation coefficient, which limits their application. This paper proposes a
comprehensive tooth surface modification method that changes the radial deformation
coefficient on the basis of traditional design methods. Firstly, the meshing trajectories and
corresponding tooth profiles of gear teeth under different radial deformation coefficients are
calculated and analyzed based on the rack approximation method. Secondly, a calculation
method is proposed to eliminate the tooth profile distortion caused by changing the radial
deformation coefficient, which not only expands the application of the rack approxima-
tion method but also eliminates interference during the meshing process. Subsequently,
a comprehensive tooth surface modification method is proposed with the aim of increasing
contact area and contact ratio, as well as reducing contact stress. Compared to traditional
modification, it requires less material removal, which is beneficial for increasing the tooth
strength. Furthermore, a finite element simulation model of a harmonic drive is established,
and the tooth surface and contact performance of harmonic gears under three different
radial deformation coefficients are designed and analyzed, verifying the effectiveness of
the proposed tooth surface design method.

Keywords: harmonic drive; rack approximation theory; radial deformation coefficient;
comprehensive modification; contact performance

1. Introduction

As a key transmission component of industrial robots, harmonic reducers have in-
creasingly high requirements for their transmission accuracy, service life, and load-bearing
capacity in the context of continuous improvement in industrial automation and intelli-
gence [1-6]. Tooth profile design is the key to ensuring the performance of gear transmission.
For harmonic gear transmission, the quality of tooth profile design directly affects its trans-
mission accuracy and service life. Therefore, this article focuses on the tooth profile design
of harmonic gears, with the goal of improving the meshing performance of harmonic
gears and enhancing their service life. Combining the basic principles of harmonic gear
design, it is of great significance to explore tooth design methods suitable for different
radial deformations.
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The transmission mechanism of harmonic gears is unique and exquisite, and its core
lies in the precise fit of misaligned teeth between the flexible and rigid wheels [7]. The
rack approximation method simplifies the motion of a flexible wheel and a rigid wheel
into the relative motion of two racks and ultimately eliminates tooth profile interference
through modification [8]. Straight tooth profile, as the initial design of harmonic gear
transmission, was first proposed by American scientist Walton C.M. [9,10]. With the
development of technology, involute profiles are gradually replacing straight profiles [11].
Sahoo et al. [12-14] analyzed and verified the secondary contact caused by the tooth profile
interference of the involute profile by analyzing the stress distribution of the flexible
wheel cup under load. Kayabasi et al. [15] studied the optimization problem of involute
tooth profile using the finite element method with the goal of improving gear fatigue life.
Cheng et al. [16] studied the effect of tooth slot width on the assembly stress of involute
profile harmonic gears and verified that a wide tooth slot design can effectively reduce the
assembly stress of the flexible wheel rim. In 1989, Japanese scholar Ishikawa first proposed
the S-shaped tooth profile [8]. Based on the rack motion model proposed by Musser,
he directly obtained the S-shaped tooth profile by mapping and geometrically transforming
the motion trajectory of the gear teeth. Experimental results showed that this tooth profile
can achieve continuous meshing under no-load conditions. Subsequently, considering the
deviation between the approximate motion trajectory and the actual situation, as well as the
deflection of the gear teeth, the S-shaped tooth profile was modified with tooth thickness,
effectively eliminating interference [17,18].

For the deformation calculation of the flexible wheel, Dong et al. [19,20] further consid-
ered the influence of the cup on the tooth profile based on in-depth research on the planar
meshing kinematics of the annular flexible wheel model and proposed that the tooth surface
of the harmonic gear should be a three-dimensional surface. The proposal of this viewpoint
provides a new perspective for us to understand the tooth profile design of harmonic gears.
Ishikawa [21] designed non-interference three-dimensional tooth profiles based on the
rack approximation method and envelope lines of different cross-sectional trajectories. In
order to further optimize the tooth profile design, Ishikawa et al. [22,23] proposed a radial
wall thickness reduction modification method based on the main section, which effectively
eliminates the meshing interference of the tooth profile in space based on the convenience of
machining. Zhou et al. [24] proposed a modification design method for the conjugate tooth
profiles, aiming at the issue of cusp meshing between the movable tooth and ring gear dur-
ing the meshing process. He et al. [25] proposed a tooth longitudinal modification method
for the circular spline with a double circular arc common-tangent tooth profile, aiming at
the small meshing areas and severe stress concentration caused by large cone angles when
a harmonic drive with short flexspline is assembled and loaded. Yuan et al. [26] studied the
modification and optimization of the spatial tooth profile for a harmonic drive, especially
considering the machining fillet feature in the hobbing process. Song [27] proposed a
three-dimensional conjugate tooth surface design method for a harmonic drive with a
double circular arc tooth profile. Huang et al. [28,29] proposed a novel mixed spatial tooth
profile modification method combining circumferential modification, aiming to improve
transmission accuracy. Yang et al. [30] adopted the improved kinematics method to design
the non-common tangent double arc tooth profile, aiming at investigating the problem that
the main section of the harmonic gear transmission tooth profile is completely meshed
while others have interference. Xie et al. [31] studied a novel tooth profile of harmonic
drives, which is composed of two curves, hypocycloid and epicycloid, generated by the
rolling circles with appropriate radii. Li et al. [32] analyzed the deformation difference
between the inner and outer surfaces of the flexspline and modified the profile of the
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flexspline based on the deformation difference to improve the transmission accuracy and
operating life of the harmonic drive.

For the study of harmonic gear transmission errors, Chen et al. [33] investigated the
meshing state of gears with a double circular tooth profile, proposed the tooth gap as
an index for evaluating transmission error, and then optimized the design parameters
using the finite element method. Ma et al. [34] established a model for calculating the
transmission error under free load. In addition, they proposed a transmission error model
from the perspective of elastic deformation under different working loads and experimen-
tally validated the model. Hu et al. [35] modeled the static transmission error (caused by
manufacturing and assembly error) and dynamic transmission error (generated by static
transmission error and dynamic parameters) of a harmonic drive

Generally, when using the rack approximation method to design tooth profiles, the
tooth profile derivation is carried out under the condition that the radial deformation
coefficient is assumed to be 1. However, in actual harmonic gear design, the radial de-
formation coefficient is not a fixed value, which makes the rack approximation method
have significant limitations. Therefore, how to use the rack approximation method to
design tooth profiles based on different radial deformation coefficients is the focus of this
paper. In addition, the traditional modification method [22,23] only achieves longitudinal
modification by changing the feed amount of the hobber along the longitudinal direction.
Although this method can avoid interference, it requires the removal of more material.
Therefore, the contribution of this paper to the research on the tooth profile of harmonic
reducers mainly lies in

1. The method of designing the tooth profile in this paper is based on the rack approx-
imation method. When using this method to design the tooth profile, the radial
deformation coefficient is assumed to be 1, but in reality, its value is not 1. For cases
where the coefficient is not 1, there is distortion in the tooth profile designed by the rack
approximation method. Therefore, this paper proposes an improved method to elimi-
nate distortion and expand the application scope of the rack approximation method.

2. The tooth profile designed by the rack approximation method may cause interfer-
ence or disengagement locally during meshing. This paper proposes a parabolic
modification of the tooth profile to avoid this problem.

3. This paper aims to achieve uniform backlash in the longitudinal direction and fine-
tune multiple sections of the flexible wheel to ensure that there is no interference or
disengagement throughout the entire longitudinal direction.

The traditional modification method [22,23] only achieves longitudinal modification
by changing the feed amount of the hobber along the longitudinal direction. Although this
method can avoid interference, it requires the removal of more material. In order to reduce
material removal and increase tooth strength, this paper will propose a comprehensive mod-
ification method that combines tooth profile modification and longitudinal modification.

This paper establishes a harmonic gear transmission model and studies the basic prin-
ciples of harmonic transmission and related theories of flexible wheel deformation. Based
on this, starting from the tooth profile design principle of the harmonic gear transmission
rack approximation method, the radial deformation coefficient is introduced as its design
variable to solve the problem of tooth profile distortion caused by the rack approximation
method under different radial deformation coefficients. A parabolic modification method
for two-dimensional tooth profiles is proposed to solve the problem of tooth profile inter-
ference during meshing. Further consideration was given to the deformation of flexible
gear teeth in three-dimensional space, and a longitudinal spline modification method is
proposed. Combined with the three-dimensional deformation theory of the flexible gear
cup, the meshing characteristics of the tooth profile were analyzed. Finally, the meshing
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analysis of the harmonic reducer under the designed tooth profile was carried out using
the finite element method, verifying the effectiveness of the tooth surface design method
proposed in this paper.

2. Tooth Profile Design Based on the Rack Approximation Method

The rack approximation method is a method that assumes that the rigid and flexi-
ble gears have an infinite number of teeth, simplifies them into two racks that move in
translation with each other, and obtains the tooth profile by performing a 1/2 proportional
mapping based on the trajectory of the rack movement, as shown in Figure 1a.

Y

Fixed rack
18
Q Symmetric f
mapping curve\//
7 A\
/ \
1/2 mapping Tooth trace
curve curve
Moving rack
Trajectory of
tooth root y
o X

(@) (b)
Figure 1. Rack approximation method: (a) meshing principle; (b) tooth trace mapping.

As shown in Figure 1b, curve AB is the approximate motion trajectory of the tooth
tip of the flexible gear relative to the rigid gear. Point A is the base point for curve
mapping, and a similar coordinate transformation is performed at a ratio of 1/2 to obtain
a new curve AC. Curve BC is obtained by rotating AC 180° around C as the base point.
For approximate rack transmission, the two racks have the same tooth profile shape; that is,
AC and BC form both the convex and concave tooth profiles of the rigid gear and the
concave and convex tooth profiles of the flexible gear.

The equation for the approximate motion trajectory curve AB under the action of an
elliptical wave generator can be derived based on the neutral layer theory and the angular
relationship between various components.

1)

x4 = Xo-cosy+ Yp-siny +p-siny
yap = —Xo-siny + Yy -cosy + p-cosy

where Xy and Y represent the coordinates of a point on the neutral layer, p represents the
length of the vector after deformation of the point, and -y represents the angle between the
vector and the major axis of the point after deformation in the neutral layer, and they are
both related to the rotation angle ¢ of the wave generator, which can be expressed as

ab

Vs grbeosty (05 < g < 057) @)
8 ’(P_'_ v

,Y_ Zg Tm

o

According to the mapping relationship of the rack approximation method, the equation
of the concave tooth profile segment of the rack can be obtained as

xac =05 (X4 + Xo-cosy+ Yp-siny+p-sinvy)
yac =05 (Ya— Xo-siny+ Yy cosy+p-cosy)
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The equation of the convex tooth profile segment is
xcgp =2Xc — (Xa+ Xp-cosy+ Yy -siny+p-sinvy) )
yep =2Yc — (Ya — Xo -siny + Yy - cosy +p - cosy)

where X and Y, represent the coordinates of point A, which can be obtained by sub-
stituting ¢ = —0.5 7 into the equation of the AC segment, and Xc and Y¢ represent the
coordinates of point C, which can be obtained by substituting ¢ = 7 into the equation of
the AC segment.

During the meshing process of the flexible gear teeth relative to the rigid gear teeth
along the trajectory, due to the similar mapping relationship of the curves, BC will maintain
continuous contact with AC; that is, the convex tooth profile of the flexible gear will
always maintain continuous meshing contact with the convex tooth profile of the rigid
gear. The tooth profile constructed by the rack approximation method, under the premise
of approximating an infinite number of teeth, allows the flexible gear to translate along the
tooth profile curve relative to the rigid gear, thereby achieving continuous contact meshing
between the flexible and rigid tooth profiles, as shown in Figure 2.

/——

Profile curve
of rigid gear

Profile curve
of flexible gear

Figure 2. Continuous meshing between flexible and rigid gears.

3. Comprehensive Modification of Tooth Surface Based on the Variable
Radial Deformation Coefficient
3.1. Tooth Profile Design and Parabolic Modification with the Variable Radial
Deformation Coefficient

The shape of the wave generator greatly affects the meshing of the gear teeth, and the
radial deformation coefficient is one of the key parameters determining the shape of the
wave generator. It is defined as the ratio of the radial deformation w of the wave generator
to the normal modulus my, of the flexible wheel.

k= — (5)

My

For an elliptical cam wave generator, the difference between the length of the major
semi-axis 4 and the minor semi-axis b is referred to as the radial deformation.

w=a—"> (6)

Usually, the default radial deformation coefficient is 1, which makes the rack approxi-
mation method have significant limitations. Therefore, in order to expand the application
scope of the rack approximation method, an improved tooth profile design method is
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proposed, and through parabolic modification, the problems of meshing interference and
disengagement are avoided, improving the meshing area of the tooth profile.

3.1.1. Distortion Control of Tooth Profile

There are significant differences in the trajectory of gear teeth under different radial
deformation coefficients. Based on the rack approximation method, the tooth profile was
constructed under the conditions of k = 1.2 and k = 0.8, as shown in Figure 3.

Profile curve Profile curve

Distortion . .
Distortion

Trace curve

@ % B SR S 0 X

(©

Figure 3. Tooth profile and meshing process under different radial deformations: (a) the tooth profile
with k = 1.2; (b) the tooth profile with k = 0.8; (c) the meshing process with k = 1.2; (d) the meshing
process with k =0.8.

As illustrated in Figure 3a,b, the middle of the tooth profile is twisted, which obviously
cannot be applied to harmonic gears. This will cause serious tooth profile interference
during the meshing process, as shown in Figure 3c,d. The reason for the distortion of the
tooth profile is due to the appearance of a roundabout or gentle slope at the top of the trace,
which can be explained from the perspective of the change in the slope of the curve.

As shown in Figure 4a, the slope of the curve gradually increases from point E to
point F to infinity and gradually decreases from point F to point G to 0, while the curve GF
becomes a part of the twisted tooth profile after being mapped by the rack approximation
method. Similarly, the slope of the curve gradually increases from point M to point N and
gradually decreases to 0 from point N to point P, while the curve NP becomes a part of the
twisted tooth profile after being mapped. Therefore, in order to eliminate the distortion,
it is not necessary to map the roundabout or the gentle slope but rather to calculate the
positions of critical points F and N and avoid mapping the trace curves of FG and NP.

The slope of point F and point N on the trace curve is the highest, so the position of
point F and point N can be determined by calculating the maximum slope of the trace
curve. According to Equation (1), the maximum slope of the trace curve is

dxap/dg

7
dyag/de @

kap = max(

After determining the critical point F or N, the curve before point F or N on the trace

can be mapped, and the resulting mapped tooth profile is shown in Figure 5. It can be

seen that by avoiding the mapping of the FG and NP curves, the resulting tooth profile
effectively eliminates the distortion.
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Figure 5. Improved non-twisted tooth profile: (a) k = 1.2; (b) k = 0.8.

3.1.2. Parabolic Modification of the Tooth Profile

When the tooth profile designed by the rack approximation method is applied to both
the rigid and flexible gears, conjugate motion occurs between the two gears. However, this
direct method of constructing the tooth profile mainly has two issues.

(i) Even if the number of teeth reaches hundreds, simplifying it into a rack will still
result in motion errors, as shown in Figure 6. The rack approximation method simplifies the
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relative motion between the teeth of the rigid wheel and the flexible wheel into translational
motion, while in practice, the relative motion between the flexible wheel and the rigid
wheel also includes rotation; that is, the flexible wheel will undergo normal deflection.

Y

A

i
/ \ )<Actua1 trace curve
AR
Aol
/ SR
yd Mo\
/ Approxémat\;\\ \
/ trace curve \\

0]

Figure 6. Comparison between the approximate trace curve and the actual trace curve.

\ _Tooth profile curve

(ii) The method of directly constructing conjugate tooth profiles based on point sym-
metry is relatively accurate for obtaining the same radial displacement (equal in magnitude
and opposite in direction) of flexible gear teeth on the long and short axes. However, except
for cosine deformation, other flexible gear deformations under the action of elliptical wave
generators do not have this result at the long and short axes, and the tooth profile is not
conjugate at this time.

These two issues result in varying degrees of tooth profile interference or disengage-
ment between flexible and rigid gear teeth at different positions in practical operation, as
shown in Figure 7. Therefore, further modification design is required for the initial tooth
profile constructed based on the rack approximation method to ensure that there is no
excessive interference or disengagement between the teeth of the rigid and flexible wheels
during the meshing process.

——Tooth profile of rigid wheel
T ——Tooth profile of flexible wheel

—— Tooth profile of rigid wheel
~Tooth profile of flexible wheel

Interference

Figure 7. Tooth profile interference and disengagement.

This paper adopts the method of parabolic tooth profile modification to solve the two
issues aforementioned—tooth profile interference and tooth profile disengagement.

(i) For interference, it generally occurs during the meshing process between the convex
tooth profile of the flexible tooth tip and the convex tooth profile of the rigid tooth tip.
Therefore, it is necessary to consider whether to modify the flexible tooth tip or the rigid
tooth tip.

Figure 8a shows the modification of the convex tooth profile of the flexible wheel,
and Figure 8b shows the modification of the convex tooth profile of the rigid wheel.
Curve APB is the initial tooth profile before modification, and curve APC is the tooth



Machines 2025, 13, 942

9 of 26

profile after parabolic modification, where / is the distance between the modification

starting point P and the tooth tip and a represents the maximum modification amount of
parabolic modification.

Y Y
C%. B A

. Initial tooth
N h " profile
Modlﬁe(j/‘\‘
tooth profile, p
P \
\ Modified

Initial tooth
profile

0 X
(@) (b)

Figure 8. Parabolic modification of tooth profile for interference: (a) parabolic modification of the
flexible wheel; (b) parabolic modification of the rigid wheel.

The meshing process of two types of modified tooth profiles is shown in Figure 9.
It can be seen that both types of modified tooth profiles can avoid the problem of tooth
profile interference during meshing, but the meshing effect after modification is significantly
different. As shown in Figure 9a, after the flexible wheel fully meshes into the tooth slot of
the rigid wheel, the convex tooth profile of the flexible wheel disengages from the concave
tooth profile of the rigid wheel due to the removal of the material at the tooth tip of the
flexible wheel. However, if the tooth tip of the rigid wheel is modified, it can eliminate the
interference between the convex tooth profile of the flexible wheel and the convex tooth
profile of the rigid wheel when they are engaged, and after the flexible wheel fully meshes
into the tooth slot of the rigid wheel, the convex tooth profile of the flexible wheel can
also mesh well with the concave tooth profile of the rigid wheel, as shown in Figure 9b.

Therefore, in order to avoid interference, parabolic modification should be applied to the
tooth tip of the rigid wheel.

Disengagement

‘//

“

No interference No interference /

| \
/,/](/(‘ o
) — M
i (
===\l
(@)

\\
i

Figure 9. The meshing process for interference after parabolic modification: (a) parabolic modification
of the flexible wheel; (b) parabolic modification of the rigid wheel.
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Combining with Equation (4), the modified tooth profile equation is

{xpc = xpp(g) +a(*F2) @
ypc = yre(9)

(ii) For disengagement, it generally occurs during the meshing process between the
convex tooth profile of the flexible tooth tip and the concave tooth profile of the rigid tooth
root. Therefore, it is necessary to consider whether to modify the flexible tooth tip or the
rigid tooth root.

Figure 10a shows the modification of the convex tooth profile of the flexible wheel, and
Figure 10b shows the modification of the concave tooth profile of the rigid wheel. Curve
APB is the initial tooth profile before modification, and curve APC is the tooth profile after
parabolic modification, where  is the distance between the modification starting point P
and the tooth tip or the tooth root and a represents the maximum modification amount of
parabolic modification.

Y

" Y
< LHL\B 2B
h

Modified ) /‘\‘
tooth profile Modified
tooth profile °
r P

Initial tooth Initial tooth

profile profile
A A

(a) (b)

Figure 10. Parabolic modification of tooth profile for disengagement: (a) parabolic modification of
the flexible wheel; (b) parabolic modification of the rigid wheel.

The meshing process of two types of modified tooth profiles is shown in Figure 11.
It can be seen that both types of modified tooth profiles can avoid the problem of tooth
profile disengagement during meshing, but the meshing effect after modification is sig-
nificantly different. As shown in Figure 11a, after the flexible wheel fully meshes into the
tooth slot of the rigid wheel, the convex tooth profile of the flexible wheel interferes with
the convex tooth profile of the rigid wheel due to the increase in the material at the tooth
tip of the flexible wheel. However, if the tooth root of the rigid wheel is modified, it can
eliminate the interference between the convex tooth profile of the flexible wheel and the
convex tooth profile of the rigid wheel when they are engaged, and after the flexible wheel
fully meshes into the tooth slot of the rigid wheel, the convex tooth profile of the flexible
wheel can also mesh well with the concave tooth profile of the rigid wheel, as shown in
Figure 11b. Therefore, in order to avoid disengagement, parabolic modification should be
applied to the tooth root of the rigid wheel.

Combining with Equation (3), the modified tooth profile equation is

{xpc = xpp(9) — ﬂ(y_hYP)z )

ypc = ypa(p)

In summary, priority should be given to profile modification of the rigid wheel,
followed by profile modification of the flexible wheel in practical operation. Because
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the convex tooth profile of the flexible wheel is the main meshing area during the entire
meshing process, it needs to mesh with both the convex and concave tooth profiles of the
rigid wheel. After modifying the convex tooth profile of the flexible wheel, it is difficult to
ensure good meshing conditions with both tooth profile segments of the rigid wheel at the
same time.

Engagement

=\ A\
NN f—
——\\ f——
, \ ——
j A\ — \
s — NN Engagement y—
Interference / \\ ~/ — §
(b)
Figure 11. The meshing process for disengagement after parabolic modification: (a) parabolic modifica-
tion of the flexible wheel; (b) parabolic modification of the rigid wheel.

3.2. Longitudinal Spline Modification Method Based on Backlash

The cross-section of the assembled harmonic reducer is shown in Figure 12.
The designed tooth profile is located on Section 2, and due to the outward expansion
of the flexible wheel under the action of the wave generator, the closer it is to the front end
face, the greater the radial deformation, as shown in Figure 12b. As a result, the radial
deformation coefficients of the front and rear end faces of the flexible wheel are different,
and there are significant changes in the trace curve. The tooth profiles that could normally
mesh in the main section have undergone varying degrees of interference.

Y Y, X,

S
N
S

(a) (b) (©)

Figure 12. The cross-section of the harmonic reducer: (a) front end face; (b) Y-axis cross-section;
(c) X-axis cross-section.

At the front end face, due to the large radial deformation, the highest point of the
flexible wheel has exceeded the designed tooth profile of the rigid wheel, resulting in
serious interference, as shown in Figure 13a. On the rear end face, due to the small radial
deformation, the flexible tooth tip interferes with the rigid tooth tip at the meshing and
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disengagement positions. Therefore, for the longitudinal modification of harmonic gear
transmission, its spatiality must be fully considered, and the modification design of the
spatial tooth profile must be carried out.

Tooth profile of rigid wheel
Tooth profile of flexible wheel

(@) (b)

Figure 13. The meshing process on the front and rear end faces: (a) front end face; (b) rear end face.

In order to facilitate the processing of flexible wheel teeth, radial modification is often
used to modify the longitudinal profile of the flexible wheel. It can ensure that the tooth
profile of the flexible wheel is consistent on various cross-sections, making it easier to
perform gear hobbing on the flexible wheel.

The traditional longitudinal modification method for harmonic gears usually adopts
linear radial modification. As shown in Figure 14, generally, only the radial modification
amounts of the front end face, rear end face, and intermediate face are designed, and the
modification amounts of the remaining sections are determined using a linear discretization
method. Obviously, the linear modification method can only ensure that there is no
interference in the meshing of the tooth profiles at the front, middle, and rear three sections.
However, since the modification amount of the remaining sections is linearly discrete, it is
difficult to guarantee that there will be no tooth profile interference or disengagement in
the remaining sections.

3 2 Linear modification Original tooth 1

; /

{
3 ’ )
% <
L J

)

Figure 14. Traditional linear modification.

In order to ensure good meshing conditions between the flexible wheel and the rigid
wheel (with a large meshing area and a large number of teeth involved in meshing),
it is necessary to make the backlash small and uniform. Therefore, this paper proposes a
longitudinal spline modification method based on backlash, as shown in Figure 15, which
mainly includes four steps.

i.  Discretize the flexible wheel teeth into n sections along the longitudinal direction.

ii.  Calculate the radial deformation coefficient of each section based on the straight
generatrix theorem.

iii. Analyze the meshing motion under various sections.

iv.  Determine the amount of modification for this section.
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Figure 15. Longitudinal spline modification.

By polynomial fitting the modification amount ¢ of  cross-sections, the fitted modifi-
cation curve equation can be obtained. The highest degree of the curve equation fitted by
an n-point polynomial is (n — 1), considering that the more discrete cross-sections there are,
the higher the degree of the curve equation, which can lead to the occurrence of the Runge
phenomenon. Therefore, the polynomial fitting of the modified curve equation using the
least squares method is adopted, with the highest order not exceeding 4.

In step (ii), based on the known radial deformation coefficient ky of the main section,
the distance [ from the main section to the bottom of the flexible wheel cup, and the distance
l; from section i to the bottom of the flexible wheel cup, k; can be obtained according to the
straight generatrix theorem as
li

ki = kOE

(10)

The meshing trace between the flexible wheel and the rigid wheel in section i can be
calculated according to k;. In order to ensure that the modified flexible tooth profile does
not interfere with the tooth profile on this section and to ensure good meshing conditions of
the tooth profile, the radial modification amount should be minimized as much as possible.
To determine the minimum radial modification amount, a critical backlash x; can be set.
When the radial modification amount J; is such that the minimum backlash x,,;, between
the modified flexible wheel and the rigid wheel is less than xp, J; can be considered as the
appropriate radial modification amount for section i.

4. Finite Element Modeling of Harmonic Gear Transmission

This paper uses ABAQUES for finite element simulation to compare the contact stress
levels and distributions of designed tooth profiles under different radial deformation
coefficients, analyze their contact performance, and verify the effectiveness of the improved
rack approximation method for tooth profile design and the proposed modification method.

i.  Establish entity and mesh models and assign material properties

Establish three-dimensional models of various components of the harmonic reducer
using CATIA, as shown in Figure 16.

‘ Flexible Rigid
wheel Wave generator wheel

Figure 16. Entity model of the reducer.
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Import the entity model into ABAQUS for mesh partitioning. In order to ensure the
accuracy of the deformation and stress results, C3D8R hexahedral elements are selected
for the mesh, the maximum aspect ratio of the mesh is controlled not to exceed 5, and
part of the mesh model is shown in Figure 17. The material properties of each compo-
nent are shown in Table 1. The contact algorithm adopts the finite sliding formulation,
and the contact property includes tangential behavior (frictionless) and normal behavior
(‘hard contact’).

Figure 17. Mesh model.

Table 1. Material properties.

Components Material Elastic Modulus (Gpa) Poisson’s Ratio
Flexible wheel 30CrMnSiA 196 0.31
Rigid wheel 45 209 0.29
Cam 45 209 0.29
Flexible bearings GCrl5 207 0.30

(i) Assembly simulation

Due to the fact that the diameter of the tooth tip circle of the rigid wheel is generally
smaller than that of the flexible wheel, the assembly of the rigid wheel and the flexible
wheel can only be carried out after the wave generator has stretched and deformed the
flexible wheel. When conducting an assembly simulation, the cam is first divided along
the short axis and then placed in the correct circumferential position inside the flexible
wheel. By controlling the rigid reference points RP1 and RP2, the two parts of the cam are
moved in the long axis direction to achieve the deformation state of the flexible wheel after
assembly. After the elliptical wave generator fully expands the flexible wheel, fit the rigid
wheel onto the flexible wheel, as shown in Figure 18.

(i) Mesh simulation

After completing the assembly simulation, it is necessary to conduct a meshing simu-
lation to verify the meshing performance of the designed tooth profile.

The boundary conditions of this process are as follows. Release the rotation of the
wave generator around the axis and constrain the other five degrees of freedom. After
completing the loading, rotate the cam around the axis by 6 = 0.1 rad. Apply a rated
torque to the coupling reference point of the flexible wheel cup, with the load direction
aligned with the cam rotation direction, and constrain other degrees of freedom of the
reference point.
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Figure 18. Assembly simulation.

5. Discussion

This section takes a harmonic reducer model HG-25-50 as an example for tooth profile
design. The flexible wheel serves as the output, the flange of the flexible wheel is connected
to the load, the wave generator serves as the input, the camshaft hole is connected to the
driving component, and the rigid wheel is fixed to the casing as a fixed component.

After installing the wave generator, the flexible wheel teeth will move upward.
In order to avoid interference between the tooth tip circle of the rigid wheel and the
root circle of the flexible wheel, the diameter d,, of the rigid wheel tooth tip circle should be
greater than the sum of the diameter d,; of the flexible wheel tooth tip circle and the radial
deformation wy of the design section. In addition, when the gear teeth are fully engaged, in
order to reduce impact and store lubricating grease, there should be a suitable clearance
between the top of the flexible gear teeth and the root of the rigid gear teeth. In this paper,
the clearance coefficient is ¢ = 0.15.

Three examples will be used to illustrate the effectiveness of the tooth surface design
method proposed in this paper, with radial deformation coefficients of 1, 1.2, and 0.8,
respectively. To illustrate the effectiveness of the modification, a comparison of tooth
surface contact stress before and after modification is conducted in the case where k = 1.
According to Figure 12, the middle section of the flexible wheel is set as the main section,
with a radial deformation coefficient of k,. The deformation coefficient of the front end
face is k1, and the deformation coefficient of the rear end face is k3. Discretize the flexible
tooth surface along the longitudinal direction into 16 sections, with a critical backlash value
X =2 um.

5.1. Design and Analysis of the Tooth Surface with a Radial Deformation Coefficient of k = 1

The basic tooth profile parameters of the flexible and rigid wheels with a radial
deformation coefficient of k = 1 are shown in Table 2.

Table 2. Basic parameters of flexible and rigid wheels (k = 1).

Basic Parameters Flexible Wheel Rigid Wheel
Number of teeth 100 102
Modulus/mm 0.6325 0.6346
Diameter of pitch circle/mm 63.25 63.25
Diameter of tip circle/mm 64.00 63.975
Diameter of root circle/mm 62.50 65.475
Tooth height/mm 0.75 0.75

Tooth thickness of pitch circle/mm 0.676 0.680
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Through iteration, it was found that when the modification height of the rigid tooth
tip is 0.45 mm and the maximum modification amount is 0.045 mm, a better modification
effect is obtained. The tooth profile and meshing process before and after modification are
shown in Figures 19 and 20, respectively.

Original profile

y/mm

\_~Modified profile

-04 -03 -02 -0.1 0 0.1 0.2 03 04 =04 =03 =02 -0.1 0 0.1 0.2 03 04
x/mm x/mm

() (b)

Figure 19. Tooth profiles of the flexible and rigid wheel (k = 1): (a) tooth profile of the flexible wheel;
(b) tooth profile of the rigid wheel.

328
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g 324
’\E. 323
322
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Figure 20. The meshing process before and after modification: (k = 1) (a) before modification;

(b) after modification.

From Figure 20, it can be seen that the rigid tooth tip interferes with the flexible wheel
before modification, but the interference disappears after modification.

When the radial deformation coefficient of the main section is k, = 1, according to the
straight generatrix theorem, the deformation coefficient of the front section is ky = 1.233,
and the deformation coefficient of the rear section is k3 = 0.7982. Therefore, the modification
amount of each discrete section is obtained as shown in Table 3. The fitted longitudinal
modification curve is shown in Figure 21.
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Figure 21. The fitted longitudinal modification curve (k = 1).
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Table 3. Radial modification amount of each section (k = 1).
Section Number Radial Modification Fitted Value/um Fitting Error/um
Amount/um

1 82.9 80.8 2.1

2 75.0 774 24

3 69.4 70.8 1.4

4 60.5 62.3 1.8

5 54.7 53.0 —-1.7

6 46.9 43.9 -3.0

7 375 35.9 —-1.6

8 29.7 29.7 0

9 24.2 25.9 1.7

10 22.7 25.0 2.3

11 25.8 27.1 1.3

12 32.8 325 -0.3

13 422 411 —-1.1

14 54.7 529 —1.8

15 67.2 67.5 0.3

16 83.6 84.5 0.9

The contact pattern is shown in Figure 22 (the frame with the highest number of teeth
involved in meshing). The maximum number of teeth involved in meshing on one side is 11.
The maximum contact stress before modification is 741.9 MPa, and the maximum contact
stress after modification is 541.4 MPa. According to Figure 22a, it can be seen that the
unmodified flexible wheel has contact near the tooth tip on both the front and rear end faces,
while there is almost no contact in the middle of the tooth width. According to Figure 22b,
it can be seen that the meshing area is uniformly distributed along the longitudinal direction.
The contact stress on the front and rear end faces is greater than that in the middle of the
tooth width.

CPRESS
7419x10?
6.801x10?
6.182x10?

CPRESS

5414x10?
4.963x10?
4.512x10?
4.061x10?
3.609x10”
3.158x10?
2.707x10?
-2.256x107
1.805x10?
1.354x10%
9.024x10!
é.51 2x10'

Max:7.419x10?
Elem: ROULUN-1.739530
Node: 529696

il
.

(a) (b)
Figure 22. Contact pattern on the flexible wheel: (k = 1) (a) before modification; (b) after modification.

5.2. Design and Analysis of the Tooth Surface with a Radial Deformation Coefficient of k = 1.2

The basic tooth profile parameters of the flexible and rigid wheels with a radial
deformation coefficient of k = 1.2 are shown in Table 4.

Through iteration, it was found that when the modification height of the rigid tooth
tip is 0.375 mm and the maximum modification amount is 0.015 mm, a better modification
effect is obtained. The tooth profile and meshing process before and after modification are
shown in Figures 23 and 24, respectively.
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Table 4. Basic parameters of flexible and rigid wheels (k = 1.2).

Basic Parameters Flexible Wheel Rigid Wheel
Number of teeth 100 102
Modulus/mm 0.6325 0.6368
Diameter of pitch circle/mm 63.25 64.958
Diameter of tip circle/mm 64.00 64.208
Diameter of root circle/mm 62.50 65.708
Tooth height/mm 0.75 0.75
Tooth thickness of pitch circle/mm 0.676 0.680
32.1 329

y/mm

0.6 0.5 -0.4 =03 =02 -0.1 0 0.1 02 03 04 05 0.6 -0.6 -0.4 -0.2 0 0.2 0.4
x/mm x/mm

() (b)

Figure 23. Tooth profiles of the flexible and rigid wheel (k = 1.2): (a) tooth profile of the flexible wheel;
(b) tooth profile of the rigid wheel. (Solid line: original profile; dashed line: modified profile).

33r

-0.8 -06 -04 -02 0 0.2 0.4 0.6

(@) (b)

Figure 24. The meshing process before and after modification (k = 1.2): (a) before modification;
(b) after modification.

From Figure 24, it can be seen that the rigid wheel and the flexible wheel disengaged
from each other before modification, but the disengagement disappears after modification.

When the radial deformation coefficient of the main section is k; = 1.2, according to the
straight generatrix theorem, the deformation coefficient of the front section is k; = 1.4568,
and the deformation coefficient of the rear section is k3 = 0.9428. Therefore, the modification
amount of each discrete section is obtained as shown in Table 5. The fitted longitudinal
modification curve is shown in Figure 25.

The contact pattern is shown in Figure 26. The maximum number of teeth involved in
meshing on one side is 16, and the maximum contact stress is 398.2 MPa. The meshing area
is uniformly distributed along the longitudinal direction. The contact stress on the front
and rear end faces is greater than that in the middle of the tooth width.
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Table 5. Radial modification amount of each section (k = 1.2).

Section Number Radial Modification Fitted Value/um Fitting Error/um
Amount/um

1 15.8 14.6 —-1.2
2 10.9 12.8 1.9
3 14.1 14.1 0

4 18.1 18.2 0.1
5 25.0 24.6 -04
6 33.6 33.2 —-0.4
7 445 43.8 -0.7
8 56.3 56.0 -0.3
9 70.3 69.9 —-0.4
10 85.2 85.5 0.3
11 101.6 102.6 1
12 118.8 121.4 2.6
13 143.6 142.0 -1.6
14 165.5 164.5 -1.0
15 190.0 189.2 —0.8
16 215.3 216.4 1.1

022 ' ! .
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Figure 25. The fitted longitudinal modification curve (k = 1.2).
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Figure 26. Contact pattern on the flexible wheel (k = 1.2).
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5.3. Design and Analysis of the Tooth Surface with a Radial Deformation Coefficient of k = 0.8

The basic tooth profile parameters of the flexible and rigid wheels with a radial
deformation coefficient of k = 0.8 are shown in Table 6.

Table 6. Basic parameters of the flexible and rigid wheels (k = 0.8).

Basic Parameters Flexible Wheel Rigid Wheel

Number of teeth 100 102

Modulus/mm 0.6325 0.6319

Diameter of pitch circle/mm 63.25 64.452

Diameter of tip circle/mm 64.00 63.702

Diameter of root circle/mm 62.50 65.202
Tooth height/mm 0.75 0.75

Tooth thickness of pitch circle/mm 0.676 0.680

Through iteration, it was found that when the modification height of the rigid tooth
tip is 0.375 mm and the maximum modification amount is 0.015 mm, a better modification
effect is obtained. The tooth profile and meshing process before and after modification are
shown in Figures 27 and 28, respectively.
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Figure 27. Tooth profiles of the flexible and rigid wheel (k = 0.8): (a) tooth profile of the flexible wheel;
(b) tooth profile of the rigid wheel.
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Figure 28. The meshing process before and after modification (k = 0.8): (a) before modification;
(b) after modification.

From Figure 28, it can be seen that the rigid tooth root and the flexible wheel dis-
engaged from each other before modification, but the disengagement disappears after
modification.

When the radial deformation coefficient of the main section is k; = 0.8, according to the
straight generatrix theorem, the deformation coefficient of the front section is k; = 0.9712,
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and the deformation coefficient of the rear section is k3 = 0.6285. Therefore, the modification
amount of each discrete section is obtained as shown in Table 7. The fitted longitudinal
modification curve is shown in Figure 29.

Table 7. Radial modification amount of each section (k = 0.8).

Section Number Radial Modification Fitted Value/um Fitting Error/um
Amount/um

1 37.5 38.1 0.6
2 32.9 329 0

3 28.8 27.1 —-1.7
4 21.5 21.4 —-0.1
5 16.0 16.3 0.3
6 10.9 12.2 1.3
7 8.6 9.5 0.9
8 8.6 8.4 —-0.2
9 9.4 9.1 —-0.3
10 12.5 11.5 —-1.0
11 16.4 15.6 —-0.8
12 21.1 21.1 0
13 27.3 27.9 0.6
14 35.2 35.5 0.3
15 43.0 434 0.4
16 51.6 50.9 —-0.7

0.05 | ®  Radial modification amount

Fitted curve

Radial modification amount /[mm

12
Section position/mm

Figure 29. The fitted longitudinal modification curve (k = 0.8).

The contact pattern is shown in Figure 30. The maximum number of teeth involved in
meshing on one side is 10, and the maximum contact stress is 587.3 MPa. There is a partial
disengagement in the front end face, and the meshing area is evenly distributed from the
middle to the rear end of the tooth width. The contact stress on the rear end face is greater
than that in the middle of the tooth width.

According to the distribution of contact stress and the number of meshing teeth for
three types of tooth profiles, the tooth profile with a radial deformation coefficient of
k = 1.2 has the highest number of meshing teeth, reaching 16, the optimal tooth contact
stress level, with a maximum contact stress of 398.2 Mpa and a distribution of a contact
pattern located in the middle area of the tooth width.
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Figure 30. Contact pattern on the flexible wheel (k = 0.8).

5.4. Rolling Test

Based on the aforementioned analysis, the tooth profile with k = 1 for the main section
was selected as the tooth profile for machining. Both unmodified and modified tooth
surfaces were machined. The basic parameters are shown in Table 2. The experimental
prototype of the harmonic gear reducer is shown in Figure 31, and the harmonic reducer
performance test bench is shown in Figure 32. The load torque is 31 N-m, and the output
speed of the servo motor is 2000 r/min. The lubricating grease is PTG-209A, and the tooth
surface is coated with Prussian blue.

2

3 4

1—Driving servo motor ~ 2—Input shaft torque sensor

Figure 32. Harmonic reducer performance test bench.

3—Test bench

4—-Output shaft torque sensor 5—Loading servo motor
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The contact pattern on the tooth surface after 800 h of operation is shown in Figure 33.
It can be seen that the meshing area of the unmodified flexible wheel is located at the top of
the teeth at the front and rear ends, and there is almost no contact in the middle of the gear
teeth. However, the meshing area of the modified flexible wheel is distributed throughout
the entire tooth width and also participates in meshing in the root area near the front end.
The contact pattern area accounts for approximately 43.8% of the entire tooth surface.

Tooth tip
SWFront end

Tooth root

The contact pattern area accounts for 43.7999% of the
entire tooth surface

©

Figure 33. Contact pattern on the flexible wheel tooth surface: (a) unmodified tooth surface;
(b) modified tooth surface; (c) proportion of contact pattern.

Compared with Figure 22, the contact patterns on the unmodified tooth surface are
mainly located at the tooth tips of the front and rear ends. The contact patterns on the
modified tooth surface are distributed in the tooth width direction from the front end to
the rear end. In the tooth height direction, the contact area is mainly in the middle and
upper part of the tooth height. The closer it is to the front end of the tooth surface, the
closer the contact pattern is to the middle of the tooth height, and the closer it is to the
rear end of the tooth surface, the closer the contact pattern is to the tooth tip. In summary,
the experimental and simulation results are basically consistent, which also verifies the
effectiveness of the proposed modification method.

6. Conclusions

In order to expand the application of the rack approximation method for designing
tooth profiles and enable harmonic reducers to better adapt to different working conditions,
a comprehensive tooth surface modification method based on a variable radial deforma-
tion coefficient is proposed. Based on the above research, the following conclusions can
be drawn:

(1) Based on the rack approximation method and the meshing process of harmonic gear
transmission, an improved tooth surface design method is proposed by introducing
the radial deformation coefficient as the design variable. The meshing characteris-
tics of harmonic gears under different radial deformation coefficients are analyzed.
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Compared with the traditional rack approximation method, this method has stronger
universality and stability.

(2) A parabolic tooth profile modification method and a longitudinal spline modifica-
tion method suitable for harmonic gears were proposed. By combining these two
modification methods, the problem of tooth interference and disengagement under
complex deformation conditions of flexible wheels was effectively solved, improving
the transmission performance of harmonic reducers.

(8) Taking the HG25-50 harmonic reducer as an example, the transmission characteristics
of the designed tooth profile under three radial deformation coefficients were analyzed
using finite element software. Among them, the design tooth profile with a radial
deformation coefficient k = 1.2 has the best comprehensive performance, low tooth
surface contact stress level, and the highest number of teeth involved in meshing.

(4) This paper mainly focuses on the gear tooth design of the double wave harmonic
reducer of the elliptical wave generator. There is currently no research on the ap-
plicability of other forms of wave generators, such as cosine wave generators and
three-wave generators. In addition, this paper only validated a single reducer, without
considering the effects of temperature and friction in the finite element model, and it
lacks dynamic and acoustic analysis, which are future research directions.
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