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Abstract

Finite element (FE) models are widely used in structural health monitoring to represent
real structures and assess their condition, but discrepancies often arise between numerical
and actual structural behavior due to simplifying assumptions, uncertain parameters,
and environmental influences. Temperature variation, in particular, significantly affects
structural stiffness and modal properties, yet it is often treated as noise in traditional model
updating methods. This study treats temperature changes as valuable information for
model updating and structural damage quantification. The Bayesian model updating
approach (BMUA) is a probabilistic approach that updates uncertain model parameters
by combining prior knowledge with measured data to estimate their posterior probability
distributions. However, traditional BMUA methods assume mass is known and only update
stiffness. A novel BMUA framework is proposed that incorporates thermal buckling and
temperature-dependent stiffness estimation and introduces an algorithm to eliminate the
coupling effect between mass and stiffness by using temperature-induced stiffness changes.
This enables the simultaneous updating of both parameters. The framework is validated
through numerical simulations on a three-story aluminum shear frame under uniform
and non-uniform temperature distributions. Under healthy and uniform temperature
conditions, stiffness parameters were estimated with high accuracy, with errors below
0.5% and within uncertainty bounds, while mass parameters exhibited errors up to 13.8%
that exceeded their extremely low standard deviations, indicating potential model bias.
Under non-uniform temperature distributions, accuracy declined, particularly for localized
damage cases, with significant deviations in both parameters.

Keywords: finite element model updating; Bayesian model updating; structural dynamics;
structural health monitoring

1. Introduction

Finite element models (FEMs) are employed in civil and structural engineering for
system response and control [1,2], structural health monitoring (SHM) [3-7], or reliability
and risk assessment [8,9]. Discrepancies between FE models and physical structures
always exist. The sources of discrepancies mainly result from (1) modeling errors from
the ideal assumption in FE modal construction, (2) statistical uncertainties in material
and geometric properties, and (3) irregularities in structure [4,10,11]. These issues may
impair the quality and accuracy of numerical models. Therefore, FE model updating
(FEMU) techniques are developed to calibrate and identify parameters for minimizing
the gap between FE model predicted and measured vibrational data [12-14]. Iterative

Machines 2025, 13, 899

https://doi.org/10.3390/machines13100899


https://doi.org/10.3390/machines13100899
https://doi.org/10.3390/machines13100899
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/machines
https://www.mdpi.com
https://orcid.org/0009-0009-1956-5195
https://orcid.org/0000-0001-9415-9001
https://doi.org/10.3390/machines13100899
https://www.mdpi.com/article/10.3390/machines13100899?type=check_update&version=1

Machines 2025, 13, 899

2 of 30

methods, particularly stochastic and deterministic approaches, are widely used for FEMU,
offering robust solutions for updating complex structural models [10,15]. The deterministic
approach seeks to determine the optimal parameter of the numerical model, thereby
achieving the best fit between the model’s output and the measured data. However, model
updating is inherently an inverse problem, making it sensitive to measurement noise,
incomplete data, and modeling errors. These issues often lead to uncertainties and ill-
posed problems, limiting the model’s robustness. A stochastic approach is essential to
address these challenges effectively. Incorporating uncertainty quantification allows for the
assessment of the impact of uncertainties on model parameters and predictions, improving
the decision-making process regarding the maintenance, repair, or replacement of structural
components [11,12].

The Bayesian model updating approach (BMUA) is an advanced FEMU tech-
nique to update structural parameters using modal data and account for underlying
uncertainties [13,14,16]. This method has achieved satisfactory practical real-world appli-
cation in recent years in buildings [17,18] and bridges [19]. This method treats model
parameters as random variables, and they are identified by their most probable values
(MPVs). The posterior probability density function (PDF) associated with these parame-
ters naturally represents their uncertainty, providing a robust framework to characterize
parameter uncertainty.

However, traditional Bayesian methods typically assume that structural properties
remain constant over time, with uncertainties attributed solely to measurement noise [20].
Additionally, the traditional BMUA assumes that mass is known and only updates stiffness
to prevent the coupling effect of mass and stiffness, as discussed in Section 2.1 of this
study. But the assumption fails if there is also a loss in mass due to damage or mistakes in
determining mass from the engineering drawing. There are a few works that address this
problem by updating mass and stiffness with uncertainty quantification [21-23], but the
temperature effect is not considered.

1.1. Problem Statement and Motivation

Although vibration-based structural condition assessment has been widely used over
the last decade, a successful condition assessment relies heavily on the accuracy of the
measured vibrational properties, such as the natural frequencies and mode shapes of struc-
tures. However, a major challenge arises from the fact that these vibration properties are
influenced by environmental factors, such as temperature, traffic, wind, and humidity [20].
Research has shown that temperature-induced vibration variation can be greater than that
resulting from moderate structural damage or typical operational load [24].

Numerous studies have been conducted to investigate the temperature effect on modal
frequencies. For an experiment performed on the Alamosa Canyon Bridge, it was found
that the first mode frequency varied by approximately 5% during a 24 h time period due
to temperature effects [25]. Similarly, for a reinforced concrete span bridge monitored
continuously for three years, a 10% seasonal change in natural frequency was observed
due to the temperature variation [26]. The variation in temperature from —20 °C to 25 °C
in the Confederation Bridge led to a reduction in modal frequency by 4% [27]. During the
study of the two-span steel-concrete composite bridge for 24 h, the frequencies in all modes
changed “1-2% daily” (from noon to night) [28]. Thus, it has been widely observed that
there is a negative correlation between temperature and modal frequencies. So if there is no
effort to include the temperature parameter in the updating process, there might be false
detection of damage.

If the impact of environmental factors on changes in dynamic structural properties is
not adequately accounted for, vibration-based damage detection techniques can generate
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inaccurate results, such as false positives or false negatives in identifying structural damage.
So it is essential to model and account for the modal variability caused by temperature in
vibration-based damage detection.

Zeng and Kim [29] introduced a novel BMUA to address the coupling effect between
mass and stiffness by measuring two states of a structure: the original state and a modified
state. The key idea is to formulate a new eigen equation for the modified system, which
helps decouple the mass and stiffness parameters during the updating process. However,
the practicality of this approach is limited because it relies on creating a modified system
by retrofitting the structure model with added stiffness or by adding mass [30], which may
not always be feasible or cost-effective in real-world applications. Also, the temperature
effect on the structure was not considered [31,32].

1.2. Research Goal and Significance

The primary objective of this work is to develop an FEMU method that accounts for the
temperature effect while eliminating the coupling effects of mass and stiffness. This method
considers that the stiffness will change with temperature. By using modal data at the
normal temperature and at different temperatures, we can decouple the mass and stiffness
in the model updating process. To achieve the goal, the following tasks are identified:

1.  Create an algorithm to eliminate the coupling effect of mass and stiffness using the
stiffness change caused by temperature variation.

2. Validate the proposed algorithm in two scenarios: uniform and non-uniform tempera-
ture of the structure.

3. Evaluate the probabilistic damage severity in structural parameters in both mass
and stiffness.

To address research on temperature variations, a fundamental approach is essential.
For this reason, a typical structure—specifically, a shear building model—is used to evaluate
the proposed algorithms. Researchers commonly use shear building models as lab-scale
experimental setups to test algorithms [33]. Usually, algorithms are first developed using
simple models and then examined on more complex structures, such as bridges [34,35].
Therefore, applying these algorithms to other structural types, along with experimental
testing, can be considered a direction for future research.

2. Proposed Approach
2.1. Fundamentals and Integrated Algorithm

Bayesian inference is a method of statistical inference in which Bayes’ theorem is used
to calculate the probability of a hypothesis given prior evidence and update it as more infor-
mation becomes available. In essence, Bayesian inference estimates posterior probabilities
based on a prior distribution, because there are many modeling and parametric uncertainty
issues in civil engineering problems, such as time-varying temperature, wind, ground
motion, etc. Bayesian statistics is a crucial technique in civil engineering applications. In
addition, it can be challenging to pinpoint the exact properties of materials such as concrete,
as these materials’ varying production and construction are also uncertain. Moreover, joints
are assumed to be fixed in place during modeling, but in practice, the boundary condition
is affected by environmental conditions [36].

Traditional BMUA is generally considered an acceptable model updating tool; it
primarily focuses on updating stiffness and is typically formulated using the classical
eigenvalue equation as follows:

(K—AM)$ =0 M
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where K and M are the system stiffness and mass matrix, respectively, the eigenvalue A
corresponds to the square of the natural frequency, w?, and the eigenvector ¢ represents
the corresponding mode shape. As we can see from Equation (1), K and M are coupled;
that is, we need information on both system stiffness and mass stiffness to update, and
there can be an infinite combination of mass and stiffness generating the same frequency.
This makes it difficult to uniquely determine both parameters simultaneously [37].

To address this issue, it is often assumed that the mass remains constant or is accurately
known from engineering drawings and material dimensions and properties, allowing only
the stiffness to be updated. This assumption is made in the belief that mass variation has a
minimal impact. However, if the structure is huge and undergoes some damage, such as
spalling, there can be a considerable loss of mass that affects the dynamics of the structure.
Therefore, relying on a fixed mass value can lead to incorrect stiffness estimations and
inaccurate system predictions.

In this research, a BMUA is proposed to simultaneously update mass and stiffness
while inherently addressing their coupling effect based on an earlier study [29]. Unlike
previous methods that rely on physical modifications (e.g., mass or stiffness addition)
to create a modified system, this approach leverages temperature changes Ak to induce
measurable variations in the structural response. This method eliminates the need for
impractical retrofitting and incorporates environmental effects, such as temperature, into
the updating process.

2.2. Change in Stiffness Due to Temperature

A structure subjected to heating effects from the sun or the environment can be
described in terms of its distributed mass, damping, and stiffness matrices in the time
domain via the following equation [38]:

Mx(t) + Cx(t) + Kx(t) = f(¢) 2

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, x is the
displacement vector, ¥ is the velocity vector, & is the acceleration vector, and f is the external
force vector, but for the free vibration case f(t) = 0.

For this study, the structure is assumed to be undamped so that only the degrada-
tion of material performance and thermal stress are taken into account, which affect the
stiffness matrix due to temperature changes. The elastic stiffness matrix, K,, is affected
by temperature-induced changes in elastic modulus, E. For simplicity in this study, a
linear equation between temperature and aluminum elastic modulus is adopted, which is
given by

E(T) = Expec[1 — 6£(T — 20)] ©)

where Ejoc is the elastic modulus of the material at reference temperature, and 6 is the
thermal coefficient of the elastic modulus of the material.

When a compressive axial force is present in a member, the bending stiffness of the
member is reduced. The stiffness matrix that reflects this kind of stress-stiffening effect
is called the geometric stiffness matrix (K) [39]. Here, the element axial force is due to
the longitudinal load, N, caused by temperature in degrees Celsius, 0f is the temperature
coefficient of the elastic modulus, and Eygec is the elastic modulus of aluminum at 20 °C.

The elastic stiffness matrix for the i-th frame element is expressed as
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Hence, the equation of motion for an undamped free response structure is given by
M(t)i(t) +C(t)x+ (K. + Kg)x(t) =0 (4)
For an undamped system, C = 0, the eigenvalue equation for the jth mode is given by
(Ke + Kg — w?M)¢p; = 0 (5)

where wj is the jth natural frequency and ¢); is the corresponding mode shape. For this
study, the standard temperature is assumed to be 20 °C when the elements are free from all
thermal stress. Note that in T;, ¢, the geometric stiffness matrix Ky is zero.

Traditional FEMU is performed by identifying mass and stiffness matrices without
considering temperature; however, in this study, an FE model updates the system stiffness
matrices that change due to temperature. So, using the measured data, the correct mass
and stiffness matrices can be determined using the correct mass and stiffness parameters
and appropriate boundary conditions under different temperatures.

For simplicity, the heat transfer process in this study is neglected. Future work should
aim to incorporate a more realistic thermal heat transfer process to better capture the
coupled thermo-mechanical behavior of the structure.

2.3. Bayesian Model Updating Approach with Change in Temperature

Two systems—one at a reference temperature, T, and another at a different tempera-
ture, T—exhibit changes in stiffness. At Ty, the stiffness matrix is denoted by K = K,. At
temperature T, the stiffness matrix becomes K, + K¢, which can be expressed as K + Ak.
Here, Ak = Ky + k1, where k; = K] — K, represents the change in elastic stiffness due to
temperature variation. The derivation of the BMUA algorithm and uncertainty quantifica-
tion is taken from [29,36,40].

2.4. Thermal Model of the Column

This study examines a simply supported Euler—Bernoulli beam with a rectangular
cross-section, functioning as a column, as shown in Figure 1. The column consists of a linear
elastic, isotropic, and homogeneous material, with dimensions of length I, width b, and
thickness h along the x, y, and z axes, respectively. To simplify the model, the temperature
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distribution for a single element or column is uniform. The reference temperature T, ¢
denotes the stress-free state of the column in the absence of thermal effects.

As discussed in the earlier Section 2.2, the temperature affects K, due to a change in the
elasticity property of the material, as shown in Equation (3). The calculation of K depends
on the axial force N, which is shown in Equation (6). In a conventionally supported column,
both ends are restrained against certain translations and rotations, which restricts thermal
expansion and significantly lowers the thermal buckling temperature [38]. As shown in
Figure 1, axial translation is free but restrained by spring stiffness. The thermal buckling
temperature is the critical temperature at which a structural element (like a beam, plate, or
shell) becomes unstable due to thermal expansion under constraint [41]. An axial spring
can be incorporated at the boundary so that the buckling temperature of the column is
increased, as illustrated in Figure 1. For this study, the stiffness of the spring is calculated
based on the additional stiffness required to reach the critical buckling temperature of the
column at 100 °C. The calculation of spring stiffness is shown in Appendix A of this study,
which is dependent on the length of the element. Then, the value of the spring is used to
calculate the axial force due to temperature, as shown in Equation (6).

The axial thermal force on the column is given by N [38]:

ksa)L
EaT)A + ky(aT)

where the subscript for each parameter, AT, is the difference between T}, f and T, k, is the
stiffness of the spring (N/m), L is the length of the column (m), E is the elastic modulus of
the material (N/ m2), A is the cross-sectional area of the member (m?), and « is the linear
expansion of the material (°C~1) at AT °C; however, A and « are assumed to be constant in
this study because the section dimensions are minimal.

The axial thermal force N(T) acts by compression, as the thermal expansion of the
column is restrained by the boundary conditions. This restriction induces a compressive
axial force that increases with temperature.

o

A

Figure 1. A simply supported column with an axially movable boundary.
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The procedure is summarized in Figure 2 and detailed step-by-step in Table 1. First, the
spring stiffness required to increase the column’s thermal-buckling threshold is estimated.
Then, the corresponding axial thermal load is computed from Equation (6), after which
the temperature-induced stiffness change Ak is calculated. Initial values for the mass and
stiffness parameters are selected, after which the mode shapes corresponding to the m-th
mode—gb,(ﬂm) and ([),Em)—are updated accordingly using the equations shown in Table 1.
These updated shapes are used to recalculate the eigenvalues A,(ﬂm) and /\,((m) via Steps 6a
and 6b, respectively (see Table 1). The mass parameter f* and the stiffness-adjustment
parameter 8* are then updated. The sequence is iterated until the relative change in
both B* and 0* between successive iterations falls below 1 x 104, thereby satisfying the
convergence criterion. The measurement of modal properties is simulated by adding
small Gaussian noise to the true natural frequencies and mode shapes obtained from the
finite element model. A coefficient of variation (C.O.V.) of 0.1% is used to mimic realistic

Step 1: Determine Spring Stiffness to
Increase Buckling Temperature of Column

1

Step 2: Determine Axial Force Generated
by Thermal Force using Eq. (6)

measurement noise.

¥
Step 3: Calculate Ak due to temperature
effect
|
{ 1
Step 4a: Input Parameter Step 4b: Input Parameter
B" = p~28 8" = 6~28
Step 5a:Calculate updated mode Step 5b: Calculate updated mode
— shape shape N
Pm Pic
¥ ¥
Step 6a: Calculate updated Step 6b: Calculate updated
eigenvalues eigenvalues
A7 Ay
'3 )
Step 7a: Calculate updated mass Step 7b: Calculate updated mass
parameter §* parameter 8

Converged?

End (Mass) End (Stiffness)

Figure 2. Flowchart showing the updating procedure.

Table 1 presents equations from the literature [29,36], where a BMUA is performed
by physically modifying the structure to change its stiffness. In contrast, the updating
approach proposed in this study uses stiffness changes caused by temperature variations,
without any physical alteration to the structure. Importantly, the same equations can
be applied here, as the change in stiffness Ak is due to temperature effects rather than
structural modification.
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Table 1. Summary of equations used in the Bayesian updating process.

Step

(Figure 2) Description Equation

Adjusts the mode
shape to better match « _ [ _—2AT T/o—1 -
Step 5a measurements while Pm = {Ueq Gy Gy + Lo (Ze )22L0}

usipg the current LT {(26—1)21 (A—A%)+ (26—1)2243}
estimate of mass.

1

Adjusts the mode

shape to match x« _ [ —2~T T(y—1 -
Step 5b measurements under P = [Ueq G¢—k Gyx+ Lo (Ze )ZZLO}

the- current stiffness Lg {(2;1)21 (;\ A+ (Ze_l)zztﬁ}
estimate.

Updates the natural
Step 6a frequencies under the
current mass estimate. = @/ Ak M) (£ A+ (2012 (6 - Log) |

-1 «T % *
AL = {‘T(’;ZG)\JVI + (Zgl)ll] [(7;]2(4’/(1\7111) M*‘p(Nm) A/ (Nm)

Updates the natural B _
frequencies under the  A; = [UET,ZGU + (=7 1)11] [U;,z (A’(N")*tli’(N")*TK*IP(N“)*)
current stiffness
estimate.

Step 6b
+ @A+ (E (e - L0¢*)]

Adjusts mass
parameters to best fit 4
Step 7a the modal data while ~ g* — (‘7@772 GgGﬁ + Zgl) (%772 GﬁTb m+ Zgl /;?7)
staying close to prior
estimates.
Adjusts stiffness
parameters to best fit 1
Step 7b the modal data while  g* — (%772 GgTGg + 26—1> (%772 GgTb + 29—19'7)
staying close to prior
estimates.

3. Description of the Structure

In this study, we followed the approach of previous works [29,36] and primarily con-
sidered a shear frame, focusing on lateral stiffness, to demonstrate the proposed procedure.
An aluminum shear frame is used and subjected to both uniform and non-uniform ther-
mal distributions. Here, the temperature of the column is increased to the temperature T
from Ty

In a similar study, the spring was attached to increase the buckling temperature of
the beam [38,42]. However, for this study, the column is modeled to increase the buckling
load due to temperature. It is assumed that the critical buckling temperature of the column
is 100 °C, and the stiffness of the spring required to reach that temperature for buckling
is estimated. The spring is also temperature-dependent. The elastic coefficient k; of the
spring is taken as a linear function of temperature increase AT, shown by

ks(AT) = ko + kslAT (7)

where ks, is the spring constant, which is estimated based on the stiffness required to
increase the buckling temperature to 100 °C, and kg is the slope factor of the aluminum
spring associated with temperature increase, which is taken as —25 N/m°C [38].
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A three-story shear frame structure adopted from prior research [43], as shown in
Figure 3, constructed entirely of aluminum, is used as the analytical model for this study.
The base of the structure is fully restrained (fixed) to simulate realistic boundary conditions.
Each floor slab has a square geometry measuring 0.3 m in width and 0.025 m in thickness.

M, M,
K, K’;
M, M,
K, K,
M, M,
K, K’
T w, and & T M o', and @’ IRARRNY

(a) At T, °C (b) At T°C

Figure 3. Three-story shear building at uniform temperature.

The structural system is supported by four aluminum columns at each story level. The
columns have a uniform height of 750 mm, a width of 2.5 mm, and a thickness of 0.6 mm.
Furthermore, mass density, Young’s modulus, the coefficient of thermal expansion of the
beam material, and the thermal coefficient of elastic modulus 0 at the reference temperature
are 2700 kg/m®, 69 GPa, 2.3 x 1075 °C~!, and 3.6 x 10~* °C~1 [38], respectively.

4. Results

The natural frequencies of the structure at various temperatures were determined
through MATLAB (Version 25.1), which is used as finite element software for this study,
and the results are summarized in Table 2. The data indicate that the frequencies for the
first three modes decrease with increasing temperature, which is consistent with trends
reported in the literature [25-28]. Two structural scenarios are considered in the updating
process: one with a uniform temperature distribution and the other with a non-uniform
distribution. Additionally, two damage cases are analyzed to evaluate the effectiveness of
the proposed approach.
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Table 2. Natural frequencies (Hz) at different temperatures.
Mode 0°C 20 °C 50 °C 100 °C
1 8.6799 8.6673 8.6470 8.6093
2 24.3095 24.2134 24.0692 23.8285
3 34.9675 34.8558 34.6867 34.4010

4.1. Considering Uniform Temperature

The proposed updating method, illustrated in Figure 2, was implemented by con-
sidering two distinct states: one at the reference temperature and the other at a uniform
temperature of 50 °C applied across the entire structure. This uniform thermal condition
was selected to reflect the state of the structure during the measurement. The values of
mass and stiffness parameters for each floor are taken as 2, which is overestimated by 100%.

As shown in Table 3, the ‘“Target’ column represents the actual stiffness and mass
parameter as a target value in updating. The ‘Identified” column represents the identified
stiffness and mass parameters as the outcomes of the proposed approach. The standard
deviation (s.d.) indicates the uncertainty of updating parameters, which is determined
from covariance matrices in Equations (A49) and (A53). The identified stiffness parameters
(61 = 0.9996, 6, = 1.0000, 63 = 1.0000) show excellent agreement with their target values
(all set to 1.0000), with low standard deviations and coefficients of variation, indicating
high confidence in the estimates. However, the identified mass parameters (81 = 0.9942,
B2 = 1.0052, B3 = 1.0004), while numerically close to the targets, fall outside the uncertainty
bounds and, thus, lie outside the confidence interval.

Table 3. Updated stiffness and mass parameters (healthy condition).

Target Identified s.d. C.0.V.
01 1.0000 0.9996 0.0418 0.00418
0, 1.0000 1.0000 0.0114 0.0114
03 1.0000 1.0000 0.0293 0.0293
B1 1.0000 0.9942 1.8523x 1078  1.8631 x 1078
B> 1.0000 1.0052 6.4411 x 10~°  6.40804 x 10~°
B3 1.0000 1.0004 11977 x 1078 1.1972x 1078

Although the initial value of the parameters was set to 2, the optimization process
rapidly guided them toward their target values. As shown in Figures 4 and 5, all parameter
values quickly converged and stabilized near 1 within the early iterations, demonstrating
the effectiveness and stability of the updating procedure.

Table 4 shows the frequency comparison between the measured natural frequency
at the reference temperature, 20 °C, and at 50 °C, which is simulated by adding a zero-
mean Gaussian noise with 0.1% C.O.V. and the updated natural frequency. The updated
frequencies are compared with the target or measured at the reference temperature (20 °C)
case; it can be observed that the error between them is less than 0.1%.

Table 4. Modal frequency (Hz) comparison of measured and updated.

Measured Measured Updated o
Mode (20°C) (50°C) (20°C) Error %
1 8.66733 8.63787 8.6632 —0.0615

2 24.2134 24.0737 24.2200 0.0272

3 34.8558 34.6799 34.8520 —0.011
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Figure 5. Evolution of § values over iterations.

The modal assurance criterion (MAC) is used to evaluate how well the updated mode
shapes align with the experimentally measured ones, to validate the accuracy of model
updating. Figure 6 illustrates the MAC [44] comparison between the target/measured and
updated mode shapes. The MAC values, ranging from 0 to 1, are used to quantify the
degree of correlation between corresponding mode shapes obtained from experimental
measurements, which are simulated, and those predicted by numerical models. A value
close to 1 indicates a strong agreement between the two mode shapes, while values signifi-
cantly less than 0.9 suggest discrepancies. The diagonal bars exhibit values of 1, indicating
that the updated model closely matches the measured mode shapes for the corresponding
modes. Off-diagonal elements display zero, confirming that each mode shape is most
strongly correlated with its corresponding mode and not with others, thus validating the
accuracy and orthogonality of the mode shapes.
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MAC Comparison between Actual and Updated
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Figure 6. Comparison of MAC between measured/target and updated modes.

Damage is created artificially by changing critical structural parameters such as flexure
stiffness (EI) and a change in the density of material. The negative sign represents the
mass/stiffness loss with respect to undamaged values. The initial parameter for both
mass and stiffness is taken as 1, as damage detection is usually conducted without prior
information. Table 5 presents two damage scenarios (D1 and D2) characterized by specific
changes in mass and stiffness at different floor levels of the shear frame. A low standard
deviation in the estimated parameters—such as mass or stiffness—indicates that the data
points are clustered closely around the mean, which is assumed to represent the degree of
damage. Therefore, the exact magnitude of the estimated damage may not be critical at
certain damage levels. Further parametric studies are needed to confirm the effectiveness
of this damage detection approach in both experimental and simulation settings.

Table 5. Damage cases with mass and stiffness changes.

Damage Case Mass Change Stiffness Change
D1 —21.5% (3rd floor) —21.8% (3rd floor)
—10% (1st floor) —10% (2nd floor)

D2 —20% (3rd floor) —20% (3rd floor)

Table 6 presents a comparison between the target and identified values of the stiffness
and mass parameters for Damage Case 1. As shown in the table, the identified stiffness
parameters closely match the target values, with a maximum error of only 0.41%. However,
the identified mass parameters (B, and B3) deviate from their corresponding target values,
with a maximum error of 11% and lying outside the confidence interval.

A similar comparison for Damage Case 2 is provided in Table 7. The stiffness parame-
ters continue to show strong agreement with the target values, with a maximum error of just
0.05%. However, the identified mass parameters (81, B2, and B3) exhibit notable discrepan-
cies, with errors reaching up to 6% and lying outside the established confidence interval.
Although the identified mass parameters do not fully match the target values, the updated
stiffness and mass matrices—using these parameters in the finite element model—yield
natural frequencies that closely match the updated values with a maximum error of only
0.45%. Detailed calculations supporting this result are provided in Appendix B.
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Table 6. Updated stiffness and mass parameters (Damage Case 1).

Target Identified s.d. C.0.V.

01 1.0000 0.9998 0.0211 0.0211

0, 1.0000 1.000 0.011 0.011

03 0.7850 0.7818 0.0085 0.0108

B1 1.0000 1.0370 0.0299 0.0288

B2 0.8925 1.0158 0.0240 0.0236

B3 0.8925 0.9871 0.0225 0.0228
Table 7. Updated stiffness and mass parameters (Damage Case 2).

Target Identified s.d. c.0.V.

01 1.0000 1.0003 0.0169 0.0169

0, 0.9000 0.9001 0.0016 0.0018

03 0.8000 0.7996 0.0087 0.0109

B1 0.9500 0.9644 0.0215 0.0222

B2 0.8500 0.9029 0.0108 0.0119

B3 0.9000 0.8807 0.0249 0.0283

Table 8 shows the comparison between the target and updated natural frequencies
for the first three modes under two damage scenarios: D1 and D2. Overall, there is close
agreement in both damage scenarios, validating the effectiveness of the proposed updating
procedure in accurately capturing the dynamic behavior.

Table 8. Target and updated frequencies (Hz) comparison for Damage No. 1 and Damage No. 2.

Damage No. 1 Damage No. 2
Mode Target Updated Target Updated
1 8.55757 8.5535 8.89985 8.8956
2 22.5504 22.5565 23.776 23.7824
3 33.6378 33.6341 34.6765 34.6728

The probability of damage is calculated based on the most probable values of mass
and stiffness and corresponding to the value of s.d using Equation (A5) for Damage Case
1 and Damage Case 2. For Damage Case 1, it can be observed from Figure 7a,b that for a
possible damage level of 21.8% in 03, the probability of damage is 50.4%. However, 8, and
B3 both exhibit very low probabilities of damage for a possible damage level of 21.5%.

Similarly, for Damage Case 2, it can be observed from Figure 8a,b that 8, with 10%
damage and 03 with 20% damage exhibit probabilities of damage of 49.74% and 50.74%,
respectively. In contrast, 81, B2, and B3, under both 10% and 20% damage scenarios, show
very low probabilities of damage.

In conclusion, while this approach demonstrated robust performance in detecting and
quantifying stiffness degradation, its effectiveness in identifying mass changes was limited.
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Figure 7. Probabilistic curves for the D1 case. (a) Probabilistic curves for 6. (b) Probabilistic curves
for B.
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Figure 8. Probabilistic curves for the D2 case. (a) Probabilistic curves for 6. (b) Probabilistic curves
for B.

4.2. Considering Non-Uniform Temperature

To simulate more realistic conditions, the proposed updating method was applied
under a non-uniform temperature distribution, as illustrated in Figure 9. In this scenario,
the structure is subjected to varying temperatures, with the left side experiencing higher
temperatures due to direct solar radiation. At each story level, the two columns on the left
are exposed to elevated temperatures—50 °C at the top, 45 °C in the middle, and 30 °C
at the bottom—while the corresponding columns on the right maintain lower, uniform
temperatures of 30 °C at the top, 28 °C in the middle, and 20 °C at the bottom. This
thermal gradient from top to bottom captures a more realistic environmental condition for
structural assessment.

To compute the change in the stiffness matrix due to temperature, the stiffness variation
Ak is calculated for each pair of columns based on their respective temperature-induced
change in elastic modulus and geometric matrix. These individual Ak contributions are
then assembled to form the global stiffness change matrix for the entire structure. However,
in the current implementation, the same stiffness parameter, 6, is used for all columns
of each story. This simplification may limit the accuracy in cases where column-specific
thermal properties vary significantly. Future work is needed to incorporate column-specific
6 values to more accurately represent material variability and thermal exposure differences

across the structure.
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Table 9 shows the mode frequency comparison between the measured and updated
values, which shows that the error between updated and target/measured at 20 °C is less
than 0.05%.

vAg
<( = M,
£ v Q
50°C 30°C
K, K,y
M,
45°C 28°C
K K,
M,
300 20°C
K
6 Kl
T Annnnny

Figure 9. Three-story shear building at non-uniform temperature.

Table 9. Modal frequency (Hz) comparison of measured and updated for non-uniform case.

Measured Measured o o
Mode 20 °C Non-Uniform Updated 20 °C Error %
1 8.6673 8.69414 8.6632 —0.047

2 242134 24.2635 24.22 0.027
3 34.8558 34.9358 34.852 —0.0109

Table 10 shows the updated stiffness and mass parameters for the healthy case. The
identified stiffness parameters (61 = 1.00040, 8, = 1.0007, and 03 = 0.9964) closely match
the target values of 1.0000, with low standard deviations and coefficients of variation, indi-
cating high reliability. Although the identified mass parameters (81 = 1.0125, B> = 1.00812,
and B3 = 0.9995) are numerically close to the targets, they lie outside the confidence
interval based on their respective standard deviations.

A likely reason is that temperature deviations primarily affect stiffness rather than
mass. As a result, the stiffness parameters were well-identified, accurately reflecting
the temperature variations in both states. In contrast, the mass parameters were poorly
identified, with the updated values poorly distributed across individual degrees of freedom.
This outcome can be attributed to one or both of two reasons. The optimization process may
have become trapped in a local optimum by primarily minimizing the error. Additionally,
the mass parameters themselves may have been relatively insensitive to modal parameters
(frequencies and mode shapes), making them difficult for the proposed algorithm to
properly identify accurately. For example, Kim et al. [45] reported that the uneven mass
distribution in a large structure may change only limited natural frequencies but remain
unchanged in mode shapes using the damage detection algorithm.

One approach to mitigating uncertainties is to use the mass-change FEMU method, as
discussed in Zeng and Kim (2022) [23], in combination with a temperature-induced model
updating scheme. Combining this approach with a temperature-induced model updating
scheme creates a hybrid method. Further research is required to mitigate the model bias.
Once the stiffness parameters are identified, the corresponding mass parameters can then
be determined to minimize errors.
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Table 10. Updated stiffness and mass parameters (healthy case).
Target Identified s.d. C.0.V.
0, 1.0000 1.00040 0.0215 0.0214
0, 1.0000 1.0007 0.0057 0.0057
03 1.0000 0.9964 0.0149 0.0150
B1 1.0000 1.0125 5.4934 x 108 5.425 x 1078
B> 1.0000 1.00812 42383 x 1078  4.2042x 1078
B3 1.0000 0.9995 32746e x 1077  3.2761 x 1078

Figure 10 illustrates the MAC comparison between the target and updated mode
shapes; the diagonal elements exhibit the values of 1, indicating that the updated model
closely matches the measured mode shapes for the corresponding modes.

MAC Comparison between Actual and Updated

1 . 0.00 0.00
107
w
3 0.6
o
=
T 2 0.00 s 0.00 105
®
3 104
5

3 0.00 0.00

1 2 =
Actual Modes

Figure 10. Comparison of MAC between target and updated modes.

Damage Case D1 was simulated on the right two columns of the third story. As
shown in Table 11, the identified stiffness parameters 8; = 1.00048 and 6, = 1.0000 closely
match the target values, indicating no significant damage. In contrast, while 83 = 0.8878
shows a clear deviation from its target of 0.7850, it does not match the target case because
the updated parameter is distributed to all four columns of the third story rather than
two. For the mass parameters, f1 = 1.0204 appears to be close to the target value of
1.0000; however, all three identified mass parameters lie outside the confidence interval
based on their respective standard deviations. Specifically, B> = 0.9871 and B3 = 0.99918
deviate from their target values of 0.8925, indicating that, despite the apparent numerical
closeness in some cases, the mass parameter identification is inconsistent under this damage
condition. This indicates the challenge of identifying localized stiffness degradation under
thermal gradients. Additionally, mass parameters deviated from their targets despite low
uncertainty. Also, probabilistic results showed that 83, B2, and B3 exhibited very low
probabilities of damage, despite the presence of assumed damage levels.

Table 12 presents a comparison of the measured (non-uniform temperature) and
updated natural frequencies for the damage case. The first and second mode frequencies
show excellent agreement, with minimal errors of —0.046% and 0.027%, respectively. The
third mode exhibits a larger error of —2.93%, which can be attributed to inaccuracies in the
identification of the 03 stiffness parameter.
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The probability of damage was calculated for both mass and stiffness parameters.
As shown in Figure 11a,b, the parameters 083, 82, and B3 exhibit very low probabilities of
damage, even under assumed damage levels of 21.8% for the stiffness parameter and 21.5%
for the mass parameters.

These errors likely come from an overly simple model. Using a model with a higher
degree of freedom would capture column-level changes and improve localization. Alter-
natively, this method can be combined with a partial-model method [35] that estimates
stiffness in small substructures—so you do not need a full global model and can pin down
local damage more reliably.

Table 11. Updated stiffness and mass parameters for Damage No.1.

Target Identified s.d. C.0.V.
01 1.0000 1.00048 0.0249 0.0247
6, 1.0000 1.0000 0.0018 0.0018
03 0.7850 0.8878 0.0128 0.0145
B1 1.0000 1.0204 0.0151 0.0146
B2 0.8925 0.9871 0.0083 0.0082
B3 0.8925 0.99918 0.0165 0.0167
Table 12. Target and updated frequencies (Hz) for Damage No.1.
Measured o
Mode Non-Uniform Updated Error %
1 8.63024 8.6262 —0.046
2 23.4631 23.4695 0.027
3 34.274 33.2703 —2.93
1 T T 1 T T
' — — 0, (dashed) = = f, (dashed)
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Figure 11. Probabilistic curves for the D1 case. (a) Probabilistic curves for 6. (b) Probabilistic curves

for B.

In summary, under the healthy condition, all stiffness parameters (6;-63) had percent-
age errors below 0.05% and fell within their target + standard deviation ranges, indicating
excellent accuracy. In contrast, mass parameters (1—B3) showed small percentage errors
(up to 0.6%), but due to their extremely low standard deviations (~1078), the identified
values fell outside the uncertainty bounds.

In Damage Case 1 (uniform temperature), stiffness estimates remained accurate with
errors under 0.41%, all within their standard deviations reported in Table 6. However, mass
parameters showed larger discrepancies: 1—B3 had errors ranging from 3.70% to 13.83%,
all exceeding their respective uncertainty bounds, indicating systematic bias despite low
C.O.V. values. The results indicate a significant probability of damage (50.4%) in 65 at a
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possible damage level of 21.8%, while the mass parameters B, and B3 exhibit very low
probabilities of damage at a comparable damage level of 21.5%.

In Damage Case 2, the stiffness parameters again closely matched the target values, as
reported in Table 7. Mass parameters 81 and B3 were within acceptable bounds, but 8, had
a 6.22% error, exceeding its uncertainty range. For probabilistic damage detection, 8, with
10% damage and 03 with 20% damage exhibit notable probabilities of damage at 49.74%
and 50.74%, respectively. In contrast, the mass parameters 1, B2, and B3 show very low
probabilities of damage under both 10% and 20% damage scenarios.

Under non-uniform temperature, performance declined. While 6; and 6, remained
accurate, 03 deviated significantly (13.1% error, outside £0.0128). All mass parameters
exceeded their uncertainty bounds, with errors up to 12%, indicating reduced reliability in
localized damage detection under thermal gradients. For probabilistic damage detection,
the results show that 03, B2, and B3 exhibit very low probabilities of damage, despite
assumed damage levels of 21.8% for stiffness and 21.5% for mass parameters.

5. Conclusions

This paper introduces a novel BMUA framework that incorporates temperature-
induced variations, which affect the structural stiffness matrix. Simulated data under
two distinct thermal conditions—consisting of natural frequencies and mode shapes—are
used to evaluate the framework. These simulated responses enable the decoupling of
the mass and stiffness updating processes, thereby removing the need for prior assump-
tions about the mass matrix. The main conclusions and contributions of this work are
summarized below:

*  The proposed updating approach effectively updates both mass and stiffness while
addressing the coupling effect by using temperature variation that changes the stiffness
of the structure. Unlike previous research methods that require physical modifications,
such as adding mass or stiffness to create a modified system, which is often impractical
in real-world scenarios, this approach offers a practical way that relies solely on
naturally occurring temperature changes.

e The proposed updating approach effectively eliminates temperature-induced changes
in natural frequencies and mode shapes, helping to ensure that structural damage is
not obscured by temperature.

*  Under uniform temperature, the proposed BMUA accurately identified stiffness;
however, the mass parameters fall outside of the uncertainty range. Under non-
uniform temperature, localized damage accuracy declined, falling outside of the
uncertainty range, likely due to an overly simple model.

Although the proposed BMUA shows promise for SHM, several steps remain for
future work. First, it should be validated against both laboratory and field measurements.
Second, it should be applied to additional structures (e.g., trusses and bridges). Third, the
model should include a more realistic thermal heat transfer process and more updating
parameters to account for localized damages. Finally, the framework should also be inte-
grated with mass-perturbation FEMU approaches to eliminate errors for the identification
of mass parameters.
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Nomenclature

The following nomenclature are used in this manuscript:

Symbol Description

A Eigenvalue (square of natural frequency)

w Natural frequency

A Eigenvalue of modified structure

w' Natural frequency of modified structure

A Measured eigenvalue

¢ Mode shape (eigenvector)

¢’ Mode shape (eigenvector) of modified structure
¢ Measured mode shape

M Mass matrix

K Stiffness matrix

c Damping matrix

Ak Change in stiffness matrix due to temperature
kq Change in elastic stiffness matrix due to temperature
Q Vector of uncertainty parameters

C Structural model class

D Measured data

p(Q|C) Prior probability density function

p(D|Q,C) Likelihood function of observed data D
p(Q|D,C) Posterior probability density function of parameters ()
p(D|C) Normalizing constant (also denoted as cg)
ME,, Eigen-equation error when updating mass
ME;, Eigen-equation error when updating stiffness
Ny Number of measured modes

Ny Total number of modes

0 Stiffness parameter vector

B Mass parameter vector

Ye Covariance matrix of measurement error

g Covariance matrix of prior mass parameters

Zy Covariance matrix of prior stiffness parameters
exp Exponential function

K; The Ith elemental stiffness matrix

M; The Ith elemental mass matrix

Ky Constant stiffness matrix (set as zero)

My Constant mass matrix (set as zero)

d Fractional damage level

Pld“m (d) Probability of damage at damage extent d

d(-) The cumulative distribution function

0 The standard deviation

(qu Variance of eigen-equation error

Jm Objective function for mass updating

Tk Objective function for stiffness updating
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o Constant in prior probability density functions
Ly Mode shape matching matrix (selection)
T, Ty Residual matrices for mass and stiffness
N N Coefficients of variation for simulated data
€ Measurement noise (Gaussian error)
r Covariance matrix of updated parameters
()" Nominal parameters of (-)
()* Updated parameters of (-)
Young’s modulus
Ep oc Young’s modulus at 20 °C
O Coefficient of elastic modulus
K, Elastic stiffness matrix at reference temperature
K, Elastic stiffness matrix at different temperature
K, Geometric stiffness matrix
T Temperature of element in degrees Celsius
Tref Reference temperature
AT Difference between T and T, ¢

Moment of inertia

A Cross-sectional area

L Element length

i Coefficient of linear thermal expansion

ks Axial spring stiffness

kg1 Slope factor of spring associated with temperature increase

Z

Axial force due to thermal effect

Appendix A. Calculation of Stiffness of Spring
Critical Force

The critical load to buckle the column is calculated based on Euler’s critical load
formula. The effective length factor for this column is taken as 1 based on the assumption
that it is simply supported.

2
m“El
Peritical = 1z

72 (69 % 10 N/m?) - (45 x 10710 m
_ ; — 548N
(0.75m)

Appendix B. Investigation of Mass Updating at Damaged Case

In Damage Case D1, the updated natural frequencies calculated using Equations (A42)
and (A49) are compared with those calculated from the FEM using the updated pa-
rameters obtained through the model updating process. The table below summarizes
the comparison.

Mode Updated Frequency (Hz) FEM (Hz) Percentage Difference (%)

1 8.5535 8.5466 0.0807
2 22.5565 22.5192 0.1656
3 33.6341 33.4807 0.4582

As shown above, the natural frequencies calculated from the updated FEM closely
match those obtained from the updated damage case. However, although the updated
stiffness parameters closely matched the actual values and resulted in accurate reproduction
of the natural frequencies, the updated mass parameters did not align well with the actual
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system. This highlights a remaining limitation in effectively capturing the coupling effects
between mass and stiffness for this particular structure. As a result, there is still a gap
in accurately identifying mass-related changes, which requires further investigation and
methodological improvement in future studies.

Appendix C. Mathematical Derivation
Appendix C.1. Theoretical Background of BMUA

The proposed approach employs Bayesian probability theory to update structural
parameters by integrating prior knowledge with measured data. The framework is based on
Bayes’ theorem, which combines the prior distribution, likelihood function, and measured
data to form the posterior probability density function (PDF). The posterior PDF represents
the updated belief about the structural parameters given the observed data and is expressed

46
o el P(D|Q,C)-P(Q]C)

P(Q| D,C) = PO

(A1)

whereby

* D represents the vector of the measurements;

e P(Q ] C) represents the prior distribution;

e P(D|Q,C) represents the likelihood function of the parameters;
e P(D| C) represents the evidence;

e P(Q | D,C) represents the posterior distribution.

For this study, measured data are taken as the measured eigenvalue and mode shapes
for model updating. (2 is the structural physical parameters, including mass and stiffness
parameters in this study. The posterior PDF for the unknown parameters is given by
Bayes’ theorem:

p(A ¢, QA $,C) =cop(A,d| A, ¢,Q,Cp(A,¢|Q,Cp(Q]C)
=cop(A, ¢ [ 1,9, Q)p(A, ¢ | Q,C)p(Q2| C) (A2)

where A are updated eigenvalues, ¢ are updated mode shapes, and A are parameters to be
updated. A are measured eigenvalues, ¢ are measured mode shapes, and the constant term
is denoted by ¢,. A class of dynamical models C is considered with Ny DOFs. The stiffness
matrix K(0) is parameterized by 8 = [0y, 82, 03, ...., Ong] T as follows:

Neo
K(0) =Ko+ ) 0,K; (A3)
=1

Similarly, the mass matrix M(B) is parameterized by B = [B1, B2, B3, Bnpl”
as follows:

Ng
M(B) = Mo+ Y BiM; (A4)
1=1

The Ith stiffness parameter forms the /th elemental stiffness matrix, K; = 90K/0d6;;
similarly, the mth mass parameter forms the mth elemental mass matrix, M, = oM /9B,.

Ky and M are constant matrices and are set to zero for the sake of convenience. The
scaling parameters 6 and B allow the nominal matrices to be updated based on dynamic
test data from the system.
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Appendix C.2. Probabilistic Damage Detection

The application of the BMUA allows damage detection and quantification. To better
quantify the damage, the most probable values and standard deviations of the mass and
stiffness parameters are used to calculate the probability that a specific parameter 8 or 8 has
been reduced by a fraction d relative to the undamaged state of the structure. The probability
can be computed using updated parameters and corresponding standard deviations based
on asymptotic Gaussian approximation [47,48].

Pl (d) = p(Q < (1-d)Q! | C)
- /_oo (o < 1—m0p | ai,c)p(0p | c)doj

(1—d)oud —
~ ¢ (A5)

Va—apee+ @y

where ® represents the cumulative distribution function of the standard Gaussian ran-
dom variable, Q**¢ and Q*¥ denote the most probable values of the /th mass and stiff-
ness parameters for healthy and damaged structures, and (T,”d and Ulp 4 are corresponding
standard deviations.

Appendix C.3. Derivation for Decoupling the Mass and Stiffness with Change of Stiffness
K¢ = MpA (A6)
(K+Ak)gp' = Mg\ (A7)

where A and ¢ are eigenvalue and mode shape at standard temperature, respectively, and
A’ and ¢’ are eigenvalue and mode shape at a different temperature. ¢'" is pre-multiplied
on both sides of Equation (A6).

¢ Kp = ¢ MpA (A8)
Similar to Equation (A7),
' (K+Ak)gp" = ¢ MgV (A9)
Subtracting Equation (A8) from Equation (A9) gives
' TMPN — ¢’ MPpA = ¢'T Ak (A10)
Let us assume H = ¢'TM and Z = ¢'T Ak¢; Equation (A10) is rewritten as
HN —HA=1Z (A11)
Therefore, H is solved as another expression, H 7
H =\ —))"1¢'TAkg (A12)
Finally, eigen-equation error, ME,,, is reformulated when updating mass:

ME, =H—H = ¢'"M¢p — (M — 1) 1¢'TAk¢ (A13)
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Similar derivation procedures for stiffness updating are employed, and ¢’ is pre-
multiplied as in Equation (A6):

9" K¢ = A" Mg (A14)

The transposed matrix of Equation (A7) is first calculated, then the resulting equation
is post-multiplied by ¢:

¢'T(K+AK)p = \'¢'TM¢ (A15)
Pre-multiplying Equations (A14) and (A15) by A1 and A'~1, respectively, gives

ATl K = ¢ TM¢ (Al6)
N (K+ Ak)gp = ¢'T Mg (A17)

Subtracting Equation (A16) from Equation (A17) gives
)L_1¢,TK¢ o A/_1¢,TK¢ _ )\/_14),TAk¢ (A18)

Defining Y = A’ ~1¢’TAk¢ and W = ¢'TK¢, Equation (A18) is simplified. Also, W’
expression is given by

W’ = (/\71 o A/71)71A171¢/TAk¢ (A19)
Then, the eigen-equation error, MEjy, is reformulated when updating stiffness:
ME, =W —W’' = ¢'TKp — (A1 = A'"H)" IV 19p'TAkgp (A20)

Using Equations (A13) and (A20), the coupling effect could be addressed, as mass up-
dating by Equation (A13) does not require any stiffness information and stiffness updating
by Equation (A20) does not require any mass information.

Appendix C.4. Formulation of the New Prior PDF with Ak

Assume N;; modes are measured. The prior PDF in the proposed BMUA is chosen as
when updating parameters, B:

pm(A,@,B | C) = pu(A, ¢ |B,C)- pu(B|C) (A21)

where A = [A1, A2, AN#]T and ¢ = [¢, ¢?, ..., pN"]T are eigenvalues and eigenvectors
to be updated, respectively. p,; (A, ¢ | B, C) is formulated using Gaussian PDF with the
new eigen-equation error in Equation (A13):

(A22)

202,

T (A A\=1 T 2
Pm(Af¢|ﬁ/C)=CoeXPl_H¢ Mo -GN ¢ A’“PH]

where ¢ denotes a constant, the sign of ||.|| denotes mathematical Euclidean norm, and
(Tezq denotes a defined variance of eigen-equation error. Equation (A27) is simplified as

pm(A, @ | B,C) =coexp |:_;]g_m()\/ ¢;ﬂ)] (A23)
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where
Jg m(A, ¢;B) = Ty Zor' T (A24)

where T, = ¢'(™" Mg — (A1) — A(m)) =1 (m)T AJegp (), Leq = 0y denotes the covari-
ance matrix in prior PDF; I denotes an identity matrix. X, arises from the modeling error
between theoretical and target FE models. Another term of p,, (B | C) in Equation (A21) is
approximated by a Gaussian distribution, which has a mean value of g7 (nominal value)
and covariance matrix, g = 01231, 0p is selected as a large variance to let p (B | C) be a
non-informative prior [36]. Hence, p., (B | C) maybe expressed as

2
pu( ] C) = exp |- B LIE ] (A2
B

Combining (A23) and (A25), the prior PDF in Equation (A21) is rewritten as

_||/s—m||2] (A26)

202

1
Pu,9B1C) = coexp |~ 3T n(1,93B)| - oxp
B

Appendix C.5. Formulation of Likelihood Function

Assuming a measurement error, &,

m B le¢

where the Gaussian distribution is assigned to e. A denotes the measured eigenvalues; ¢

(A27)

denotes measured mode shapes. Lg consists of ‘1s” or ‘0Os’ to match measured partial mode
shapes with the theoretical counterparts. Therefore, the likelihood function is expressed as

2
A

Log
2%, ]

a

pu(A, | A, ¢ﬁC)_p(x,¢;|A,¢):exp[_ ||

S >

(A28)

where ¥ is the measured covariance matrix that can be obtained by Bayesian modal analy-
sis, reflecting the effect of measurement noise on identified frequencies and mode shapes.

Appendix C.6. Formulation of Posterior PDF with Ak

Based on the formulation of the prior PDF in Equation (A26) and the likelihood
function in Equation (A33), the posterior PDF for mass updating can be written as

’ Ao

s ¢ Logp 1 1

w0, 0.813,6,0) = cvep [ LB Ly gy 1P (A29)
¢ B

The asymptotic approximation method is used to obtain MPVs of structural parameters
in Equation (A29). The most probable values (MPVs) can be found by minimizing the
objective functions, and analytical formulations of model parameters and uncertainty can
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be conveniently derived. The objective function with additional stiffness when updating
mass parameters is expressed as

Jn(A, ¢, B) = (ﬁ BTE (B~ B")
Ny

o7 L|¢

eq m=1

~ T a
11 A A A A
S Yl B
+2l¢ Lo4’] élqb Lo¢]

In terms of updating stiffness, 8, the same derivation is employed; the prior PDF has

()T pg g (m) (A/(m) _ )\(m)>_1¢/(m)TAk¢(m)

(A30)

the expression

_ 2
P, 9,81 C) = coenp) 31y (1, 930)| -exp [—("T)] (A31)

20,
where A are updated eigenvalues; ¢ are updated eigenvectors.

Jo k(A ;0) = coT £, Ty (A32)

1
where Ty = ¢'(m Kg(m) — (Mm)*l —A’<m>*1) A7 pmT Akp(m) - The likelihood
function is given by

2
A

Log
2%, }

S >

Pl b | 4, 0,0,C) = p(A, | A ¢) = exp [— H (A33)

The objective function with additional stiffness when updating stiffness parameters is
expressed as

0—07)Tx,'(0—07)

20—2 Z

()T g m) (A<m>*1 _ A/(m)*l)‘l A1 /()T e g )
eq m=1

A Tz,l A
$ Lop | € Lo¢

Optimization Framework with Ak

NI~

Jk(A, @, 0) =

(A34)

+

<= >

1
2

MPVs of the updated parameters are determined using the asymptotic approximation
technique applied to the objective functions given in Equations (A30) and (A34). The
asterisk symbol “*" indicates an updated value. The optimal values of ¢, are obtained by
minimizing [, (A, ¢, B) with respect to ¢.

N

-1
= [02Gh nGom + LE(E )2Lo|  LE[(ENm(A=A7) + (Z )| (A35)

where (X-1),; is left bottom sub-matrix of 7 1; (£-1) is right bottom sub-matrix of X 1.
Gy_m is defined as

Gom = diag( [¢’<Nm>” (M* — (0 A0 _1Ak” ) (A36)

Ny x NyNps
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where the sign of ‘diag’ indicates diagonal matrix.
Similarly, by optimizing Equation (A30) with respect to A, the optimal A* is obtained as

-1 * * *
A;kn — [U—;IZG/\_m + (26—1)11:| |:0_g—qZ(¢/(Nm) TM*‘P(NM) )L,(Nm)
(A37)
_ ¢/(Nm)*TAk¢(Nm)*> + (Zgl)ll;\ 4 (Zgl)lz (¢ o LO¢*):|

where (£-1)1; is the right top sub-matrix of £21; (£71)11 is the left top sub-matrix of 1.
G)_m is defined as

G = (7;72 diag( {IP/(N"’)*TM*‘P(NM*} )N,,,><Nm (A38)

Similarly, by optimizing Equation (A30) with respect to B, the optimal §* is obtained as
-1
B = (a;qzcgcﬁ + Zlgl) (a;qzcgbm + 21;1;3’7) (A39)
where Gﬁ and b, are expressed as

— 1(Nw)*T (Nw)* ... 1(Nu)*T (Nm)*
Gy = |9 Mg A (A40)

* * 71 * * * *
by = [(/\’(Nw — A(Nw) ) @' N A Nm)* ! (N)™" g, g (Nm) ] (A41)
NNy x1

When updating stiffness, the optimal ¢ is obtained by optimizing Equation (A34)
with respect to ¢ as

-1 R "
¢ = {Uggzcgfkcqa_k + Lg@j)zz’w] Lg [(221)21 (A =A%)+ (251)224’] (A42)

where G, i is expressed as

¢/(N,,,)*T (K* o (/\(Nm)*71 _ A/(Nm)*il) 1)\,(Nm)*Ak) :| ) (A43)

Gy = diag (
Ny X NyNip

where K* = K(6).
The optimal A} is expressed as

-1 . .
Ap = [Ug_qu/\,k + (Ze_l)ll} |:Ue_q2 ()L/(Ng) /N0 K p(No) ) +(Z¢HuA

(A44)
+(ZD12(h - Lo@)}
where G, j is expressed as
Gy i = 0 dliag [/ ™) (R + Ak)qb(Nm)*DN N (A45)

The optimal stiffness parameter 8* is obtained as

0" = (a;chg Gy + 2;1) B (a;qZGGT b+ 2;16'7) (A46)
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where Gy and by is expressed as
- 1(Nw)*T (Nm)* 1(Nw)*T (Nw)* ... 1(Nw)*T (Nm)*
Go = [¢' ™M) K ¢’ Ko ¢/ N Ky, 9| oy A1)
b ( AN A(w)**l) T N g N T Ay N)* g (No) T g (N)*
k= - ¢ Ak - ¢ Ko (A48)
N x1

T\ ¢,B) =

Initially *, 0* and A* are defined as nominal values, respectively: 87, 8”7, and mea-
sured A, which, in this study, are simulated by adding small Gaussian noise to the true
natural frequencies and mode shapes obtained from the finite element model. A coefficient
of variation (C.0O.V) of 0.1% is used to mimic realistic measurement noise. The mathematical
expression to generate simulated natural frequency and mode shape is given by Yuen [36]

W2 = w? + 1, - w?-e

Here, w?, is the simulated (measured) squared natural frequency, w? is the reference
(true) squared natural frequency, 7., is the coefficient of variation (C.O.V.) for frequency
(e.g., 7w = 0.001), and € ~ N (0,1) is the standard normal random variable.

1

vNy

Here, 41,(1? is the simulated (measured) i-th component of the mode shape, gb,(i) is the

T('i):¢£i)+774" g, i=1,...,Ns—1

reference (true) i-th component of the mode shape, 774 is the coefficient of variation (C.0.V.)
for mode shapes (e.g., 77p = 0.001), N, is the total number of degrees of freedom, and
€; ~ N(0,1) is the standard normal random variable (independent for each 7).

Appendix C.7. Uncertainty Quantification with Ak

When sufficient measurement data are available, the posterior probability density
function (PDF) can be effectively approximated using a Gaussian distribution. In this
context, the mean and covariance matrix of the Gaussian are represented by the MPVs of
the updated parameters and the inverse of the Hessian matrix of the objective function,
respectively. This covariance matrix serves to express the uncertainty associated with the
model parameters [36]. The covariance matrix of s (A, ¢, B) in the case of mass updating

is given by
-1
0o Grm + (e M1 0e? L1 + (2 H12Lo 0o’ Lo
sym 0e°G Gy + L (2 )22Lo 20,.°L3 (A49)
sym sym Ul;JZG/gGﬁ + Zgl

where L1, L, and L3 is given by

L= diag{(/\(N"z)*gb’(N’”)*TM* " gb/(N’")*TAk B )‘,(Nm)*ql’,(N’”)*TM*)}N . (A50)
m X NG Nm
L, — [( ANm)* Ar(NmV)q,r(Nm)*T MKD;JN 1 (A51)
* * * #\ 1 !
Ly — [¢/(an) T <¢/(Nm) T (M* - (A/(Nm) — A(Nu) ) Ak) Ml¢:;z>] (A52)
NyNy x1

Similarly, the covariance matrix of Ji (A, ¢, 0) when updating stiffness is described as



Machines 2025, 13, 899 28 of 30

0o G+ (2D 0o La+ () 12Lo o°Ls
(A, ¢,0) = sym Ug]ng Gy + LI(Z )L 20,.2Lg (A53)
sym sym (7;12 GlGy+ X, !

where L4, Ls and Lg are defined as

Ly — diag ([0 @/ (1 + k)~ AN TR (asy
Ls = [(VOW) - A0 ) T ] (A55)
* * *k— k— -1 * T
Lo — [4)/(1\],,,) T <¢/(Nm) T (K* _ (A(Nm) Y A/(Nm) 1) A/(Nim) Ak)) Kzﬁ] (A56)
NNy x1

Once the covariance matrix I is obtained, the standard deviations of the updated
parameters can be determined by taking the square root of the diagonal elements of I'.
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