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Abstract: Parameter identification in dynamical systems is a well-known problem with
many applications in control design, system monitoring, and fault detection. As these
systems are increasingly integrated into complex and demanding environments, challenges
such as rapid response, uncertainty handling, and disturbance rejection must be addressed.
This paper presents a real-time estimation technique for parameters and load torque in
brushless DC (BLDC) motors. These electrical machines are extensively used in engineering
applications and often operate under hard conditions. The proposed method is based on
algebraic identification, known for its robust performance in both linear and nonlinear
systems. In utilizing the mathematical model of a BLDC motor, a set of equations is derived
to enable parameter estimation, assuming the availability of input and output measure-
ments in open loop. Moreover, unknown load torque is estimated by approximating the
disturbance over a short time window using Taylor series expansion polynomials. The
theoretical contribution is analytically validated and is also verified through numerical
evaluations revealing the effectiveness of the proposed technique for real-time parameter
and disturbance estimation in BLDC motors over other important techniques. Additionally,
to address potential peaks in the estimation process, a modification involving an exponent
is introduced to mitigate these issues.

Keywords: algebraic identification; brushless DC motor; motor control; synchronous
motors

1. Introduction

BLDC motors are now present in many automated systems within several industrial
sectors. Their applications rely mainly on robotics, electric vehicles, pumps for irrigation,
drones, and home appliances. Some predictions indicate that by 2030, these electrical
machines will replace classical induction motors in industries. The growth and improve-
ments in this machine have increased its demand expecting to reach a global market of
USD 15.2 billion by 2025 [1-3]. In this sense, several contributions in control strategies,
estimation techniques, and power electronics for these systems have been proposed, where
several challenges persist in different applications. Issues such as low resolution in Hall-
effect sensors, delays in speed sensing for low-speed environments, and instability in some
identification methods are continuously being improved upon. In this context, an improved
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observer was developed in [1] that includes a weight factor to compensate for delays and
low resolution in speed sensing. These improvements are integrated into a model reference
adaptive control scheme for a rail traction system. Similarly, in [4], a multi-parameter
identification method for Permanent Magnet Synchronous Motors (PMSMs) based on an
annealing particle swarm optimization algorithm within a model reference adaptive control
scheme was proposed to improve accuracy and manage uncertainty. Also, ref. [5] proposed
an online parameter estimation technique using an energy model to construct a torque
load observer, with a recursive least squares algorithm. In the same way, ref. [6] reviewed
online estimation techniques for PMSMs including BLDC motors where these tools are
applicable. In this sense, ref. [7] proposed a torque estimation technique developing an
Adaptive-Network Fuzzy Inference System for a BLDC motor used in light electric vehicles.
Another important issue that is present in sensorless PMSMs is to obtain the rotor position
to operate these machines. Various ways exist that can be used to solve this problem in-
cluding advanced strategies such as identification techniques. For example, state observers
can be used for any application as long as the mathematical model is known. Thus, this
strategy is applicable for obtaining information from electrical machines, such as rotor
position [8]. These identification methods are used in different systems where electrical
machines are present; using these tools, common control problems can be reduced, such as
non-modeled dynamics, parametric uncertainty, and disturbance rejection. In introducing
these tools within control strategies, robustness and efficiency are achieved. Complex sys-
tems such as electromechanical actuators and anthropomorphic robots of multiple degrees
of freedom present natural nonlinearities and are subject to unknown disturbances. These
identification methods are used in order to obtain adaptive controllers that improve the
system behavior [9,10].

The algebraic framework was introduced first for continuous-time linear systems
by Fliess and Sira-Ramirez. The main features of this approach include the possibility of
closed-loop identification and robustness against noise [11,12]. Over time, this approach
has been extended to nonlinear systems including electrical machines. For example, this
technique is employed to estimate harmonic torque loads in direct-current motors, as
explored in [13]. Moreover, ref. [14] discusses the use of this technique for estimating
multiple harmonics and their corresponding parameters, including amplitude, frequency,
and phase. For many applications, this identification technique provides algebraic formu-
las that can be physically implemented, offering fast and accurate performance. This is
demonstrated in [15], where the algebraic approach is used to identify undesired harmonics
in electrical power systems. The formulas derived with this technique rely on the use of
iterated integrals, which offer several advantages. For instance, in the context of automatic
control, techniques incorporating integrative actions have improved system performance
over the decades. One of the key benefits is their ability to reject disturbances. In this regard,
Proportional-Integral (PI) controllers are widely employed to regulate electrical machines.
However, traditional PI controllers exhibit certain limitations in applications involving
inverters and power electronic devices. For example, the integration of artificial intelligence
or fractional calculus can enhance PWM algorithms, as discussed in [16]. Model Predic-
tive Path Integral control also demonstrates superiority in comparison with traditional
Proportional-Integral-Derivative (PID) controllers applied to autonomous underwater
vehicles [17]. In ref. [18], Higher-Order Sliding Mode Control with bounded integral action
was analyzed in the context of physical constraints such as actuator saturation and the
integral windup phenomenon. These issues are important to consider in order to avoid
ineffective control if not properly addressed. Consequently, the correct tuning parameters
should be computed considering these constraints.
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BLDC motors belong to the family of synchronous machines, and various methods
exist to operate them. The complete system involves the BLDC motor and the Electronic
Speed Controller (ESC). Regardless of the strategy employed to determine the rotor position
that can be through Hall-effect sensors or Back Electromotive Force (back-EMF) detection,
different control strategies can be implemented. Among these, PI current controllers
are widely used for BLDC motors due to their ability to achieve full torque. However,
addressing challenges in dynamic environments such as electric vehicles, robots, and
drones—where load conditions, speed, and torque vary—requires integrating optimization
and estimation techniques to advance control strategies [19,20]. In this context, several
approaches have been proposed to enhance estimation techniques for BLDC motors:

*  Position control: Ref. [21] introduced a closed-loop strategy incorporating an aug-
mented observer to enhance performance based on tracking error dynamics, coupled
with a current controller to achieve the desired torque.

¢  Parameter identification: Recursive least squares (RLS) methods, as explored in [22],
are effective but face limitations in addressing uncertainties inherent in motor dynam-
ics. Alternatively, Kalman filters have shown robustness and speed advantages in
parameter identification tasks [23,24].

*  Load torque estimation: Sliding-Mode Observers have been employed for this purpose,
offering rapid convergence. However, they are prone to common issues such as
chattering and noise [25].

Another critical aspect involves inverter algorithms. These devices generate specific
gate signals to produce control voltages that regulate the motor. Signals from the inverter
are sensed and processed as part of the control strategy, where integral actions have demon-
strated improved PWM performance in synchronous motors [26,27]. Other approaches
have addressed similar challenges in induction motors using predictive control strategies.
For instance, ref. [28] proposed an ultra-local model to reduce dependence on a precise
mathematical model, combined with a linear extended state observer. However, these ap-
proaches struggle to significantly reduce harmonics in the signals. In this context, extended
state observers are often integrated with nonlinear control techniques to estimate distur-
bances and enhance controller performance [29]. Finally, Extended Kalman Filters have
been shown to improve the performance of classical controllers, such as PID controllers [30],
LOR controllers [31], and rotor position identification in reluctance machines [32].

The development of controllers, automatic mechanisms, and disturbance rejection
strategies has significantly advanced with the integration of estimation techniques. This
work employs an algebraic approach for parameter estimation in BLDC motors. The oper-
ating environment is considered in an open-loop configuration, where the rotor position is
obtained via Hall-effect sensors, while current and speed measurements are assumed to
be available. Under these conditions, the measured voltages and currents are transformed
into a bi-phase reference frame, enabling the use of the dq0 reference frame to design
the algebraic identification process. This mathematical framework facilitates the effective
estimation of both electrical and mechanical parameters. The load torque is assumed to
be unknown and variable. To estimate this disturbance, its reconstruction is performed
over a small time window, approximating the torque dynamics using Taylor polynomi-
als. However, when numerical methods are employed to solve the algebraic equations,
deviations in the estimated values may occur, potentially increasing the estimation error.
To mitigate this issue, a proposed modification introduces an exponent to the numerical
process, improving the accuracy of parameter estimation. Algebraic formulas are derived,
analytically validated, and numerically evaluated, with results confirming the effectiveness
of the proposed method. For comparison purposes, the algebraic approach is evaluated
against the LSR method, a widely used technique for parameter estimation. The results
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demonstrate that the proposed algebraic method outperforms LRS in estimating parameters
and disturbances in BLDC motors, especially under dynamic and variable conditions. The
main contributions of this work are as follows:

*  Robustness under dynamic conditions: The evaluation of the proposed estimator
under parametric uncertainty and abrupt parameter changes, extending the algebraic
estimation method to BLDC motors operating in dynamic and variable environments.

¢  Physical implementation considerations: The development of an estimator designed
for practical applications, with simulation results demonstrating fast convergence,
supporting its feasibility for real-time parameter estimation in BLDC motors.

*  Peak reduction in numerical solutions: A modification to the estimation process
reducing peak values caused by the numerical resolution of integral terms in the
system equations, improving the stability and reliability of the estimation.

The rest of this paper is structured as follows: Section 2 describes the mathematical
model of the BLDC motor and provides an overview of the estimation process within
the dq0 reference frame. Section 3 details the design of the estimation equations for both
electrical and mechanical parameters, including disturbance approximation. Section 4
examines various test scenarios, including no-load torque, constant torque, and variable
torque conditions. Section 5 discusses the comparison with the RLS method under the
same simulation evaluation. Section 6 presents the discussion. Finally, Section 7 presents
conclusions and outlines future directions.

2. Brushless DC Motor Mathematical Model

The BLDC motor is typically modeled in the abc frame [2,33] for various applications.
For disturbance estimation, sometimes, only the mechanical dynamics are used to design
the identification strategy [1]. The back-EMF constant in BLDC motors is used to design
the strategy to obtain the rotor’s position in sensorless motors. However, since the rotor
position is obtained from Hall-effect sensors, the back-EMF constant is not required. In com-
mon control schemes, both current and voltage signals are measured and then transformed
using the matrices

: _% %[3 cos(f) sin(6) O
Toake = | O %5 5|, and Tpan(6) = |—sin(6) cos(6) 0 (1)

1 1 1 0 0 1

V2 V2 V2

With this information available, the BLDC motor mathematical model can be used in
frame dq0 [34], given as

d, . .
Lﬁ i = vg—Rsig+ quwrr )
d, ) .
Lﬁzq = vg — Rsig — Lwyig — Aoy, 3)
d
jﬁw, = 15PApiy — bwy — 11. 4)

Appendix A gives a full description of the previous equations. As with other important
identification methods, the mathematical model is used to build the equations for parameter
estimation. The advantage of these techniques is that the models can be modified to include
parametric uncertainty and disturbances. In this way, information such as the i; and i,
currents, vy and v, voltages, and speed can be obtained with non-invasive sensors and an
encoder. This information is then used in the identification process, as shown in Figure 1.
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Figure 1. Online algebraic estimation for permanent magnet brushless DC motor in open-loop.

In this case, the motor operates with rotor position information obtained from Hall-
effect sensors. These data are used by any device capable of generating the gate signals
and sending them to the power switches in the ESC. The motor can be connected to any
torque load, which is considered unknown and uncertain depending on the operating
conditions. At this stage, voltages, currents, and speed are measured through non-invasive
devices and transformed using the matrices from Equation (1). These data are then used
in the estimation process to calculate both the electrical and mechanical parameters. The
mechanical dynamics are modified by applying Taylor polynomials to approximate the
unknown torque load. It is important to note that at this point, the system operates in
open loop. The estimation can then be used to determine parameters relevant for control
strategies, monitoring tasks, and fault detection.

3. Electric Parameter Estimation

First, Equation (2) is multiplied by (t — tj)% in order to avoid dependence on initial
conditions, where ¢ is the current time and ¢; is the time at which the estimation process
begins. Although inputs and outputs are available for measurement, this operation is
necessary since parameter changes occur and torque load is uncertain and unknown. This
modification leads to the following equation:

5

S
IS

d. e, .
L(t—tj) Eld—L(t—fj)Alqwr-f—Rs(t—tj) ld:(t—t]') v4. (5)

The derivative terms are eliminated as follows:
t e d, t o, t 0 t 0
L/ (t—tj)AEzddt—L/ (t—tj)Azqw,dt+Rs/ (t—t]-)Mddt:/ (t—tj) *oqdt. (6)

£j tj

From the last equation, there are two unknown quantities L;, and Rs. The equation
can be reorganized as follows:

tj

t t
L[(t—t]-)gid—/ %(t—tj)%*liddt—/ (t—t]-)giqwrdt]
L | )
0 t 0
+Rs/; (t—t]‘)/\iddt:/}(t—ij)AUddt.

j tj

In doing this, we obtain the simplified algebraic equation

a11,4L + a124Rs = by 4, (8)
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where
o tp 0_q, ot L.
a1 4 = (t—tj)Azd—/ X(t—tj)A zddt—/ (t—t5) Vigew,dt, )
¢ [
a4 = / (t — t]) Aigdt, (10)
t
t [
bl,d:/ (t—t;) "ogdt. (11)

4
To build a 2 x 2 system, each term from Equation (8) is integrated again, yielding
Ay g = ftt ay1qdt, ay g = ftt ap4dt, and by 4 = ftt by dt. In this way, the final system is
j j j
given by
Ay = By, (12)
where

Ag=

T T
a2 gy — by g, byg| and 04 = [LR]
21,4 4224

By solving the system (12), the vector 8; returns the computed values of inductance
and armature resistance; in Appendix B, detailed information of the system solution is
provided. In the same way, by taking Equation (3) and multiplying by (t — ;) T, we obtain

t t
L[(t—tj)ﬁiq—/t %(t—tj)%*liqdw/t (t—tj)ﬁw,iddt]
]

]
't 0 0 t 0
+Rs/ (t—tj)Aith+Am/ (t—tj)wrdt:/ (t—t;) Yoy dt.

i j tj

t (13)

According to the last equation, the parameters L, Ry and A, can be computed. How-
ever, the previous values, L and R;, obtained from the first identification process can
be used in order to reduce the computational cost. The second algebraic equation takes

the form
a11,4L + a12,4Rs + a13 0Am = b1 4, (14)
with
[ to 0_q. t e
a1,y = (t — t]) )‘lq — /t] 3 (f — t]) A qut + /t] (f — t]) Ywyigdt, (15)
t 0
Mog = / (t — ) Vigat, (16)
t.
j
t 0
a135 = / (t — i’]) rw,dt, 17)
fj
£ 0
b, = / (t —tj) Yvgdt. (18)
fj
As in the previous case, to obtain the system solution, a 3 x 3 system is built of
the form
Aqfq = By, (19)
where

a11,9 4129 9134 T T
Aq = 1121,,1 a2, a234| 9,7 = {L R; )\m} ’ Bq = [qu bz/q b?),q} .
a31,9 @324 94334
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The relations for the solution of Equation (19) can be consulted in Appendix C.

Torque Load and Mechanical Parameter Estimation

To approximate the torque load t; that is unknown and uncertain, dynamic
Equation (4) is modified; since the inputs and outputs of the system are available, the
torque load can be approximated within a small time window ¢#; with a j-th-order Taylor
polynomial. This modification leads to

d . 4 i
]Ewr ~ 1.5PAmig — bw, — Y pi(t —t;)/, (20)
=0

Time window (¢ — t;) is the same period when the complete process for identification is
performed. This time should be small enough to compute the coefficients p; and reconstruct
the torque load. This means that in each time window, the coefficient values are computed
and saved as the identified electrical and mechanical parameters, and at the end of the
(t —t;) period, a reset is performed. A first-order polynomial is considered first of the form

T~ po,j + o1, (t — ;) = Po + prt. (21)

Now, through substituting this polynomial into the dynamic Equation (20) and rear-
ranging the terms, the following expression for constructing the last estimator is obtained:

d .
Jpr & Kilg — KWy — i3 — ky(t—t;), [t tj+9] (22)

where k1 = % From this term, the moment of inertia can be obtained with | = %{‘m

The parameter x; = ? allows for computing the viscous damping coefficient b = Jx;. For

K3 and Ky, kK3 = p'% and x4 = %, which are the coefficients to reconstruct the torque load.
From Equation (22), the following equation is obtained:

(f—fj)%r—/t_t%(f—ff)

] ]

] (23)

t
—K4/ (t—t]-)§(t—t]-) dt, [tj t;+9]
t

]
Reordering terms and applying some algebraic operations as the other two estimators,
Equation (24) is obtained:

a11,0K1 + A12,0K2 + 13 K3 + A14,0Ks = b1, (24)
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where

t e
anlw:/ (t—t;) Vigdt,
t

A =— [ (t— tj)§wr dt,

t p
1113,w = —/ (i’ — t]) A dt,
t
Mg = — | (E—t) " (t—t;)dt,
[l t o_
bi = (t—tj)mr—/ Blt—t) " w,at.
A
The complete system is built as follows:
Aubw = B, (25)

where

Mlw 2w 3w 4w
1w 420 0230 024 T

Ay = “ w “ YN, Bw= |k ko k3 k4| , and
31w 032w 33w 434w

A4l,w 0420w 43,0 44,0

T
Bo=[bw bow by biw| -
The detailed system solution for the last system can be consulted in Appendix D.

4. Simulation Results

The algebraic formulas obtained to realize the identification problem were analytically
verified. Moreover, several numerical evaluations were conducted considering real sce-
narios where these electrical machines usually operate. In this context, the BLDC motor
operates in open loop for parameter and disturbance estimation. The chosen motor was
from the BLWS23 Series by Anaheim Automation Company (Anaheim, CA, USA), with
nominal voltage of 160 V and power of 157 W. The motor parameters, as provided by the
manufacturer [35], are shown in Table 1.

Table 1. Anaheim Automation BLDC motor parameters for study cases.

Parameter Value
R, 110
Ly 33.5mH
L, Ly
Am 0.222 Wb
P 2
b 0.002 Nm s
] 2.3 x 10~ kg m?

4.1. Parameter Estimation with No Torque Load

The three possible cases of BLDC motor operation were considered. First, it is assumed
that the machine operates at nominal speed (3000 rpm), and measurements of voltages,
currents, and velocity are taken to compute the parameters. Additionally, the algebraic
method is recognized for its ability to handle parametric uncertainty, a phenomenon
commonly observed in electrical machines due to factors such as temperature variations,



Machines 2025, 13, 16

9 of 26

harmonics in power signals, and mechanical wear. To validate this property, simulations
were performed including parameter changes at different points in time, as shown in
Table 2.

Table 2. Electrical and mechanical parameter changes considered to test parametric uncertainty in
BLDC motor identification with 1, = 0.

Parameter Unit Time Interval (s) Value
L mH 0<t<1 33.5
1<t<4 33542
4<t<5 355 — 6.4
5<t<8 29.1 +1.4
t>8 305—1.8
Rs Q 0<t<2 11
2<t<5 1142
5<t<7 13-4
7<t<9 942
t>9 11+1
A Wb 0<t<3 0.222
3<t<5 0.222 +0.04
5<t<7 0.262 — 0.01
7<t<9 0.252 — 0.07
t>9 0.182 + 0.022
J kg m? 0<t<2 2.3 x107°
2<t<4 234+02x107°
4<t<6 25—-05x10"°
6<t<8 2403x107°
t>8 23—-05x10"°
b Nm s 0<t<1 0.002
1<t<4 0.002 + 0.0002
4<t<7 0.0022 — 0.0007
7<t<8 0.0015 + 0.0002
t>8 0.0017 — 0.0005

In considering these changes, the current signals and speed of the BLDC motor are
shown in Figure 2. These signals are used by the estimator to compute the parameters of
the machine.

As illustrated in Figure 3, as the estimation is made in a small time window, the
approximation is good with minimal error. It should also be noted that in most electri-
cal machines, certain parameters such as the number of pole pairs are provided by the
manufacturer, which aids in computing the electromagnetic torque Te.

Similarly, Figure 4 demonstrates good performance in identifying mechanical param-
eters, even in the presence of potential changes during motor operation. Thus, under
these specific conditions, the estimator can compute all BLDC motor parameters with
high precision, supporting applications like control strategy development, fault detection,
and others.

4.2. Parameter Estimation with Constant Torque Load

In this test, and considering the motor’s characteristics, a constant torque load
77, = 0.9 Nm is assumed. Once again, to validate the handle of parametric uncertainty of
the identification technique, parameter changes were introduced as detailed in Table 3.
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Figure 2. Electrical currents and speed of BLDC motor without torque load: (a) direct axis current iy,
(b) quadrature axis current i, (c) motor speed w.
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Figure 3. Electrical parameter estimation without torque load: (a) real and approximated inductance
L, (b) real and approximated resistance R, (c) real and approximated permanent magnet flux Ay;.
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Figure 4. Approximated mechanical parameters without torque load: (a) real and approximated
moment of inertia J, (b) real and approximated viscous friction coefficient b.

Table 3. Electrical and mechanical parameter changes considered to test parametric uncertainty in
BLDC motor identification and compute a constant disturbance 77, = 0.9 Nm.

Parameter Unit Time Interval (s) Value
L mH 0<t<1 33.5
1<t<4 33542
4<t<5 355 — 6.4
5<t<8 29.1 424
t>8 31.5—1.8
Rs Q 0<t<2 11
2<t<5 1142
5<t<7 13-4
7<t<9 942
t>09 11+15
Am Wb 0<t<3 0.222
3<t<5 0.222 + 0.01
5<t<7 0.232 — 0.03
7<t<9 0.202 + 0.06
0>9 0.262 — 0.04
] kg m? 0<t<2 23x107°
2<t<4 234+02x10°°
4<t<6 25-05x107°
6<t<8 24+05x10°
t>8 25-02x10°
b Nm s 0<t<1 0.002
1<t<4 0.002 — 0.0002
4<t<7 0.0018 — 0.0005
7<t<9 0.0013 + 0.0002
t>9 0.0015 + 0.0003

Figure 5 depicts the currents and speed of the BLDC motor under the parameter
changes of Table 3. These signals are used in the identification process. On the other hand,
to compute the constant torque load, only the first term of Equation (22) was used.

In Figure 6, it can be observed that the electrical parameters are computed with
minimal error, similarly to the previous case. In analyzing the calculated mechanical
parameters in Figure 7, it is evident that there is minimal error between the real and
estimated parameters, just like in the previous case. For the constant disturbance, the
approximation remains accurate, and no significant changes are observed in the motor’s pa-
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rameters. Figures 6 and 7 together show that both electrical and mechanical parameters are
computed with high precision, confirming the estimator’s reliability even under constant
disturbance conditions.

4
3
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=
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% E 300
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Figure 5. Electrical currents and speed of BLDC motor without torque load: (a) direct axis current iy,

(b) quadrature axis current i4, (¢) motor speed w.
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Figure 6. Electrical parameter estimation considering constant torque load: (a) real and approximated
inductance L, (b) real and approximated resistance R;, (c) real and approximated permanent magnet
flux Ay
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Figure 7. Approximated mechanical parameters considering constant torque load: (a) real and
approximated moment of inertia J, (b) real and approximated viscous friction coefficient b, (c) real
and approximated disturbance 17 considered as constant.

4.3. Parameter Estimation with Variable Torque Load

Finally, an oscillatory disturbance is considered; as previously mentioned, the torque
load is reconstructed in a small time window using Taylor polynomials. Notice that for
this last case, the estimation technique is subjected to uncertainty and unknown variable
disturbance. However, good performance is observed. Table 4 describes the changes
considered for this case. The variable torque load is considered with an offset Tp = 1 and a
harmonic component with parameters A = 0.1, f = 0.07 Hz, and w = 27tf.

Table 4. Electrical and mechanical parameter changes considered to test parametric uncertainty in
BLDC motor identification considering a variable torque load.

Parameter Unit Time Interval (s) Value
L mH 0<t<4 33.5
4<t<7 33.5+3.5
7<t<12 37 —7.45
12<t<16 29.55+ 14
t>16 33.55 - 6.8
R O 0<t<3 11
3<t<8 11-3
8<t<10 8§+6
10<t<17 14 —4
t>17 10—-3
Am Wb 0<t<i1 0.222
1<t<7 0.222 +0.05
7<t<11 0.272 — 0.03
11<t<14 0.242 + 0.04

t>14

0.282 — 0.05
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Table 4. Cont.
Parameter Unit Time Interval (s) Value
] kg m? 0<t<1 2.3 x107°
1<t<5 234+02x107°
5<t<9 25-02x107°
9<t<17 23-04x107°
t>17 1.94+0.6 x 1075
b Nm s 0<t<?2 0.002
2<t<8 0.002 — 0.0002
8<t<12 0.0018 + 0.0003
12<t<18 0.0021 — 0.0004
t>18 0.0017 4 0.0001
T Nm t>0 T + Asin(wt)

The responses of the system under the conditions of the last Table are depicted in

Figure 8, these values are used in the identification process to get parameters and reconstruct

the torque load 7.

¢ [s]
(@)

35
500
3
2.5 400 —-_.—-—] |
@
= 2 < 300
—_ <
S5 M
’ 3 200
1
100
0.5
0 : 0
0 2 4 6 8 10 12 0 2 6 8 10 12

(b)

Figure 8. Electrical currents and speed of BLDC motor without torque load: (a) direct axis current iy,

(b) quadrature axis current i, (c) motor speed w.

In this case, for electrical parameters, the identification process shows good behavior,

as Figure 9 depicts. However, for mechanical parameters, some variations could appear

due natural features of the disturbances, as is depicted in Figure 10. However, the estimated

parameters are accurate.

These variations could affect the performance to approximate the disturbance, increas-

ing the error in some point through time. However, for each order of the polynomial, the

approximation is good and can be used to adjust gains in a closed-loop condition. Figure 11
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shows the disturbance estimation for different polynomial orders; observe that even for a
first-order equation, the approximation is good.
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B Lt
LT 1

0.03 |
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15 03}
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0 ‘ ‘ : 0
0 5 10 15 20 0 5 10 15 20
ts] tls]
(b) (c)

Figure 9. Electrical parameter estimation considering variable torque load (a) real and approximated
inductance L, (b) real and approximated resistance Rs, (c) real and approximated permanent magnet
flux Ay,
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35 x 10 ‘ ‘ ‘ - 3 x10 -
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t[s] ts]

(a) (b)
Figure 10. Approximated mechanical parameters considering variable torque load: (a) real and
approximated moment of inertia J, (b) real and approximated viscous friction coefficient b.

4.4. Effect of the Exponent on Estimator Terms

The identification process is performed after obtaining a modified structure of the
equations representing the dynamic behavior of the BLDC motor. An analytical evaluation
of this process enables the derivation of algebraic formulas to compute system parameters.
Different methods can be used to solve each equation, as the formulas include integrals
that are typically addressed using numerical techniques. The results may vary depending
on the technique used to solve the equations, the step size, or the sample time. At this stage,
small peaks between the estimated and actual values may arise, as shown in Figure 12.
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Figure 11. Approximated variable disturbances using different-order Taylor polynomials: (a) approx-
imation using a 1st-order polynomial, (b) approximation using a 2nd-order polynomial, (c) approxi-

mation using a 3rd-order polynomial.
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Figure 12. Peaks appearing in estimated values during estimation process. (a) Peaks appearing
in estimated parameter L. (b) Peaks appearing in estimated parameter R;. (c) Peaks appearing in

estimated parameter A,.

The exponent § was tested in this study by varying the value of p between one and
two units. It was observed that this adjustment reduces the error in the estimated values as
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is shown in Figure 13. These issues are not inherent to the estimation technique itself but rather
to the numerical integration methods used to solve the equations. In a simulation environment,
this issue is minimal, but it could suggest challenges in physical implementations.

0.1 - - -
-—-L—1
0.08
— 0.06
=
= 0.04 1
0 . . . . .
0 2 4 6 8 10 12
t[s]
(a)
30 T N 1.2 -
’s --RS_RS, | - = — A\
20 1 __ 08¢
= o)
S
g 15 5 06l
o T
5 q 0.2‘—’—_—_‘—]———
0 : : : ‘ ‘ 0
0 2 4 6 8 10 12 0 2 4 6 8 10 12
t [s] t[s]
(b) (c)

Figure 13. Effect of the exponent % applied in some equations to reduce peaks. (a) Effect over
parameter L. (b) Effect over parameter R;. (c) Effect over parameter A;.

5. Recursive Least Squares for BLDC Motor Identification

The RLS technique has been widely used for parameter estimation in a diverse range
of dynamic systems due to its simplicity of implementation. Its application requires a
discrete dynamic model of the form

y(k) +ay(k—1) +ay(k —2) + -+ +any(k —n) = byju(k — 1) + - - - + bu(k —m), (26)

where y is the system output, u is the control input, and n and m are positive integers.
A simplified version of the model in Equation (26) can be expressed as

y(k) =T (k—1)0(k - 1), (27)

where 1 is the regressor vector, and 0 is the parameter vector, defined as

YTk=1) = y(k—1), y(k=2), - yk—n)
u(k=1), u(k=2), -, u(k—m) |,
0"(k=1)=| @, ar, -, an by, by, oo, by .

The estimation problem involves approximating the parameters § that minimize the
cost function

V =
k

1[y(k) — (k)%

i
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where 7 is the estimated system output. The parameter estimation equations for RLS are
given by
6(k) = P(K) + (k= 1) [y(k) — " (k= DAk — 1), 28)

-1
P(k) = P(k—1) = P(k =) [¢" (k= )Pk~ Dyp(k = 1) + 1] 97 (k=1)PT(k~ 1), (29)

where P is the covariance matrix of the estimation error, which decreases as the number of
iterations increases [36].

5.1. BLDC Motor Identification

For comparison purposes, consider the BLDC motor mathematical model discretized
in the dg0 reference frame, described as

ia(k) = ok —1) + (1 - Rfﬁ)id(k— 1)+ Tig(k— Doy (k—1),  (30)

io(K) = %vq(k—l) + (1 _ RSLTS>iq(k1) gk — 1w, (k—1) — 2T k1), (31
M

wnll) = 2P 1) 4 (1= 2 Yo ke- 1) = 2 Y el 1) - T, (@2
m=0

where T; is the sampling period, T; is the time at which estimation begins, and
M
R Y emlt(k—1) —T)".
m=0

Equations (30)—-(32) can be rewritten in compact form as

ya(k) = ¢ (k—1)64(k — 1),
yg(k) = g (k—1)6,(k— 1),
Ym(k) = (k= 1), (k — 1),

where y, (k) = i4(k), yy(k) = iz(k), and y,u(k) = wr(k). The parameters and regressor
vectors are defined as follows:

o(k-1)=[ % 1-8%, 7]

‘/’g(k_l):[vd(k—l), ig(k=1), ig(k—1)w,(k—1) }

Ghk-1=|F 1-8 -1, ML |

quT(k_U::Uq(k_l)r ig(k=1), ig(k—1Nwr(k—1), wr(k—1) }
Oh(k—1)= [ 13PT 1 ME el _al .. k]
PRo-1) = [ipk-1), @lk-1), 1, tk-1)-T, k-1 -1 |.

In applying Equations (28) and (29), parameter estimates can be iteratively updated,
provided that the sampling period T; is known.
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f=_ b _ L Bo— L[1—6ap(k)] _ L[1—052(k)]
0a1(k)  051(k) ’ T, T, ’
A — _téq/}(k) ]Af 1.5P/A\mTS
T = O (k)
E ][1 B ém,Z(k)] ~ ]em,(3+m) (k)
= =", by = —— 2 2
Ts Ts

Under the same numerical evaluation conditions, considering the case of variable torque
load and the parameter changes detailed in Table 4, the following results were obtained.

5.2. Electrical and Mechanical Parameters

As shown in Figure 14, the electrical parameters exhibit greater errors compared to
those of the proposed approach, with parameter R with the greater deviation. This issue is
common in this technique, as it is more sensitive to parametric uncertainty [21].

0.05 : -
--L—1
0.04 ]
—0.03 —-‘—’_r__l_l—.-ﬂr-
=
=~ 0.02
0.01
0 ‘
0 5 10 15 20
t [s]
(a)
0.5 ‘ -
-=An—
04+
=03
- £0.2
5
0.1
0 0
0 5 10 15 20 0 5 10 15 20
t[s] t[s]
(b) (c)

Figure 14. Electrical currents and speed of BLDC motor without torque load using RLS method:
(a) direct axis current iy, (b) quadrature axis current i, (c) motor speed w.

For mechanical estimation, the errors are more pronounced; this is observable in the
parameter b. Additionally, the moment of inertia shows deviations at multiple points
in time as is shown in Figure 15.

Torque load estimation using this technique is less accurate, with visible distor-
tions. Even when increasing the polynomial order, the results remain nearly unchanged
in each case, as shown in Figure 16. In contrast, the proposed approach in this study
demonstrates superior capabilities for torque load estimation in BLDC motors under the
evaluated scenarios.
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Figure 15. Approximated mechanical parameters considering variable torque load using RLS method:
(a) real and approximated moment of inertia ], (b) real and approximated viscous friction coefficient b.

- -7 —T,

0 5 10 15 20 25 30 0 5 10 15 20 25 30
t[s] t[s]

(b) (o)

Figure 16. Approximated variable disturbances using different-order Taylor polynomials using RLS
method. (a) Approximation using a 1st-order polynomial. (b) Approximation using a 2nd-order
polynomial. (c) Approximation using a 3rd-order polynomial.

6. Discussion

The results demonstrate that the proposed technique is effective for parameter and
disturbance estimation in BLDC motors. In using information from voltages, currents,
and speed, motor parameters can be accurately estimated, supporting the development of
control strategies, monitoring systems, and other applications. Parametric uncertainty, a
common issue caused by operational conditions and environmental factors, was explicitly
addressed. In this study, abrupt changes in parameters were considered, and the estimator
exhibited consistent and robust behavior under these conditions. In contrast, the RLS
technique was tested under the same numerical conditions. For disturbance estimation, dif-
ferent time windows were selected based on the polynomial order: 0.1 s for first-order, 0.2 s
for second-order, and 0.25 s for third-order polynomials. While the RLS approach was eval-
uated with variable disturbances, it encountered issues in handling parametric uncertainty.
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This resulted in inaccuracies across almost all parameters. Similar issues were reported
in [21], which also employed the RLS technique under different evaluation conditions.
Although RLS exhibited good performance in certain scenarios, its sensitivity to parametric
uncertainty, which is often present in electric machines, remains a significant limitation.

Disturbance estimation in this study was performed using a Taylor polynomial ap-
proximation over small time windows. The load torque estimation achieved acceptable
accuracy for various polynomial orders. However, it was observed that increasing the
polynomial order introduces additional equations, which may lead to higher computational
costs. A notable challenge is that rapid changes in disturbances can cause slight delays in
estimation, an issue that should be accounted for in practical applications. Despite this, the
proposed approximation yielded minimal variations and remained effective. Similar delays
were observed in other techniques. For example, Kalman filter-based methods, as discussed
in [22,23], perform well but exhibit parameter distortions when subjected to significant
torque load changes. While reducing the sampling time can mitigate this issue, it often
increases computational cost and delays convergence, with estimation errors persisting for
up to 1 s. In contrast, the proposed algebraic method showed a delay of less than 0.3 s in
simulations, indicating its potential to handle fast disturbances more efficiently. Another
key finding involves the use of an exponent in the estimation process. It was observed that
selecting an appropriate exponent, &, can reduce error variations depending on the method
used to compute the electrical and mechanical parameters. Values of & between 1 and 2
were tested, revealing that this range effectively reduces estimation errors, particularly
in the mechanical equation, where variations are typically more pronounced. For other
dynamic systems, further simulations are recommended to determine optimal exponent
values and enhance estimator performance.

7. Conclusions

This study proposed an algebraic approach for parameter and disturbance estimation
in BLDC motors. The introduction of an exponent in the estimation equations effectively
mitigated peaks that can arise during the process. Additionally, utilizing the dq0 reference
frame reduced the number of equations required for the estimator, offering a computa-
tionally efficient solution with practical applications for real-time implementations. The
approach demonstrated robustness in addressing parametric uncertainty, a common chal-
lenge in electric motors. Various scenarios, including constant and variable torque loads,
were considered to evaluate the estimator’s performance. The results suggest that the
proposed technique reliably computes electrical and mechanical parameters, even in the
presence of uncertainties. Simulations showed relatively fast convergence, with estimation
delays under 0.3 s in most cases. In comparison, the recursive least squares (RLS) method,
evaluated under the same conditions, exhibited significant sensitivity to parametric un-
certainties and disturbances, particularly in cases of rapid load changes. This sensitivity
led to notable inaccuracies in estimated parameters, as also reported in similar works
like [21]. While RLS can achieve good performance under specific conditions, its limitations
in handling uncertainties highlight the advantages of the algebraic method for electric
machine applications. Torque load approximation using Taylor polynomials of different
orders yielded acceptable accuracy. Nevertheless, rapid changes in disturbance frequency
introduced slight delays in estimation. This issue could be mitigated through a compen-
sation strategy or by combining the proposed method with complementary techniques.
Future work will explore these ideas and extend the proposed approach to other types of
electric machines and dynamic systems. To enhance the method’s practical viability, further
studies should focus on evaluating its robustness under broader operating conditions,
including varying load profiles and noise levels. Optimizing computational efficiency,
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especially for higher-order approximations, will also be crucial for real-time applications.
Additionally, integrating the proposed method into hardware implementations is a key
step toward validating its feasibility and effectiveness in real-world scenarios.
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Abbreviations

The following abbreviations are used in this manuscript:

BLDC Motor Brushless Direct Current Motor;

PMSM Permanent Magnet Synchronous Motor;
PI Proportional-Integral;

PID Proportional-Integral-Derivative;
PWM Pulse Width Modulation;

ESC Electronic Speed Controler;

back-EMF Electromotive Back-Force;

RLS Recursive Least Squares.

Appendix A. BLDC Motor Mathematical Model Description

The inputs and outputs of the system are voltages described as v and v, current
signals iy and i, in the direct and quadrature axes, respectively, and the motor angular
speed w;. The identification technique uses this information to compute the real parameters
of the BLDC motor: L is the inductance, R; is the armature resistance, | is the moment of
inertia, and b is the viscous damping coefficient. The number of pole pairs is indicated as P,
and the magnetic flux of the permanent magnet is denoted by A,,. The disturbance 7, can
be described in three different cases if the output shaft is not connected to a load 1;, = 0; on
the other hand, the rotor’s shaft can be connected to a constant or variable load. The three
cases are considered in this study.
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Appendix B. Parameter Identification Solution for Direct Axis Current

The theoretical framework for algebraic identification provides formulas that can be
solved using linear algebra tools [11,12]. After analyzing the dynamics in the direct axis,
the system of equations can be expressed as

Ag04 = By, (A1)
where
L
A= |a M2al g bia|  and 6, — ‘
ar1q 24 by Rs

The solution of this system is obtained as

. 1
Adj(Ag)Bs = ——

_ A1 _
ba=Aq Ba= det(Ag)

axng —a124| |b1a
—a214 114 | |boa

1
det(Ag) 1 - (A2

Singularities can occur when the determinant of matrix A; equals zero. To avoid this
issue, the estimation process is restricted to instances where ¢ > t;. In real-world applica-
tions, the dynamic behavior of the system (e.g., parametric uncertainty and variations in
state variables) inherently mitigates that A; becomes singular.

The components of A; and By are as follows:

t t
a11,4 = (t—tj)%id_/ %(f_tj)giliddf—/ (t_tj)%iqwrdt/ (A3)
t; £
t e ] ]
t1g = / (£ — 1) Tigdt, (A4)
k
t 4
brg = / (t - t}) Togdt. (A5)

tj

Now, for implementation, we have the following terms:

¢ ¢ ¢
a4 = /t ar,qdt, apg = /t Apgdt, byg = /t by dt.
j j j

We can propose the dynamical systems as follows:

In such a way, each term of matrices A; and B; is implemented as

>

ayg = (t—1t) Vg — 20 — 1.4,
A12,d = M3,d,
a21,d = M,d-
22,4 = N12,d,

big = 4.
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Appendix C. Parameter Identification Solution for Quadrature Axis Current

The parameter identification for the quadrature axis current follows a similar approach
to that outlined in Appendix B. The system of equations is represented as

a1,y G129 @134 L bi4

Aq: aZl,q ﬂzz,q tl23’q ’ Bq: RS ’ Bq: bz,q
a3,y 32,4 4334 Am bz 4

The coefficients of matrix A4 and vector B, are derived by successive integrations:

t t t
a1, = /t a1,4dt,  axpg = /t a1p,qdt, a3, = /t 13,4 dt,
j j i
t t t
31,5 = /t anqdt, asy = /t apgdt, azg = /t a3, q dt,
j j j
t t
by = / bigdt, by, = / by g .
t t
] ]

As in the previous case, through implementing dynamical systems, the complete
system can be solved, and identified parameters are obtained.

Appendix D. Parameter Identification Solution for Mechanical Dynamics

For the last case, the disturbance is approximated with a Taylor polynomial; as the
order increases, the number of equations also increases. However, the solution is performed
in the same way since the equation takes the following form:

where
Mw 20 3w Miw K1 b1,w
A = Nlw 2w 423w 24w 0., — K2 B, — baw
w — 7 w — 7 w b
a31w 432w 433w 434w K3 3,w
A 420 043w (440 K4 bs

Parameter Estimation

The solution for 6, is computed using

1
— Al _ Adi( A
0w = Ay Bw = det(Aw) d]( w)Bw;

where Adj(Ay) is the adjugate of A, and det(A,) # 0 ensures a valid solution. The
coefficients of A, and B, are computed through successive integrations:

t t t

a2n,w = /t A1 dt, ape = /t apedt, ..., (e = /t a14 dt,
j j j
t .t t

a31,w = /t a1, dt, az;, = /t axnwdt, ..., 340, = /t A4 ¢, dt,
j J j

]

t ot t
by = / brodt, by = / brdt, by = / s dt.
. tj . t]' . tj
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