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Abstract: The maximum linear (or translational) velocity achievable by an omnidirectional platform
is not uniform as it depends on the angular orientation of the motion. This velocity is limited by the
maximum angular velocity of the motors driving the wheels and also depends on the mechanical
configuration and orientation of the wheels. This paper proposes a procedure to compute an upper
bound for the translational velocity, named the consistent velocity of the omnidirectional platform,
which is defined as the minimum of the maximum translational velocities achievable by the plat-
form in any angular orientation with no wheel slippage. The consistent velocity is then a uniform
translational velocity always achievable by the omnidirectional platform regardless of the angular
orientation of the motion. This paper reports the consistent velocity for a set of omnidirectional
platforms with three omni wheels that have the same radius and angular distribution but different
angular orientations. Results have shown that these platforms can achieve different maximum
velocities in different angular orientations although the consistent velocity is the same for all of them.
Results have also shown that the consistent velocity has a linear relation with the angular velocity of
the motion. The consistent velocity of a mobile platform can be used by its path-planning algorithm
as an upper bound that guarantees the execution of any omnidirectional motion at a uniform and
maximum translational velocity.

Keywords: consistent velocity; maximum velocity; omnidirectional platform; omni wheel

1. Introduction

Omnidirectional platforms are defined by their ability to combine translation and
rotation in any direction due to the absence of constraints in their kinematics. Because
of their excellent mobility performance, omnidirectional robots are being introduced in a
wide range of sectors such as logistics [1], material conveying in manufacturing plants [2],
inspection in harsh environments [3], search and rescue in disaster situations [4], elderly
assistance [5], and services such as cleaning [6]. However, in general, in mobile robotic ap-
plications, the use of holonomic platforms is less common than differential drive systems [7],
which are mechanically simpler and easier to maintain.

In the scientific literature, there are a significant number of works presenting and
analyzing different types of omnidirectional mobile platforms. However, the analysis of the
maximum allowable translational velocity of a mobile platform is not usually addressed
during motion analysis and trajectory planning. Some application examples that would
benefit from the analysis of the maximum allowable translational velocity of the mobile
platform are listed below. Tian et al. [8] presented the motion features analysis of platforms
with six and four omnidirectional wheels. Terakawa et al. [9] studied the motion character-
istics of a mecanum-wheeled robot on a slope to determine the effect of wheel skidding
on the maximum acceleration and the straight-traveling stability according to the angle
of the slope. Galati et al. [10] designed a robot for industrial applications and modeled its
kinematic and dynamic behaviors to tackle slippage and vibrations affecting the accuracy
of pose estimation and tracking control. Mohanraj et al. [11] assessed the importance of
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the fourth wheel in a four-wheeled robot with omni wheels. Thai et al. [12] presented a
trajectory-tracking controller for mobile robots with mecanum wheels by time-varying
the parameters of the PID controller. Li et al. [13] proposed topological design methods
to judge omnidirectionality for mobile robots with mecanum-wheeled configurations, al-
though their procedure can be generally applied to any type of omnidirectional wheels
with passive rollers. Almasri et al. [14] developed a mathematical model that optimizes
motion performances of omnidirectional platforms using symmetrical wheel distributions.

The maximum translational (or linear) velocity achievable by an omnidirectional
platform is not uniform as it depends on the angular orientation of the motion and the
parameters of the platform [15]. The limitations caused by the maximum translational
velocity of a mobile platform have been addressed by Balkcom et al. [16] and Kim et al. [17]
in the computation of minimum-time trajectories. In their proposals, the common objective
was to take advantage of the angular orientations providing the maximum translational
velocities of the platforms. Balkcom et al. [16] analyzed the fastest trajectories of a mobile
robot with three omni wheels, obtaining time-optimal trajectories that contained only spins
in place, circular arcs, and straight lines parallel to wheel axles. Kim et al. [17] addressed
the computation of the minimum-time trajectory by imposing that at least one motor must
have the maximum angular velocity, presenting a systematic procedure to construct an
optimal control input vector.

The understanding of the upper bound velocity limit that represents the consistent
velocity for an omnidirectional mobile platform will allow for the development of new
research focused on the computation of maximum-uniform-velocity trajectories. This
feature can be especially useful when omnidirectional platforms must operate in spaces
shared with people because maintaining a uniform velocity will make their trajectory more
predictable for people moving around.

1.1. New Contribution

The new contribution of this work is a procedure to compute the consistent velocity of
an omnidirectional platform. The consistent velocity is an upper bound of the translational
velocity, defined as the minimum of the maximum translational velocities achievable by an
omnidirectional platform when moving in any angular orientation with no wheel slippage.
The consistent velocity is then a uniform translational velocity always achievable by the
omnidirectional platform regardless of the angular orientation of the motion. The upper
bound defined by the consistent velocity guarantees the execution of any omnidirectional
motion at a uniform and maximum translational velocity.

This paper reports the computation of the consistent velocity for a set of platform
configurations with three omni wheels, which is the minimum number of omni wheels
required to achieve omnidirectional mobility [13]. The consistent velocity can be used by
the path-planning algorithm of the platform to maximize its velocity while guaranteeing the
execution of the motions planned. Finally, since the consistent velocity defines a limitation,
this parameter can also be used to maximize motion capabilities during the design stage of
a new omnidirectional platform configuration.

1.2. Structure of the Paper

The paper is structured as follows. Section 2 describes the materials and methods
used. Section 3 presents the problem caused by the maximum velocities of the motors.
Section 4 defines the consistent velocity and describes the procedure used to compute
it. Section 5 presents the results obtained for a set of omnidirectional mobile platforms.
Section 6 discusses the results obtained. Finally, Section 7 provides the conclusions of the
paper and possible future works.
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2. Materials and Methods

The materials used in this paper are a set of example platform configurations that are
analyzed to obtain their maximum translational velocities and their consistent velocity. The
method used is the kinematic model of omnidirectional platforms.

2.1. Platform Configurations Assessed

Figure 1a presents the definition of the dimensional parameters of the set of three-
wheeled omnidirectional mobile platforms that are assessed in this work. This parametric
definition is proposed to simplify the interpretation of the mechanical configuration of the
platforms. Figure 1a defines the world frame {s}, which is static; the platform frame {b},
which is attached to the body of the platform; and the wheel frame {wy }, which is specific
to each wheel. A number k is assigned to identify each wheel. The x; axis in the platform
frame defines the forward direction of the system, and in each wheel frame, the vy, axis is
aligned with the wheel hub.

Table 1 summarizes the parametric information of the platforms analyzed. Table 1
proposes an identifying name, a schematic top-view representation of the configurations,
and the angular orientation of their wheels (¢) according to the parametric definition
presented in Figure 1. All the platform configurations assessed have three omnidirectional
wheels with rollers at v, = 0° (Figure 1b), which are named omni wheels (Mecanum wheels
have v = 45°, Figure 1c). All the wheels of the platforms assessed have the same radius
(r¢=1..3 = 0.148 m), the same distance to the centroid of the platform (Rx—1._3 = 0.195 m),
and the same angular distribution (Jy—1_3 = [60 180 300]°). Therefore, the differences
between the mobile platforms assessed are only their wheel orientations (¢y).

w7 k=1

&ka @
P ‘)\\
/ "’\ - ywk

‘ Yo
by P N\

() (b) (©)
Figure 1. Representation of (a) the parameters of a three-wheeled omnidirectional mobile platform,

and detail of 7, for (b) an omni wheel and (c) a mecanum wheel.

Table 1. Mobile platform configurations assessed in this work: name, schematic representation, and
angular orientation of the wheels ().

Name 3A 1A-2B 1A-2C 1A-1B-1C 1A-1B-1D 3E
Diagram
49.37 49.37
Pr=1..3(9) [000] [0 —90 60] [

49.37]
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2.2. Kinematic Model of an Omnidirectional Platform

The motion of an omnidirectional platform can be controlled with a motion command
defined in the platform frame M = (v, &, w) (v}, Where vy is the norm of the translational
velocity of the platform, ay; is the angular orientation of the translational velocity of
the platform (angular orientation of the motion), and wy, is the angular velocity of the
platform. The specific advantage of an omnidirectional platform is that it can move in any
angular orientation « (in a full range from 0° to 360°) while simultaneously rotating at an
angular velocity w. The combination of different translational and angular velocities results
in linear and curved trajectories with different radii and orientations.

The motion command M is provided by the path-planning algorithm implemented in
the central control unit of the mobile platform while the path-tracking algorithm computes
the kinematics of the platform to obtain the angular velocities of the wheels wy required to
implement the planned path. The total linear velocity of one wheel k has two components,

one in the drive direction (;k,drive/ collinear with the wheel plane) and one in the slide
.o . . L
direction (v gig., parallel with the free-rolling direction):

— - -
Uk total = Okdrive T Ukslide- 1)

The drive direction is coincident with the wheel plane; its velocity makes the wheel advance
forward or backward because it is the result of the angular velocity of the wheel:

Uk drive = Tk Wk )

The slide direction is coincident with the free-rolling direction of the passive rollers in the
omni wheel; its velocity makes the wheel slide laterally in the direction of the wheel hub.
The general procedure to obtain the kinematic model is, for each wheel [18], to (1)
define the motion command M = (v, &, w) (b} and then express the velocities in the platform
frame as (vy,vy,w); (2) transform these velocities to the wheel frame; (3) decompose the
linear velocity of the wheel in the drive (wheel) and slide (roller) directions; and (4) assume
that there is no slip to compute the target angular velocity of the wheel wy, to be transferred
to the board controlling the rotation of the motors attached to the wheels. The resulting
equation that defines the angular velocity of any wheel k of the platform is as follows:

Ox
} Apswy (R) Abowy (1) | Oy | ®)
“1 v

o — [1 n(n)
k Tk Tk

where Ay, (1) and A;_,,, (r) are the translation and rotation matrixes, respectively,
required to express the motion command in the wheel frame:

Ab—>wk (T) — |:(1) (1) _Z::|’ (4)
[ cos(ex)  sin(ex)
Abewk (R) — [ sin(eg) COS(Q{J . ©

The rotation angle €y is defined as € = @y + J; 4+ 90° (see Figure 1).
The extended expression obtained from Equation (3) in the case of working with omni
wheels (whose angle of the passive rollers is 7} = 0°) results in the following;:

Ox
_ |cos(ex) sin(ex)  xgsin(ex)—yxcos(eg) | .
wk - 183 Tk Tk vy * (6)

@1y
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The general inverse kinematic model of a motion system used to compute the ve-
locities of a three-wheeled omnidirectional platform (for k = 1...3) is computed using
the following:

w1 Ox
Wy | = ] v]/ ’ (7)
w3 w

with | being the following matrix:

cos(e1)  sin(e;)  xqsin(ey)—yq cos(eq)
] = cosgez) sin(ez) X sin(ez)jyz cos(€n) ) (8)

2 2
cos%e3) sin(ze3) x3 sin(e3)—y3 cos(e3)
73 73 3

This matrix depends on the radii (r;) of the omni wheels, the angular orientation
(¢r) of the wheels, the angular distribution (J;) of the wheels, the angular orientation of
the rollers (7;) of the wheels (which in this case is 7, = 0°), and the distance between
the centroids of the platform and the wheels in the directions of the axes of the platform
frame (x¢, y). Finally, the expression that defines the forward kinematics of the platform is
as follows:

Oy w1

-1
Oy | = J wy | . )
w w3

This last expression is the one used by the central control unit of the mobile platform
to estimate the odometry of the motion from the information provided by the encoders
attached to the wheels or the motors of the platform [19,20].

3. Problem Definition
3.1. Maximum Translational Velocity of a Mobile Platform

The maximum translational velocity of an omnidirectional mobile platform with omni
wheels depends on the mechanical configuration (radius, placement, and orientation) of the
wheels and on the maximum angular velocity allowed by the motors driving the wheels.
As stated in the introduction, the limitation imposed by the motors of the platform is
rarely considered when planning the motion; the assumption is that the maximum angular
velocity of the motors is never reached. However, if the target angular velocities of the
wheels exceed the limit imposed by the maximum angular velocity of the motors, then the
platform performs a trajectory that is different from the expected one.

This paper addresses the problem of computing an upper bound for the translational
velocity of an omnidirectional mobile platform with three omni wheels. The path-planning
algorithm controlling the mobile platform can use this upper bound to avoid the generation
of motion commands that require exceeding the maximum velocity allowed by the motors
driving the wheels of the platform. The application of this upper bound limit guarantees
the correct execution of the planned motions.

3.2. Problem Caused by the Maximum Velocity of the Motors

This section is proposed to describe and highlight the problem caused in an omnidirec-
tional platform in case of defining motions exceeding the limit imposed by the maximum
angular velocity allowed by the motors driving its wheels. This effect is described and
analyzed in a practical case with the APR robot [21]. Figure 2a shows the entire mobile
robot and Figure 2b details one of its three omni wheels implementing the 3A configuration
(defined in Table 1). This mobile robot has been applied to develop different mobile robotic
applications [22-24], registering, in some cases, small trajectory inaccuracies of unknown
origin attributed to various possible causes. This robot has a symmetric configuration, with
the same distance between the centroid of the robot and each wheel (Ry), the same wheel
radius (rx), and 120° wheel distribution (J¢—1._3 = [60,180, 300]°).



Machines 2024, 12, 397

6 of 18

(b)

Figure 2. Example of a mobile robot with the 3A omnidirectional platform [21]: (a) the entire structure
of the robot; (b) detail of its omni wheels.

Figure 2b shows the omni wheels used by the robot, which are based on free rollers
that can slide perpendicularly to the wheel plane (7, = 0°). The rollers provide the wheel
with velocity in the slide direction, while the rotation of the wheel results in a linear velocity
in the drive direction. The addition of both velocity components defines the velocity and
motion of the robot. In this example case [21], the maximum velocity allowed by the motors
driving the wheels of the platform is wy.x = 6.70 rad/s, so any target wheel velocity above
this limit cannot be reached.

The effect that the maximum angular velocity of the motors can have on the mobility
of a system is represented in Figure 3, which shows the trajectory of the robot implementing
a motion command M with and without considering the limiting effect imposed by the
maximum angular velocity reachable by its motors. Figure 3 shows the theoretically
expected robot trajectory (cyan, solid line), which does not consider the limiting effect of
the maximum angular velocity of the motors driving the wheels, and the ground truth
trajectory of the robot (red, dashed line) registered by its onboard odometry (affected by
the limit imposed by the maximum angular velocity of the motors). In both cases, the
initial position p; is defined in the world origin (x = 0 m,y = 0 m, 6 = 0°) with the robot
facing forwards, and the target motion command applied during two seconds to the robot
to control its motion is M = [1 m/s, 0°, 1 rad/s].

2 T T T T T T T T T

15—

pr = [0.92m,1.41 m,114.8°] 53(\?
Prrrurn = [1.10m, 1.26 m, 101.2°]

1F I .

£
> o5 Wr=1.3 = [+453,1.32,7.17] rad/s /' Werarrurn = [—4.53,1.32,6.70] rad/s .
7’
or pi = [0 m,0m, 0°] Ca - Target trajectory | |
1 | | 1[[,1 — [1 m/.lv,0°,1rad{s] | I— - Groulnd truth
-0.5
4 3 2 -1 0 1 2 3 4 5 6
x (m)

Figure 3. Top-view trajectory of the robot implementing a motion command M for 2 s: expected
trajectory (cyan, solid line) and ground truth trajectory (red, dashed line) caused by the maximum
angular velocity reachable by its motors.

Theoretically, the target angular velocities (wy) of the three omni wheels to reach
the final position p; = [0.92m, 1.41 m, 114.8°] are w; = —4.53 rad/s (—43.25 rpm),
wy = 1.32rad/s (12.60 rpm), and w3 = 7.17 rad/s (68.46 rpm). However, the maximum
angular velocity of the motors is 6.7 rad /s, so wheel 3 surpasses this value and, in practice,
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the angular velocity of the wheels is saturated to wy—1 3 rrury = [—4.53, 1.32, 6.70] rad/s.
As a result, the robot follows a different trajectory (Figure 3, red, dashed line) and reaches a
different final position ps,rryry = [1.10 m, 1.26 m, 101.2°]. The practical result is that the
robot performs a trajectory that is different from the expected one, and the cause of this
anomalous trajectory is difficult to identify during practical application.

3.3. Profile of the Angular Velocities of the Wheels

For the sake of completeness, this section represents the profile of the angular velocities
of the omni wheels relative to the angular orientation of the motion in a 3A mobile platform.
The sinusoidal profile that defines this relationship is common to any omnidirectional plat-
form configuration and must be understood to properly interpret the procedure proposed
to compute the consistent velocity.

Given a motion command M = (v,&,w);,,, Figure 4 shows the evolution of the
angular velocity of wheel 1 (wy—1) of the 3A mobile platform [21,25] represented as a
function of the angular orientation « of the motion. This profile is computed with the
inverse kinematics equation of the mobile platform (Equation (7)). The solid line represents
the profile for v = 0.3 m/s and w = 0 rad/s and the dashed line represents the profile for
v =0.3m/s and w = 1 rad/s. The difference between the two profiles relays only on the
different angular velocities applied to the mobile platform.

10 7 T T T T T
v=0.3m/s, w=0rad/s
— — —v=03m/s, w=1rad/s
5 -
. = _ L
€ - T ==
3 - — 11 Offset
g ——— -1
~ O ——— T ——_ _ _ ____ -
E
3
5 -
10 1 | 1 | 1 | 1 | |
0 45 90 135 180 225 270 315 360

a of the motion (°)

Figure 4. Representation of the evolution of the angular velocity of wheel 1 (wy—1) of the 3A mobile
platform [21,25] relative to the angular orientation of the motion «. The solid line depicts the evolution
obtained when w = 0 rad/s, while the dashed line depicts the evolution when w = 1rad/s.

Figure 4 shows that the representation of the profiles of wy_ relative to the angular
orientation a of the linear velocity has a characteristic sinusoidal shape. The difference in
the angular velocity of the platform w generates a vertical offset in the sinusoidal profile,
which has the same value for the whole range of angular orientations «. Interestingly, the
offset is not dependent on the linear velocity of the platform v, but on its angular velocity
w. This offsetting effect caused by the angular velocity w must be taken into consideration
when defining an upper bound for the translational velocity.

4. Consistent Velocity
4.1. Consistent Velocity Definition

The term consistent velocity is sometimes used as a synonym for constant velocity.
The term is occasionally used in hydrodynamic calculations [26] and in the construction
field to evaluate the bearing capacity for foundations on unsaturated soils [27]. In this
paper, we propose the term consistent velocity (vcons) to define an intrinsic parameter of
omnidirectional platforms. In this context, the consistent velocity is defined as the minimum
of the maximum translational velocities achievable by an omnidirectional platform in
any direction.

As a summary, the consistent velocity defines an upper velocity bound that can be used
to guarantee the execution of the planned motion commands without setting unreachable
angular velocities to the motors driving the wheels (see Figure 3). Basically, this can be
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conducted by verifying if the norm of the translational velocity defined in any motion
command satisfies the velocity limits defined by the consistent velocity v € [0, vcons].

4.2. Consistent Velocity Computation

The computation of the consistent velocity of an omnidirectional platform is based on
the determination of the maximum translational velocity of the platform in each angular
orientation of the motion. The computation procedure is based on the analysis of a set
of motion commands defined with the same norm of the linear velocity of the platform
v, the same angular velocity of the platform w, and a set of angular orientations of the
linear velocity (w;—1.. N) covering all the angular orientations of the motion. To this end, the
procedure computes the maximum linear velocity of the platform v; ,,,, in each motion
direction «;. To do so, each motion command M; = (v, a;, w) (v} defined in the platform
frame is analyzed to obtain the maximum reachable translational velocity v; 4y, defining
an upper bound for the motion command M; yax = (Vi max, i, w) () Hence, the only
difference between M; and M, ,,,, is the substitution of the linear velocity v with the
maximum reachable value v; ,,,, that is later analyzed to obtain the consistent velocity
from the minimum value of vj—1 N yax- In order to perform this computation, an auxiliary
motion command M/ = (v,a;,0) (v} is defined with the same values as the motion command
M;, but with the angular velocity being w = O rad/s.

Figure 5 shows the flowchart describing the procedure defined to obtain the consistent
velocity of an omnidirectional platform. The inputs of the process are the model of the
platform (see Figure 1 and Table 1), the norm of a target linear velocity of the platform (v),
and a target angular velocity of the platform (w). The norm of the linear velocity v is used
as a seed value that is later normalized, so its initial value is not relevant. The outputs are
the consistent velocity of the platform (vcons) and the maximum velocity (v; ;u4x) reachable
in each angular orientation of the motion. The procedure is as follows.

The first step a) creates the data set with the angles of the linear velocity «;—1_n to
be explored, where N defines the number of elements of the dataset, and «; ranges from
0° to 360°.

The second step b) is the selection of one angular orientation from the data set to create
a motion command M; = (v, a;, w), which is later used in the computations of step c) and
step d).

Step c) computes the angular velocities of the wheels wy_; _, required to execute the
motion command M; = (v, «;, w) by the mobile platform. These angular velocities are
computed using Equation (7). Step d) sets the auxiliary motion command without the
angular velocity of the platform M; = (v, a;,0), and step e) computes the angular velocities
of the wheels w/y_1_, required to execute this auxiliary motion command. These angular
velocities are used later in the computations of step f) and step g).

Then, step f) computes the maximum difference between the angular velocities of the
wheels wy_1._, and w/x_1_ . The result of this step is the of fset caused by w, where:

), (10)

|0ff56t| = max(|wk:1.‘.n - wlkzl.‘.n

and the sign of the of fset is maintained from the original difference wy—1_, — w'f=1._p-
Next, in step g), the angular velocities of the wheels w/x_1_, (computed in step d) for
w = 0) are scaled up so that they reach the maximum angular velocity (w.x) allowed by
the motors driving the wheels:
Winax Wk=1..n

e, 11
Wi—1..n max(|w'k=1.,|) "
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Inputs:
* model of the platform
* target linear velocity: v (m/s)
* target angular velocity: w (rad/s)

v
a) Create a data set with the angles of the linear
velocity

ai=1.n, a; € [0,360] ()
:[ b) Select a (v, a;, ),y combination ]

M; = (v,a;,w)

‘ M; = (v, a;,w)

( d) Set (v, a;, 0)g ]

M; = (v, a;, w) M = (v,a;0)
v v

c) Apply inverse kinematics (eq. 7) to compute e) Apply inverse kinematics (eq. 7) to compute
the angular velocities of the wheels the angular velocities of the wheels

’
Wg=1..n Wp=1..n

v 3

[ f) Compute the of fset caused by w (eq. 10): ]

v
of fset g) Scale up the angular velocities of the wheels
©k=1..n (€q. 11)

¢ Wi=1.n

h) Scale down the maximum angular velocities of
the wheels wy,_; , (Whenw = 0rad/s) (eq.12):

-
v WDp=1.n

i) Apply forward kinematics (eq. 9) to compute
the motion command

Mi’,max = (Vi.mux: Qa;, O)

NO j) Have all the values of

a; been explored?

[ k) Compute the consistent velocity (eq. 13) ]

veons (@) = min(vi_y.ymax)

A4

Outputs:
+ Consistent velocity, vcons(w)
* Maximum velocity in each direction, v;=1_ymax

End

Figure 5. Flowchart detailing the computation of the consistent velocity.

In step h), the scaled angular velocities of the wheels w; _;  are scaled down according
to the value of the of fset required to execute the target angular velocity w of the motion
command M; = (v, a;, w):

Wnax — |offset|. (12)

7 7
wp_ = W, _
k=1..n k=1..n Winax
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Next, in step i), the forward kinematics (Equation (9)) is applied to w}_, , to compute
the motion command M;m ax = (Vimax, &, 0) required to obtain these angular velocities in
the wheels of the platform.

Given that the calculation of w;_,  is performed under the restrictions imposed by
the offset that causes the angular velocity of the platform w, the maximum linear velocity
in the motion command Ml/-,max = (0 max, i, 0) is the one that has to be applied to the
platform to allow its rotation. Hence, the motion command M; ;x = (V; yax, &i, w) defines
the maximum translational velocity of the mobile platform v; ,,,,, in the angular orientation
«; when the angular velocity of the robot is w.

Step j) checks if all the directions «;—1_n have been explored. If not, the process
returns to step b). When all the angular orientations have been explored, the maximum
translational velocity of the mobile platform v; ., in each angular orientation «; is known
and the consistent velocity can be computed.

Finally, step k) computes the consistent velocity vcons of the mobile platform as the
minimum value of the maximum linear velocities obtained when the angular velocity of
the robot is w:

vcons(w) = min(vizl...N,max) for Mizl...N,max = (vizl‘..l\],max/ (Xl',(U). (13)

When the angular velocity of the platform is set to w = 0 rad/s, there is no of fset,
and the scaled-up angular velocities of the wheels computed in step g) (w;_, ) are the
maximum ones in that configuration. In such case, the computation of the consistent
velocity is computed as follows:

ocons = vcons(O) = min(”izl...l\l,max) for M;:l...N,max = (vi:l...N,maxr lXi,O). (14)

A MATLARB script performing all the steps needed to compute the consistent velocity
is provided in [28]. Although this procedure has many steps, its computation requires
only a few seconds in an average personal computer, since there are no minimization
searches or iterative adjustments involved. Finally, this work aims to assess the consistent
velocity of alternative omnidirectional platforms with three omni wheels, but its parametric
formulation allows its direct application to more complex platforms, with additional or
redundant omni wheels, just by using the appropriate kinematics describing the platforms.

5. Results
5.1. Consistent Velocity of the 3A Platform

This section presents the computation of the maximum translational velocities and the
consistent velocity of the 3A omnidirectional platform (see Table 1) given different values
of the angular velocity of the platform w.

5.1.1. Mobile Platform 3A: Consistent Velocity for w = O rad/s

Figure 6 shows the maximum translational velocities and the consistent velocity of
the 3A omnidirectional platform when the angular velocity of the platform is w = 0 rad/s.
The maximum translational (or linear) velocities are represented as blue arrows in a polar
chart to simplify their interpretation. The center of the chart is the center of the mobile
platform analyzed, which faces forward towards the 0° direction. The length of the blue
arrows depicts the norm of the maximum translational velocities v;—1 N 4y that can be
achieved in the directions defined by the angular orientations «;_; _y of the motion.

The polar chart in Figure 6 shows that the maximum translational velocities have an
evolution that defines a characteristic hexagonal shape, where the maximum translational
velocities are achieved at angular orientations coincident with the angular distribution of
the wheels (60°, 180°, and 300°) and their mirrored angles (0°, 120°, and 240°). Complemen-
tarily, the minimum values of the translational velocities are achieved at orientations 30°,
90°, 150°, 210°, 270°, and 330°, just halfway between the angular orientations defined by
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the absolute maximums. When w = 0 rad/s, the maximum translational velocities of the
3A platform are between 0.99 m/s and 1.15 m/s, while its consistent velocity (minimum of
the maximum translational velocities) is 0.99 m/s, which is represented with a red circle in
the polar chart.

3A 90 5

120 60
1.5

150 30

180

210 330

240 300 ———=— Maximum velocity [m/s]
Consistent velocity [m/s]

270

Figure 6. Top-view of the schematic representation of the 3A platform and polar representation of the
maximum translational velocity in each direction (blue) and of the consistent velocity (red) when
w = 0rad/s.

Figure 7 represents the angular velocities of the wheels that correspond to the linear
velocities shown in Figure 6, for the case w = 0 rad/s. Figure 7a shows the profile of the
angular velocities of the wheels that define the maximum translational velocities achieved
by the platform as a function of the angular orientation of the motion «. This profile
is saturated because, in each angular orientation, one of the wheels must rotate at its
maximum velocity. Alternatively, Figure 7b shows the non-saturated profile of the angular
velocities of the wheels obtained when the translational velocity is the consistent velocity.

10 7 T T T T T
(a)
Q
el
E -
e
[RY— w,
oL I I I | I I 1 I
0 45 90 135 180 225 270 315 360
a of the motion (°)
b 10 7 T T T T T
@
el
o
~
3
w, [RY— w,
0 L I I I | I 1 1 I
0 45 90 135 180 225 270 315 360

a of the motion (°)

Figure 7. Representation of the evolution of the angular velocities of the wheels (wy—1._3) as a function
of the direction & of the linear velocity of the 3A mobile platform when w = 0 rad/s: (a) angular
velocities required to move at the maximum linear velocities; (b) angular velocities required to move
at the consistent velocity.
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5.1.2. Mobile Platform 3A: Consistent Velocity for w = 1rad/s

This section computes the maximum translational velocities and the consistent ve-
locity of the 3A omnidirectional platform when the angular velocity of the platform is
w = 1rad/s.

The polar chart in Figure 8c shows that the maximum linear velocities maintain the
characteristic hexagonal shape obtained in the previous case for w = 0 rad/s, but with a
smaller diameter because the maximum linear velocities are lower to allow the rotation at
w = 1rad/s. The maximum of the maximum velocities is achieved at the same angular
orientations as the case with w = 0 rad/s (0°, 60°, 120°, 180°, 240°, and 300°), just as the
minimum values (30°, 90°, 150°, 210°, 270°, and 330°). When w = 1 rad /s, the maximum
velocities of the 3A platform are between 0.80 m/s and 0.92 m/s, while its consistent
velocity (minimum of the maximum translational velocities) is 0.80 m/s, represented with
a red circle.

10 7 T T T T T T T T

(a)

10 | | | | 1 | | | |
0 45 90 135 180 225 270 315 360

a of the motion (°)
10 7 T T T

10 | 1 1 | 1 | | | 1
0 45 90 135 180 225 270 315 360

a of the motion (°)

Figure 8. Representation of the evolution of the angular velocities of the wheels (wy—1_ 3) as a function
of the direction « of the linear velocity of the 3A mobile platform when w = 1 rad/s: (a) angular
velocities required to move at the maximum linear velocity; (b) angular velocities required to move
at the consistent velocity; and (c) polar representation of the maximum translational velocity in each
direction (blue) and of the consistent velocity (red).

Similarly to the previous section, Figure 8a shows the profile of the angular velocities
of the wheels that define the maximum translational velocities achieved by the platform
depending on the angular orientation of the motion a. This profile is again saturated
because, in each angular orientation, one of the wheels must rotate at its maximum velocity
while allowing a rotation of the platform at w = 1rad/s. Alternatively, Figure 8b shows the
non-saturated profile of the angular velocities of the wheels obtained when the translational
velocity is limited according to the upper bound imposed by the consistent velocity.

Table 2 compares the values of the most important parameters of the velocity profiles
obtained in the previous section for w = 0 rad/s (Figure 7), with the ones from this section
for w = 1 rad/s (Figure 8), and the parameters obtained for w = —1 rad/s. The consistent
velocity computed for |w| = 1 rad/s is lower than for the case w = 0 rad/s. The maximum
and minimum velocities of the wheels displayed in Table 2 show the effect of the of fset in
the angular velocities of the wheels, originated by the angular velocity of the platform w
(see Figure 4).
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Table 2. Comparison of the parameters of the velocity profiles of the 3A mobile platform.
P ¢ Case with Case with Case with
arameter w =0rad/s w =1rad/s w = —1rad/s
Consistent velocity 0.99m/s 0.80m/s 0.80m/s
Maximum of the maximum translational velocities 1.15m/s 092m/s 092m/s
Minimum of the maximum translational velocities 0.9 m/s 0.80 m/s 0.80m/s
of fset value Orad/s 1.32rad/s —1.32rad/s
Maximum velocity of the wheels (w1, wp, w3) 6.70 rad/s 6.70rad/s 4.07 rad/s
Minimum velocity of the wheels (w1, wa, w3) —6.70rad/s —4.07 rad/s —6.70rad/s

150

180

210

120

240

300

30

330

5.1.3. Mobile Platform 3A: Consistent Velocity as a Function of w

This section highlights the relationship between the angular velocity (w) and the
consistent velocity of the 3A mobile platform. Figure 9 presents four polar charts showing
the consistent velocity (red circle) and the maximum linear velocity v; ., (blue arrows) that
can be achieved in each angular orientation «; of the motion. The polar charts represent the
following cases: (a) w = 0 rad/s; (b) w = 1rad/s; (c) w = 2 rad/s; and (d) w = 3 rad/s.
Although not shown, the polar charts obtained for a specific value of w are the same
when the angular velocity is positive and negative. The maximum linear velocity and the
consistent velocity decrease as the angular velocity of the platform increases.

90 2 90 2

120 60 120 60
129 60 15 15

150 1 30 150 1 30 150 1 30

180 = 0 180 0 180 0
L
210 330 210 330 210 330
240 300 240 300
240 70 300 270 270
(b) (c) (d)

Figure 9. Polar charts showing the maximum linear velocity v; ., (blue) in each direction a;, for
different values of w for the 3A platform: (a) w = 0 rad/s; (b) w = 1rad/s; (¢) w = 2 rad/s;
(d) w = 3 rad/s. The red circle represents the value of the consistent velocity.

The linear relationship between the consistent velocity and the angular velocity of any
mobile platform is analyzed later in Section 5.2.2.

5.2. Consistent Velocity of the Set of Mobile Platforms
5.2.1. Consistent Velocity for w = 0 rad/s

This section presents the consistent velocities and the maximum velocities of the set of
omnidirectional platforms defined in Table 1 for the case with an angular velocity of the
platform of w = O rad/s.

Figure 10 depicts a schematic representation of each of the mobile platforms analyzed,
their name, the polar chart representing the maximum velocity achieved in each angular
orientation (blue arrows) and the consistent velocity (red circle). Figure 10 also details the
maximum value of the maximum velocities achieved by the mobile platform v,,;, and the
value of the consistent velocity vcons obtained for w = 0 rad/s.
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3A

1A-1B-1D

150

180

210

120

240

—= Maximum velocity [m/s]
Consistent velocity [m/s]

Vmax = 1.15m/s Vmax = 1.98m/s

veons = 0.99m/s vcons = 0.99m/s

300 Umax = 1.40m/s VUmax = 3.83m/s

vcons = 0.99m/s vcons = 0.99m/s

30

300 Vmax = 1.40m/s Vmax = 1.14m/s

veons = 0.99m/s veons = 0.99m/s

Figure 10. Representation of the mobile platforms assessed, their polar charts showing the maximum
linear velocity (blue arrow) v; ;,, in each direction a; when w = 0 rad/s, and their consistent velocity
(red circle).

At this point, it is interesting to remember that all mobile platforms assessed in
this paper have the same omni wheels with the same radius, placed at the same dis-
tance from the centroid of the mobile platform and with the same angular distribution
(0k=1..3 = [60 180 300]°). Therefore, the only difference between the mobile platforms
assessed is the orientation of their wheels (¢, see Table 1).

The shapes defined by the maximum translational velocities (blue arrows) of each
mobile platform are certainly different. The 3A omnidirectional mobile platform, which is
the most used, shows a typical hexagonal profile, with the maximum value of the maximum
velocities being 1.15 m/s and the consistent velocity being 0.99 m/s. Interestingly, the
1A-2B platform has an elongated hexagonal shape that depicts two symmetric directions in
which the platform can move faster (at 1.98 m/s) than 3A (at 1.15 m/s) despite having the
same consistent velocity. In this case, this higher maximum velocity is because of the free
rotation of the rollers, which makes the linear velocity of the wheels acquire a component
in the slide direction, forcing the platform to move faster. The 1A-2C platform shows a
square shape with the maximum of the maximum velocities being 1.40 m/s and a consistent
velocity of 0.99 m/s. The 1A-1B-1C platform shows a shifted rhomboid shape which, in
theory, allows the platform to move up to 3.83 m/s in the angular orientations a; = 75°
and «; = 255°, although difficult controllability may be expected during the motion of this
platform. Despite these differences, the consistent velocity of the 1A-1B-1C configuration
is also 0.99 m/s. The 1A-1B-1D platform shows a deformed hexagonal shape with the
maximum of the maximum velocities being 1.40 m/s and the consistent velocity being 0.99
m/s. Finally, the 3E platform shows a hexagonal shape shifted 49.37° with respect to 3A,
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with a maximum velocity of 1.14 m/s and a consistent velocity of 0.99 m/s. Therefore, the
consistent velocity of all the platforms assessed is as follows:

vcons = 0.99 m/s, (15)
a value that is analyzed in the discussion section.

5.2.2. Consistent Velocity for w # 0rad/s

This section analyses the evolution of the consistent velocity of the mobile platforms
assessed for the cases of w # 0 rad/s. To this end, Figure 11 represents the values of
the consistent velocity of the different mobile platforms assessed for a range of angular
velocities from 0 rad/s (no rotation) to 3.5 rad/s (approximately half revolution in 1 s).
As argued in the previous section, all the platforms have the same consistent velocity for
the case w = 0 rad/s, so other similarities can be expected in the relationship between
the consistent velocity and the angular velocity w of the motion. Figure 11 shows that the
evolution of the consistent velocity relative to the angular velocity w of the motion is the
same for the platforms 3A, 1A-2B, 1A-2C, 1A-1B-1C, and 1A-1B-1D and can be expressed
as the following (Figure 11-regression A):

veons(w) = 0.9916 — 0.195-w. (16)

Alternatively, the evolution of the consistent velocity relative to the angular velocity w
of the motion for the 3E platform shows a different relationship that can be expressed as
the following (Figure 11-regression B):

veons(w)|sp = 0.9917 — 0.127-w. (17)

These two expressions are analyzed in the discussion section.

T T T T T T T T

1-e -
— O
Q) O mig ]
= ®.:-Oi. g
< o8t S I = .
z ® .0 =
£ ® 3 O-m. g

.. m
S k| o 128 0. _
3 0. O m
> o 1A2C O-e.q o B
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w of the motion (rad/s)

Figure 11. Relationship between the consistent velocity and the angular velocity w of the assessed
mobile platforms.

6. Discussion

The computation of the maximum velocities (blue arrows) of the different mobile
platforms assessed in this paper (displayed in Figure 10) shows remarkably different
shapes but the same consistent velocity (red circle) for all of them.

The consistent velocity obtained for all the mobile platforms assessed at w = O rad/s
is 0.99 m/s. All these platforms have three omni wheels in common with a radius
Tk=1..3 = 0.148 m, placed at a radial distance Ry_1_ 3 = 0.195m from the centroid of
the platform, evenly distributed every 120°, and with a maximum angular velocity of
wWmay = 6.7 rad/s. The orientation of the wheels (¢y) is different in each platform. The
analysis of Equation (2) in the case of no slide in the free rollers leads to the consistent
velocity for w = 0 rad/s (vcons(0)), which can be computed using the following:

veons(0) = 7¢ Wiax, (18)
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and, in the case of wheels with different radius, is defined by the wheel with the minimum
radius:
vcons(0) = min(r=1.3 Wmax)- (19)

The relationship between the consistent velocity and the angular velocity w applied to
the mobile platforms (Figure 11-regression A and Equation (16)) is the same in five of the
six platforms assessed. In the equation of the consistent velocity for these cases, the vertical
intercept is the value of the consistent velocity when w = 0 rad/s and the slope coincides
with the distance from the wheels to the centroid of the platforms (Ry—;. 3 = 0.195 m).
Therefore, this particular relationship can be expressed using the following;:

veons(w) = 0.9916 — 0.195-w = vcons(0) — Ry-w. (20)

However, the relationship of the mobile platform 3E (Figure 11-regression B and Equation (17))
shows a different slope because of the influence of other wheel parameters.

The analysis of the set of mobile platforms with alternative configurations of wheel
radius (ry), radial distances (Ry), and wheel orientation (¢y) leads to the following rela-
tionship between the consistent velocity, the angular velocity of the platform, and the
parameters of the wheels:

veons(w) = min(rg—1._, Wmax — Rk=1._n-|w|-[cos(@r=1..1)] ) (21)

Finally, the wheel that minimizes the expression (21) allows the computation of the
maximum angular velocity w applicable to a mobile platform (war4xpraTFORM) In the limit
case when the consistent velocity is zero (vcons(wpraxprarrorm) = 0) and the platform
only rotates:

_ Tk @max
Ri-|cos ()|

In sum, Equation (19) provides the consistent velocity of a mobile platform for zero
angular velocity vcons(0), while Equation (21) provides the consistent velocity for any
angular velocity of the mobile platform vcons(w). In turn, Equation (22) defines the
maximum angular velocity w4 xpraTrorM that can be defined in the motion of the mobile
platform in order to achieve a uniform velocity in any direction of the motion. These values
guarantee that the mobile platform can execute a motion without surpassing the limit
defined by the maximum angular velocity of its motors (wyax).

|wamaxPLATFORM| = (22)

7. Conclusions

This paper proposes the definition of the consistent velocity of an omnidirectional
mobile platform. The maximum translational (or linear) velocity achievable by an omnidi-
rectional platform is not uniform as it depends on the angular orientation of the motion [15]
and on wheel parameters. The consistent velocity is the uniform translational velocity
always achievable by the omnidirectional platform regardless of the angular orientation
of the motion, so it is defined as the minimum of the maximum translational velocities of
the platform achievable in any angular orientation. The consistent velocity of a mobile
platform can be used by its path-planning algorithm as an upper bound that guarantees the
execution of any omnidirectional motion at a uniform and maximum translational velocity.

Relative to the related scientific literature referenced [16,17], the practical application of
the upper bound velocity limit that represents the consistent velocity for an omnidirectional
mobile platform guarantees the execution of the motions while maintaining a uniform
maximum velocity during the motion. The application of the upper bound of the consistent
velocity during path-planning avoids the generation of motion commands exceeding the
maximum angular velocities allowed by the motors attached to the wheels of the platform
(see Figure 3), avoiding the generation of wrong trajectories during the motion, and making
the movement of the omnidirectional platform more predictable for people moving around.
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The procedure proposed to compute the consistent velocity has been applied to a
set of omnidirectional platforms with three omni wheels that, in this case, have the same
radius, the same angular distribution, and the same distance to the centroid of the robot, but
different angular orientations (see Table 1). A MATLAB script that computes the consistent
velocity of an omnidirectional mobile platform with omni wheels is provided in [28].

Results have shown that when w = 0 rad/s, the consistent velocity of the platforms
assessed is the same, 0.99 m/s, a value that is obtained from the wheel radii (r;) and the
maximum angular velocity allowed by the motors driving the wheels (wy;4x) (Equation (19)).
When w # 0rad/s, the angular orientations (or directions) « in which the linear velocity of
the platform is maximum are maintained. Nevertheless, the norm of the consistent velocity
decreases as the angular velocity of the platform w increases (Equation (21)).

Future work will cover the practical application of the upper bound defined by the
consistent velocity to non-symmetric [29] and multiple robot omnidirectional systems [30]
performing maximum-uniform-velocity trajectories, analyzing its possible advantages and
disadvantages and the influence of the dynamic response of the motors.
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