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Abstract: The braking performance of hydrodynamic retarders is critical for the safety and economy
of heavy-duty vehicles. In order to effectively improve the braking system to meet the needs of
the market, an evaluation method for quantifying the performance of hydrodynamic retarders is
imperative. In this paper, ten evaluation criteria are put forward according to relevant national
standards and market requirements, then the scores corresponding to these criteria are obtained
by performance bench test. A fuzzy modification of the analytic hierarchy process (AHP) method
is applied to determine the relative weights of the chosen evaluation criteria, where uncertain
and imprecise judgments of decision-makers are translated into fuzzy numbers. Furthermore, the
improved radar chart method is used to comprehensively evaluate and rank the braking performance
of three types of hydrodynamic retarders as an empirical example. In addition, the weight sensitivity
analysis is conducted to examine the robustness of the ranking results. The results show that the
proposed method is effective and feasible. It provides a reference for multi-objective optimization
control strategies and structure designs of hydrodynamic retarders.

Keywords: braking performance comprehensive evaluation; fuzzy analytic hierarchy process (FAHP);
improved radar chart (IRC); sensitivity analysis

1. Introduction

Hydrodynamic retarders are required for heavy-duty vehicles during retarding or
non-emergency braking conditions to slow down the vehicle or maintain a steady speed
on long downgrades, and thus increases the life of the service brake [1]. In recent years,
diverse hydrodynamic retarders have been produced to meet various market demands,
and the improvement of the braking performance of hydrodynamic retarders is a growing
concern. Not only is an effective integration into the vehicle braking system required
for hydrodynamic retarders, but also the requirements for high braking torque, low unit
weight, and good thermal decay characteristics. Therefore, it is difficult to quantitatively
and qualitatively evaluate the overall braking performance of hydrodynamic retarders
based on the complex criteria.

Many different theories of braking performance for conducting an evaluation have
been proposed for many years. Yu Wang and Li Lin [2] evaluated the performance of pneu-
matic disc brakes, hydraulic disc brakes, and pneumatic band brakes in terms of braking
capacity, response speed, braking efficiency, and control accuracy. Kwangki Jeon et al. [3]
evaluated the fail-safe control strategies of brake-by-wire systems in various failure modes
combined with a longitudinal deceleration deviation term and a lateral deviation term.
Peirong Jia [4] analyzed the impact of engine brake power, cooling fan (on or off), and vehi-
cle weight on vehicle downhill drivability at both sea level and high altitudes. However,
it is not sufficient to evaluate the braking performance of hydrodynamic retarders only
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by using these traditional braking parameters. In addition, the performance evaluation
criteria hierarchy of hydrodynamic retarders is rarely reported, and the evaluation method
of hydrodynamic retarders needs to be further studied.

Choosing a suitable method for evaluating criteria aids evaluators and analysts in effec-
tively assessing and determining the optimal alternative. When employing criteria to choose
from a range of alternatives, it becomes crucial to consider conflicting factors [5]. For ex-
ample, two criteria used to select a hydrodynamic retarder of good braking performance
might be brake efficiency and brake temperature. These two criteria are in conflict with each
other because an attempt to increase brake efficiency causes a rise in brake temperature.
Hence, this problem should be solved by a multi-criteria method [6]. Multi-criteria decision-
making involves a multi-stage process of (i) defining objectives, (ii) choosing the criteria to
measure the objectives, (iii) specifying alternatives, (iv) assigning weights to the criteria,
and (v) applying the appropriate mathematical algorithm for ranking alternatives [7].

Several methods have been proposed in the literature and have been utilized to
address a range of MCDM issues [8]. The technique for order preference by similarity
to ideal solution (TOPSIS) was developed by Hwang and Yoon in 1981 [9]. The key idea
behind TOPSIS is to determine the optimal alternative by comparing each option against
both the ideal and anti-ideal solutions. However, the methodology might not fully capture
the complexities of uncertain environments. Cluster analysis is a powerful technique used
in MCDM to group similar alternatives based on their characteristics or performance
across multiple criteria. It is an unsupervised learning method that aims to identify natural
groupings or clusters within a dataset without any predefined labels or target outcomes. It
is essential to note that cluster analysis cannot provide explicit preference information or
a ranking of alternatives. Artificial neural networks (ANNs), have shown promise and
have been applied in MCDM as powerful tools for solving complex decision problems. It
is important to note that the successful application of neural networks in MCDM often
requires sufficient and relevant data. Analytic hierarchy process (AHP) is widely used for
multi-criteria decision-making and has successfully been applied to braking performance
decision-making problems [10]. Hendre, KN and Bachchhav, BD [11] applied AHP to
evaluate the criticality property of a novel brake pad material. The main advantages of
AHP are handling multiple criteria, being easy to understand, and being able to effectively
handle both qualitative and quantitative data. However, factor comparisons often involve
some amount of uncertainty and subjectivity. For example, experts may know one factor is
more important than another, but they might not be able to provide a definite scale for the
comparison due to uncertainty regarding the degree of importance. In this case, the classical
AHP method has to be discarded due to the existence of fuzzy or incomplete comparisons.
Among decision-making methodologies, the fuzzy analytic hierarchy process (FAHP), first
introduced by Laarhoven and Pedrycz, is a powerful tool to treat uncertainty in the case
of incomplete or vague information. FAHP takes into account the dependencies between
criteria, helping to identify how changes in one criterion may impact others. This feature
allows for a more holistic evaluation of the decision problem and helps in understanding the
cause-and-effect relationships among criteria. It has been applied in various fields, including
control engineering, artificial intelligence [12], management science [13], and multiple
criteria decision making, among others.

However, the above method can not display evaluation results in a visual mode,
the importance of each factor is not described clearly, and the resultant ordering is dif-
ficult for several objects with similar braking performance. The radar chart method is a
multi-variable analytical method for comprehensive evaluation [14]. Not only the overall
advantage of evaluation objects but also the coordinated development of all aspects can
be considered so that it reflects the comprehensive strengths of the objects more com-
pletely [15]. The most distinct characteristic of the radar chart is that it can display the
status of to-be-evaluated objects intuitively [16]. However, the shape of the radar chart is
related to the order of the respective indices, resulting in non-unique evaluation results.
Additionally, the angles of the radar chart, which represent the weights of the indices are
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equal, so it can not reflect the influence degree of the indices used to evaluate the given
objects [17]. Therefore, this paper proposes an improved radar chart (IRC) that incorporates
the weights and values of the indices to make a qualitative evaluation.

In this paper, a fuzzy analytic hierarchy process method based on improved radar
chart is suggested to select the best hydrodynamic retarder. For this aim, three main criteria
and ten sub-criteria are proposed for constructing a hierarchical structure of performance
evaluation, and three types of hydrodynamic retarder alternatives are evaluated. Per-
formance tests of three types of hydrodynamic retarders are carried out to obtain the
evaluation value set of corresponding criteria. Then, the fuzzy analytic hierarchy is applied
to calculate the weights of the evaluation criteria. The imprecise decision-maker’s judg-
ments are represented as fuzzy numbers rather than exact numerical values. Furthermore,
the improved radar chart is used to analyze the hydrodynamic retarder brake capabilities
and to compare the braking performance of different types of hydrodynamic retarders. It
further provides suggestions based on the research results for performance evaluation and
serves as a reference for future research in this field.

The paper is structured as follows: Section 2 presents the related evaluation criteria
and hierarchical structure model of the braking performance. In Section 3, the content and
process of performance test are described. Then, the introduction to the fuzzy analytic
hierarchy process is given in Section 4. Section 5 provides a comprehensive and visual
evaluation method for ranking and selection of braking performance. Finally, the proposed
method is illustrated with a case study of the three types of hydrodynamic retarders, and a
sensitivity analysis of results is presented in Section 6. The main conclusions, limitations,
and future works are summarized in Section 7.

2. Evaluation Criteria

The basic performance requirements of hydrodynamic retarders are good braking
performance at low speeds, a quick response system, smooth braking torque, and good
thermal decay performance [18]. To propose the criteria from multiple angles, a detailed
literature search focusing on concepts related to braking performance evaluation was
conducted. Additionally, this research collaborates with a team of experts with years of
experience in their respective fields related to braking systems, including automotive
engineering, mechanical engineering, vehicle dynamics, safety standards, and braking
performance analysis.

Performance evaluation of hydrodynamic retarders is a multi-level and multi-factor
comprehensive evaluation problem. In order to facilitate calculation and analysis, the eval-
uation criteria for this paper are divided into two levels: main criteria and sub-criteria.
A good braking performance can improve brake capability and brake safety of hydrody-
namic retarders, and reduce unnecessary costs. For this, the main criteria are designed,
consisting of (1) Capability, which refers to the ability to stop quickly and efficiently,
(2) Safety, which refers to the probability of avoiding accidents and mitigating the severity
of collisions [19], and (3) Economy, which is related to service life and maintenance [20].
The definitions, industry standards, and influencing factors of the sub-criteria are briefly
explained in the following:

• C1. Capability

– C11. Maximum braking torque Mrmax (N·m):
In the hydrodynamic retarder, the rotor drives the transmission fluid to circulate
in the working chamber so that braking torque is generated by a reaction force
between the rotating blades and the stationary blades. When the hydrodynamic
retarder is completely filled and operates at the rated rotational speed, the braking
torque reaches its maximum value. The maximum braking torque represents
the braking capacity of the hydrodynamic retarder. The braking torque can be
calculated by the following equation [1]:

Mr = λρgn2D5 (1)
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where λ is the performance coefficient, ρ is the oil density (kg/m3), g is the
acceleration of gravity (m/s2), n is the rotational speed (rpm), D is the circular
circle diameter (m).
According to the formula, the maximum braking torque mainly depends on the
density of the working medium and the structural parameters. Theoretically,
the larger the density of the working medium, the larger the braking torque.
In fact, considering that the working fluid, in addition to transferring power,
also lubricates, cools, and cleans moving parts, the resistance of the fluid should
not exceed a certain threshold, and the density of the working medium must
be within a reasonable range [21]. The structural parameters of hydrodynamic
retarders are the key factors affecting the maximum braking torque, including the
blade parameters and the circular circle parameters. Blade parameters, such as
blade number, blade lean angle [22], and blade leading angle, directly impact the
internal flow field within the working chamber. In addition, the main parameter
of the circle is the diameter, as shown in Figure 1. In the process of design
optimization, it is necessary to consider all factors comprehensively in order to
achieve the optimal braking capacity.

Figure 1. Schematic diagram of blade structure of hydrodynamic retarder.

– C12. Maximum input rotational speed nmax (rpm):
In the drive train, the engine’s crankshaft drives a rotor located in the power
flow, while the stator is fixed to the retarder housing. A hydrodynamic retarder is
installed behind the gearbox. According to its arrangement with the drive shaft,
it can be divided into in-line and off-line, as shown in Figure 2. In-line retarders
are installed directly onto the transmission or freely to the driveline. They are
connected to the universal joint shaft of the vehicle. On the other hand, off-line
retarders work with a conversion ratio which means that the speed of the retarder
wR is greater than that of the drive shaft wG. Off-line retarders are highly compact
and exhibit great braking force even at low speeds. Meanwhile, the maximum
input rotational speed is also based on the mechanical load.

(a) In-line hydrodynamic retarder principle. (b) Off-line hydrodynamic retarder principle.

Figure 2. Alternative positions for mounting hydrodynamic retarder.
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– C13. Braking pressure pb (MPa):
When the brake pedal is pushed, it depresses a piston in the master cylinder,
building up hydraulic pressure to open the valves that allow fluid to charge the
working chamber of the hydrodynamic retarder. The pressure required to reach
a specified braking torque is the braking pressure [23]. The braking pressure is
an important criterion reflecting the stiffness and strength of the braking system.
The braking pressure directly affects the response characteristic of the whole
braking system and the pedal sensation of the driver. The relationship between
pedal force and braking pressure is an important parameter. If excessive force is
demanded from the driver on the brake pedal, it can result in fatigue and com-
promise the vehicle’s safe operation. Conversely, if excessive hydraulic pressure
is generated by the master cylinder, the vehicle may come to a screeching stop.

• C2. Safety

– C21. Brake action time ta (s):
The brake action time refers to the duration it takes to achieve a specified level
of braking once the braking process has been initiated [24]. This time should be
sufficient to effectively slow down the vehicle and provide a safe and comfortable
braking experience for the driver without causing abrupt stops for the passengers.
Generally, the brake action time of the hydrodynamic retarder should be less
than 1 s. Figure 3 divides the entire braking time into separable periods that
are related to different actions of the hydrodynamic retarder. Hydrodynamic
retarder is activated via the foot brake pedal or the hand lever on the steering
wheel. A short brake action time can decrease braking distance. The brake action
time is associated with the spool diameter of the control valve, fluid viscosity,
the length of the hydraulic piping, and the control method. The larger the spool
diameter, the shorter the time of the working chamber to reach the target filling
rate. As fluid viscosity increases, the time required for fluid to fill through the
piping increases due to the slower flow rate, resulting in the brake acting for a
longer time [25]. In addition, if the hydrodynamic retarder is farther away from
the control valve, the control signal will be further delayed.

Figure 3. Braking time distribution of hydrodynamic retarder.

– C22. Stability for braking torque Kst (%):
One of the primary functions of the hydrodynamic retarder is to provide a desired
constant braking torque for heavy-duty vehicles being driven downhill accord-
ing to the driver’s intention. The operational accuracy of the braking torque
represents the braking stability and smoothness of the resulting deceleration.
The stability of the braking torque, expressed in percentage, is calculated by the
following equation:

Kst =
|Mr,act −Mr,des|

Mr,des
× 100% (2)
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where Mr,act is the desired braking torque value, Mr,act is the actual braking
torque value.
Given that heavy-duty vehicles typically maintain an average speed range of
15 km/h to 30 km/h, the acceptable error rate is less than 10% [26]. The braking
stability is affected by the control method and the structure of the control valve,
as shown in Figure 4, of which damping coefficient, mass, and spring stiffness of
the relief valve play important roles [27]. For example, opening a suitable damp-
ing hole at the bottom of the cover will achieve the requested shock-absorbing
effect and improve the braking stability of the hydrodynamic retarder [28].

Figure 4. Structure of control valve of hydrodynamic retarder.

– C23. Final brake temperature T (◦C):
The hydrodynamic retarder converts mechanical energy into liquid heat, which is
then typically dissipated through the transmission oil cooling system, as shown
in Figure 5. The achievable braking power is limited primarily by the capacity
of the cooling circuit rather than by the continuous brake itself. The working
chamber is only fully filled in the low-speed range, with vehicle speeds of less
than 30 km/h. For high vehicle speeds, only partial fillings contribute to heat
dissipation. The final brake temperature is related to the heat dissipation potential
of the cooling system, the thermophysical properties of the transmission fluid,
and the layout of the hydraulic system piping [29].
The recommended standard operating fluid for hydrodynamic retarders in com-
mercial vehicles is SJ 15W-40 gear oil, and its specification is as follows: the density
is 860 kg/m3, the viscosity is 0.006 kg/m·s, the specific heat is 1884 J/(kg·k), and
the thermal conductivity is 38 W/(m·k). When the temperature of the trans-
mission fluid increases, the viscosity decreases and leads to the reduction of the
pressure in the working chamber and that of the impact force on the blades, as well
as an increase of the oil leaking and friction between components, which results
in a decrease in the braking performance of the hydrodynamic retarder [30]. It is
recommended to replace the heat exchange at a specified schedule and make sure
that the viscosity and temperature are within a reasonable range (Figure 6) [31].

Figure 5. Energy flow of hydrodynamic retarder.
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Figure 6. Density and viscosity of transmission fluid versus temperature.

• C3. Economy

– C31. Weight G (kg):
Weight reduction is identified as a way of improving product competitiveness
and its ability to make profits. The reduction of the hydrodynamic retarder’s
weight could decrease the vehicle’s mass, energy consumption, and duty levels
on the brakes. The weight of the hydrodynamic retarder depends on its struc-
ture and material, which is mainly cast steel. For lightweight design, both the
hydrodynamic retarder and its shell can be replaced with lighter materials such
as polymers, cast aluminum, and cast steel, which will contribute to a more
cost-effective system.

– C32. Braking efficiency Kb (%):
The braking efficiency is the ratio of the input power to the actual output braking
power, given by Equation (3).

Kb =
Pin
Pb
× 100% (3)

where Pin is the input power that mainly comes from the oil supply system, and
Pb is the actual output braking power.
The braking efficiency provides a measure of how efficiently the braking system
utilizes energy to slow down or stop a vehicle. In addition to leakage of oil and
mechanical wear on the transmission system, the primary dissipation of energy
in the hydrodynamic retarder occurs within the internal flow field, including
the friction and resistance between the oil impacting the blade and the viscous
action of the oil’s physical properties [32]. The proper control mechanism can
ensure that the retarder operates at its optimal efficiency, providing the necessary
braking force while minimizing wear and tear. Moreover, higher fluid viscosity
and lower temperature enhance the retarder’s effectiveness.

– C33. Brake release time tl (s):
The brake release time refers to the duration it takes to achieve the minimum
braking torque once the brake pedal has been released, as shown in Figure 3.
Generally, the brake release time of the hydrodynamic retarder should be less than
0.9 s. Prolonged brake release time can have negative effects on the subsequent
acceleration process and result in increased fuel consumption. In activated and
deactivated states of the hydrodynamic retarder, the effect factors would be the
same in terms of the dynamic response of the entire system [33].

– C34. Idling power loss Pi (kW):
In shut-off conditions, the control system discharges oil from the hydrodynamic
retarder and fills the chamber with air, which could lead to a certain idling power
loss, higher fuel consumption, and lower vehicle driving efficiency because of the
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undesirable air drag torque. The rotor of the hydrodynamic retarder is connected
to the vehicle transmission, so the idling power loss increases with the rotational
speed. The idling power loss is of the same principle as the generation of braking
power [34]. Additional devices such as valve plates or spoilers are typically
installed to minimize the idling power loss.

The criteria that will be used to evaluate hydrodynamic retarders are analyzed and
quantified. The hierarchical structure is constructed correspondingly, as shown in Figure 7.

Figure 7. Hierarchical structure of braking evaluation.

3. Performance Test

Multiple types of hydrodynamic retarders are available in the market today. To im-
prove the representativeness of the sample to the population, the diversity of samples needs
to be ensured. Therefore, sample A, sample B, and sample C selected as the hydrodynamic
retarder alternatives in this paper are completely different in structure parameters. The
schematic diagram of the three types of hydrodynamic retarders is shown in Figure 8.
The structure parameters of the hydrodynamic retarder alternatives are listed in Table 1.

Table 1. Main parameters of three types of the hydrodynamic retarder systems.

Parameter Sample A Sample B Sample C

Torus type single torus dual torus single torus
External diameter 292/296 mm 354 mm 380/380 mm

Blade type straight blade bowed blade straight blade
Control type pneumatic hydraulic hydraulic

Cooling system independent cooling system engine cooling system engine cooling system
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(a) (b) (c)

(d) (e) (f)

Figure 8. Schematic diagram of three types of hydrodynamic retarders. (a) Sample A. (b) Sample
B [35]. (c) Sample C [36]. (d) Schematic diagram of sample A. (e) Schematic diagram of sample B.
(f) Schematic diagram of sample C.

Sample A is an in-line oil retarder with its own transmission-independent oil supply.
Sample A holds an enormous advantage in that it is designed with a minimal impact on
space claim and can be attached to any transmission [37]. When sample A is activated,
the fluid in the oil tank is pressurized by the vehicle air system and is directed into the
working chamber of the hydrodynamic retarder. The interaction of the fluid with the rotor
and stator causes the rotor and output shaft to reduce speed on a downhill grade. When
sample A is deactivated, the working chamber of the hydrodynamic retarder is evacuated,
and the oil tank is recharged with fluid. Due to the fact that sample A is integrated into
an independent cooling system, it will not impose additional requirements on the engine
cooling system. The coolant flow coming from the outlet of the hydrodynamic retarder
goes through the heat exchanger, and then back to the tank.

According to the number of torus, hydrodynamic retarders can be divided into single
torus and dual torus types, also known as single chamber and dual chamber types. Sample
B is a dual torus design, and the symmetrical double-sided impeller is rigidly connected
to the output shaft of the gearbox. Two stators with blade sections are mounted on both
sides of the rotor rigidly coupled with the gearbox housing. Compared with the single
torus of sample A and sample C, sample B has the advantages of small radial size and
great braking capacity and can also offset most axial force in the rotor, which improves
the bearing force status. While straight blades are used in sample A and sample C, bowed
blades are applied in the dual torus sample B. This design effectively reduces heat accu-
mulation and blade stress, further decreasing maintenance time and cost and prolonging
the service life to 4∼8 times [38]. The coolant flow is the result of the pressure differential
that the transmission fluid creates between the inlet and outlet A, as shown in Figure 8b.
The transmission fluid coming from outlet B of the hydrodynamic retarder goes through
the oil discharging valve, and then back to the tank.
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Sample C employs a pump/pressure tank in which the hydraulic fluid is under
pressure at all times. Since this system can be brought into operation by opening a control
valve, the hydraulic pressure does not have to build up from zero, and the time lag will
be shorter compared to the pneumatic system of sample A. In addition, sample C has the
maximum circulation heat dissipation and higher heat dissipation efficiency. The coolant
flow coming from the outlet of the hydrodynamic retarder goes through the heat exchanger,
and then back to the inlet of the hydrodynamic retarder.

The performance tests of the three types of hydrodynamic retarders are conducted to
obtain evaluation values. In order to satisfy the requirements of any vehicles, the braking
performance of hydrodynamic retarders shall be measured during tests conducted under
the following conditions [39]:

• The tests shall be carried out at the rotational speeds, which shall not be less than 98%
of the prescribed value. If the maximum design rotational speed of a hydrodynamic
retarder is lower than the rotational speed prescribed for a test, the test shall be
performed at the retarder’s maximum rotational speed.

• During the tests, the initial brake temperature of the hydrodynamic retarder shall be
within 50 ◦C ± 1 ◦C, the average temperature of the hottest shell of the hydrodynamic
retarder shall not exceed 120 ◦C and the instant temperature of the hottest shell of the
hydrodynamic retarder shall not exceed 150 ◦C [40].

• The recording of all data shall be synchronized and be done after the hydrodynamic re-
tarder runs fully and stably. Torque, rotational speed, pressure, flow, and temperature
shall be recorded during the entire test using a data acquisition system at a sampling
frequency of 50 Hz.

• The braking system control shall be designed such that its performance in use is not
affected by the tester.

To ensure the rigor and accuracy of our testing procedure, we followed established
standards throughout the idling power loss test and constant-torque braking test [41]. The
above tests shall be repeated three times under the same conditions.

• Idling performance test:
At the beginning of the test, ensure that the working chamber of the hydrodynamic
retarder is idle and completely closed. Then gradually increase the rotational speed
to 2500 rpm. The test parameter is idling power loss C34. The idling power losses of
different retarder types in shut-off conditions are shown in Figure 9.

Figure 9. Idling power losses of different retarder types in shut-off conditions.

• Constant-torque brake test:
During the tests, the braking torque shall be maintained at a constant value of
1500 N·m, and the rotational speed is set to 1000 rpm due to the power limit of
the motor. In addition, the braking time is set to 12 min according to ECE-R13 brake
regulations [42]. Test parameters include: braking pressure C13, braking action time
C21, stability for braking torque C22, final brake temperature C23, braking efficiency
C32, and braking release time C33. The action time of the braking system shall be



Machines 2023, 11, 849 11 of 21

determined in a stationary state, the braking pressure is measured at the intake of
sample A and the control oil circuit of the oil charging valve of sample B and sam-
ple C. The braking performance of different retarder types in constant-torque brake
conditions is shown in Figure 10.

(a) (b) (c)

(d) (e)

Figure 10. The braking performance of different retarder types in constant-torque brake conditions.
(a) Constant-torque brake action stage. (b) Constant-torque brake stable stage. (c) Constant-torque
brake release stage. (d) Rotational speed. (e) Temperature.

However, the rest parameters including weight C31, maximum braking torque C11 and
maximum input rotational speed C12 were obtained from product manuals directly.

Each evaluation criterion has a performance rating for each attribute, which represents
the characteristics of the criteria. It is common that performance ratings for different criteria
are measured by different units, so it is necessary to quantify and standardize the criteria,
and to make all the criteria comparable. The linear scale transformation method considers
both the maximum and minimum performance ratings of the attributes during calculation.
This method has the advantage that the scale measurement is precisely between 0 and 1 for
each attribute [43]. Generally, evaluation criteria can be divided into benefit type and cost
type. Benefit type refers to the criterion whose relative value is larger and better, and the
cost type is the opposite. In this paper, C11, C12, C22, and C32 are benefit type criteria;
C13, C21, C23, C31, C33 and C34 are cost type criteria. For the convenience of plotting and
subsequent data processing, the benefit type criteria are normalized using Equation (4),
and the cost type criteria are normalized using Equation (5).

x∗ij =
xij − xmin

j

xmax
j − xmin

j
(4)

x∗ij =
xmax

j − xij

xmax
j − xmin

j
(5)



Machines 2023, 11, 849 12 of 21

where xmax
j is the maximum performance rating among the alternatives for attribute

Cj(j = 1, 2, · · · , n) and xmin
j is the minimum performance rating among the alternatives for

attribute Cj(j = 1, 2, · · · , n).
The test results and normalization results of evaluation criteria are shown in Table 2.

Table 2. Test results and normalization results for each criterion.

No. Parameter
Test Results Normalization Results

Sample A Sample B Sample C Sample A Sample B Sample C

C11 Mrmax (N·m) 4000 3750 4500 0.889 0.833 1
C12 nmax (rpm) 2800 2500 3000 0.7 0.625 0.75
C13 pb (MPa) 1.1 1.6 2 0.78 0.68 0.6

C21 ta (s) 0.9 0.81 0.4 0.24 0.29 0.22
C22 Kst (%) 6.95 5.8 7.8 0.1 0.19 0.6
C23 T (◦C) 114 107.31 117.06 0.31 0.42 0.22

C31 G (kg) 87.64 88.42 107.06 0.18 0.17 0
C32 Kb (%) 97 96 95 0.97 0.96 0.95
C33 tl (s) 1.59 1.2 0.72 0.21 0.4 0.59
C34 Pi (kW) 12.57 20 17.99 0.4 0.63 0.57

4. Fuzzy Analytic Hierarchy Process (FAHP)

This paper utilizes the four-step FAHP method to determine the weights of the criteria.
Experts are required to provide their judgments on the basis of their expertise and to
compare every factor pairwise in their corresponding section structured in the hierarchy.
Then these experts’ preferences are converted into a fuzzy number evaluation matrix.
The defuzzication is employed to transform the fuzzy scales into crisp scales for the
computation of priority weights.

Let X = {x1, x2, · · · , xn} be an object set and G = {g1, g2, · · · , gn} be a goal set.
According to the method of Chang’s extent analysis [44], each object is taken, and extent
analysis for each goal is performed, respectively. Therefore, m extent analysis values for
each object can be obtained with the following signs:

M1
gi, M2

gi, · · · , Mm
gi, i = 1, 2, · · · , n (6)

where all the Mj
gi(j = 1, 2, · · · , m) are triangular fuzzy numbers expressed as a triple

(l, m, u). Here m, u, and l are the mean, the lower, and the upper bounds, respectively. A
fuzzy set is defined by its membership function as the following [45,46]

µM̃(x) =


(x− l)/(m− l), l ≤ x ≤ m
(x− u)/(m− u), m ≤ x ≤ u
0, otherwise

(7)

The procedure of FAHP are described as follows [47]:

• Perform extent analysis for each goal, respectively. The fuzzy synthetic extent with
respect to ith object is defined as

Si =
m

∑
j=i

Mj
gi ⊗

[
n

∑
i=1

m

∑
j=1

Mj
gi

]−1

=

(
m

∑
j=1

li,
m

∑
j=1

mi,
m

∑
j=1

ui

)(
1

∑m
j=1 ui

,
1

∑m
j=1 mi

,
1

∑m
j=1 li

) (8)
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• Evaluate the degree of possibility for x ∈ R fuzzily restricted to belong to M to be
greater than y ∈ R fuzzily restricted to belong to M. The degree of possibility of
M2 = (l2, m2, u2) ≥ M1 = (l1, m1, u1) is defined as

V(M2 ≥ M1) = sup
y≥x

[
min(µM1(x), µM2(y))

]
(9)

In addition, it can be equivalently expressed as follows:

V(M2 ≥ M1) = hgt(M1 ∩M2) =

µM2(d) =


1, i f m2 ≥ m1

0, i f l1 ≥ u2
l1−u2

(m2−u2)−(m1−l1)
, otherwise

(10)

where d is the ordinate of highest intersection point D between µM1 and µM2 , as shown
in Figure 11. To compare M1 and M2, we need both the values of V(M1 ≥ M2) and
V(M2 ≥ M1).

Figure 11. The intersection between M1 and M2 [48].

• Calculate the priority weights of criteria. The degree of possibility for a convex fuzzy
number to be greater than k convex fuzzy number Mi(i = 1, 2, · · · , k) can be defined by

V(M ≥ M1, M2, · · · , Mk) = min V((M ≥ Mi) (11)

Assume that
d′(Ai) = min V((Si ≥ Sk) (12)

for k = 1, 2, · · · , n; k 6= i. Then the weight vector is given by

W ′ = (d′(A1), d′(A2), · · · , d′(An))
T (13)

where Ai(i = 1, 2, · · · , n) are n elements.
• The normalized weight vector is calculated as

W =
W ′

∑ W ′
(14)

where W is a non-fuzzy vector.

5. Improved Radar Chart

The principle of the traditional radar chart method is to take the sector radius as the
axis and calibrate the quantitative value of each criterion on its corresponding criterion
axis. Subsequently, these points are interconnected to create a closed polygon, resulting
in the generation of the evaluation object’s radar chart, as shown in Figure 12. This paper
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advances the conventional radar chart method even further. The analysis process of the
IRC comprises the following steps:

• The unit circle is divided into n sectors based on the selected n criteria, with each sector
region as the criterion’s corresponding domain. The weights (wi) of the evaluation
criteria Xi are then converted into central angles (αi) using the formula αi = 2πwi.

• The sector radius is used as the axis, and the standardized quantitative value of each
criterion is calibrated on the corresponding criterion axis.

• The calibration value is taken as the radius (ri), and the central angle (αi) is determined
according to the weight, which is used to draw the circular arc, as shown in Figure 13.

• The evaluation result is obtained by constructing eigenvectors using the area and
perimeter of the IRC [49].

Figure 12. Traditional radar chart.

Figure 13. Improved radar chart.

From an improved radar chart, we can extract the area Si and the perimeter Li, which
respectively symbolize the comprehensive advantages of the evaluation object and
the equilibrium among the variations in each evaluation criterion. The constructed
eigenvector is given by {

Si = ∑n
j πwjr2

j j = 1, 2, · · · , n

Li = ∑n
j 2πwjrj j = 1, 2, · · · , n

(15)

According to the constructed eigenvector, the evaluation vector vi is defined as{
vi1 = Si/Smax

vi2 = Li/(2π
√

Si/π)
(16)

where vi1 ∈ [0, 1] is the area evaluation value. A greater value corresponds to an
elevated level of comprehensiveness in the evaluation object. Similarly, vi2 ∈ [0, 1]
is the perimeter evaluation value. A larger value indicates a greater balance in the
variations of the evaluation object’s criteria. Consequently, the evaluation vector
integrates both the overall change degree of the evaluation object and the equilibrium
degree of each criterion.
The evaluation function f (vi1, vi2) is formulated using the geometric mean method,
and its definition is presented as follows:

f (vi1, vi2) =
√

vi1vi2 (17)
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6. Application

Three decision-makers with diverse backgrounds and extensive experience in the
field of hydrodynamic retarders are carefully selected to participate in the evaluation
process. Decision-maker 1 holds a Ph.D. and has over thirty years of research experience in
fluid power transmission. Decision-maker 2 is an engineer with a background in product
production, contributing to the development of tests and evaluations. Decision-maker 3 is
a product salesperson who understands the market trends and the consumers’ needs. Each
decision-maker (Dk) individually carry out pairwise comparisons using Saaty’s 1∼9 scale.
The meaning of 1∼9 scales are illustrated in Table 3.

Table 3. Saaty’s scale for pairwise comparison [50].

Saaty’s Scale The Relative Importance of the Two Sub-Elements

1 Equally important
3 Moderately important with one over another
5 Strongly important
7 Very strongly important
9 Extremely important

2, 4, 6, 8 Intermediate values

The pairwise comparisons of the main criteria are shown as follows:

D1 =


C1 C2 C3

C1 1 3 5
C2 1/3 1 3
C3 1/5 1/3 1

, D2 =


C1 C2 C3

C1 1 1/7 1
C2 7 1 5
C3 1 1/5 1

, D3 =


C1 C2 C3

C1 1 3 1
C2 1/3 1 1/7
C3 1 7 1

 (18)

The consistency ratio (CR) is employed to verify the consistency of the pairwise
comparisons made by the experts’ judgments. The comparison of the consistency index
with a random generator (RI) value, as established by Saaty, is listed in Table 4.

CR =
CI
RI

(19)

CI =
λmax − n

n− 1
(20)

where CI is the consistency index, λmax is the maximum eigenvalue, n is the size of matrix.
If the CR is less than 10%, this means that the inconsistency in comparisons in the decision-
making matrix is considered acceptable. Otherwise, the experts are contacted again to
review their comparisons. The CR values of the pairwise comparisons demonstrates the
suitability of the proposed consistency index.

Table 4. Random index for different matrix sizes [51].

n 1 2 3 4 5 6 7 8 9 10

RI 0.00 0.00 0.58 0.90 1.12 1.24 1.32 1.41 1.45 1.49

Then, a comprehensive pairwise comparison matrix is constructed, as illustrated
in Table 5, by integrating three decision-makers’ grades through Equation (21). In this
way, the decision-makers’ pairwise comparison values are transformed into triangular
fuzzy numbers.

(xij) = (lij, mij, uij)

lij = min{aijk}, mij =
1
K

K

∑
k=1

aijk, uij = max{aijk}
(21)
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where aijk is the evaluation of objectives Ci, Cj by the kth decision-maker.

Table 5. Fuzzy pairwise comparison matrix criteria for all decision-makers.

C1 C2 C3

C1 (1, 1, 1) (0.143, 2.048, 3) (1, 2.333, 5)
C2 (0.333, 2.556, 7) (1, 1, 1) (0.143, 2.048, 5)
C3 (0.2, 0.733, 1) (0.2, 2.511, 7) (1, 1, 1)

Following the creation of the fuzzy pairwise comparison matrix, weights of all criteria
and sub-criteria are determined by the FAHP methodology. Utilizing the data in Table 5,
synthesis values corresponding to the main goal are computed through Equation (8):

SC1 = (2.143, 5.381, 9)⊗ (1/31, 1/15.895, 1/5.019) = (0.0691, 0.339, 1.793)

SC2 = (1.476, 6.27, 13)⊗ (1/31, 1/15.895, 1/5.019) = (0.0476, 0.394, 2.59)

SC3 = (1.4, 4.244, 9)⊗ (1/31, 1/15.895, 1/5.019) = (0.0452, 0.0267, 1.793)

These fuzzy values are compared using Equation (10):

V(SC1 ≥ SC2) = 0.969, V(SC1 ≥ SC3) = 1, V(SC2 ≥ SC1) = 1

V(SC2 ≥ SC3) = 1, V(SC3 ≥ SC1) = 0.96, V(SC3 ≥ SC2) = 0.932

Then, priority weights are calculated by using Equation (12):

d′(C1) = min(0.969, 1) = 0.969, d′(C2) = min(1, 1) = 1, d′(C3) = min(0.96, 0.932) = 0.932

The weights of the main criteria W ′ = (0.969, 1, 0.932). Upon normalizing these values,
the weights corresponding to the main goal are derived as W = (0.334, 0.345, 0.321). It is
found from the study that safety proved to be the most crucial factor for the selection of
brake performance. Finally, summing the weights of each main criterion multiplied by the
weights of their corresponding sub-criteria results in the overall weight. The aggregated
weights and consistency ratios for each criterion are shown in Table 6. The results indicate
that braking action time C21 has the most remarkable impact on braking performance,
followed by the maximum braking torque C11 and braking efficiency C32. This is because
the primary function of a hydrodynamic retarder is to slow or stop the vehicle as soon
as possible, and the braking action time is strongly connected to the stop distance. Long
stop distances may result in traffic accidents. However, braking pressure C13, final brake
temperature C23, braking release time C33, and idling power loss C34 are of equal importance
for sustaining high braking performance. Therefore, the whole vehicle’s design also
must ensure that the cooling system of the hydrodynamic retarder meets braking power
requirements and less energy consumption of hydrodynamic retarder in the deactivated
state. Stability for braking torque C22 and weight C31 are of less importance while improving
braking performance.

The data in Tables 2 and 6 are mapped onto the IRC, as shown in Figure 14a. The results
show that sample C can offer an option to heavy-duty vehicles that will reduce overall
operating costs, improve driveability and enhance the safety of the entire vehicle. The
comprehensive assessment outcome for both sample A and sample B is remarkably similar,
but sample B exhibits superiority over sample A in terms of the proportionality of all indices.
Utilizing Equation (17), calculations for the area and perimeter of the colored parts within
the IRC are performed, thereby extracting the evaluation results (ERi) for each IRC. The
performance ranking order of the three hydrodynamic retarders is sample C (ER = 0.675) �
sample A (ER = 0.564) � sample B (ER = 0.561), as shown in Figure 14b. The height of a
rectangle signifies the weight of the corresponding criterion. The weights of the criteria are
0.334 for Capability, 0.345 for Safety, and 0.321 for Economy. It is evident that sample B
excels in safety, but lags in capability and economy. Sample B exhibits lower performance
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values in terms of maximum braking torque C11 and maximum input rotational speed C12,
while these are important factors, according to the experts. This leads to the comparatively
inferior braking performance of sample B among the three hydrodynamic retarders.

Table 6. Aggregated weights and consistency ratios.

Main Criteria Sub-Criteria
Weight

Overall Weight wij
CR

Ci Cij Ci Cij

C1 0.334 0.0332
C11 0.427 0.143 0.0218
C12 0.33 0.11 0.0154
C13 0.243 0.0811 0.0178

C2 0.345 0.0109
C21 0.67 0.231 0.0058
C22 0.126 0.0434 0.0136
C23 0.204 0.0703 0.0306

C3 0.321 0.0692
C31 0.169 0.0542 0.0297
C32 0.326 0.105 0.0450
C33 0.242 0.0776 0.0148
C34 0.263 0.0844 0.0116

(a) (b)

Figure 14. Performance graphic of three types of hydrodynamic retarders. (a) Improved radar chart.
(b) Evaluation results.

Sensitivity Analysis

Due to the weights of the criteria changing continuously throughout the project rank-
ing process, the ranking results may also adapt accordingly. Following the acquisition of
the initial solution with the established criterion weights, sensitivity analyses are executed
to investigate how the overall prioritization of alternatives responds to variations in the
relative synthesis value of each criterion. In the following, a sensitivity analysis is carried
out to examine the robustness and reliability of the braking performance selection process
for hydrodynamic retarders.

Using the perturbation method, the reasonable range of weights for each criterion is
obtained, and the associated data are shown in Table 7. The weight perturbation momentum
is set to 0.01 as the basic unit, while the minimum weight of each criterion is set to 0.025. It
is important to note that when adjusting the weight of a single criterion, the weights of all
criteria should be normalized to ensure the consistency of the weighting scheme.
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Table 7. Weight range for each criterion.

No.
Weight Range Evaluation Results

Capability Safety Economy Sample A Sample B Sample C

1 0.285 (−0.049) 0.37 (+0.025) 0.345 (+0.024) 0.554 0.554 0.667
2 0.307 (−0.027) 0.373 (+0.028) 0.32 (+0.001) 0.556 0.556 0.67
3 0.373 (+0.029) 0.385 (+0.04) 0.242 (−0.079) 0.56 0.56 0.681

When the weight of the Capability criterion is decreased from 0.334 to 0.285 or less
(Figure 15a), or the weight of the Safety criterion is increased from 0.345 to 0.373 or more
(Figure 15b), or the weight of the Economy criterion is decreased from 0.321 to 0.242 or
less (Figure 15c), sample A takes the third rank. On the other hand, Sample C consistently
maintains its leading position regardless of fluctuations in the weights of other criteria.
The results of the sensitivity analysis reveal that the braking performance evaluation system
of hydrodynamic retarders displays a relatively low sensitivity to alterations in criteria
weights. Furthermore, the ranking result proves most responsive to variations in the weight
of the Safety criterion, while it is the least sensitive to changes in the weight of the Economy
criterion. This highlights the critical importance of the Safety criterion in determining the
ranking of braking performance for hydrodynamic retarders.

(a) (b) (c)

Figure 15. Results of weight sensitivity analysis. (a) Sensitivity results for the criterion “Capability”.
(b) Sensitivity results for the criterion “Safety”. (c) Sensitivity results for the criterion “Economy”.

7. Discussion and Conclusions

A novel braking performance evaluation method is developed to conduct a more
comprehensive analysis of hydrodynamic retarder. This paper identifies evaluation criteria
and establishes the evaluation criteria hierarchy of braking performance of hydrodynamic
retarders. The fuzzy analytic hierarchy process is used to determine the weights of eval-
uation criteria, and the results highlighted the most influential criteria and sub-criteria,
namely safety and braking action time. The improved radar chart method is employed to
comprehensively evaluate and rank the performance. Sensitivity analysis is also performed
to investigate the sensitivity of the ranking results to changes in the weights of main criteria.
An actual case example of three types of hydrodynamic retarders is presented. The result
shows the practicality of the established evaluation criteria hierarchy and validates the
effectiveness and feasibility of the proposed method. The evaluation criteria and the de-
termination weights provide a valuable reference for multi-objective optimization control
strategies and structural optimal design of hydrodynamic retarders. The ranking result of
different hydrodynamic retarders offers practical guidance for managers.

However, some limitations can be expected. The evaluation of the braking perfor-
mance of hydrodynamic retarders is an extremely time-consuming and complex task that
involves a wide range of knowledge. The proposed method did not consider all possible
criteria that could be added to the model. The criteria may include human factors such as



Machines 2023, 11, 849 19 of 21

driver behavior reaction times, and the influence of various factors such as distraction or
fatigue on braking performance. In addition, the ranking of the alternatives may change if
a new criterion is added.

For future work, we intend to explore more cases and conduct more empirical studies
to further validate the usefulness of the research. In addition, the problem could be
extended with the other outranking MCDM methods.
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47. Leśniak, A.; Kubek, D.; Plebankiewicz, E.; Zima, K.; Belniak, S. Fuzzy AHP application for supporting contractors’ bidding

decision. Symmetry 2018, 10, 642. [CrossRef]
48. Saaty, T.L. Decision making with the analytic hierarchy process. Int. J. Serv. Sci. 2008, 1, 83–98. [CrossRef]

http://dx.doi.org/10.1155/2014/508185
http://dx.doi.org/10.1007/s12239-022-0112-0
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2017.06.124
http://dx.doi.org/10.1177/1687814016648056
http://dx.doi.org/10.1080/19942060.2018.1438925
http://dx.doi.org/10.1177/0954406218780510
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2018.05.037
http://dx.doi.org/10.1080/19942060.2020.1717995
http://dx.doi.org/10.1115/1.1421114
http://dx.doi.org/10.3390/sym10110642
http://dx.doi.org/10.1504/IJSSCI.2008.017590


Machines 2023, 11, 849 21 of 21

49. Wang, Q.; Guan, Z.; Zhang, B.; Liu, Y.; Li, C. Multilevel method based on improved radar chart to evaluate acoustic frequency
spectrum in periodic pipe structure. J. Pet. Sci. Eng. 2020, 189, 7–9. [CrossRef]

50. Saaty, T.L.; Vargas, L.G. Models, Methods, Concepts & Applications of the Analytic Hierarchy Process; Springer Science & Business
Media: New York, NY, USA, 2012; Volume 175, p. 6.

51. Saaty, T.L.; Kearns, K.P. Analytical Planning: The Organization of System; Elsevier: New York, NY, USA, 2014; Volume 7, p. 34.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1016/j.petrol.2019.106878

	Introduction
	Evaluation Criteria
	Performance Test
	Fuzzy Analytic Hierarchy Process (FAHP)
	Improved Radar Chart
	Application
	Discussion and Conclusions
	References

