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Abstract: Mesh phasing has a dramatic impact on the static and dynamic behaviours of planetary
gear systems. This research investigates the coupled phase-tuning mechanism of two-stage planetary
gear systems and the corresponding relationship with the coupled vibration of the system. Due to the
inherent meshing symmetry of the system, the phase-coupled tuning mechanism of the two-stage
planetary system is derived based on meshing force relationships and coupling characteristics
between different stages. The excitation and suppression relationships associated with the teeth
number, harmonic order, and coupling vibration of the coupled system are clearly described. To
study the effect of coupled phase tuning on the vibration response of a two-stage planetary gear
system, a nonlinear dynamic model was established. The vibration responses under different
tuning modes were calculated, and a coupled phase-tuning law for two-stage planetary systems
was verified. Model 3 was used as a research tool to build a two-stage planetary transmission
experimental platform, and the transverse vibration and torsional vibration of the first stage sun gear
were analysed to further verify the correctness of the phase-coupling tuning law.

Keywords: phase-coupled tuning; multistage planetary gear; nonlinear dynamics; coupled vibration

1. Introduction

In both high-speed transmission and low-to-medium-speed transmission, the indus-
trial trend is aimed at increasing the transmission power to weight ratio in mechanical
systems. A multistage planetary gear system has the advantages of a compact struc-
ture, high efficiency, and a high power-to-weight ratio; such systems are widely used
in aero-engines, industrial transmissions, military vehicles, and other fields, especially
in electromechanical coupled power transmission systems, as shown in Figure 1. Stage
planetary transmission can promote structural fusion and functional coupling between
the motor and the engine so that the system can meet the requirements of continuously
variable speed and torque. Compared with single-stage planetary systems, multistage
planetary transmission systems have more complex nonlinear coupling characteristics. In
the predesign phase, in-depth studies of the relationship between system design parameters
and coupling characteristics can potentially identify important mechanisms, reduce system
vibration and noise, and ensure that the system is capable of delivering smooth operation
across all working conditions.

With nonlinear characteristics such as multiple degrees of freedom and parameter
coupling, planetary gears are complex and dynamic. Initially, various degrees of freedom
and influential factors were considered when studying the dynamic behaviour of a single
meshing pair. Cardona [1] presented a 3-D flexible model for a gear pair to analyse the
related meshing characteristics considering the flexible deformation of the tooth surface,
backlash, and mesh stiffness fluctuations. Kahraman [2,3] obtained the natural modes
and the forced vibration response by studying the dynamic behaviour of a planetary gear
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pair while considering static transmission errors. Spitas [4] established an accurate 3-D
multi-coupled model to predict tooth contact loss and interactions under different variable-
torque excitations by considering the backlash, torsional, and lateral displacements, and
contact geometry. Lin et al. [5,6] studied the modal characteristics of the planetary gear
and the instability of the system parameters, and the key characteristics of the natural
frequency and mode were determined. A torsional dynamic model of multistage planetary
gear trains was established by Xiang et al. [7] considering the time-varying meshing
stiffness, comprehensive gear error and backlash, and the dynamic responses of systems.
Liu et al. [8,9] established a nonlinear dynamic model of a planetary gear system; load
change, contact loss, and tooth profile modification were considered in the model. Liu [10]
established a centralised parameter model that included centrifugal force, inertial force,
and Coriolis force of the planetary wheel, thereby closely reflecting actual high-speed
operating conditions. This research and model improvements led to dynamic analyses
of stable- and variable-speed processes. Xun et al. [11] studied the statistical properties
of planetary gear systems by using a stochastic method based on the multiple-scales
method. Wei et al. [12] improved the interval harmonic balance method (IHBM) to solve
the dynamic problems of gear systems with backlash nonlinearity and time-varying mesh
stiffness under uncertainties. Liu et al. [13] studied the influence of clearance configurations
on gear system dynamics using the oscillating component of the dynamic transmission
error as the dynamic response. Yan [14] calculated the thermal time-varying mesh stiffness
and established a nonlinear dynamic model to study the influence of gear temperature on a
planetary gear system.

Motor B
Ring Ring
Carrier Carrier
Motor A Sun Gear Sun Gear

Figure 1. Electromechanical coupled power transmission systems.

Based on planetary gear system modelling and the inherent characteristics of such sys-
tems, scholars began studying the relationships between system parameters and vibration
characteristics. Due to the symmetry of planetary gears, the differing mesh phases between
the sun—planet and ring—planet meshes have a powerful impact on the dynamic response
and can have significant benefits in reducing vibration and noise [15]. R. G. Parker [16]
introduced a method for calculating the phase difference between sun—planet meshing,
ring-planet meshing, and internal/external meshing in planetary gear systems. Based on
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the symmetry and meshing periodicity of planetary gears, Ambarisha [17] analytically
derived design rules to suppress certain harmonics of the planet mode response in plane-
tary gear dynamics through mesh phasing. Wang [18] investigated steady deformations
and measured the spectra of spinning planetary gears with a deformable ring and equally
spaced planets; the results verified that planet mesh phasing significantly affects the mea-
sured spectral content. Zhang [19] studied the system dynamics of compound planetary
gears and calculated the mesh phase. Parker [20] systematically studied the phase relations
involving composite planetary wheels and proposed a numbering method to accurately
define and calculate the gear phases. Wang [21] studied the relationship between ring gear
vibration and the meshing phase and showed that the vibration of a ring gear with meshing
phase is mainly influenced by the number of teeth, the number of planetary wheels, the har-
monic order, and the vibration mode. Fatourehchi [22] studied the influence of the meshing
phase difference on a planetary transmission system based on the dynamic transmission
error, and further studied the relationship between the system transmission efficiency and
gear meshing phase difference. Sanchez Espiga [23] studied the influence of gear errors and
geometry on the load distribution and transmission efficiency of planetary transmission
systems. The meshing phase difference of the system will increase the influence of errors
on the load distribution of the system.

Past research has shown that differing mesh phases between the sun-planet and,
consequently, ring—planet meshes of a single-stage planetary system can have a powerful
impact on the dynamic response and significant benefits in reducing vibration and noise.
In essence, designers have a variety of options and objectives in choosing the mesh phasing
for a given application, and a clear understanding of the relations governing the mesh
phasing is essential.

For high-speed and heavy-load hybrid vehicles, multistage planetary transmission
systems are widely used, but the coupled phase-tuning law of multistage planetary trans-
mission systems has not been studied in detail. In this research, a two-stage planetary gear
transmission system is used as a case study to study the multistage coupled phase-tuning
relations in a planetary transmission system. Using the Fourier expansion method, meshing
force coupling is further used to explore coupled phase tuning in a system, establish a
lumped mass model, and identify the multistage coupled phase-tuning rules for planetary
transmission systems.

In this paper, a coupled relationship for phase tuning in a multistage planetary train is
proposed. The Fourier expansion method is used to analyse the relationship between the
fluctuating meshing forces of the central component and the phase-tuning mode in detail.
The coupled tuning principle between planetary stages at different levels is investigated. A
nonlinear dynamics model of the two-stage planetary transmission system is established,
and the coupled phase-tuning law is verified based on the system amplitude-frequency
characteristics.

The rest of the paper is structured as follows. In Section 2, the coupled phase-tuning
mechanism of a two-stage planetary transmission system is explored. In Section 3, a
two-stage planetary gear system model considering time-varying stiffness, backlash, and
other factors is established. Additionally, the coupled phase-tuning law is further studied.
In Section 4, the vibration response of the system is simulated and analysed, and the
accuracy of coupled phase tuning is verified via frequency analysis and the experiment test.
Finally, Section 5 gives some suggestions and conclusions regarding design optimisation
based on the research. The relationship of each chapter in the paper is shown in Figure 2.
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Figure 2. Thesis research framework.

2. Coupled Phase-Tuning Analysis of a Two-Stage Planetary System

For a single-stage planetary system, the phase-tuning relationship is manifested in
four ways: the translational response suppression (TS), translational response excitation
(TE), rotational response suppression (RS), and rotational response excitation (RE) of the
central component. However, in a two-stage planetary system, the phase-tuning effect of
the system is coupled. A schematic diagram of the coupling effect is shown in Figure 3,
where one and two correspond to the first and second planetary stages, respectively. T1_»,
Fyx1-2, and Fy;_, represent the torque and the bending force in the X and Y directions,
respectively, through the connecting shaft between the two stages.

Cpouling
TS, Connection TS,
TE, [ 1T T F TE,
RE, [ 1 Fao J° RE,
RS, [ 1 Fo RS,

Figure 3. Coupled phase-tuning relationships in a two-stage planetary system.

2.1. Relationship between Phase Tuning and the Meshing Force

Parker [16,18] derived a phase calculation method for single-stage planetary systems
and analysed the excitation and suppression relationships between the phase-tuning factor
k and vibration mode of the system. For a two-stage planetary transmission system
with strong coupling, the phase-tuning relationship is also highly coupled. This section
derives the coupled phase-tuning relationship for a two-stage planetary system. The
initial phase relationship involving the two-stage planetary gears is shown in Figure 4,
and the red dotted area in the middle represents the connecting shaft. The central parts
of the two planetary stages are concentric circles, and the sun gear centres in the two-
stage system are collinear; therefore, the two-stage planetary gears have a common oxy
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coordinate system, and eiin and eiin (d =1, 2) are unit vectors that define planet n, which
is in stage d in local coordinates. In the planetary gear coordinate system, i and j are the
direction vectors, and # is the planetary gear number.

Planet Planet

Connecting
Shaft

Ist stage 2nd stage

Figure 4. Phase relationship diagram of two planetary gears.

Taking the first stage as the research object, due to coupling effects, the force of the
central component of the second stage is transmitted to the first stage, and the force of the
sun gear in the first stage is:

{Flnx] _ [ COS P1p Sianln} {Flm’] n [ €oS P2 Sin¢2n:| {Fzm] (1)

Finy —sinyy, cosyiy| |Fipj —sinty, cos | | Fopj

where Fy;,, and Fyp,,, are the meshing force components in the X and Y directions of the sun
gear in the first stage, respectively. Fy;,; and Fy,; are the meshing force components of each
planetary gear. Additionally, ¢, = z¢@,, where ¢, is the initial positioning angle of the
nth planet.

The Fourier components Fllnx of the sun gear force in the X direction are as follows:

[ alln cos @1, sin(lwyyt + 1z1591,) + blln €08 ¢1,,€08 (lewy it + 121591, )+

clln sin @1, sin(lwyt + 1215901,) + dan sin ¢1,c08(lwimt + 121591, )+ (2)

‘712;1 oS @y sin(lwoyt + 1zos o) + blz,1 €08 2,08 (lewamt + 122592y )+
Clzn sin @y, sin(lwymt + 122592, ) + dlz,l sin @p,cos(lwomt + 1225924 )]

Fl,. =

1nx

138

—

=0

where [, represents the number of harmonic components for the nth planet; aiil, bll.;, cﬁ;, and
di% are Fourier coefficients, and they are the same for each planet mesh; that is, aﬁ;'1 = aﬁi,
with similar expressions for others, and wj,,(i = 1, 2) is the mesh frequency in the ith

planetary stage. The first term, I, in Fllnx in Equation (2) takes the form

I= Z{ [alln cos @1, sin(lwyyt + 1z1591,)] + [aén €08 @y sin(lwoyt + 12592y | } 3)
1=0

It is assumed that the relation between the amplitude and the initial phase in each
stage is as follows:
a12n = alln —Aa

Pon = @1, + Ao

Aa and Ag are the harmonic amplitude difference and time-varying phase difference,
respectively, and Ap= (w1 — wy)t + (@1 — ¢2), where wy » represents the rotation speeds
in the two-stage system.
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N
I = 20 [alln cos @1, sin(lwyyt + 1z1591,) + alln cos(@1, + A@) sin(lwopt + 122592y )+ @)
n=

Aa cos(p1, + A@) sin(lwamt + 122592y )]

N .
I= y {a’ln smgluﬂmi) A+ alln cosélwm )B + Ay sm(lwzmt) [alln (COSZ(Agl)) _ sinz(Aq))) + All]+
n=0
B 24l cos(lwpmt) (cos?(Ap) — sin?(Ag)) + al, sin(2A¢) sin(lwaut) + 2Aa cos(lwyt)]+ ®)
(ff al, sin(2A¢)[cos(lwamt) + sin(lwayt)] + % sin(lwyt)at sin(2Aq0)}
where
A — COS(Zn(n —1)(ky — 1)) n COS(Zn(n —1)(ky + 1))
! Ny Ny
B, — sin(zn(n _Il\j)(kl -1) ) +Sir1(271(11 —1)(ky + 1))
1

Ny

2t(n — 1) (ky — 1)
N

27t(n —1)(kp + 1)

A =
2 = cos( N,

) + cos( )
2t(n—1)(kp — 1) 2n(n—1)(kp +1)

B, = sin( N, ) + sin( N, )

2nt(n—1)(kp — 1) s 2n(n—1)(ky +1)

Cy = cos( N, ) — cos( N, )

21t(n —1)(kp — 1) N 2n(n—1)(k, +1)

D = sin( Ny ) = sin( Ny )

where k; = mod ( l%}‘ ), and the following identities hold for integer values of m:
): g 2E(n=1)m { 0m/N # integer

N N m/N = integer ©)
Z sin 2 ) =0

Equations (5) and (6) show that in the two-stage planetary transmission system, the
transverse vibration tuning law of the sun gear in the first stage involves coupled two-stage
phase tuning, and the tuning coefficients k1 and k; are used to adjust the vibration mode of
the sun gear. When k; # 1, N — 1, A; and B, in Equation (5) are both zero. Thus, the /th
harmonic component of the resultant force acting on the sun gear through planet gears in
the first stage disappears. In this case, the tuning result of the second stage has the greatest
influence on transverse vibration in the first stage. When k, = 1, N — 1, neither A, nor C
is zero, the transverse force in the second stage is coupled with that in the first stage, and
the vibration in the first stage is mainly associated with the /th harmonic of the meshing
frequency in the second stage.

2.2. Relation between Phase Tuning and Torque

The torsion moment is generated by the tangential component of the meshing force,
so only the force in the j direction needs to be calculated. For a uniform distribution of
planetary gears, the following conditions are met:

d=c d=d
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The torque acting on the sun gear through the N sun—planet mesh is:

N oo
Tsun/Vsun = 21 ZZ [c} sin(lwyut + Iz @1n) + dll cos(lwymt + 1zs191,) @)
n=1I1=1

—l—clz sin(lwymt + 1z @on) + dl2 cos(lwamt + 12592, ]

N N
Toun/Tsun = [c} ¥ cos % —d} ¥ sin W] sin lwyp, t
n=1 n=1
N N
+c! 21 sin % +d Zl cos W] cos lwyyt
n= n—=

+{ {clz sin(lwayt) + d) cos(lwz,nt)} cos (%)

+ {clz cos(lwayt) — db sin(lemt)] sin (2R )Y cos(Ag)
27'[(1’[]\—[1)](2)

®)

—{ {clz sin(lwypt) + ,112 cos(lwzmt)} sin (

- { L cos(lwapt) — db sin(lwz,nt)} cos (%)} sin(Ag)

Equation (8) shows that in a two-stage planetary transmission system, the torsional
vibration tuning law for the sun gear in the first stage involves coupled phase tuning in
two stages.

Taking the tuning law of the central components in the first stage as an example, the
coupled tuning law of the two-stage planetary transmission system is shown in Table 1.
TS;; indicates that the /th harmonic translational response of the mesh frequency in the ith
stage is suppressed, and TE;;, RSj;, and REj; can be similarly defined.

Table 1. Coupled phase-tuning law of a two-stage planetary system.

k1 = mod(IZs1/N1) ky = mod(IZs,/N>) Influences Dynamic Response
0 TS;; TS, RE;; RE),
0 I,N—-1 TS, TE;pRE;1 RS,
k#0,1,N—-1 TS;; TS RE; RS,
0 TE;; TS;,RS;1RE )
I,N—-1 1,N-1 TE;; TE;;RS;1 RS,
k#0,1,N—-1 TE;; TSRS RS,
0 TS;; TSRS RE},
k#0,1,N -1 1,N-1 TS, TEpRS;1 RSy,
k#0,1,N—-1 TS;; TSRS RS,

3. Analysis of the Coupling and Tuning Mechanisms of a Two-Stage Planetary System

Based on a theoretical analysis of the coupled tuning of a two-stage planetary transmis-
sion system in the previous chapter, a nonlinear dynamic model of the system is established,
and a numerical analysis method is used to determine and verify the coupling and tuning
laws of the two-stage planetary transmission system.

3.1. Nonlinear Dynamic Model of Multistage Planetary Gear Systems

A planetary gear transmission system is a multi-clearance, multi-parameter, coupled,
multi-degree-of-freedom system. In order to more clearly study the phase relationship of
the system, we ignored the influence of mass eccentricity and gear installation error in the
research process.

This research focuses on a two-stage planetary transmission system commonly used
in automatic transmissions in vehicles. The physical system is shown in Figure 5. Each
planetary line contains a sun gear, a ring gear, a planet carrier, and four planetary gears. The
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sun gear in the first stage is connected to the sun gear in the second stage, and the carrier in
the first stage is connected to the ring gear in the second stage. The power is input from the
first stage sun gear shaft and output from the second stage ring gear. Torque is applied to
the input terminal and the output terminal as the driving force and load, respectively.

Figure 5. The physical system diagram of the two-stage planetary gear.

A lumped parameter model for spur planetary gears is shown in Figure 6. The
subscripts s;, ¢;, rj, and p;j (i=1,2;j =1, 2, 3, 4) represent the iy, stage sun gear, carrier gear,
and ring gear and jy, planet gear in the iy, stage, respectively. x,, 1, and 0, are the small
translational displacement and small angular displacement of componenta (a = s;, ¢;, 74, pij)-
Ksipij, Csipij, and bsipyj are the time-varying meshing stiffness, meshing damping, and backlash
for sun—planet gear pairs in the iy, stage, respectively, and the means of kiipij, Cripij, and
bripij are similarly defined. ky, and ky, are the support stiffnesses along the horizontal and
vertical axes.

Y Y2
A A

her2x

Figure 6. Lumped parameter model of the two-stage planet gear system.

Backlash must be assessed in advance to ensure that a gear pair can work normally.
Notably, backlash is a main nonlinear factor in a gear system, and the backlash function of
a gear pair can be written as shown in Equation (9); the same function is relevant for a ring
gear and planet gear pair.

Lsipij = bsipij ~ Lsipij > Dsipij
f(Lsipij, bsipij) = 0 | Lsipij| < bsipij ©)
Lsipij + bsipij  Lsipij < —bsipij
Lsjpij is the meshing line deformation between the sun gear and planet gear, and bg;p;;
is the backlash. Due to gear installation error, manufacturing error, and displacement, the
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meshing line length will change. The meshing line deformation variables Lgjpij and Lyipij
are included in the mathematical model and can be expressed as

— *y
LSiPif - L?Ipz] + Lszpz] (10)
Lyipij = Ly + Lys,
pij ripij

Liiipij is the variation in the meshing line caused by small torsional displacement, LY pij
is the variation in meshing line caused by small translational displacement, n = s or r for
the sun or ring gear, i = 1 or 2 is the stage of the planet gear system, and j =1, 2, 3, or 4 for
the planet gears.

The meshing line deformation caused by small torsional displacement can be expressed as:

pijpij
11
= 0,;jR eciRri ereri ( )

szpz] Gsstz eciRsz 6,iiR
rzpz i pijpij

The variation in the meshing line caused by minor displacement LY .. can be expressed

nipij
as

L)s(z}};z; Xi sin (i + a) — ys; cos (i + &) — x sin(P;j + &) + yei cos (i + )
—Xpjj SIN A + Yppjj COS &

L;?};l] —Xyi Sin(l/)ij — 06) + Yy; COS (1,[71] — IX) + X sin(t,bi]- — CK) — Yci COS (l,bl] — CK)
—Xpjj SIN & — Ypij COS &

(12)

The nonlinear meshing force can be written as shown in Equation (13).

Fsipij = ksipij f (Lsipijs bsipij) + Csipijl:‘sipij (13)
Fripij = Kripijf (Lripijs bripij) =+ CripijLripij

In Equation (13), ks;p;j and km-pl-j are the time-varying meshing stiffness of the sun—
planet gear pair and ring—planet gear pair, respectively.

Then, the equations of motion for the two-stage planet gear system can be written as
shown in Equations (14)—(23) according to the Lagrange equations. In these equations, 1,
and J, (a = s;cir;p;j) are the mass and inertia of component a.

The differential equation of vibration for the first stage sun gear is

4
M1 X1 + Z Sln(lpplj + ‘X) slplj T Kxs1Xs1 + Cxs1%s1 + Fbysls2 =0
]_

Ms1Yg — 121 cos (Ebplj + D‘) Fap1j + kyslysl + Cyslysl + Foxs1s2 = 0 (14)
]:

]slesl + Z Fslpl] s1 T Ts1s2 = Tin
]_

The differential equation of vibration for the first stage ring gear is

My Xp1 — Z Sln(le1] ) rlplj + kxr1 %1 + cxe12,1 = 0

myY, + ‘21 cos (Pp1j — &) Fraptj + kyr1¥e1 + Cyr1¥yy = 0 (15)
]:

. 4
Jr10r1 — ¥ Fap1jRer = —Thrake
/=1

The differential equation of vibration for the first stage carrier is
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4 4 4

me e +¥a ) mp1j + Z M1 COS Pp1j — Y M iy SN Pp1j — Wiy Z Mp1jXp1j COS Ppo;
j=1 j=1 j=1 j=1
4 4
+wh Z Mp1jYp1j SIN Pp1; — 20c1 Z Mp1jXp1 SN Pp1j — 2We1 Z M1l p1; COS Yp1

j=1

- Z Sln(lybpl] + “)Fslplj + 2 Sln(#’pl] 0‘) Prlplj + kxc1Xc1 + exc1%el + Foxetrz = 0
j=1

Ma1yer + Yo Z% Mp1j + Z Mp1jXp1; SN Pp1j + E Mp1jYp1; COS Pp1j — wy Z Mp1jXp1j SN Yp1;
j j=1 j=1

wg Z Mp1jYp1j COS Yp1j + 2e1 Z Mp1jXp1j COS Pp1j — 2Wel Z Mp1Yp1; SN Pp1;
j=1 =1

+ Z cos lpplj + “ slpl] Z cos 1/]p1] ) rlplj + kycl]/cl + Cyclyd + Fbycer =0
j=1

. ' TR 4
Je1ber — '21 Jp1j0c1 + '21 Jp1j0p1j + ‘21 1RG0 Z Fs1p1jRps1
j= j= j=

4 (16)
- Azl Fap1jRor1 + Tearr = 0
j=

The differential equation of vibration for the first stage planet gear is

mp1]-5écl Ccos lpplj + mpljycl sin l/Jplj + mplj"plj 2mp1]wclyp1]
2 .
mpl] Clxplj sin 0(F51p1] smacFrlpl] + kxpl]xplj + cxpljxplj =0
pljxcl sin l[JPl] + m,ﬂ]ycl Ccos 1[Jp1] + Mp1jY p1j + Zmpljwdxplj (17)
>
—Mp1jWeYp1j + cos wFsp1j — cos aFrpnj + kyp1jypij + Cyprjy ;= 0
—Jmjbcr + I — Fsip1jRp1j + Fap1jRp1j = 0
The differential equation of vibration for the second stage sun gear is
4

MpXsp + 3 Sln(leZ] + 0‘) Fopoj + kxs2Xs2 + Cxs2%s2 — Foxs1s2 = 0
]_

Mgy — }):1 cos (1Pp2j + ‘X)FSZij + kysaYs2 + Cys2y52 — Ry =0 (18)
]:

- 4
Js20s2 + '21 FopojRs2 — Taas2 = 0
]:
The differential equation of vibration for the second stage ring gear is

mrzéérz 2 Sln(l,llpzj ) r2p2j + erZer + er2xr2 - Fbxcer =0

eryrz + 'Zl cos (prj - IX) Fr2p2j + kyrZyrZ + Cyr2yr2 - Fbycer =0 (19)
]:

]r29r2 + Z Fr2p2] 2~ Tarp =0
]_

The differential equation of vibration for the second stage carrier is
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4 4 4 4
MeaXc2 + X ‘21 Mpoj + .21 Mp2jXp2j COS Ppoj — ‘21 Mp2jYppj SIN Pp2j — Wep ,21 Mp2jXp2j COS Ppoj
j= j= = j=

4 4 4
2 X ot L o ot L > X
+ws, j; Mp2Yp2j SIN Ppoj — 202 'Z Mp2jXp2j SIN Ppoj — 2Wen jg,l Mp2jY p2j COS Pp2j

4
- E Sln(‘PpZ] + "‘) s2p2j + Z Sln(ll]pZ] ) 2p2j T kxcaXc2 + exaXc2 = 0

4 4 4 4
Ml +Yep L Mp2j + L MpojXpoj SINYpoj + Yo Mpjlf; COS Ppoj — Wiy Yo Mp2jXpoj SIN P
=1 j=1 /=1 j=1
4 4 4
2 - Y
—ws ]Z Mp2iYp2j COS l/)pzj + 2w ]Z Mp2jXp2j COS l/Jpzj —2We ];1 mpzjypzj sin wp2j (20)

+ Z cos (¢p2] + D‘) s2p2j — E cos (#JpZ] )Fr2p2j + kyc2yc2 + Cchycz =0
=

Je20c2 — Z ]p2] 2+ Z ]pZ] p2j T Z mpZ]Rbcz 2 Z FeopojRbs2
4
- }21 FerZijrZ = —Tout
]:
The differential equation of vibration for the second stage planet gear is

Mp2jXc2 ‘;OS Yp2j  Mp2jijca SIN Ypoj + My Xpaj — 2pajcalfpg;
—Mp2jWenXpaj — SN &Fepyj — sinaFropoj + KxpajXpaj + CxpajXpaj = 0
_mpzjxd SIN Ppoj + Mpjl o COS Ypoj + Mo + 2mp2]“)62xp21 (21)
Mpaj g2yP2] + cos aFppaj — cos Fropaj + Kypajypoj + Cypzfypzj =0
]p2] @+ ]pZ] p2j — RpZ]FSZPZj + RijFrZPZj =0
where ' .
TslsZ = kslsZ(esl - 952) + Cs152 (esl - 952)
Foxs1s2 = kps1s2(Xs1 — Xs2) + Chsis2 (9:551 - 9:552) (22)
FbyslsZ = kpsis2 (ysl - }/SZ) + Cpsis2 (]/51 - ysz)

kbs1s2, ks1s2, Cs152, and cpg15p are the bending stiffness, torsional stiffness, bending
damping, and torsional damping of the shaft between the sun gears, respectively.

The torsional torque and transverse force of the shaft between the first stage ring gear
and the second stage carrier can be expressed by Equation (23).

Tc1r2 = kc1r2(9c1 - 9r2) + Ccir2 (écl - érZ)
Foxclr2 = kbcer(xcl - er) =+ Cbelr2 (xcl - xr2> (23)
Fbyc1r2 Kpe1r2 (]/Cl yrz) + Cbeir2 (yd yrZ)

kbe1ra, kcir2, Cperra, and cqipp are the bending stiffness, torsional stiffness, bending
damping, and torsional damping of the connecting shaft between the first stage carrier and
second stage ring gear, respectively.

3.2. Analysis of the Tuning Mechanisms of Different Models

The symmetrical arrangement of the planetary transmission system makes the mesh-
ing positions symmetrical, and this relation is the source of phase tuning. The meshing
force itself is a complex nonlinear periodic function. To study the coupled phase-tuning
relationships in the two-stage planetary transmission system, starting from the meshing
force, the characteristics of excitation forces acting on central components at all levels were
analysed, and the component locations were assessed. The characteristics of the resultant
force or the resultant moment were obtained to determine the coupled vibration mode and
law for the central part of the two-stage planetary transmission system. In the following
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description, positive direction refers to the clockwise direction, and negative direction
refers to the counter-clockwise direction. Three tuning models are established, and the
specific tuning parameters are shown in Table 2.

Table 2. System parameters.

Item Sun Gear Ring Gear Carrier Planet Gear

Model 1 Number of teeth 27/39 77/77 — 25/29

Model 2 Number of teeth 28/36 76/76 — 24/20

Model 3 Number of teeth 28/39 76/77 — 24/29
Number of planets 4

piziee‘f‘elrs Half backlash/mm berpt; = 018 byypaj = 0.2 by = 0.2 bygpp; = 0.2

Module 4
Pressure angle/° 20

3.2.1. Model 1: Coupled Tuning Mechanism Analysis

The two-stage planetary transmission system in model 1 displays meshing phase
differences, and these differences are listed in Table 3; y;,; and 1, represent the meshing
phase difference of S-P and R-P, respectively.

Table 3. Meshing phase difference of model 1.

Meshing Phase Difference

Stage number Yspl Ysp2 Ysp3 Yspa
1st stage 0 0.75 0.5 0.25
2nd stage 0 0.75 0.5 0.25
Stage number Yrp1 Yrp2 Yrp3 Yrpa
1st stage 0 0.25 0.5 0.75
2nd stage 0 0.25 0.5 0.75

Figure 7 shows the time-domain curve of the fluctuating meshing force of the sun gears
in each stage in mode 1 and the instantaneous force diagram at time points A and B. The
time-domain curve shows that the direction and magnitude of the meshing force between
each planetary gear and the sun gear change over time. Consequently, the resultant force
acting on the sun gear is converted from a lateral force to a torsional moment, resulting in
the transient vibration of the sun gear.

To further analyse the fluctuating meshing force of sun gears at different times, the
time points A = 0.0302 s and B = 0.0312 s were selected, and the corresponding force
diagrams were obtained. In Figure 7, Fm_, indicates the fluctuating meshing force for
S5-P gear pairs, wherei =1, 2 and n = 1, 2, 3, 4 indicate the stage number and the number
of planet gears, respectively; the two black dotted lines correspond to A = 0.0302 s and
B = 0.0312 s. The instantaneous meshing force diagrams between four planetary gears and
the sun gear are shown below the dotted frame, where 515 represents the force diagram of
the sun gear in the first stage at time point A, with similar expressions for others.
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Figure 7. Dynamic S-P meshing force in model 1.

S1a and Spp are taken as examples to illustrate the relationship between the force on
the sun gear and the vibration mode in mode 1. For S;5, the meshing forces of the four
planetary gears are represented by p1, p2, p3, and p4. If |pl| ~ |p2| = |p3| = |p4|, then
these four forces will cancel each other, and the sun gear will maintain the TS and TE
vibration modes; if (|p1| =~ |p3|) > (|p2| ~ |p4|), then the RE mode will be triggered. For
Sya, the force directions of p1 and p3 are the same, as are those of p2 and p4; therefore, the
TE mode of translational vibration for the sun gear is directly excited.

The above analysis indicates that when the two-stage planetary transmission system
exhibits a phase difference, the vibration mode of the central part of the system switches
between translational vibration, torsional vibration, and equilibrium based on the relevant
forces. Due to the periodicity of the meshing force, the vibration mode of the central part of
the system also periodically varies.

3.2.2. Model 2: Coupled Tuning Mechanism Analysis

In model 2, the meshing phase differences in the first stage and second stage are
zero, and these differences are listed in Table 4; 7y5,; and 7,,; represent the meshing phase
differences of S-P and R-P, respectively.

Table 4. Meshing phase differences for model 2.

Meshing Phase Difference

Stage number Yspl Ysp2 Vsp3 Vsp4
1st stage 0 0 0 0
2nd stage 0 0 0 0

Stage number Yrp1 Yrp2 Yrp3 Vrpa
1st stage 0 0 0 0

2nd stage 0 0 0 0
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Figure 8 shows the time-domain curve of the fluctuating meshing force in each stage
for sun gears in mode 2 and the instantaneous force diagram at time points A and B. The
time-domain curve shows that the direction and magnitude of the meshing force between
each planetary gear and the sun gear are the same; therefore, the force acting on the sun
gear always includes a torsional torque component, leading to the torsional vibration of
the sun gear.
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-1000"
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Figure 8. Dynamic S-P meshing force in model 2.

To further analyse the fluctuating meshing force acting on the sun gear at different
times, the time points A = 0.0152 s and B = 0.0162 s were selected, and the corresponding
force diagrams were obtained. S1A is taken as an example to illustrate the relationship
between the force on the sun gear and the vibration mode in mode 2. For S1A, the meshing
forces of the four planetary gears are represented by p1, p2, p3, and p4, and their direction
and magnitude are the same (i.e., |pl| = |p2| = |p3| = |p4|); then, these four forces form a
torsional torque, which directly excites the RE mode of torsional vibration for the sun gear.
According to the above analysis, when the phase difference between the two planetary
transmission systems is 0, the vibration mode of the centre part of the system is dominated
by torsional vibration.

3.2.3. Model 3: Coupled Tuning Mechanism Analysis

In model 3, the meshing phase differences in the first stage and second stage are listed in
Table 5; ysp; and 7,,; represent the meshing phase differences of S-P and R-F, respectively.
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Table 5. Meshing phase differences for model 3.

Meshing Phase Differences

Stage number Vsnpl Ysnp2 Vsnp3 Vsnp4
1st stage 0 0.75 0.5 0.25
2nd stage 0 0 0 0

Stage number Yrnpl Yrnp2 Yrnp3 Yrnpa
1st stage 0 0.25 0.5 0.75
2nd stage 0 0 0 0

Figure 9 shows the time-domain curve of the fluctuating meshing force for each stage
of the sun gears in mode 3 and the instantaneous force diagram at time points A and B. The
time-domain curve shows that the direction and magnitude of the meshing force between
each planetary gear and the sun gear change over time, resulting in the force acting on the
sun gear being converted between a lateral force and torsional moment; consequently, the
vibration mode of the sun gear is a couple mode.

Fi

‘ ——Fm

sipll M2 spl3 mslpM‘

-500 - ;
_ P2
A= B=0.0312s
-1000
p4 \ p3
0.03 0.0305  Time (s) 0.031

—Fm

s2p21 Fm Fm g, o Fm s

0.03 00305  Time(s) 0031 0.0315
Figure 9. Dynamic S-P meshing force in model 3.

To further analyse the fluctuating meshing force on the sun gear at different times,
the time points A = 0.0302 s and B = 0.0312 s were selected, and the corresponding force
diagrams were obtained. The two black dotted lines correspond to A = 0.0302 s and
B =0.0312s.

S1g and Syp are taken as examples to illustrate the relationship between the force
on the sun gear and the vibration mode in mode 3. For S;p, the meshing forces of the
four planetary gears are represented by p1, p2, p3, and p4, and their directions are the same
(counter clockwise). Regardless of whether the magnitude is the same, these four forces
will form a torsional torque, which directly excites the RE mode of torsional vibration for
the sun gear. For Syp, the force directions of p1 and p3 are the same, as are those of p2 and
p4; therefore, the TE mode of translational vibration for the sun gear is directly excited.
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Based on the above analytical comparison to a single-stage planetary system, the
phase tuning of the two-stage planetary transmission system has strong coupling charac-
teristics, and due to this coupling, the vibration characteristics of the two-stage planetary
transmission system can significantly vary. In mode 1, the magnitude and direction of the
fluctuating meshing forces on the sun gear change with time, and because the direction
of the force is inconsistent, the torsional moment cannot be directly formed, so transla-
tional vibration is dominant. In mode 2, the magnitude and direction of the fluctuating
meshing forces on the sun gear are always consistent, directly leading to torsional torque
and stimulating the torsional vibration mode of the system. In mode 3, when the tuning
modes in the first and second stages are different, the tuning of the sun gear differs from
that in a single-stage system, and a coupled tuning phenomenon appears. Theoretically, the
force characteristics of the sun gear in the first stage should be the same as those in mode 1.
However, under the coupled effect of secondstage tuning, the directions of the fluctuating
meshing forces on the sun gear in the first stage gradually become the same, resulting in
torque action, which directly excites torsional vibration. Similarly, the second stage sun
gear is theoretically influenced by torsional vibration only. Additionally, under the coupled
tuning effect in the first stage, the direction of the fluctuating meshing forces on the sun
gear gradually changes and can even reverse the forces, thus producing a lateral resultant
force and exciting the lateral vibration.

4. Analysis of Coupled Tuning Vibration in a Two-Stage Planetary
Transmission System

4.1. Analysis of Coupled Tuning Vibration in Model 1

Due to the meshing phase differences, each harmonic of the meshing frequency has
a corresponding tuning vibration mode. The phase-tuning relationships in the two-stage
planetary system in model 1 are shown in Table 6.

Table 6. The coupled tuning law for model 1.

Order Number
Stage Number
1 2 3 4 5

TE TS TE TS TE
1st stage

RS RS RS RE RS

TE TS TE TS TE
2nd stage

RS RS RS RE RS

Figure 10 is the vibration frequency spectral for the two stages of the sun gears, where
Figure 10a,b are the X-direction and 6-direction vibration frequency domain diagrams of the
first stage sun gear and Figure 10c,d are the X-direction and #-direction vibration frequency
domain diagrams of the second stage sun gear. Notably, the vibration form of the planetary
gear transmission system recurs periodically as harmonic order increases. The abscissa
in the figure is the frequency, and the ordinate is the amplitude of the corresponding
component frequency.

Based on Figure 10 and Table 6, the main vibration modes of the two-stage planetary
transmission system are consistent with the phase-tuning law; the first, third, and fifth
order harmonics of the two-stage planetary system meshing frequency excitation are the
translational vibration, and the fourth-order harmonic excitation is the torsional vibration.
Taking the first and fourth harmonics of the meshing frequency as examples, Figure 9
shows that the amplitude of the translational vibration line is non-zero at the first-order
meshing frequency of the two rows of sun gears, whereas the torsional vibration line
has an amplitude of zero; therefore, this component stimulates excitation of translational
vibration but suppresses torsional vibration. At the fourth-order meshing frequency, the
amplitude of the translational vibration line is zero, and the amplitude of the torsional
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vibration line is not zero; therefore, this component stimulates torsional vibration excitation
and the suppression of translational vibration. Due to the coupling effect between the
two planetary stages, the meshing frequency component of each planet includes meshing
frequencies from both stages, and each order of the vibration frequency is determined by
the corresponding order of the planetary stages. Transverse vibration is dominated by the
meshing frequency in the first stage, and torsional vibration is dominated by the meshing
frequency in the second stage.
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Figure 10. Frequency-domain diagrams of sun gear vibration in mode 1. (a) Vibration of the 1st-stage
sun gear in the X direction and (b) vibration of the 1st-stage sun gear in the 6 direction. (c) Vibration of
the 2nd-stage sun gear in the X direction and (d) vibration of the 2nd-stage sun gear in the 6 direction.

4.2. Analysis of Coupled Tuning Vibration for Model 2

Since there is no meshing phase difference for model 2, the tuning mode of each
planetary stage involves excited torsional vibration and the suppression of translational
vibration. The phase-tuning relationships in the two-stage planetary system in model 2 are
shown in Table 7.

Table 7. The coupled tuning law for model 2.

Order Number
Stage Number
1 2 3 4 5

TS

1st stage
RE
TS

2nd stage

RE
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Figure 11 illustrates the vibration frequency domain diagrams for the two stages of
sun gears, where Figures 11a and 11b, respectively, are the X-direction and 6-direction
vibration frequency spectral diagrams of the first stage sun gear and c) and d) are the
X-direction and 6-direction vibration frequency domain diagrams of the second stage
sun gear, respectively. The abscissa in the figure is the frequency, and the ordinate is the
amplitude of the corresponding component frequency.

-6 -6
5 x 10 : . 2 x10 : T
15+ 115k ; i
] ml
£ g /
& =
5ol 15 1 8
g— § 3fm2 4fm2
o o 6[
= L m2 . 2
SN i [
0.5 105F . J 3f mi " 1
2( ml
RN
_ JA Y Ll J.l O N U T
500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Frequency (Hz) Frequency (Hz)
(a) (b)
-6 -6
2 2 , , 2 X100 . .
£
J
15F B 1.5F 1
g
£ g
g &
L 1 1t . ]
g ! g of e Mo
E & | -
& 2] - o6f
g A st , 2
0.5 4 05¢ \ 3r af R
‘lml l
0 I.h 1 ] L 11 1

500 1000 1500 2000 2500 3000 3500

(c)

1500 2000 2500 3000 3500 4000 4500 5000
Frequency (THz)

(d)

Figure 11. Frequency-domain diagrams of sun gear vibration in mode 2. (a) Vibration of the 1st-stage
sun gear in the X direction and (b) vibration of the 1st-stage sun gear in the 6 direction. (c) Vibration of
the 2nd-stage sun gear in the X direction and (d) vibration of the 2nd-stage sun gear in the 6 direction.
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Figure 11 shows that the amplitude of the translational vibration spectrum for each
order of meshing frequency harmonics related to lateral vibration of the sun gear in the first
and second stages is zero. However, the amplitude of the torsional vibration spectrum is not
zero, and this situation leads to stimulated torsional vibration and suppressed translational
vibration. Through the tuning effect, only the torque vibration is transmitted between the
two stages, and the lateral excitation is suppressed. This finding is consistent with the
force analysis conclusion in Section 2, and the frequency-domain diagram of directional
vibration includes the meshing frequencies of the two stages.

4.3. Analysis of Coupled Tuning Vibration for Model 3

The phase-tuning relationships for the two-stage planetary system in model 3 are
shown in Table 8.
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Table 8. The coupled tuning law for model 3.
Order Number
Stage Number
1 2 3 4 5
TE TS TE TS TE
1st stage
RS RS RS RE RS
TS
2nd stage
RE

Frequency spectra

Figure 12 shows the vibration frequency spectral diagram of sun gears in two stages, where
Figure 12a,b are the X-direction and #-direction vibration frequency domain diagrams of the
first stage sun gear and Figure 12c,d are the X-direction and 0-direction vibration frequency
domain diagrams of the second stage sun gear, respectively. The abscissa in the figure is the
frequency, and the ordinate is the amplitude of the corresponding component frequency.
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Figure 12. Frequency domain diagrams of sun gear vibration in mode 3. (a) Vibration of the 1st stage

Frequency (Hz)

sun gear in the X direction and (b) vibration of the 1st stage sun gear in the 6 direction. (c) Vibration of
the 2nd stage sun gear in the X direction and (d) vibration of the 2nd stage sun gear in the 6 direction.

The first-order and fourth-order harmonics of the meshing frequency are used as
examples. Figure 12 shows that the amplitude of the translational vibration line is not
zero at the first-order meshing frequency of the sun gear in the first stage. However, the
amplitude of the torsional vibration line is zero. In this case, translational vibration is
stimulated, and torsional vibration is suppressed. At the fourth-order meshing frequency,
the amplitude of the translational vibration spectrum is zero, but the amplitude of the
torsional vibration spectrum is not zero. Therefore, in this case, torsional vibration is
stimulated, and translational vibration is suppressed. There is no phase difference in the
second stage, and all harmonics are excited torsional vibrations. Lateral vibration is mainly
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caused by bending forces from the first stage transmitted by the connecting shaft. Therefore,
the lateral vibration of the second stage is the same as that of the first stage, as suggested
by the tuning law. At this time, in addition to the fourth-order harmonics in the first stage,
the torsional vibration of the entire system is mainly excited in the second stage. Therefore,
the frequency-domain diagram of the torsional vibration of the central parts of the system
in all two stages are the meshing frequency and the corresponding frequency components
of the second stage.

4.4. Experimental Verification

To verify the effectiveness of the coupled tuning law, a vibration response test involv-
ing a two-stage planetary gear system was performed. The vibration characteristic test is a
dynamic simulation performed in the laboratory, as shown in Figure 13.

Dynamometer

B .
- \ Speed and
Planetary torque sensor

\ gaer box

A

™

Figure 13. Vibration test platform.

For the coupled tuning test, model 3, containing two different tuning modes, is
investigated, and the design parameters are shown in Table 9. In this test, a motor is
used to drive and rotate the gearbox, and a dynamometer is used to apply load torque.
An acceleration sensor is installed on the bearing seat to measure the lateral vibration
acceleration of the two sun gears. The test conditions were as follows: the drive motor
input speed was approximately 2000 r/min, and the load torque of the load dynamometer
was 400 Nm. The first stage mesh frequency was 667 Hz, and the second stage mesh
frequency was 604 Hz.

Table 9. Parameters of the two-stage planetary transmission system.

Item Sun Gear Ring Gear Carrier Planet Gear
Number of teeth 27/36 77/76 — 25/20
Mass/kg 4.600/3.973 6.145/15.055 39.051/25.939 1.322/0.823
Mass moment/kg-m? 0.0094/0.0122 0.1654/0.4995  0.4762/0.3283  0.0021/0.0009
Module 3
Pressure angle/° 20
Tooth width/mm 25

We installed a vibration acceleration sensor on the bearing outer-ring closest to the
input sun gear and output carrier gear, as shown in Figure 14.
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Figure 14. Installation diagram of sensors. (a) System architecture and sensor location. (b) Speed and

torque sensor. (c) Acceleration sensor.

In the process of studying the coupled phase-tuning law, other sources of excitation,
such as gear error, were excluded from the corresponding model. However, in actual tests,
gear errors, including installation error, mass eccentricity, and manufacturing error, are
inevitable, and these errors will influence the vibration response of the system. Figure 15
shows the vibration acceleration spectrum of the first stage sun gear in mode 3 in the X
direction, where Figure 15a is the vibration spectrum without considering the gear error and
Figure 15b is the vibration spectrum with gear error. Through comparison, the gear error
increases the vibration amplitude of the meshing frequency, especially for the first-order
vibration and even-order vibrations.
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Figure 15. Effect of gear error on phase tuning. (a) Without error. (b) With error.

Figure 16 shows the vibration acceleration spectrum of the sun gear in the X direction
obtained during the test. The actual transmission system model contains errors and various
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nonlinear factors, which significantly impact the system response and influence the phase-
tuning phenomenon. Figure 16a,b is the spectrum of time-domain vibration acceleration
and frequency-domain vibration, respectively. By comparison with that in Figure 14, the
amplitude marked in blue in Figure 16b is excited by nonlinear error factors, and the
amplitude marked in black in Figure 16 is excited by phase-tuning relations. As shown
in Figure 16b, the vibration of the central part of the first planetary gear is dominated by
the odd-order first stage meshing frequencies, and the amplitude corresponding to the
first-order frequency is the largest. At this time, the transverse vibration of the second stage
is in a state of suppression, and the vibration associated with the second stage meshing
frequency and its components is not obvious.
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Figure 16. Spectrum of transverse vibration for the 1st-stage sun gear. (a) Time domain acceleration.
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Figure 17 shows the torsional vibration spectrum of the first sun gear in the 6 direction
obtained during the test. The actual transmission system model contains errors and
various nonlinear factors, which produce more tuned frequencies, reduce the resolution
of frequency spectrum, and greatly disturb the phase-tuning phenomenon. According to
the tuning law shown in Table 8 and Figure 13, the torsional vibration of the first stage sun
gear in model 3 is mainly excited by the fourth-order meshing frequency and coupled with
each order meshing frequency of the second stage. In Figure 17b, the torsional vibration
of the first stage sun gear is mainly distributed at the rotational frequency, the first-order
meshing frequency of the second stage, and its side frequency band. Only the meshing
frequency is marked in the figure. At the same time, it can be seen that the fourth-order
meshing frequency 2700 Hz of the first stage also plays a significant role in stimulating
torsional vibration, and this matches the tuning law of model 3.
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Combined with simulation analysis and experimental verification, it can be concluded
that the tuning law of planetary transmission systems also has coupling characteristics.
This characteristic can clearly show the relationship between the tooth number of gears in
the planetary stage and the coupling vibration response of the system, which provides a
method and theoretical basis for the further study of coupling vibration for the system.

5. Conclusions

A coupled phase-tuning theory for a multistage planetary transmission system was
proposed, and the corresponding mathematical relations were deduced. A nonlinear coupled
vibration model of a two-stage planetary transmission system was established, and the
coupled phase-tuning law was verified and described. The main results are as follows.

1. A coupled phase-tuning theory for a multistage planetary transmission system is
proposed. In a multi-stage planetary gear drive system, the phase-tuning law of each
stage will affect the vibration characteristics of each component of the system, so
that the component presents a variety of excitation characteristics. Additionally, the
mathematical expression of coupled phase tuning in this system is obtained according
to the basic force relations of the central components. The relationship between the
change in the meshing phase of each planetary stage and the coupled vibration of the
system is theoretically described.

2. The symmetry of the meshing forces is the fundamental driver of the phase-tuning
relationship, and there is a strong coupling relationship between the meshing forces
of each stage of the planetary system. The number of tooth and planetary gears in
the single-stage system can make the resultant force of the central component present
three tuning characteristics of torsional moment, lateral impact force, and mutual
cancellation, and in the multi-stage planetary system, the coupling transmission
characteristics of the central component force leads to the coupling of the phase-
tuning law. Therefore, the change of phase-tuning parameters in one stage will
change the coupling vibration response of the whole system through the coupling
characteristics of the meshing forces.

3. Due to the highly coupled characteristics of the system, the tuning coefficients k; and
k not only dominate the respective planetary stages, but also generate excitation and
suppression related to the corresponding harmonic order of the frequency in other
planetary stages. Combined with the simulation and experimental results, the error
has a disturbing effect on the phase-tuning law, which will strengthen the vibration
amplitude of the system phase-tuning excitation and excite the vibration mode of
phase-tuning suppression. Finally, the correctness of the phase-coupling tuning law of
the two-stage planetary gear transmission system is further verified by experiments.

By studying the coupled phase-tuning law for a two-stage planetary transmission
system, the nonlinear coupling relationship between the design parameters and vibration
response of the system is further understood. Thus, this study lays a foundation for research
on the coupled characteristics of multistage planetary transmission systems and provides
an effective guide for resonance analyses of systems in the predesign stage.

Author Contributions: Conceptualization, P.Y. and Q.G.; methodology, P.Y. and C.Z,; software, PY.,
Y.L. and T.W,; validation, P.Y. and C.Z.; writing—original draft preparation, P.Y.; writing—review and
editing, PY. and Q.G.; funding acquisition, P.Y. All authors have read and agreed to the published
version of the manuscript.

Funding: This research was supported by the Opening Foundation of Shanxi Key Laboratory of
Advanced Manufacturing Technology (No. X]ZZ202207) and the Free Exploration project of Shanxi
Basic Research Program (202203021222053).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.



Machines 2023, 11, 610 24 of 24

Data Availability Statement: Data available on request due to restrictions e.g., privacy or ethical.
The data presented in this study are available on request from the corresponding author. The data are
not publicly available due to continuing research.

Acknowledgments: The authors also gratefully acknowledge the helpful suggestions of the reviewers.

Conflicts of Interest: The authors declare that they have no conflicts of interest in the publication of
this article.

References

1.  Cardona, A. Flexible three dimensional gear modelling. Rev. Eur. Eléments Finis 1995, 4, 663—691. [CrossRef]

2. Kahraman, A. Planetary Gear Train Dynamics. ]. Mech. Des. 1994, 116, 713-720. [CrossRef]

3.  Kahraman, A. Free torsional vibration characteristics of compound planetary gear sets. Mech. Mach. Theory 2001, 36, 953-971.
[CrossRef]

4.  Spitas, C.; Spitas, V. Coupled multi-DOF dynamic contact analysis model for the simulation of intermittent gear tooth contacts,
impacts and rattling considering backlash and variable torque. Proc. Inst. Mech. Eng. Part C |. Mech. Eng. Sci. 2016, 230, 1022-1047.
[CrossRef]

5. Lin, ].; Parker, R.G. Analytical Characterization of the Unique Properties of Planetary Gear Free Vibration. J. Vib. Acoust. 1999,
121, 316-321. [CrossRef]

6. Lin, J.; Parker, R. Planetary gear parametric instability caused by mesh stiffness variation. J. Sound Vib. 2002, 249, 129-145.
[CrossRef]

7. Xiang, L.; Gao, N.; Hu, A. Dynamic analysis of a planetary gear system with multiple nonlinear parameters. . Comput. Appl.
Math. 2018, 327, 325-340. [CrossRef]

8. Liu, G.; Parker, R.G. Dynamic Modeling and Analysis of Tooth Profile Modification for Multimesh Gear Vibration. J. Mech. Des.
2008, 130, 121402. [CrossRef]

9. Liu, G.; Parker, R.G. Nonlinear, parametrically excited dynamics of two-stage spur gear trains with mesh stiffness fluctuation.
Proc. Inst. Mech. Eng. Part C J. Mech. Eng. Sci. 2012, 226, 1939-1957. [CrossRef]

10. Liu, C; Yin, X;; Liao, Y.; Yi, Y;; Qin, D. Hybrid dynamic modeling and analysis of the electric vehicle planetary gear system. Mech.
Mach. Theory 2020, 150, 103860. [CrossRef]

11.  Xun, C.; Long, X.; Hua, H. Effects of random tooth profile errors on the dynamic behaviors of planetary gears. J. Sound Vib. 2018,
415, 91-110. [CrossRef]

12. Wei, S.; Han, Q.K.; Dong, X.J.; Peng, Z.K.; Chu, FL. Dynamic response of a single-mesh gear system with periodic mesh stiffness
and backlash nonlinearity under uncertainty. Nonlinear Dyn. 2017, 89, 49-60. [CrossRef]

13. Liu, Y;; Zhu, Y.; Zhao, K,; Liang, Z.; Lin, H. Effect of clearance configuration on gear system dynamics. Adv. Mech. Eng. 2018, 10,
1687814018769540. [CrossRef]

14. Liu, H,; Yan, P; Gao, P. Effects of Temperature on the Time-Varying Mesh Stiffness, Vibration Response, and Support Force of a
Multi-Stage Planetary Gear. J. Vib. Acoust. 2020, 142, 051110. [CrossRef]

15. Parker, R. A Physical explanation for the effectiveness of planet phasing to suppress planetary gear vibration. J. Sound Vib. 2000,
236, 561-573. [CrossRef]

16. Parker, R.G.; Lin, ]. Mesh Phasing Relationships in Planetary and Epicyclic Gears. J. Mech. Des. 2004, 126, 365-370. [CrossRef]

17.  Ambarisha, V.K.; Parker, R.G. Suppression of Planet Mode Response in Planetary Gear Dynamics Through Mesh Phasing. J. Vib.
Acoust. 2005, 128, 133-142. [CrossRef]

18.  Wang, C.; Parker, R.G. Dynamic modeling and mesh phasing-based spectral analysis of quasi-static deformations of spinning
planetary gears with a deformable ring. Mech. Syst. Signal Process. 2020, 136, 106497. [CrossRef]

19. Zhang, D.; Zhu, R.; Fu, B.; Tan, W. Mesh Phase Analysis of Encased Differential Gear Train for Coaxial Twin-Rotor Helicopter.
Math. Probl. Eng. 2019, 2019, 8421201. [CrossRef]

20. Guo, Y,; Parker, R.G. Analytical determination of mesh phase relations in general compound planetary gears. Mech. Mach. Theory
2011, 46, 1869-1887. [CrossRef]

21. Wang, S.; Huo, M.; Zhang, C,; Liu, J.; Song, Y.; Cao, S.; Yang, Y. Effect of mesh phase on wave vibration of spur planetary ring
gear. Eur. J. Mech.-A/Solids 2011, 30, 820-827. [CrossRef]

22. Fatourehchi, E.; Mohammadpour, M.; King, P.D.; Rahnejat, H.; Trimmer, G.; Williams, A.; Womersley, R. Effect of mesh phasing
on the transmission efficiency and dynamic performance of wheel hub planetary gear sets. Proc. Inst. Mech. Eng. Part C ]. Mech.
Eng. Sci. 2017, 232, 3469-3481. [CrossRef]

23. Sanchez-Espiga, J.; Fernandez-del-Rincon, A.; Iglesias, M.; Viadero, F. Influence of errors in planetary transmissions load sharing

under different mesh phasing. Mech. Mach. Theory 2020, 153, 104012. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1080/12506559.1995.10511205
https://doi.org/10.1115/1.2919441
https://doi.org/10.1016/S0094-114X(01)00033-7
https://doi.org/10.1177/0954406215596696
https://doi.org/10.1115/1.2893982
https://doi.org/10.1006/jsvi.2001.3848
https://doi.org/10.1016/j.cam.2017.06.021
https://doi.org/10.1115/1.2976803
https://doi.org/10.1177/0954406212447509
https://doi.org/10.1016/j.mechmachtheory.2020.103860
https://doi.org/10.1016/j.jsv.2017.11.022
https://doi.org/10.1007/s11071-017-3435-z
https://doi.org/10.1177/1687814018769540
https://doi.org/10.1115/1.4047246
https://doi.org/10.1006/jsvi.1999.2859
https://doi.org/10.1115/1.1667892
https://doi.org/10.1115/1.2171712
https://doi.org/10.1016/j.ymssp.2019.106497
https://doi.org/10.1155/2019/8421201
https://doi.org/10.1016/j.mechmachtheory.2011.07.010
https://doi.org/10.1016/j.euromechsol.2011.06.004
https://doi.org/10.1177/0954406217737327
https://doi.org/10.1016/j.mechmachtheory.2020.104012

	Introduction 
	Coupled Phase-Tuning Analysis of a Two-Stage Planetary System 
	Relationship between Phase Tuning and the Meshing Force 
	Relation between Phase Tuning and Torque 

	Analysis of the Coupling and Tuning Mechanisms of a Two-Stage Planetary System 
	Nonlinear Dynamic Model of Multistage Planetary Gear Systems 
	Analysis of the Tuning Mechanisms of Different Models 
	Model 1: Coupled Tuning Mechanism Analysis 
	Model 2: Coupled Tuning Mechanism Analysis 
	Model 3: Coupled Tuning Mechanism Analysis 


	Analysis of Coupled Tuning Vibration in a Two-Stage Planetary Transmission System 
	Analysis of Coupled Tuning Vibration in Model 1 
	Analysis of Coupled Tuning Vibration for Model 2 
	Analysis of Coupled Tuning Vibration for Model 3 
	Experimental Verification 

	Conclusions 
	References

