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Abstract

:

This paper presents a comparison among path tracking controllers on low-friction roads for autonomous vehicles. There are two goals in this paper. The first is to check the performance of path tracking controllers on low-friction roads, and the second is to check the effectiveness of four-wheel steering (4WS) for path tracking. To fully investigate the performance of path-tracking controllers on low-friction roads in this paper, the pure pursuit method, Stanley method, PID control, linear quadratic regulator, sliding mode control and model predictive control are designed and compared in terms of some measures. Front and four-wheel steering are adopted as actuators for path tracking. To utilize 4WS in the pure pursuit method, Stanley method and PID control, a yaw rate tracking control is adopted. With the designed path tracking controllers, a simulation is conducted on vehicle simulation software. From the simulation results, it is shown that most path tracking controllers are effective for path tracking on low-friction roads if finely tuned, and that 4WS is not recommended for path tracking on low-friction roads.
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1. Introduction


To date, autonomous driving has been intensively studied as an emerging solution for next-generation transportation in the automotive industry and research community because it can improve road safety, traffic flow and the convenience of passengers [1,2,3]. According to the literature on autonomous driving, a generic modular system pipeline for autonomous driving includes object detection, tracking, localization, assessment, behavior prediction, planning and control [2]. Generally, path planning has been organized in the following order: first, it is concerned with how to plan a route to a destination point. Then, an autonomous vehicle determines which route to follow in consideration of other vehicles or obstacles [4]. Accordingly, an autonomous vehicle must perform motion planning on a target path first. The next task after path or motion planning is path tracking control (PTC) [5,6]. This paper focuses on PTC. As a consequence of intensive studies on autonomous driving, a great deal of papers have been published on PTC [4,5,6,7,8,9,10].



To date, most path tracking controllers for autonomous driving have been developed on high-friction roads. Since 2015, a relatively small number of papers focused on PTC under low friction conditions have been published [11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41]. In the simulation of these studies, μ was set between 0.3 and 0.4. Generally, on low-friction roads, the magnitudes of longitudinal and lateral tire forces are reduced because the tire-road friction coefficient, μ, is low [42,43]. As a consequence, it is natural that path tracking controllers designed considering high-μ conditions show poor performance under low-μ ones. Another problem caused by low-μ conditions is that a vehicle can easily lose its lateral stability while cornering. As pointed in [42], lateral stability cannot be maintained on low-μ roads while meeting yaw rate tracking performance. To cope with this problem, a switching or coordination scheme between path tracking or yaw rate tracking and lateral stability has been adopted [18,19,24,27,28,37].



In view of controller design methodology, linear quadratic regulator (LQR) and model predictive control (MPC) have been extensively adopted for path tracking controllers. Most papers on PTC under low-μ conditions have used LQR and MPC. A relatively small number of papers have adopted sliding mode control (SMC) [14,15,16,38,39]. LQR and MPC have been designed with the state-space model of the heading and lateral offset errors calculated from a target path and a bicycle model. When using these controllers, the control yaw moment is introduced into the control input [11,13,14,17,21,25,29,41]. With the control yaw moment obtained as a control input, a yaw moment distribution procedure was adopted to fully utilize four-wheel steering (4WS) and four-wheel independent steering (4WIS), braking (4WIB) and driving (4WID), which have been extensively used in the area of vehicle stability control. Another method to use 4WS, 4WIS, 4WIB and 4WID is to convert the PTC into yaw rate-tracking one [27,36,37]. In this method, the reference yaw rate is calculated from the steering angle of FWS or from target path and vehicle states [37]. Then, the yaw rate tracking control controller with 4WS, 4WIS, 4WIB and 4WID is designed in order to have the vehicle follow the reference yaw rate [36]. This has been widely used in the area of vehicle stability control [44].



To date, most path tracking controllers for autonomous driving have been developed on a vehicle with front-wheel steering (FWS). Therefore, most studies on autonomous driving have been based on conventional Ackerman steering [7,8]. In the past, autonomous driving did not take severe changes in motion during high-speed driving into account. For this reason, the recent advances in vehicle stability control have been not required for autonomous driving. In the meantime, several types of steering actuators have been adopted to improve yaw rate tracking performance in the area of vehicle stability control [45,46]. A typical example is 4WS. For the last decade by virtue of development of in-wheel motor systems, 4WIS, 4WIB and 4WID have been applied to vehicle stability control [27,44,46,47,48]. Especially, the vehicle stability control with FWS, front wheel independent steering (FWIS), 4WS and 4WIS have been studied in the previous research [45]. These actuators have been also adopted for PTC [11,13,14,15,17,18,19,20,21,24,25,26,27,29,33,36,37,40]. According to the previous works, 4WIS is not effective for PTC [36,37]. Moreover, it is necessary to convert PTC into the yaw rate tracking, where a complex procedure is needed [27,36,37]. For this reason, 4WIS, 4WIB and 4WID are not adopted as an actuator for path tracking in this paper. Instead, FWS and 4WS are adopted in this paper.



From the perspective of vehicle stability control, lateral stability of a vehicle should be maintained on low-μ roads [42,43]. Lateral stability is measured with the side-slip angle [42]. Generally, lateral stability is maintained if the side-slip angle does not diverge. To maintain lateral stability, several methods have been proposed. The most widely used method is to include the side-slip angle into the objective function of LQR and MPC [12,15,18,49,50]. As mentioned earlier, these methods adopted the state-space model derived from error-dynamics on a target path. Another method is to adopt a switching or coordination scheme between path tracking and lateral stability [19,24,28,29]. However, it was shown that this coordination scheme is not needed under the condition that the steady-state yaw rate gain is appropriately selected [37]. The third method is to use 4WS as a steering actuator. As pointed out in the previous study, 4WS can significantly reduce the side-slip angle with the aid of rear-wheel steering (RWS) [36,45,46,48,51]. Therefore, a switching or coordination scheme between path tracking and lateral stability is not needed if 4WS is used as a steering actuator. For this reason, 4WS is adopted in this paper. Such 4WS systems have already been applied to production vehicles. RWS on newer vehicles can be up to 10 deg [47]. However, all 4WS systems are for lateral stability; 4WS has not been used for PTC in production vehicles. As pointed out in the previous studies, 4WIS, 4WID and 4WIB are not effective for path tracking performance [36]. For this reason, these devices are not adopted as actuators in this paper.



Pure pursuit method, Stanley method and PID control cannot be used for a vehicle with 4WS because these are designed for an FWS one. To use 4WS, 4WIS, 4WIB and 4WID for path tracking, a path-based yaw rate tracking control method was proposed [33,36,37]. In those papers, the PTC was converted for yaw rate tracking in order to fully utilize 4WS, 4WIS, 4WID and 4WIB. The reference yaw rate which a vehicle should follow for path tracking is derived from the steering angle from the pure pursuit method, Stanley method and PID control. With the reference yaw rate, a yaw rate tracking controller is designed. In previous studies, this method has not been compared with LQR and MPC in terms of path tracking. For this reason, this method is adopted for comparison in this paper.



This paper presents a comparative study of path tracking controllers on low-μ roads for autonomous vehicles with FWS and 4WS. The pure pursuit method, Stanley method, PID control, LQR, MPC and sliding mode control (SMC) are adopted as a controller design methodology. For comparison, new measures needed to evaluate path tracking performance of the designed controllers are proposed. A simulation is used to verify the path-tracking performance of the designed controllers on a vehicle simulation package, CarSim. From the analysis on the simulation results, it is shown that the designed controllers can provide good performance for path tracking on low-μ roads while maintaining lateral stability of the vehicle and that 4WS is not recommended in SMC and MPC for path tracking on low-μ roads.



The main contributions of this paper are summed up as follows:




	
This paper proposes new measures for PTC. With the measures, path tracking controllers are compared with one another. From comparison, it is known which controller is superior to another in terms of path tracking, steering effort and lateral stability.



	
This paper verifies that most path tracking controllers are effective for path tracking on low-μ roads if it is finely tuned. Differently from previous works adopting a switching or coordination method between path tracking and lateral stability on low μ roads, most of controllers can improve the path tracking performance while preserving lateral stability on low-μ roads. Moreover, the controllers tuned on low-μ roads can be directly used for path tracking on high-μ ones.



	
This paper investigates the effect of 4WS on path tracking performance on low-μ roads. In the area of vehicle stability control, 4WS has been recommended for lateral stability. However, in this paper, it is shown that it is not desirable to use 4WS for path tracking on low-μ roads because it provides little improvement over FWS.








This paper comprises five sections. Section 2 describes controller design procedures for path tracking with the FWS and 4WS vehicles. In Section 3, new measures for path tracking are defined. A simulation is performed and the simulation results are analyzed in Section 4. In Section 5, the conclusion of this paper is given.




2. Design of Path Tracking Controllers


Generally, a path tracking controller tries to maintain the heading and lateral offset errors at zero. To calculate these errors, the controller should obtain the information about the position and direction at a point on a target path and about the current position and direction of a vehicle. The information is obtained from SLAM algorithms with sensors such as IMU, DGPS, LiDAR, Camera and filters, generally used for autonomous driving [52].



For all the controllers presented in this paper, a lookahead or preview distance along the heading or forward direction of a vehicle is introduced to improve the path tracking performance. From the center of gravity (CoG) of a vehicle, the look-ahead distance Lp is calculated as (1), which is the product of the longitudinal speed, vx, and the velocity gain, kv. Generally, kv is set between 1 and 2 s proportional to vehicle speeds [53,54]. If kv is smaller than 1 s, it means the driver is unskilled, which can generate a larger steering angle from a shorter preview distance [45,48]. As a result, this improves path tracking performance. However, it can cause lateral instability of a vehicle on low-friction roads. In other words, due to large steering angle, the vehicle’s yaw motion diverges on low-friction roads. On the contrary, if kv is set to higher than 1, a driver model generates a smaller steering angle, which improves lateral stability. However, this results in poor path tracking performance. For each controller presented in this paper, kv is tuned to improve the path tracking performance.


   L p  =  k v  ⋅  v x   



(1)







2.1. Pure Pursuit Method


The pure pursuit method has been widely used as a driver model for autonomous driving. Figure 1 shows the geometry and dynamic variables defined for the pure pursuit method [9]. In Figure 1, the point P is the target one, and φ is the heading error between the vectors of the vehicle’s heading and the direction to P. R and Lp are the turning radius of the circular arc and the look-ahead distance, respectively. R can be calculated as (2) from φ and Lp. In Figure 1, point O is the instantaneous center of the circular arc on the vehicle motion, which is obtained from R, P, and the rear axle. In Figure 1, the curvature κ of the circular arc connecting P to the rear axle is calculated as (2). With κ, the front steering angle, δf, is calculated as (3) [9]. In (3), L is the wheelbase. For the pure pursuit method, the velocity gain kv is the design parameter. Let the pure pursuit method be abbreviated as PPM.


  κ =  1 R  =   2 sin φ    L p     



(2)






   δ f  =   tan   − 1     κ L   =   tan   − 1       2 L sin φ    L p      =   tan   − 1       2 L sin φ    k v  ⋅  v x       



(3)








2.2. Stanley Method


Another method widely used to generate a steering angle for autonomous driving is the Stanley method [53]. Figure 2 shows the target path and the dynamic variables used for the Stanley method. In Figure 2, the dynamic variables, v and δf, represent the velocity and steering angle of a vehicle, respectively. To generate a steering angle using the Stanley method, it is necessary to calculate the heading and lateral offset errors. The first step is to find the nearest point P on a target path from the center point of the front axle, F. Then, the lateral offset error, e, is the distance from F to P, as shown in Figure 2. The heading error, θ, is the difference between the heading angles of the vehicle and the target path at P. With those errors, the front steering angle, δf, is calculated as (4) by summing these two terms. In (4), ks is a distance gain, which is used to tune the magnitude of e.


   δ f   t  = θ  t  +   tan   − 1        k s  ⋅ e  t    v  t       



(4)







In this paper, a lookahead or preview function is introduced into the Stanley method. The lookahead distance Lp is calculated as (1). If Lp is zero, then this becomes (4). With Lp, the previewed point Q on the target path is obtained as shown in Figure 2. From the point Q, the lateral offset and heading errors are calculated as d and φ as shown in Figure 2. As shown in Figure 2, the heading error becomes larger and the distance error smaller than (4) if the preview function is applied on the target path. As a result, the distance error has a smaller effect on the steering angle. This can cause a slow response if the heading angles of a vehicle and a target path are identical to each other and the distance between a vehicle and the target path is small. In summary, kv is much more important than ks in (5). Let the Stanley method be denoted by STM.


   δ f   t  = φ  t  +   tan   − 1        k s  ⋅ d  t    v  t       



(5)








2.3. LQR


For PTC, LQR uses the state-space equation derived from heading and lateral offset errors. To derive the state-space equation, a dynamic bicycle model has been used. Figure 3 shows the coordinates and variables of the 2-DOF dynamic bicycle model used for path tracking [43]. In the model, there are two dynamic variables: the lateral velocity, vy, and the yaw rate, γ, correspondingly describing the motions of lateral and yaw directions under the assumption that the longitudinal velocity, vx, is constant. For this reason, the longitudinal motion is neglected in the bicycle model. The equations of motion for this model are derived as (6) with the state variables [44]. In (6), m and Iz are the vehicle mass and the yaw moment of inertia, respectively. The front and the rear tire slip angles, αf and αr, are defined as (7). In (6) and (7), β is the side-slip angle, which is calculated by tan−1(vy/vx) ≈ vy/vx under the assumption that vy is small or β is smaller than 10°. In (6), it is assumed that the front and the rear lateral tire forces, Fyf and Fyr, are linear to αf and αr, as shown in (8), respectively. In (8), Cf and Cr are the cornering stiffness of the front and rear wheels, respectively. In (6), ΔMc is the control yaw moment used as a control input for path and yaw rate tracking controls.


    m     v ˙  y  +  v x  γ   =  F  y f   +  F  y r        I z   γ ˙  =  l f   F  y f   −  l r   F  y r   + Δ  M c     



(6)






   α f  =  δ f  −    v y  +  l f  γ    v x    ,    α r  =  δ r  −    v y  −  l r  γ    v x     



(7)






   F  y f   = 2  C f   α f  ,    F  y r   = 2  C r   α r   



(8)







Different from the previous works, a lookahead or preview function is introduced when calculating the heading and lateral offset errors [15,27,55,56,57,58]. Generally, the heading and lateral offset errors are defined at point P as shown in Figure 3. In this paper, a lookahead distance Lp is calculated by (1). With Lp, the point Q is obtained along the heading of a vehicle, as shown in Figure 3. With point Q, point R is obtained on the target path along the perpendicular direction to the heading of the vehicle. In this paper, the heading and lateral offset errors are calculated at point R. If Lp is set to 0, then these errors are calculated at the point P.



Let the position of the CoG of a vehicle be (x,y). The heading and lateral offset errors, i.e., eφ and ey, are defined at point P as (9) [59]. In (9), φd is the desired heading angle, defined as the heading angle of the tangential line at point P. Those at point R, i.e., eφp and eyp, are also calculated as (10) [60]. In this paper, Lp is set to a particular value less than 0.1. If vx is less than 20 m/s, the point R is located near the center of the front axle, which is nearly identical to the case of the Stanley method. For this reason, it is assumed that the heading and lateral offset errors at point P are identical to those at point R, as given in (10). Under the assumption, the state-space equation is derived from those errors at point P and that those errors at point R are used for full-state feedback control [60].


       e φ  = φ −  φ d       e y  = y −  y d       



(9)






       e  φ p   = φ −  φ  d p   ≈ φ −  φ d  =  e φ       e  y p   =  e y  +  L p  sin  e φ  ≈  e y       



(10)







The derivative of the desired heading angle is defined as (11), where κ is the curvature of the target path at point P in Figure 3. From those definitions, the first and second derivatives of the heading and lateral offset errors are derived as (12) [58]. With those variables, the state vector, x, the control input, u, and the disturbance, w, are defined as (13). As shown in (13), there are two types of control inputs according to FWS and 4WS, i.e., δf and [δf δr]T, respectively. From (7), (8) and (12), the state-space equations for FWS and 4WS are derived as (14) and (15), respectively. The difference between (14) and (15) is the input matrix of u. The vector-matrix form of this equation is given as (16).


    φ ˙  d  =  v x  κ  



(11)






        e ˙  φ  =  φ ˙  −   φ ˙  d  =  φ ˙  −  v x  κ = γ −  v x  κ       e ˙  y  =  v y  +  v x   e φ        e ¨  φ  =  φ ¨  −   φ ¨  d  =  γ ˙  −   φ ¨  d        e ¨  y  =   v ˙  y  +  v x    e ˙  φ       



(12)






   x  =          e y        e ˙  y       e φ        e ˙  φ         T  ,    u  =  δ f    o r          δ f         δ r        ,    w  = κ  



(13)






      x ˙   =      0   1   0   0     0    −    η 1    m  v x           η 1   m         η 2    m  v x         0   0   0   1     0       η 2     I z   v x        −    η 2     I z           η 3     I z   v x           x  +      0         η 2   m  −  v x 2       0         η 3     I z           w  +      0         C f   m       0         l f   C f     I z           u       η 1  = 2  C f  + 2  C r  ,    η 2  = − 2  l f   C f  + 2  l r   C r  ,    η 3  = − 2  l f 2   C f  − 2  l r 2   C r     



(14)






    x ˙   =      0   1   0   0     0    −    η 1    m  v x           η 1   m         η 2    m  v x         0   0   0   1     0       η 2     I z   v x        −    η 2     I z           η 3     I z   v x           x  +      0         η 2   m  −  v x 2       0         η 3     I z           w  +      0   0         C f   m         C r   m       0   0         l f   C f     I z        −    l r   C r     I z           u   



(15)






    x ˙   =  A x  +   B  1   w  +   B  2   u   



(16)







LQ objective function is given in (17). For FWS, ρ6 is set to 0. In (17), the weight ρi is determined by Bryson’s rule, (18), where ξi is the maximum allowable value of the corresponding term [61]. This function can be represented as the vector-matrix form using the definition of the regulated output, z, as given (19). The matrices Q, N and R given in (17) are calculated by (20). The control input of LQR is calculated as (21), where P is the solution of the Riccati equation. The design parameters of LQR is the weights ρi in (17). Let the LQR with FWS and 4WS be LQRFWS and LQR4WS, respectively.


    J =    ∫ 0 ∞    (   ρ 1   e y 2  +  ρ 2    e ˙  y 2  +  ρ 3   e φ 2  +  ρ 4    e ˙  φ 2  +  ρ 5   δ f 2   )  d t                for   FWS             =    ∫ 0 ∞    (   ρ 1   e y 2  +  ρ 2    e ˙  y 2  +  ρ 3   e φ 2  +  ρ 4    e ˙  φ 2  +  ρ 5   δ f 2  +  ρ 6   δ r 2   )  d t   for    4 WS                 =    ∫ 0 ∞      [      x       u       w      ]   T   [      Q     N     0         N  T      R     0       0     0     S      ]   [      x       u       w      ]  d t    =    ∫ 0 ∞     z  T   z  d t       



(17)






   ρ i  =  1   ξ i 2     



(18)






     z  =  C x  +   D   11    w  +   D   12    u            =       d i a g      ρ 1    ,    ρ 2    ,    ρ 3    ,    ρ 4              0   1 × 4          x  +     0   5 × 1      w  +         0   4 × 1            ρ 5           u                  for   FWS           =       d i a g      ρ 1    ,    ρ 2    ,    ρ 3    ,    ρ 4              0   2 × 4          x  +     0   6 × 1      w  +         0   4 × 2         d i a g      ρ 5    ,    ρ 6             u          for    4 WS     



(19)






   Q  ≜   C  T   C  ,    N  ≜   C  T    D   12   ,    R  ≜   D   12  T    D   12   ,    S  ≜   D   11  T    D   11    



(20)






   u  =   K   L Q R    x  = −   R   − 1     B  2 T   P x   



(21)








2.4. PID Control


The PID controller is designed with the heading and lateral offset errors defined at point R, as given in Figure 3. With the heading and lateral offset errors, the control inputs, i.e., uy and uφ, are calculated as (22). The control input of the PID controller is the sum of these inputs. In PID controller, the control input is the steering angle of the front wheels. The design parameters of PID controller are six gains as given in (22).


       u y  =  K  p y    e  y p   +  K  i y     ∫   e  y p   d t    +  K  d y     d  e  y p     d t        u φ  =  K  p φ    e  φ p   +  K  i φ     ∫   e  φ p   d t    +  K  d φ     d  e  φ p     d t        



(22)








2.5. SMC


SMC also uses the state-space equation, (16). The sliding surface, s, is defined as (23), where M is the matrix representing the weights on the state variables. Note that s is scalar. The convergence or stability condition of the sliding surface is given as (24). By combining (23), (24) and (16), (25) is obtained. From (25), the control input of SMC is derived as (26) [15,62,63]. In (26), (•)+ is the pseudo-inverse of a matrix (•). In this paper, the disturbance feedforward term, i.e., the second term on the right side of (26) is neglected. The design parameters of SMC are M and KSMC.


  s =  M x   



(23)






   s ˙  = −  K  S M C   s      K  S M C   > 0    



(24)






   s ˙  =  M  x ˙   =  M     A x  +   B  1   w  +   B  2   u    = −  K  S M C    M x   



(25)






   u  = −      M   B  2      +     M A  +  K  S M C    M     x  −      M    B  2     +   M    B  1   w   



(26)








2.6. MPC


MPC has been extensively used for PTC [64]. MPC also uses the discretized version state-space equation from (16). The discrete-time state-space equation is shown in (27) with the sampling time, Ts. The matrices Γ, Ω and Φ in (27) are calculated by (28). Hereafter, it is assumed that there are no disturbances, i.e., wk = 0 in (27). The LQ objective function, (17), is converted into the discrete-time version as (29) under the assumption that there are no cross-product terms among the state variable, the control input and the disturbance. In (29), N is the prediction horizon. Let the current state be x0, which is obtained from the lookahead point. At time instant k, the state is calculated as (30) from (27). New vectors and matrices are defined as (31) by expanding (30) for each time instant. With those definitions, the state-space equation and LQ objective function are calculated as (32) and (33), respectively. By replacing X with (32), the LQ objective function, (33), is calculated by (34). The maximum steering angle, δmax, is imposed on the control input U, as given in (35). There are no constraints on the steering angular rate. This is a quadratic programming problem with the optimization variable U, the objective function JMPC, and the bounded constraints [64]. In this paper, the MATLAB command quadprog() was used to find the optimum solution of this problem. After obtaining the optimum solution U, MPC uses the first element of U, i.e., u0 as the control input. In this paper, Ts and N are set to 0.01 s and 50, respectively.


    x   k + 1   =  Γ    x  k  +  Ω    w  k  +  Φ    u  k   



(27)






   Γ  =  I  +  A  ⋅  T s  ,    Ω  =   B  1  ⋅  T s  ,    Φ  =   B  2  ⋅  T s   



(28)






   J  M P C   =   ∑  k = 0   N − 1        x  k T   Q    x  k  +   u  k T   R    u  k       



(29)






    x   k + 1   =   Γ  k    x  0  +   ∑  i = 0   k − 1      Γ   i − 1      Φ    u   k − i − 1    



(30)






     X  =  [        x  1          x  2          x  3       ⋮        x  N       ]  ,     Γ ¯   =  [      Γ         Γ  2          Γ  3       ⋮        Γ  N       ]  ,     Φ ¯   =  [      Φ    0   0   0   0       Γ Φ      Φ    0   0   0        Γ  2   Φ       Γ Φ      Φ    0   0     ⋮   ⋮   ⋮   ⋱   0        Γ   N − 1    Φ        Γ   N − 2    Φ        Γ   N − 3    Φ     ⋯    Φ      ]  ,    U  =  [        u  0          u  1          u  2       ⋮        u   N − 1        ]                    Q ¯   =  [      Q     0    ⋯    0       0     Q    ⋱   ⋮     ⋮   ⋱   ⋱    0       0    ⋯    0     Q      ]  ,     R ¯   =  [      R     0    ⋯    0       0     R    ⋱   ⋮     ⋮   ⋱   ⋱    0       0    ⋯    0     R      ]     



(31)






   X  =   Γ ¯     x  0  +   Φ ¯  U   



(32)






   J  M P C   =   x  0 T   Q    x  0  +   X  T    Q ¯  X  +   U  T    R ¯  U   



(33)






   J  M P C   =   U  T       Φ ¯   T    Q ¯   Φ ¯   +   R ¯      U  + 2   x  0 T     Γ ¯   T    Q ¯   Φ ¯  U   



(34)






  −  δ  max   ≤  U  ≤  δ  max    



(35)








2.7. Yaw Rate Tracking Control Method


Generally, PPM, STM and the PID controller are designed for a FWS vehicle. For this reason, these methods cannot be applied to a 4WS vehicle. To use 4WS for path tracking, it is necessary to convert the path tracking problem into the yaw rate tracking one [27,36,37]. This method calculates the reference yaw rate from a steering angle obtained from PPM, STM and PID controller. Then, a yaw rate tracking controller is designed in order to make a vehicle follow the reference yaw rate [36,37].



The reference yaw rate, γd, is calculated from the front steering angle, δf, as given in (36) [43]. In (36), Kγ represents the steady-state yaw rate gain. Generally, γd is bounded by (37), which is determined with μ and vx. In the previous study, it was shown that path tracking and lateral stability can be simultaneously met by setting Kγ to an appropriate value, regardless of Cf and Cr in (36) [37].


   γ d  =    C f  ⋅  C r  ⋅    l f  +  l r    ⋅  v x     C f  ⋅  C r  ⋅      l f  +  l r     2  + m ⋅  v x 2  ⋅    l r  ⋅  C r  −  l f  ⋅  C f      ⋅  δ f  =  K γ  ⋅  δ f   



(36)






   γ d  ≤ 0.85   μ g    v x     



(37)







The yaw moment controller calculates ΔMc, as given in (6) and Figure 3. The yaw rate error, γe, is the difference between the reference and actual ones, i.e., γ − γd. The sliding or error surface is defined as (38). To make this surface converge to zero, the convergence condition of (39) should be satisfied [36,37,45,46,48]. From (6), (38) and (39), ΔMc is computed as (40).


  s = γ −  γ d   



(38)






   s ˙  = −  K c  s      K c  > 0    



(39)






  Δ  M c  =  I z  ⋅   γ ˙  d  −  l f   F  y f   +  l r   F  y r   −  I z  ⋅  K c  ⋅   γ −  γ d     



(40)







Once ΔMc is calculated, the lateral tire forces, ΔFyf and ΔFyr, as given in (6) and Figure 3, are to be determined, which are converted into the steering angles of front and rear wheels. This is called control allocation or yaw moment distribution, which is a procedure used to determine the tire forces needed to generate ΔMc. For control allocation, this paper adopts the weighted pseudo-inverse based control allocation (WPCA) [36,37,45,46,48]. For 4WS, the force-moment equilibrium between ΔFyf, ΔFyr and ΔMc, as given in Figure 3, is represented as (41). The vector q is the solution of WPCA; (41) is the equality constraint of WPCA.


           − 2  l f  cos  δ f      2  l r  cos  δ r         ︸   h            Δ  F  y f         Δ  F  y r          ︸   q   = Δ  M c   



(41)







The objective function of WPCA is defined as (42). In (42), μ·Fzi in the denominator represents the radius of friction circles. To calculate this value, the tire-road friction coefficient, μ, and the vertical tire force at each wheel, Fzi, should be measured or estimated. In this paper, it is assumed that μ is constant and known a priori. For flat road surfaces, the vertical tire forces can be estimated using longitudinal and lateral accelerations, as given in [64,65,66]. The quadratic programming with equality constraints can be solved algebraically as (43) by using the Lagrange multiplier technique. Tire forces, obtained from qopt in (43), should be converted into the steer angles of 4WS.


    J =   Δ  F  y f  2        μ  F  z 1      2    +   Δ  F  y f  2        μ  F  z 2      2    +   Δ  F  y r  2        μ  F  z 3      2    +   Δ  F  y r  2        μ  F  z 4      2    =   q  T   W q       W  = diag    1      μ  F  z 1      2    +  1      μ  F  z 2      2    ,  1      μ  F  z 3      2    +  1      μ  F  z 4      2         



(42)






    q   o p t   =       Δ  F  y f         Δ  F  y r         =   W   − 1     h  T       h    W   − 1     h  T      − 1   Δ  M c   



(43)







After obtaining the lateral tire forces, ΔFyf and ΔFyr, from WPCA, the next step is to determine the steering angles of 4WS from these forces. For this purpose, it is necessary to use the definitions of the slip angles and the lateral tire force, (7) and (8), respectively. From (8), the derived slip angle ϕ is calculated by (44) [37,46]. In (44), σ is the parameter used to tune the magnitude of the cornering stiffness, Ci. In fact, σ can be regarded as a slip ratio [18]. By combining (44) with (7), the steering angles of 4WS, i.e., δf and δr, are calculated as (45) [36,37]. To calculate the steering angles with (45) and to calculate the side-slip angle, the lateral velocity, vy, should be measured or estimated. In previous studies, various estimation methods have been proposed for this purpose. Among them, the Kalman Filter-based method is adopted in this paper [67].


   ϕ i  = −   Δ  F  y i     σ  C i    ,   i = f , r  



(44)






       δ f  = −  α f  +    v y  +  l f  γ    v x    =  ϕ f  +    v y  +  l f  γ    v x         δ r  = −  α r  +    v y  −  l r  γ    v x    =  ϕ r  +    v y  −  l r  γ    v x         



(45)









3. Performance Measures for Path Tracking Control


To date, several measures have been proposed for path tracking. The most simple and straightforward way is to use the magnitude of heading and lateral offset errors. However, these measures cannot represent the responsiveness or agility of the controller. Another simple measure for path tracking is the magnitude of the steering angle and its angular rate, which represent the driver’s steering effort. However, the driver does not move the steering wheel in autonomous vehicles. For this reason, these measures are not considered in this paper.



In this paper, the target path is defined as (46), which represents a double lane change maneuver [11,13,14,16,19,20,23,24,25,28,29,31]. The target path was shifted to the right of 20 m from the original one. The black line in Figure 4 shows this path. For the target path given in (46), five new measures are defined as (47) to represent path tracking performance: the center offset, ΔX, the lateral offset, ΔY, the percentage over-shoot, OS%, response delay, ΔDX, and the settling delay, ΔSX, as depicted in Figure 4. In (47), X(A) and Y(A) represent the x and y positions of point A, respectively. Basically, the smaller the absolute values of these measures the better.


     Y  r e f    X  =     0                               if   X < 20       4.05  2    1 + tanh  z 1    −   5.7  2    1 + tanh  z 2            if   X ≥ 20          ψ  r e f    X  =     0                                         if   X < 20      tan  − 1     4.05    1  cosh  z 1          1.2   25     − 5.7    1  cosh  z 2          1.2   21.95               if   X ≥ 20         where    z 1  =   2.4   25     X − 37.19   ,    z 2  =   2.4   21.95     X − 76.46      



(46)






      Δ X = X  D  − X  A      Δ Y = Y  D  − Y  A      Δ D X = X  E  − X  B      Δ S X = X  G  − X  C      O S % =     Y  F    − 1.65   1.65 + Y  A    × 100      



(47)







In Figure 4, X(A) and Y(A) are 73.2 m and 3.53 m, respectively. ΔX and ΔY represent agility and reachability, respectively. A negative value of ΔX means that a vehicle has reached its peak, i.e., point D, before point A, as shown in Figure 4. This means a fast response. For the reason, ΔX can be regarded as a delay in reaching the peak. For good path tracking or collision avoidance, a negative ΔX is desirable. For this reason, it is regarded as satisfactory if ΔX is less than 0 m. A negative value of ΔY means that the first peak of the vehicle trajectory, i.e., Y(D), did not reach Y(A), as shown in Figure 4. For good path tracking, ΔY should be larger than −0.05 m.



OS% represents the lateral or yaw damping, which is equivalent to agility. In Figure 4, the y-position value of the centerline of the lower lane is −1.65 m. Let the tread of the vehicle be 1.6 m. Then, the vehicle will be inside this lane under the condition that Y(F) is larger than −2.5 m, which means that the maximum overshoot is 0.85 m. For this reason, it is satisfactory if OS% is less than 16%.



ΔDX is equivalent to the response delay in control theory, which represents the agility or response speed of the vehicle motion in path tracking. Points B and E correspondingly represent the cross points of the target path and vehicle trajectory to the horizonal line at the y-axis, as shown in Figure 4. X(B) is a fixed value of 91.5 m.



ΔSX is equivalent to the settling time in control theory, which represents the convergence speed of the vehicle motion to a target value or how fast the vehicle converges to a particular range around the target position. When calculating ΔSX, a ±0.05 m range around a target position, i.e., −1.65 m, is set in this paper. In other words, if the CoG of the vehicle converges into the range between −1.65 m ± 0.05 m, then it is regarded that the vehicle trajectory is converged to the target path and that the stability of the vehicle is maintained. In Figure 4, points C and G represent the cross points of the target path and the vehicle trajectory to the horizontal line of the y-position of −1.6 m or −1.7 m, respectively. In Figure 4, X(C) is 109.7 m. The target path reaches −1.65 m at 126.3 m. The distance between point C and the converging point is 16.6 m. As shown in Figure 4, the target path has no overshoots. For the reason, it is satisfactory if ΔSX is less than 16 m.



On low-friction roads, a vehicle loses its lateral stability easily due to small lateral forces. Generally, lateral stability is represented by the side-slip angle, β. In other words, lateral stability refers to the ability to prevent β from diverging. In real vehicles, lateral stability is maintained by maintaining β within a certain range, e.g., 3° [45]. Besides the side-slip angle, the side-slip angular rate has been also used as a criterion for lateral stability [19]. Moreover, it can be used as a measure for ride comfort. Generally, the smaller the value of β the better, in terms of lateral stability and ride comfort. For this reason, the side-slip angle and its rate are adopted as a measure for lateral stability and ride comfort. Let the maximum absolute values of the side-slip angle and its rate be MASSA and MASSAR, respectively.




4. Simulation and Validation


A simulation is performed to compare the path tracking performance of the designed controllers. The path tracking controllers were implemented on a MATLAB/Simulink environment. The simulation was conducted via CarSim [68]. A target path, (46), representing a double lane change was adopted as a test scenario [11,13,14,16,19,20,23,24,25,28,29,31]. For the simulation, the built-in F-segment model in CarSim software was chosen [68]. This model is nonlinear with 27 degrees of freedom, including a single sprung mass, four wheels, four suspensions and a steering mechanism. The configurations of suspensions in this model are independent front and solid rear axles. From the model, the values of each parameter in the 2-DOF dynamic bicycle model are obtained as given in Table 1. As shown in Table 1, Cr is larger than Cf, which means the vehicle understeers. To model the steering actuators of FWS and 4WS, this paper adopted the 1st-order system with a time constant of 0.01. The initial speed was set to 60 km/h. The built-in speed controller given in CarSim was applied while driving to maintain a constant speed. The maximum steering angles of the front and rear wheels were set to 30°.



The four sets of simulations were carried out to compare the path tracking performance of the designed controllers. The first was performed for vehicles with FWS and 4WS on high-μ roads, where μ was set to 0.85. Under that condition, the controllers were tuned such that ΔX, OS%, ΔDX and ΔSX are minimized under the condition that ΔY is larger than −0.05 m. The second set of simulations was performed on low-μ roads, for which μ was set to 0.4. In this set of simulations, the parameters and gains tuned in the first simulation were used. The third was performed on low-μ roads, where the controllers were tuned for the identical purpose to the first one. This is the main part of this paper. The fourth is done on high-μ roads, for which μ was set to 0.85. In this set of simulations, the parameters and gains tuned in the third simulation were used.



The first set of simulations was performed on high-μ roads with the path tracking controllers for vehicles with FWS and 4WS. Figure 5 shows the simulation results of each controller for the FWS vehicle. Table 2 and Table 3 show the performance measures of each controller for FWS and 4WS vehicles, respectively. As shown in Figure 5b,c, the controllers show nearly identical performance in terms of path tracking and lateral stability. However, the steering angles are different from one another. As shown in Table 2 and Table 3, the simulation results of each controller for 4WS vehicle are also nearly identical to those for FWS vehicles. The notable difference among those results of Table 2 and Table 3 is that 4WS or RWS can reduce the side-slip angle, as reported in the literature [36,45,46]. Excepting this fact, there were few differences between FWS and 4WS vehicles. These results imply that 4WS is not effective in improving path tracking performance over FWS.



The second set of simulations was performed on low-μ roads with the path tracking controllers for vehicles with FWS and 4WS. In this set of simulations, the parameters and gains tuned on high-μ roads in the first set of simulations were used. Figure 6 and Figure 7 show the simulation results of each controller for FWS and 4WS vehicles, respectively. Table 4 and Table 5 show the performance measures of each controller for FWS and 4WS vehicles, respectively. As shown in Figure 6 and Figure 7, the path tracking performance of each controller was severely deteriorated on low-μ roads. As shown in Figure 6, the controllers for the FWS vehicle did not diverge in spite of poor performance. As shown in Figure 7, the PPM, STM and PID for the 4WS vehicle diverged. On the contrary, the path tracking controllers designed with the state-space model, i.e., LQR, SMC and MPC, did not diverge. Regarding lateral stability, the controllers, PPM, STM, PID and SMC, could not maintain lateral stability on low-μ roads. These facts can be found in Table 4 and Table 5. As shown in Table 5, LQR and MPC did not diverge and showed relatively good path tracking performance. From those results, it can be concluded that the path tracking controller designed for high-μ roads cannot be used on low-μ ones.



The third set of simulations was performed on low-μ roads with path tracking controllers for FWS and 4WS vehicles. In this set of simulations, the parameters and gains were tuned on low-μ roads. When carrying out the simulation with a 4WS vehicle, the steering angles of the rear wheels were limited to 10°. Figure 8 and Figure 9 show the simulation results of each controller for FWS and 4WS vehicles, respectively. Table 6 and Table 7 summarize the performance measures of each controller for FWS and 4WS vehicles, respectively.



Comparing the results between Figure 6 and Figure 7 and Figure 8 and Figure 9, the path tracking performance was clearly improved by the controllers. However, ΔX, ΔDX and ΔSX were deteriorated due to low-μ conditions, as shown in Table 2, Table 3, Table 6 and Table 7. On the high-μ road, there were few differences among path tracking controllers. On the contrary, LQR, SMC and MPC show better performance than PPM, STM and PID on the low-μ road, which was expected from the results in Figure 7 and Table 5. As shown in Figure 8c and Table 6, the side-slip angles of FWS vehicle were kept low, which means that lateral stability is preserved well by the controllers. This fact implies that a switching or coordination scheme between path tracking and lateral stability on low-μ roads is not needed.



Comparing the data between Table 6 and Table 7, 4WS has few advantages over FWS, except ΔSX. In other words, the role of 4WS for path tracking is to improve the convergence speed to the target path. However, 4WS can make a vehicle more unstable, which generates large MASSAR. Comparing the data among Table 2, Table 3, Table 6 and Table 7, it can be found that 4WS reduced MASSA on the high-μ road. However, 4WS increased MASSA on low-μ roads. As shown in Figure 9a, the steering angle of MPC was larger than the others. Due to the larger steering angle of MPC, the lateral tire forces were saturated. This is caused by the fact that the larger weights on the lateral offset errors in the LQ objective function can give good path tracking performance and that, as a consequence, the heading errors cannot be reduced. In this case, the steering angles of the front and rear wheels move in the same direction. For this reason, there is little yaw motion and larger lateral motion. As a result, the side-slip angle of MPC became much larger. This is also common in LQR and SMC in the case of using RWS. To cope with this problem, the steering angles of rear wheels were limited to 10° during the simulation with the 4WS vehicle. If these are not limited, the side-slip angle will become much larger, which means that lateral stability deteriorates. From these results, it can be concluded that RWS or 4WS are not recommended in LQR, SMC and MPC for path tracking on low-μ roads.



The fourth set of simulations was performed on the high-μ road with the controllers tuned for the low-μ one in the third simulation. In this set of simulations, μ was set to 0.85, which means a dry asphalt road. Figure 10 and Figure 11 show the results of the fourth set of simulations for FWS and 4WS vehicles, respectively. Table 8 and Table 9 summarize the simulation results for FWS and 4WS vehicles, respectively.



As shown in Figure 10 and Figure 11 and Table 8 and Table 9, it can be found that the path tracking controllers tuned on the low-μ road show relatively good performance, compared with those in Figure 5 and Table 2 and Table 3. ΔY and ΔSX in Figure 10 and Figure 11 are worse than those in Table 2 and Table 3. Especially, LQR, SMC and MPC, designed with the state-space model in the low-μ condition, show nearly equivalent performance to those designed for the high-μ one. These results mean that the path tracking controllers tuned on the low-μ road can be directly used on the high-μ one. Comparing the data of Table 6, Table 7, Table 8 and Table 9, it can be found that MASSA and MASSAR remain low regardless of road surface friction for identical gains. These results mean that any switching or coordination schemes between path tracking and lateral stability on the low-μ road are not needed any longer. On the other hand, the path tracking controllers tuned on the high-μ road show poor performance on the low-μ one, as shown in Table 2, Table 3, Table 4 and Table 5. From these results, it can be concluded that the controllers designed on low-μ roads can be used on high-μ ones under the assumption that emergency maneuvers for collision avoidance are not needed. Moreover, it can be also concluded that a switching or coordination scheme between path tracking and lateral stability on low-μ roads is not needed if the controllers designed on low-μ roads are adopted.




5. Conclusions


The aim of this study is to investigate the performance of the path tracking controllers under low-friction conditions for FWS and 4WS vehicles. For this purpose, the pure pursuit method, Stanley method, PID control, LQR, SMC and MPC were designed. To evaluate the path tracking performance of these controllers, new performance measures for path tracking were proposed. Simulations were performed with these controllers for path tracking on low-μ roads and the performance measures were evaluated from the simulation results. From the results, three issues were addressed as follows:




	
The controllers presented in this paper are effective for path tracking on low-μ roads because those gave good path tracking performance while maintaining lateral stability. This means that a switching or coordination scheme between path tracking and lateral stability is not needed for path tracking on low-μ roads.



	
The controllers designed on low-μ roads can be used on high-μ ones, except the emergency maneuver for collision avoidance. However, the reverse does not hold. For this reason, it is desirable that the path tracking controller should be designed for low-μ roads.



	
The 4WS or RWS vehicle is not recommend for path tracking because there are few particular advantages in using 4WS or RWS. If 4WS is used with LQR, SMC and MPC, it is desirable that the steering angles of rear wheels for these controllers should be limited to very small values. However, this will make the performance of these controllers with 4WS nearly identical to those with FWS.








The limitation of this study is that parameter uncertainty was not considered in controller design procedure. Especially, the cornering stiffness and vehicle speed have a large effect on path tracking performance. To cope with problems, a robust controller is needed. As a natural consequence of the robustness to parameter uncertainty, the control performance is quite sensitive to the change in weight in the LQ objective function. In the future, a robust controller design is needed to cope with parameter uncertainty and sensitivity of weights to control performance. Moreover, simulation studies on various speeds, routes and road surface conditions should be conducted. Furthermore, a study on the effects of actuator dynamics and several actuator configurations of 4WS, 4WIS, 4WIB and 4WID on path tracking performance will be conducted. Especially, more detailed modeling and control schemes on a steering actuator used for 4WS and 4WIS will be considered in future work. Through this study, a path tracking controller can be designed such that both the path tracking and lateral stability of self-driving vehicles in very high-speed ranges are satisfied.
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Nomenclature




	4WS
	4-wheel steering



	4WIS
	4-wheel independent steering



	4WIB
	4-wheel independent braking



	4WID
	4-wheel independent drive



	FWS
	front wheel steering



	LQR
	linear quadratic regulator



	MPC
	model predictive control



	PID
	proportional-integral-derivative



	PPM
	pure pursuit method



	PTC
	path tracking control



	RWS
	rear wheel steering



	SMC
	sliding mode control



	STM
	Stanley method



	Cf, Cr
	cornering stiffness of front/rear tires (N/rad)



	Ci
	cornering stiffness of each wheel (N/rad)



	ey, eφ
	lateral offset error (m) and heading error (rad)



	Fx, Fy, Fz
	longitudinal, lateral and vertical tire forces (N)



	Fyf, Fyr
	lateral forces of front and rear wheels (N)



	g
	gravitational acceleration constant (=9.81 m/s2)



	Iz
	yaw moment of inertial (kg·m2)



	Kc
	gain of sliding mode control for yaw rate tracking



	Kpy, Kiy, Kdy
	P-, I- and D-gain on lateral offset error in PID controller



	Kpφ, Kiφ, Kdφ
	P-, I- and D-gain on heading error in PID controller



	KSMC
	gain of sliding mode control for path tracking



	ks
	distance gain in Stanley method



	kv
	velocity gain



	Kγ
	steady−state yaw rate gain



	L
	wheel base (m)



	Lp
	lookahead distance (m)



	lf, lr
	distance from C.G. to front and rear axles (m)



	m
	vehicle total mass (kg)



	N
	prediction horizon of MPC



	Ts
	sampling time of the discrete-time model used in MPC



	v
	vehicle speed (m/s)



	vx, vy
	longitudinal and lateral velocities of a vehicle (m/s)



	y
	lateral displacement (m)



	yd
	target displacement (m)



	Yref
	reference lateral displacement of the target path (m)



	αf, αr
	tire slip angles of front and rear wheels (rad)



	β
	side-slip angle (rad)



	δf, δr
	front and rear steering angles (rad)



	δmax
	maximum steering angle (rad)



	ΔFyi
	control tire force obtained from WPCA (N)



	ΔMc
	control yaw moment (Nm)



	ΔX
	center offset (m)



	ΔY
	lateral offset (m)



	OS%
	percentage overshoot



	ΔDX
	response delay (m)



	ΔSX
	settling delay (m)



	γ, γd
	real and reference yaw rates (rad/s)



	κ
	curvature of a path at a particular point (1/m)



	ξi
	maximum allowable value of weight in LQ objective function



	ϕi
	derived slip angle (rad)



	φ
	heading angle (rad)



	φd
	target heading angle (rad)



	Ψref
	reference heading angle of the target path (m)



	ρi
	weight in LQ objective function



	σ
	equivalent slip ratio



	μ
	tire-road friction coefficient
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Figure 1. Pure pursuit geometry. 
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Figure 2. Target path and dynamic variables used for the Stanley method. 
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Figure 3. Coordinates and variables of 2-DOF dynamic bicycle model used for path tracking. 






Figure 3. Coordinates and variables of 2-DOF dynamic bicycle model used for path tracking.



[image: Machines 11 00403 g003]







[image: Machines 11 00403 g004 550] 





Figure 4. Measures for path tracking performance. 
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Figure 5. Simulation results of each controller for FWS vehicle on high-μ road obtained from the first set of simulations. 
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Figure 6. Simulation results of each controller for FWS vehicle on low-μ road obtained from the second set of simulations. 
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Figure 7. Simulation results of each controller for 4WS vehicle on low-μ road obtained from the second set of simulations. 
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Figure 8. Simulation results of each controller for FWS vehicle on low-μ road obtained from the third set of simulations. 
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Figure 9. Simulation results of each controller for 4WS vehicle on low-μ road obtained from the third set of simulations. 
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Figure 10. Simulation results of each controller for FWS vehicle on high-μ road obtained from the fourth set of simulations. 
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Figure 11. Simulation results of each controller for 4WS vehicle on high-μ road obtained from the fourth set of simulations. 
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Table 1. Parameter of F-segment sedan in CarSim.
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	Parameter
	Value
	Parameter
	Value





	ms
	1823 kg
	lf
	1.27 m



	Iz
	6286 kg⋅m2
	lr
	1.90 m



	Cf
	42,000 N/rad
	Cr
	62,000 N/rad
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Table 2. Summary of simulation results of each controller for FWS vehicle in the first set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	0.01
	−0.093
	0.0
	0.60
	−0.07
	0.97
	2.87



	STM
	1.14
	−0.016
	0.2
	2.49
	1.84
	0.94
	3.38



	PID
	0.08
	−0.016
	0.4
	0.46
	−4.55
	0.97
	4.29



	LQR
	0.53
	−0.022
	0.9
	1.03
	−4.43
	0.96
	3.36



	SMC
	0.41
	−0.029
	0.0
	1.14
	1.92
	0.95
	3.67



	MPC
	0.45
	−0.028
	0.6
	0.76
	−3.63
	0.98
	4.90
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Table 3. Summary of simulation results of each controller for 4WS vehicle in the first set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	0.03
	−0.037
	0.0
	0.49
	−2.76
	0.46
	3.09



	STM
	0.90
	−0.024
	0.2
	2.10
	0.22
	0.39
	1.84



	PID
	0.15
	0.013
	0.0
	0.28
	−2.86
	0.49
	5.57



	LQR
	0.48
	−0.021
	0.8
	0.83
	−4.11
	0.41
	2.75



	SMC
	0.08
	−0.021
	0.0
	0.41
	−1.20
	0.97
	6.79



	MPC
	0.43
	−0.033
	0.7
	0.78
	−1.83
	0.69
	3.55
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Table 4. Summary of simulation results of each controller for FWS vehicle in the second set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	3.47
	0.136
	39.2
	10.02
	54.78
	0.56
	8.90



	STM
	3.49
	0.109
	19.7
	9.96
	51.73
	0.60
	4.86



	PID
	3.87
	0.241
	28.5
	11.00
	39.99
	0.56
	8.76



	LQR
	4.18
	0.218
	10.7
	11.46
	32.33
	0.55
	6.49



	SMC
	3.95
	0.186
	0.0
	17.11
	55.64
	0.56
	6.45



	MPC
	4.23
	0.232
	26.3
	11.44
	41.27
	0.57
	10.94
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Table 5. Summary of simulation results of each controller for 4WS vehicle in the second set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	91.97
	0.479
	42.0
	62.49
	55.92
	20.86
	17.78



	STM
	90.30
	4.514
	16.4
	51.11
	54.43
	13.07
	19.13



	PID
	4.88
	0.423
	45.3
	12.35
	55.94
	21.37
	17.80



	LQR
	4.46
	0.240
	10.0
	11.43
	31.43
	1.09
	4.40



	SMC
	3.65
	0.207
	18.7
	11.69
	55.39
	18.81
	32.01



	MPC
	4.08
	0.206
	0.0
	12.41
	33.35
	2.43
	8.89
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Table 6. Summary of simulation results of each controller for FWS vehicle in the third set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	3.35
	−0.031
	12.7
	9.53
	28.57
	0.62
	5.15



	STM
	2.58
	−0.035
	12.2
	8.70
	41.14
	0.62
	4.94



	PID
	1.25
	0.031
	1.9
	8.64
	23.99
	0.59
	11.71



	LQR
	2.26
	−0.045
	0.0
	9.02
	12.50
	0.61
	6.00



	SMC
	2.91
	0.090
	0.0
	10.36
	10.98
	0.58
	7.39



	MPC
	2.31
	−0.045
	0.2
	9.36
	11.54
	0.59
	10.89
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Table 7. Summary of simulation results of each controller for 4WS vehicle in the third set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	2.42
	−0.032
	14.3
	7.73
	26.07
	1.41
	16.51



	STM
	2.33
	−0.004
	3.9
	8.06
	17.87
	0.84
	12.24



	PID
	1.44
	0.034
	0.8
	8.63
	5.48
	1.22
	20.47



	LQR
	2.46
	−0.018
	0.0
	8.94
	11.71
	0.93
	4.09



	SMC
	1.65
	−0.008
	1.4
	8.51
	13.15
	0.51
	7.68



	MPC
	2.56
	0.012
	0.0
	9.24
	13.23
	3.67
	8.22
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Table 8. Summary of simulation results of each controller for FWS vehicle in the fourth set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	0.83
	−0.159
	2.77
	1.94
	16.33
	0.97
	3.00



	STM
	0.60
	−0.127
	0.0
	2.14
	3.45
	0.96
	3.28



	PID
	−1.77
	−0.153
	0.0
	−1.05
	12.14
	1.07
	5.71



	LQR
	−0.11
	−0.172
	0.2
	0.84
	1.31
	0.98
	2.29



	SMC
	−1.92
	−0.100
	0.0
	0.38
	2.60
	1.01
	3.93



	MPC
	−0.01
	−0.166
	0.4
	0.80
	1.18
	1.02
	3.74
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Table 9. Summary of simulation results of each controller for 4WS vehicle in the fourth set of simulations.
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	ΔX

(m)
	ΔY

(m)
	OS%
	ΔDX

(m)
	ΔSX

(m)
	MASSA

(deg)
	MASSAR

(deg/s)





	PPM
	1.05
	−0.073
	4.1
	2.07
	16.47
	0.37
	2.13



	STM
	2.02
	0.049
	0.3
	4.46
	3.72
	0.36
	1.45



	PID
	−1.61
	−0.152
	0.0
	−0.77
	6.56
	0.71
	9.07



	LQR
	−0.03
	−0.151
	0.3
	0.81
	0.62
	0.37
	2.56



	SMC
	−1.15
	−0.180
	0.0
	−0.45
	15.31
	0.91
	4.17



	MPC
	−0.12
	−0.138
	0.2
	0.55
	2.06
	0.56
	5.13
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