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Abstract: The studies on quadruped robots equipped with arms are still rare at the moment. The
interaction between the arm and the quadrupedal platform needs to be handled by whole-body
controllers. This paper presents an optimization-based dynamic whole-body controller to solve the
problem of when the robot stands still for manipulation. In order to reduce the strong interaction
when the robot is trotting, we keep using the whole-body controller to handle locomotion control
and resort to joint PD controllers for the arm’s manipulation coupled with the mobile base on the
kinematic level. Simulation results validate the expected locomotion and manipulation functionalities
in both manipulation mode and loco-manipulation mode. The proposed control strategies are able
to use the redundancy to perform multiple tasks in a dynamic system as such with 24 degrees
of freedom.

Keywords: quadruped robots; loco-manipulation; quadratic programming; whole-body control

1. Introduction

Legged robots have been a hot spot both in academics and in industry for a while
because of their advantages in locomotion compared with wheeled and tracked robots.
Although we saw some impressive works among humanoid robots in terms of balanc-
ing control and manipulation versatility [1–4], quadruped robots are a better option for
commercialization benefiting from larger support area and lower hardware cost than hu-
manoid robots. Quadruped robots have shown tremendous potential application values in
industrial scenarios and at home. However, quadruped robots have limited manipulation
capabilities without an extra arm mounted. A few works can be found in the literature
where researchers exploit transferring legs to perform manipulation [5–7]. The leg mecha-
nism of a multi-legged robot usually does not have large enough reachable workspace due
to the limited degrees of freedom (DoFs). Furthermore, it is difficult to realize simultaneous
locomotion and manipulation without a dedicated manipulator. Equipping a quadruped
robot with an extra arm will greatly extend the deployment scope in the real world.

The typical quadruped robot equipped with an arm is Boston Dynamics’s Spot [8].
Spot may be the most successful quadruped robot in terms of loco-manipulation capability.
However, they never made the methods used to control this robot public. Ref. [9] combines
a Spot robot and a Kinova arm. Since Spot gives restricted access of their controller to
the users, conducting high-level motion planning is the best choice for the users treating
Spot as a black box. In an early work [10] from Boston Dynamics, the hydraulically driven
robot BigDog demonstrated cinderblock throwing maneuvers with a human-arm-like
manipulator during trotting using trajectory optimization methods. Another hydraulic
quadruped robot, HyQ, also demonstrates its loco-manipulation capability during static
walking [11]. In that work, the authors optimize the contact forces to control the robot by
counting the arm as disturbances. A teleoperation technique that constructs the mapping
between human motion and quadrupedal manipulation is validated in [12].
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The whole-body controller (WBC) is a coordinate control method for articulated robots
which plays a key role in legged locomotion, particularly when the reference trajectories are
generated by reduced order models [13,14]. The WBC computes physically feasible joint
torque commands tracking task-space trajectories without using inverse kinematics. Since the
equations of motion become linear when considering only one time step forward, Quadratic
Programming (QP) is widely used in different WBC methods. We can classify the existing WBC
methods into the weighted QP (WQP) method [14–16], hierarchical QP (HQP) method [17–20]
and their mixture. WQP relies on the weight matrix to prioritize coupled tasks. The problem
with WQP is the difficulty in tuning weight matrices. HQP strictly prioritizes multiple tasks
along with different constraints by using null-space projectors without using any weight
matrices. Although solving multiple QPs increases the computation burden, the control loop
can still run at kilohertz even with dozens of DoFs. Ref. [18] involves centroidal momentum
dynamics along with full rigid-body dynamics to increase the stability of a humanoid robot.
Ref. [21] extends their HQP controller to a quadruped robot ANYmal equipped with a kinova
Jaco arm. However, they only use three QPs to control eight tasks. Therefore, their controller
should be a combination of HQP and WQP. Additionally, they can use the single controller
for loco-manipulation because the centroidal momentum dynamics are not involved.

In this paper, we present a WBC control framework for an arm-mounted quadruped
robot, as shown in Figure 1. The arm motion affects the centroidal momentum dynamics
and disturbs the balance control in locomotion. We propose two control modes: manipu-
lation mode and loco-manipulation mode. In the manipulation mode, we use an HQP to
control the arm, legs and the base subject to the whole rigid-body dynamics of the robot.
It leads to the automatic adaption of lower prioritized tasks to satisfy tasks with higher
priorities. In the loco-manipulation mode, in order to overcome the effect on locomotion
from the arm, we resort to kinematic decoupling. The arm will be controlled by joint PD
controllers to track joint trajectories computed by inverse kinematics, while the base and
the legs are controlled by the HQP controller. In other words, the loco-manipulation control
mode mixes dynamic and kinematic strategies.

The rest of the paper is organized as follows. In Section 2, the coordinate variables,
joint-space dynamics and centroidal momentum dynamics are presented. The proposed
control framework is detailed in Section 3. Section 4 describes the simulation platforms
and the simulation results along with an edited video clip showing the loco-manipulation
demonstrations. Section 5 concludes the paper.

Figure 1. The arm-mounted quadruped robot. The arm has 6 degrees of freedom excluding the gripper.
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2. Model Formulation

Following the dynamic modeling library Pinocchio [22,23], we define the generalized
coordinate vector q and generalized velocity vector v as

q =

Wxb
qb
qj

 ∈ SE(3)×Rn, v =

W ẋb

Bωb
q̇j

 ∈ R6+n (1)

where Wxb ∈ R3 represents the position of the base with respect to the world frame,
expressed in the world frame, qb denotes the unit quaternion describing the base orientation
with respect to the world frame, W ẋb ∈ R3 is the base velocity with respect to the world
frame expressed in world frame as well, Bωb ∈ R3 is the base angular velocity with respect
to the world frame expressed in the base frame, qj ∈ Rn and q̇j ∈ Rn denote the joint
angles and angular velocities. For the quadruped robot with an arm, in our case, n = 18,
where the arm has 6 DoFs. As usual, the joint-space dynamic equations of a floating base
robot are written as

M(q)v̇ + h(q, v) = Sτ + J>c (q)λ (2)

Jc(q)q̈ + J̇c(q)q̇ = 0 (3)

where M(q) ∈ R(6+n)×(6+n), h(q, v) ∈ R6+n are the inertia matrix and the combination
of Coriolis, centrifugal and gravity terms. τ ∈ Rn represents the actuated joint torques,

S =
[
0>6×n I>n×n

]> is the selection matrix, Jc(q) ∈ R3m×(6+n) is the constraint Jacobian
matrix, λ ∈ R3m denotes the contact forces and m denotes the number of contact points.
The dynamic Equation (2) is subject to a kinematic constraint described by (3) that guaran-
tees no motion of the contact points.

The joint-space dynamic Equation (2) of a quadruped robot can be split into their
floating-base and actuated parts

Mb(q)v̇ + hb(q, v) = J>c,b(q)λ (4)

Mj(q)v̇ + hj(q, v) = τ + J>c,j(q)λ (5)

where Mb(q) ∈ R6×(6+n), hb(q, v) ∈ R6 and Jc,b(q) ∈ R3m×6 denote the floating base
components of the dynamic matrices, while Mj(q) ∈ Rn×(6+n), hj(q, v) ∈ Rn and Jc,j(q) ∈
R3m×n represent the actuated components. For simplification, we use Mb, hb, Jc,b, Mj, hj
and Jc,j to represent Mb(q), hb(q, v), Jc,b(q), Mj(q), hj(q, v) and Jc,j(q).

The joint-space floating-base dynamics (4) can be converted into the CoM-space
dynamics, i.e., the so-called centroidal momentum dynamics

ḣG = AG(q)v̇ + ȦG(q, v)v (6)

where ḣG =
[
l̇>G k̇>G

]>∈ R6 is the derivative of centroidal momentum composed of linear
component and angular component. AG(q) ∈ R6×(6+n) denotes the centroidal momentum
matrix, which was proposed by Orin et al. [24] originally. ȦG(q, v̇) is the changing rate of
the centroidal momentum. Please refer to [25] for the details of the computation of AG(q)
and ȦG(q, v̇). We use AG and ȦG to represent AG(q) and ȦG(q, v̇) as well.

The important value of (6) is that it establishes the mapping relationship between CoM
acceleration p̈CoM and the generalized coordinates v, since

l̇G = mp̈CoM (7)

which enables us to generate joint-space commands to track the CoM trajectories.
Note that τ is determined by Equation (5) as follows:

τ = Mjv̇ + hj − J>c,jλ (8)
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Therefore, we can use Equation (4) to represent the entire dynamics of the system in
the optimization-based control method described in the following section.

3. Materials and Methods

HQP is employed as the WBC method in this work. HQP uses the null-space projection
to prioritize different tasks for a redundant system. We formulate each control task as a QP
in a least-square manner

min
yi

1
2
‖Aiyi − ai‖2

2

s.t. lbi ≤ Biyi ≤ ubi

(9)

where yi is the same decision variable vector for all the QPs in which the components could
be control inputs and system states.

The final optimal solution of the entire HQP problem is

y∗ = Λ(y∗i ) = y∗1 + N1y∗2 + · · ·+ N1N2 · · ·Ni−1y∗i (10)

where Ni = N (Ai) stands for the null-space projector of matrix Ai. In this paper, we use
the pseudo-inverse to compose the null-space projector, i.e., Ni = Ii − A+

i Ai, where Ii
denotes identity matrices. Obviously, the first task has the highest priority, while the last
one has the lowest priority based on the meaning of null-space projection.

In our case, the decision variable is y =
[
v̇> λ>

]>
∈ R6+n+3m, since we use the

floating-base dynamics as a constraint in the HQP. The torque commands τ that will be
sent to the motors can be obtained from the optimal solution y∗ based on Equation (8)

τcmd = Mjv̇∗ + hj − J>c,jλ
∗ (11)

However, for arm-mounted quadruped robots, the problem arises here: manipulation
and locomotion have the same priority in dynamic walking. Fortunately, the arm in our
case has 6 DoFs that are enough for manipulation tasks. Thereby, we create two control
modes: in a standing scenario, we use a single HQP controller to coordinate the base and
the arm focusing on manipulation; during dynamic walking, we switch to a kinematically
decoupled control strategy where the arm is controlled by joint PD controllers while the
HQP is in charge of the locomotion. The control structure is depicted in Figure 2.

End-effector references

CoM and end-effector 
references

Control mode options

Manipulation mode: HQP for 
whole-body control

Loco-manipulation mode:
HQP + joint PD for arm

Torque
commands

Torque
commands

State feedback

State feedback+ -

+ -
Inverse kinematics

x
y

z

W

z
B

x
y

z
E

x
y

Figure 2. The system diagram. The joystick sends velocity commands to tele-operate the end-
effector and the torso. Trajectory planners plan the task space reference trajectories sent to the
proposed controllers. The proposed controllers implement trajectory tracking while satisfying
physical feasibility constraints.
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3.1. Manipulation Mode

In this control mode, the whole system is controlled by an HQP controller. The first QP
is assigned to the dynamic feasibility. We formulate the floating dynamics and no contact
motion equality constraint into the QP cost function

1
2
‖
[

Mb −J>c,b
Jc 0

]
︸ ︷︷ ︸

A1

y−
[
−hb
−J̇cq̇

]
︸ ︷︷ ︸

a1

‖2
2 (12)

The inequality constraints include the linearized friction cone constraints, unilateral
constraints and torque limits. Here, we refer to our previous works [26,27] for the details
of those constraints. In particular, joint angles can be constrained to avoid singularity
configurations. We use Taylor expansion to approximate qj(t) around the current time t0

qj(t) ≈ qj(t0) + q̇j∆t +
1
2

q̈j∆t2 (13)

Furthermore, the joint angle constraints can be written as

1
2

∆t2Sjy ≤ qj,max − qj(t0)− q̇j(t0)∆t (14)

qj,min − qj(t0)− q̇j(t0)∆t ≤ 1
2

∆t2Sjy (15)

where Sj =
[
0n×6 In×n 0n×3m

]
, ∆t = ktc and tc means the control cycle. We can tune k

to set the softness of this constraint in practice.
All the inequality constraints can be combined together into one equation

lb ≤ By ≤ ub (16)

Equation (16) needs to be included in all the QPs of the HQP.
For any trajectory tracking tasks, we add task space PD control along with the reference

acceleration variables

ẍcmd = ẍref + Kd(ẋref − ė) + Kp(xref − x) (17)

where xref represents the reference trajectory, and Kp and Kd denote the PD gains.
The QPs for trajectory tracking has the same cost function type

1
2
‖
[
Ji 0

]︸ ︷︷ ︸
Ai

y− ẍcmd + J̇iq̇︸ ︷︷ ︸
ai

‖2
2 (18)

where Ji could be the Jacobian matrix of the end-effector, the base or the swing feet (in loco-
manipulation case). Table 1 lists the prioritized tasks in the manipulation mode. The control
of the end-effector is assigned to the second QP with the following cost function

1
2
‖
[
Je 0

]︸ ︷︷ ︸
A2

y− ẍe, cmd + J̇eq̇︸ ︷︷ ︸
a2

‖2
2 (19)

where Je ∈ R6×(6+n) represents the end-effector Jacobian matrix. The reference trajectory of
the end-effector is defined in the world frame and is generated by integrating the velocity
commands coming from the joystick. For the base, we have
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1
2
‖
[
Jb 0

]︸ ︷︷ ︸
A3

y− ẍb, cmd + J̇bq̇︸ ︷︷ ︸
a3

‖2
2 (20)

Actually, Jb =
[
I6×6 06×n

]
, leading to J̇b = 0. Thereby, Equation (20) can be reduced to

1
2
‖
[
Jb 0

]
y− ẍb, cmd‖2

2 (21)

Table 1. The task priorities used in the manipulation mode of the HQP (1 is the highest priority).

Priority Task Equation

1 floating-base dynamics Equation (4)
no contact motion Equation (3)

inequality constraints Equation (16)
2 end-effector motion tracking Equation (19)
3 base pose tracking Equation (21)

3.2. Loco-Manipulation Mode

In order to mitigate the interaction between the arm and the base during dynamic
walking, we switch to joint PD control for the arm. However, the base and the legs are still
controlled by the HQP controller, satisfying the same equality and inequality constraints
as in manipulation mode. The task priorities are listed in Table 2. Compared with Table 1,
one difference is the replacement of the end-effector motion tracking by swing foot motion
tracking. The QP for swing foot motion tracking has the following cost function:

1
2
‖
[
J f 0

]︸ ︷︷ ︸
A2

y− ẍ f , cmd + J̇ f q̇︸ ︷︷ ︸
a2

‖2
2 (22)

where J f is the stack of the swing feet’s Jacobian matrices. The reference trajectories of
the swing feet and the CoM are generated by a linear Model Predictive Control (MPC)
algorithm based on the linear inverted pendulum (LIP) model (see our previous work [27]).
Since the LIP model is a reduced order model, the HQP control not only plays the role of
trajectory tracking but also guarantees the physical feasibility by satisfying the full dynamic
model Equation (4).

Moreover, we only control the base orientation in this QP because the CoM position
is controlled by the next QP in the centroidal momentum dynamics. By multiplying a
selection matrix, we can select the last three rows of the cost function (21) to track the base
orientation only

1
2
‖ So

[
Jb 0

]︸ ︷︷ ︸
A3

y− So ẍb, cmd︸ ︷︷ ︸
a3

‖2
2 (23)

where So =
[
03×3 I3×3

]
. In addition, we set the base orientation to be constant. However,

it may be sacrificed to guarantee the accuracy of the end-effector’s trajectory tracking
because the base has lower priority than the end-effector.

Similar to trajectory tracking, based on Equations (6) and (7), we can formulate a QP
to track desired centroidal momentum with the following cost function:

1
2
‖
[
AG 0

]︸ ︷︷ ︸
A4

y− ḣG, cmd + ȦGv︸ ︷︷ ︸
a4

‖2
2 (24)

where ḣG, cmd =
[
l̇>G, cmd k̇>G, cmd

]>
is the commanded derivative of centroidal momentum

composed of the linear component and angular component that are defined as
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l̇G, cmd = m[p̈CoM, ref + Dl(ṗCoM, ref − ṗCoM) + Kl(pCoM, ref − pCoM)] (25)

k̇G, cmd = k̇G, ref + Dk(kG, ref − kG) (26)

where pCoM, ref denotes the desired CoM position generated by motion planners, pCoM is
the actual CoM position observed by state estimators, m denotes the total mass of the robot,
kG,ref and kG mean the desired and actual angular momentum, respectively, and Kl and
Di (i = l, k) are feedback gains. It should be noted that we set the desired CoM position to
be constant in the manipulation mode, leading to ṖCoM, ref = 0 and P̈CoM, ref = 0.

The end-effector’s reference trajectory is defined in the world frame as well. How-
ever, we compute the end-effector pose relative to the base and then compute the joint
positions by using the arm’s inverse kinematics instead of the whole-body inverse kinematics

qarm, ref = IKarm(Wxe, ref −Wxb) (27)

where IKarm(·) represents the inverse kinematics of the arm, Wxe, ref ∈ R6 is the end-
effector’s desired pose in world and Wxb ∈ R6 denotes the measured base pose in world
frame. Note that we use Euler angles to express the orientation. That is the reason why
Wxb and Wxe have six dimensions. Then, we use joint PD controllers to track the reference
joint trajectories qarm, ref of each arm motor.

In summary, the loco-manipulation mode uses full dynamics to keep balancing and
stability of locomotion. On the other hand, the arm is controlled by joint PD controllers, but
the arm’s position is related to the base on the kinematic level. Therefore, we can keep the
end-effector at a fixed position in the world frame while the robot is walking (see Section 4).

Table 2. The task priorities used in the loco-manipulation mode of the HQP (1 is the highest priority).

Priority Task Equation

1 floating-base dynamics Equation (4)
no contact motion Equation (3)

inequality constraints Equation (16)
2 swing foot motion tracking Equation (22)
3 base orientation tracking Equation (23)
4 centroidal momentum control Equation (24)

3.3. Simulation Platforms

We build a quadruped robot’s virtual model, which is 50 cm tall in default configu-
ration and weights 25 Kg, as shown in Figure 1. A six-DoFs Kinova Jaco 2 robot arm is
integrated to the robot, changing the total weight to 30 Kg. The ROS (Robot Operation
System) is used to build the simulation environment, which connects different modules,
including the controller, the planner, the joystick interface, the Gazebo simulator and the
logging tools. The dynamic modeling library Pinocchio is employed to generate the ma-
trices and vectors of the dynamic equations online. The open-source OSQP solver [28]
solves all the QPs in the proposed controller within 1 ms. The control cycle is set to be
500 Hz. The computer running the simulation has a Intel(R) Core(TM) i9-10900K CPU,
16 GB memory and Ubuntu 20.04 operation system. Moreover, the controller can run at
kilohertz on a Raspberry 4 without running a simulator.

4. Results
4.1. Torso Pose Adaptation in Manipulation Mode

In the manipulation mode, the end-effector has higher priority than the base, so that the
torso could automatically adapt to the end-effector’s motion when the end-effector reaches
its own limits. This will extend the kinematic reach of the end-effector significantly by
using the redundancy of the whole system. Figure 3 shows the snapshots of the experiment
where we commanded the end-effector to reach the ground and reach as far as it can. We
can see that the torso changes its pose to extend the end-effector’s reachability. Figure 4
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shows the position variation during this experiment. The base was controlled to be fixed
at the initial position. We can see that the control error was very small until the base
complied with end-effector since the base has lower priority. The control error is much
less than the results shown in [11]. At around 40 s, the end-effector was at the lowest
point where the base height lowed as well. At around 70 s, the end-effector reached the
farthest position with torso adaptation clearly. In fact, we set the position bound relative to
the original position when starting manipulation to stop the end-effector moving further
than the system’s limits. Otherwise, the robot would fall over since the torso follows the
end-effector anyway. The Supplementary Materials content a recorded video to show the
simulation results.

Figure 3. Automatic adaptation of the torso’s pose. When the end-effector, which has higher priority
in the hierarchical controller, reaches its limits, the torso automatically follows the end-effector so that
it extends the reachable workspace of the end-effector. (a) Touching down. (b) Reaching the ground.
(c) Reaching the arm’s limit. (d) Torso adapts to the arm’s motion.
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Figure 4. Recorded positions in world frame. The aim is to keep the base still while moving the arm.
However, the base shows compliance when the arm reaches its kinematic limits since the base has
lower priority in the HQP.

4.2. Keeping the End-Effector Fixed in Loco-Manipulation Mode

In this experiment, we show the coordination between the arm and the base in loco-
motion. A common test for this functionality is called the “chicken head” motion [7,29]. It
means that the end-effector is aimed to be fixed in place while the base is moving around.
The snapshots in Figure 5 shows four typical moments in this experiment. Figure 6 plots
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the measured positions of the base and the end-effector in the experiment. The robot was
trotting backward and forward and moving to the right side and back to the left side.
While the base travels more than a half meter, the end-effector’s deviation from its original
position is fewer than 10 cm. Furthermore, the result proves the robot can perform a
manipulation task and locomotion simultaneously, i.e., the loco-manipulation functionality.

Figure 5. Snapshots of the “chicken head” motion. The end-effector is controlled to stay at a fixed
position while the quadruped robot is trotting around. (a) The initial position. (b) Walking to the left
side. (c) Walking back. (d) Walking to the right side.
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Figure 6. The recorded positions in world frame.

4.3. Locomotion Demonstrations

In this subsection, we demonstrate the locomotion capability to traverse challenging
terrains. Firstly, we tested the robot on an up-and-down 20-degree slope as shown in
Figure 7. The robot was able to blindly trot up and down the slope even in the condition of
reducing the friction coefficient to 0.5. In the second test, the robot blindly trotted up stairs
quickly as shown in Figure 8. Each stair step has a 10 cm height and 30 cm width. Since the
robot was not assisted by any perception technique, we did not try to make the robot climb
stairs with a higher step height. Moreover, motion planners play an more important role in
challenging terrains such as steep stairs. The two tests prove the proposed controller can
handle the interaction between the arm and the quadrupedal platform in dynamic gaits.
The locomotion capability of the robot does not degrade after mounting the arm, benefiting
from the full dynamics involved in the HQP controller.
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Figure 7. Trotting up and down a 20-degree slope while moving the arm. (a) The initial position.
(b) Walking up. (c) Walking to the top. (d) Walking down.

Figure 8. Trotting up stairs while moving the arm. (a) The initial position. (b) Trotting upstairs.
(c) Trotting upstairs further. (d) Trotting to the top.

5. Conclusions

Dynamic and kinematic consistent strategies are proposed to tackle the arising prob-
lems after equipping a quadruped robot with an arm. The arm’s motion affects the balance
control in dynamic walking. On the other hand, the mobile base also affects the arm’s
manipulation accuracy. The HQP controller properly handles the trajectory tracking tasks
and satisfies the equality and inequality constraints by solving cascaded QPs. That is
good enough for the manipulation mode where the feet are standing still on the ground.
When the robot is walking, we solve the interaction problem by a kinematic solution and
inverse kinematics. The arm switches to use joint PD controllers. Meanwhile, the balance
control still takes into account the arm by constraining the HQP with the full dynamics.
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The workspace extension experiment, “chicken head” experiment, slope walking and stair
climbing experiments show the effectiveness of the proposed controllers for simultaneous
manipulation and locomotion. The comparison between our method and the existing meth-
ods highlights the advantages of the proposed algorithm in terms of control performance
and simplicity in tuning control parameters. The future work will focus on perception
assistant motion planning and real-world deployments where the IMU sensors should be
integrated to increase the state estimation accuracy, as shown in [30].
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