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Abstract: This study proposed a novel methodology for reducing the vibration of a high-speed spur
gear pair (up to 30,000 rpm) by performing multi-objective optimization of the peak-to-peak loaded
transmission error (PPLTE) under three assembly conditions. The optimum tip relief parameters for
the high-speed spur gear set were studied by considering the practical manufacturing tolerances on
the gear shaft and bearing bores. First, the PPLTE under three assembly conditions was determined
by loaded tooth contact analysis. Multi-objective optimization with a genetic algorithm was used to
determine the optimum linear tip relief parameters, minimizing the PPLTE under three assembly
conditions by 70%. Moreover, the dynamic characteristics of the original and optimum designs
were simulated and compared under ideal conditions as well as axial misalignments. The optimum
design exhibited a >50% reduction in the peak RMS of acceleration at the natural frequency. Finally,
dynamic experiments were performed and the RMS values of the acceleration at various speeds were
computed for comparison. The results from both dynamic simulation and experiment indicated that
the optimum design exhibits superior dynamic characteristics to the original design.

Keywords: multi-objective optimization; tip relief modification; peak-to-peak loaded transmission
error; dynamic analysis; dynamic experiment

1. Introduction

Ideally, an involute spur gear can continuously and stably transmit power during gear
meshing at high speed. However, gears often cause various errors due to unavoidable
factors. For example, because of the correction errors of the machine tool, manufacturing
errors would result during the process of cutting gears, (e.g., profile errors and pitch errors).
Assembly errors, (e.g., horizontal axial misalignments and vertical axial misalignments)
occur because of the tolerances, deflections of the shafts, and bearings when the gears are
assembled. The gear tooth surfaces are thermally deformed when the external conditions,
(e.g., temperatures and loads) change. Therefore, during gear meshing at high speeds,
transmission errors (TEs) of gear pairs are often caused by these errors. According to
relevant research [1], gears are typically accompanied by problems such as vibration and
noise because of TEs.

Litvin et al. [2,3] proposed gear geometry and applied theory for gear creation and
gear meshing. Chang et al. [4] analyzed the contact characteristics of helical gears with
lead modification under assembly errors. Chen and Tsay [5] analyzed the TE of the helical
gear with double crowning modification under assembly errors. During gear meshing,
manufacturing errors, assembly errors, and shaft deformation frequently cause tooth tip
interference and edge contact on the gear pair, resulting in stress concentrations and
discontinuous TE. Therefore, the gear tooth profile is typically modified to minimize the
vibration of the gear system. However, an overmodification of the gear tooth profile has an
adverse effect on the gear system and increases the vibration.

Through the use of optimization analysis, the tooth profile modification parameters can
be used as design variables (DVs) to determine the modification parameters for improved
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dynamic characteristics of the gear system. Bonori et al. [6] used tip relief and root-relief
modification parameters of spur gears as DVs in a genetic algorithm (GA) for optimization.
The peak-to-peak amplitudes of static transmission errors (STE) were used as the objective
function. The optimization was then performed, and the dynamic characteristics of the gear
system before and after optimization were analyzed. Faggioni et al. [7] used the simplex
algorithm for optimization analysis. The peak-to-peak amplitudes of the STEs and the root
mean square (RMS) values of the dynamic transmission errors (DTEs) were used as the
objective functions. The influences of the various modification parameters of the spur gears
on the dynamic characteristics after the optimization were examined.

Ogawa et al. [8] investigated the relationship between the differences in lead mod-
ifications of spur gears with dynamic characteristics. The influence of three types of
modifications (parabolic crowning, elliptic crowning, and end relief) on the RMS values
of dynamic characteristics was investigated. The results revealed that the application of
parabolic crowning can effectively minimize the vibration generated by the gears during
meshing. Houjoh et al. [9] used the frequency response method to compare the dynamic
signal with the measurement results of the tooth surface. Ratanasumawong et al. [10,11]
explored several sets of distinct types of modifications and analyzed the frequency re-
sponse functions of the dynamic signal in phases and amplitudes. Through diverse types
of modifications, the dynamic performances were improved.

Kahraman and Singh [12] established a dynamic model with gear backlash but did not
consider the time-varying mesh stiffness. The influences of various parameters in the gear
dynamic model on the gear system were examined using spectrum analysis. Kahraman
and Singh [13] considered time-varying mesh stiffness and bearing stiffness and established
a dynamic equation of the gear system. The gear dynamic system was discovered to have
complex harmonic motions and quasi-periodic motions. The dynamic characteristics of
the gear system were examined using the fast Fourier transform (FFT) method. Kahraman
and Singh [14] further established a gear system dynamic model that considers bearing
clearances and time-varying mesh stiffness. The analysis results indicated that mesh
stiffness and gear backlash have a stronger influence on the dynamic characteristics of the
gear system than they have on bearing clearance.

Kahraman and Blankenship [15] established a back-to-back gear dynamic tester. The
accelerometers were mounted on the test gears and rotated with the gears. On the basis of
the changes in measured acceleration signals, the DTEs were then calculated and analyzed.
To investigate the improvement of the dynamic characteristics of gear tooth modifications,
Kahraman and Blankenship [16] conducted a dynamic analysis of the gear system under
various loads and lengths of tip relief modification. The analysis results demonstrated
that under a certain load, distinct lengths of tip relief modification result in considerable
differences in the dynamic characteristics of the gear system. Hotait et al. [17] proposed
a simulation method of dynamic stress factor and DTE. A gear dynamic test facility with
root strain measurement and DTE measurement was used to demonstrate the relationship
between the experimental dynamic factor and DTE and confirm the simulation results.
Inalpolat et al. [18] analyzed the influence of gear tooth indexing errors on the dynamic
response through a dynamic model of a spur gear pair with time-varying mesh stiffness and
nonlinearities caused by tooth separations. Anichowski et al. [19] performed an experimen-
tal study on spur gears with various indexing errors. The measured DTEs were investigated
in both time and frequency domains to quantify the effects of the indexing errors.

According to the reviewed research, optimum tip relief parameters and its resultant
peak-to-peak loaded transmission error (PPLTE) as well as vibrations considering practical
assembly errors induced by shaft and bearing bore tolerances have not been considered
and investigated. Therefore, this study investigated the optimum tip relief parameters for a
high-speed spur gear set (up to 30,000 rpm) by considering the practical misalignments re-
sulting from manufacturing tolerances on the gear shaft and bearing bores. Multi-objective
optimization of the PPLTE under three assembly conditions considering practical tolerances
was conducted by using GA. In addition, dynamic simulations involving ideal, horizontal,
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and axial misalignments were successfully performed and compared. The superior dy-
namic characteristics of the optimum spur gear set were demonstrated both in simulation
and experimental results. The design and optimization methodology demonstrated a prac-
tical and novel design methodology for improving the PPLTE and dynamic characteristics
of a high-speed gear set.

In this study, the mathematical model of the spur gear with tip relief and longitudinal
crowning was derived first according to the theory of gearing [2,3]. Loaded tooth contact
analysis (LTCA) enabled us to determine the PPLTE under three assembly conditions: ideal
state, horizontal axial misalignment, and vertical axial misalignment. The multi-objective
optimization process was performed by converting the multi-objective optimization for-
mulation into a single objective optimization formulation, and a GA computation was
selected to determine the optimum tip relief modification parameters. The dynamic charac-
teristics of the original design and optimum design spur gear pairs were estimated and
compared using the gear dynamic model [20]. Finally, dynamic experiments with the
original design and optimum design were conducted to compare and confirm the dynamic
simulation results.

2. Static Analysis
2.1. Parameters of Spur Gear Pair

The mathematical model of spur gears with longitudinal crowning and tip relief was
developed according to the theory of gearing. An imaginary rack cutter was used to
generate the modified spur gear by simulating the use of a hob cutter to cut the gear [2,3,5].
In addition, C++ codes were developed to compute the coordinates of the three-dimensional
tooth surfaces of the modified spur gear set based on the mathematical model. These
calculated tooth surface coordinates were then imported into SolidWorks to build the 3D
gear model.

The longitudinal crowning modification was applied to the gear. The spur gear set
exhibited point contact rather than line contact; this distinction reduced sensitivity to
axial misalignments. Additionally, the amount of longitudinal crowning modification
was designed to be 6 µm, on the basis of the practical machining accuracy and gear
manufacturing limitations. As presented in Figure 1, E and W represent the amount of
longitudinal crowning and tooth width, respectively.

Machines 2022, 10, 653 3 of 17 
 

 

ters for a high-speed spur gear set (up to 30,000 rpm) by considering the practical misa-
lignments resulting from manufacturing tolerances on the gear shaft and bearing bores. 
Multi-objective optimization of the PPLTE under three assembly conditions considering 
practical tolerances was conducted by using GA. In addition, dynamic simulations involv-
ing ideal, horizontal, and axial misalignments were successfully performed and com-
pared. The superior dynamic characteristics of the optimum spur gear set were demon-
strated both in simulation and experimental results. The design and optimization meth-
odology demonstrated a practical and novel design methodology for improving the 
PPLTE and dynamic characteristics of a high-speed gear set. 

In this study, the mathematical model of the spur gear with tip relief and longitudinal 
crowning was derived first according to the theory of gearing [2,3]. Loaded tooth contact 
analysis (LTCA) enabled us to determine the PPLTE under three assembly conditions: 
ideal state, horizontal axial misalignment, and vertical axial misalignment. The multi-ob-
jective optimization process was performed by converting the multi-objective optimiza-
tion formulation into a single objective optimization formulation, and a GA computation 
was selected to determine the optimum tip relief modification parameters. The dynamic 
characteristics of the original design and optimum design spur gear pairs were estimated 
and compared using the gear dynamic model [20]. Finally, dynamic experiments with the 
original design and optimum design were conducted to compare and confirm the dy-
namic simulation results. 

2. Static Analysis 
2.1. Parameters of Spur Gear Pair 

The mathematical model of spur gears with longitudinal crowning and tip relief was 
developed according to the theory of gearing. An imaginary rack cutter was used to gen-
erate the modified spur gear by simulating the use of a hob cutter to cut the gear [2,3,5]. 
In addition, C++ codes were developed to compute the coordinates of the three-dimen-
sional tooth surfaces of the modified spur gear set based on the mathematical model. 
These calculated tooth surface coordinates were then imported into SolidWorks to build 
the 3D gear model. 

The longitudinal crowning modification was applied to the gear. The spur gear set 
exhibited point contact rather than line contact; this distinction reduced sensitivity to axial 
misalignments. Additionally, the amount of longitudinal crowning modification was de-
signed to be 6 μm, on the basis of the practical machining accuracy and gear manufactur-
ing limitations. As presented in Figure 1, E and W represent the amount of longitudinal 
crowning and tooth width, respectively. 

 
Figure 1. Illustration of longitudinal crowning. 

In this study, the original design of the spur gear set was analyzed first to evaluate 
its performance. The design parameters in Table 1 are the original design parameters pro-
vided by the cooperative manufacturer. Only longitudinal crowning modification was 

Figure 1. Illustration of longitudinal crowning.

In this study, the original design of the spur gear set was analyzed first to evaluate its
performance. The design parameters in Table 1 are the original design parameters provided
by the cooperative manufacturer. Only longitudinal crowning modification was considered
in the original design provided by the manufacturer. There were issues of short service
life and severe vibrations in the original design. Therefore, tip relief modification and
optimization were proposed in this study to reduce the gear contact stress as well as the
vibrational levels. The three-dimensional model of the gear set is presented in Figure 2.
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Table 1. Design parameters of spur gear set.

Design Parameters Unit Pinion Gear

Number of teeth - 1 20 58
Module mm 1.0 1.0

Pressure angle ◦ 20 20
Face width mm 12 4.07

Rotational speed rpm 30,000 10,344
Torque N-mm 329.35 955.11

Longitudinal crowning amount µm 0 6
Center distance mm 39

1 Dimensionless.
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2.2. Unloaded and Loaded Tooth Contact Analysis

Both unloaded tooth contact analysis (TCA) and LTCA were conducted in this study.
The STE was calculated through the unloaded TCA [3]. The gear set exhibited standard
involute tooth profiles without tooth modifications. Therefore, the STE of the gear set
was zero under an ideal meshing condition. Additionally, to predict the actual meshing
performance, the effects of horizontal and vertical axial misalignments, as presented in
Figure 3, were also analyzed in TCA.
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The LTCA was performed by adopting the commercial finite element package, Abaqus.
A mesh generation program for establishing the finite element model of the gear set
was developed according to the mathematical model of spur gears and TCA results. A
finite element model of a simplified five-tooth pair of the spur gear set and the boundary
conditions are depicted in Figure 4. Based on the developed mesh generation codes and
the convergence test, element C3D8I was chosen, and the mesh size was set to about 30 µm
at the contact area of the gear tooth surface. The nodes were located at the simulated
instantaneous contact points from the TCA results of each rotational angle by using the
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self-developed mesh generation program. Because the contact teeth number is 1~2, a
five-tooth model was used instead of the full model for computational efficiency. A torque
of 329.35 N-mm was applied to the pinion’s rotational center to make contact with the
gear teeth; the base of the gear was fixed. Young’s modulus and Poisson’s ratio of the gear
material were 206 GPa and 0.3, respectively.
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The unloaded TCA and LTCA enabled us to predict the STE and loaded TE, respec-
tively, as well as the stress distribution on the gear tooth surfaces under ideal meshing
conditions and assembly misalignments.

3. Optimization of Gear Tooth Tip Relief Modifications
3.1. Formulation of Optimization and DV

The linear tip relief modification parameters, Ca and La, which denote the amount and
length of tip relief modifications, respectively, are depicted in Figure 5. Parameters Ca and
La were used as DVs in the following optimization.
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For the tip relief parameters in Table 2, we referenced the recommended values by
standards such as AGMA 109.6 and ISO 6336 based on the rotational speed and load of
the spur gear pair. Then, the lower bounds of Ca and La were set after considering the
manufacturing limitation of tip relief by domestic gear manufacturers. Practically, the
minimum amount of tip relief modification is 5 µm, and the manufacturing incremental
amount of Ca is 1 µm and can only vary between 5 µm and 30 µm. Consequently, a discrete
DV optimization algorithm was used for the optimization algorithm because the value of
Ca is considered a discrete DV.
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Table 2. DVs of optimization.

DV Lower Bound Upper Bound

Ca (µm) 5 30
La (mm) 0.5 2

The PPLTEs under three assembly conditions, namely ideal condition, horizontal
axial misalignment of 0.06◦, and vertical axial misalignment of 0.06◦, were set as the
objective function to be minimized in the optimization. The axial misalignments listed in
Table 3 were determined from the designed tolerances and dimensions of bearing bores
and shafts provided by the cooperative manufacturer. The worst scenario, i.e., maximum
shaft bore clearance and misalignment, was used to determine horizontal and vertical axial
misalignments listed in Table 3. The optimization was expected to reveal an optimum set
of Ca and La that leads to minimum PPLTE under each of the three assembly conditions.
Therefore, a multi-objective optimization formulation was devised on the basis of the DVs
and PPLTEs under the three assembly conditions.

Table 3. PPLTEs of the original design with various assembly conditions.

Case Assembly Conditions PPLTE of Original Design (µm)

(i) Ideal 0.721
(ii) Horizontal axial misalignment = 0.06◦ 0.721
(iii) Vertical axial misalignment = 0.06◦ 0.720

The multi-objective optimization problem was converted into a single-objective opti-
mization and is expressed as follows:

f (x) =
k

∑
i=1

wi fi(x)
f 0
i

, i = 1, 2, 3, (1)

where fi(x) represents the corresponding PPLTEs under the three assembly conditions, and
wi denotes the respective weight. The three weights were equal and set to 1. Parameter fi0

represents the respective PPLTE of the original design under the three assembly conditions
(Table 3). The GA in MATLAB computation was used in this study, and the optimization
flowchart is presented in Figure 6.

3.2. Optimization Results

The optimum DVs of the spur gear set are listed in Table 4. The optimum values of
Ca and La were 6 µm and 0.83 mm, respectively. The objective function before and after
optimization is listed in Table 5. The PPLTE under the three assembly conditions improved
by approximately 73%.

Table 4. Optimum tip relief modification parameters.

Original Design Optimum Design

Pinion Gear Pinion Gear

Tip Relief amount Ca(µm) - - 6 6
Tip Relief Length La (mm) - - 0.83 0.83

Longitudinal crowning (µm) - 6 - 6
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Table 5. PPLTE improvements in the optimum design. (Unit: µm).

Assembly Conditions Original
Design

Optimum
Design Improvement (%)

Ideal state 0.721 0.191 73.5
Horizontal axial misalignment

∆γh = 0.06◦ 0.721 0.197 72.7

Vertical axial misalignment
∆γv = 0.06◦ 0.720 0.192 73.3

3.3. Contact Stress Analysis of Optimum Design

On the basis of the optimum tip relief modification parameters, the LTCA was per-
formed to predict the gear meshing characteristics. Figure 7a,b presents the contact stress
on the pinion and gear; the maximum contact stress of the optimum design under an ideal
state was approximately 1029.0 MPa. The gear set exhibited point contact instead of line
contact, thus reducing the sensitivity to assembly errors (Figure 7). Therefore, the stress
concentration of edge contact caused by misalignment was reduced.

In order to predict the actual meshing performance, horizontal and vertical axial
misalignments of 0.06◦ were used in the calculation of PPLTE and finite element analysis
(FEA), based on the actual manufacturing tolerances of the gear shaft and bearing bore.
The maximum contact stress under a horizontal axial misalignment of 0.06◦ is 1076.0 MPa.
Moreover, the contact stress with a vertical axial misalignment of 0.06◦ was 986.1 MPa. The
results of contact stress from FEA are presented in Figures 8 and 9. Edge contact and stress
concentration were successfully avoided under axial misalignments, due to the longitudinal
crowning on the gear tooth surfaces. In summary, in addition to reduced PPLTE, the
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FEA results confirmed that the optimum spur gear set also exhibits acceptable contact
stress under the worst scenario of axial misalignments (0.06◦) considering manufacturing
tolerances.
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4. Dynamic Analysis

The dynamic characteristics of the spur gear pair with optimum tip relief modification
were estimated and analyzed [20]. The DTEs of the original design and optimum design
were simulated according to the established dynamic model of the spur gear pair, STE, and
mesh stiffness. Additionally, the acceleration of the spur gear pair under rated load was
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calculated from the DTE results. The RMS value of acceleration was calculated and used to
evaluate the dynamic characteristics of the gear set.

4.1. Dynamic Model

The dynamic model of the spur gear pair (Figure 10) was established with the following
assumptions:

1. The gear meshing process was fully lubricated; thus, the influence of friction was ignored.
2. Only the mesh stiffness of the gear pair was considered; the compliances of shafts and

bearings were disregarded.
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Parameters T(P) and T(G) represent the applied torques on the pinion and gear, re-
spectively; θ(P) and θ(G) denote the respective rotational angles of the pinion and gear;
rb

(P) and rb
(G) represent the radius of the pinion’s and gear’s base circles, respectively

(Figure 10). Equivalent stiffness K(t) and equivalent damping c represent the time-varying
mesh stiffness and damping of the gear pair along the line of action. The mesh stiffness
was estimated from the LTCA results. Value e(t) represents the STE calculated in the TCA.

Let the displacement of the gear system along the line of action be x(t)= rb
(P)θ(P) +

rb
(G)θ(G ) − e(t) during gear meshing, where rb

(P)θ(P) + rb
(G)θ(G) are the DTEs. Therefore, the

dynamic equation of the gear system is as follows:

meq
..
x + c

.
x + K(t)x = F − meq

..
e, (2)

where meq and F are the equivalent mass and equivalent load of the system, respectively.

4.2. Mesh Stiffness

The mesh stiffnesses of the original design and optimum design were calculated with
an ideal state, horizontal axial misalignment, and vertical axial misalignment through
LTCA (Figure 11a–c). The mesh process of the spur gear pair contains single tooth contact
and double teeth contact, and the mesh stiffness calculation of the two contact states is
different. The mesh stiffness K(t) for one tooth contact was calculated by the normal contact
force Fn(t) and elastic deformation δe(t) obtained from the FEA, as shown in Equation (3).

Ki(t) = Fn(t)/δe(t). (3)
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In addition, the mesh stiffness of double teeth contact Ksys(t) can be calculated by
considering the gear contact analogous to two springs in parallel, as shown in Equation (4).

Ksys(t) = K1(t) + K2(t), (4)

where K1 and K2 represent the respective stiffness of the two contact tooth pairs.
Tip relief modification is essential to avoid tooth tip interference and is accompanied

by severe stress concentration caused by tooth deformation during meshing. The two
tooth contact region decreases as a consequence of longer linear tip relief. Therefore,
there must be a compromise between the two tooth contact region and the amount of tip
relief. Optimization was used for solving the compromise and enabled us to determine an
adequate set of tip relief parameters, i.e., amount and length of linear tip relief. Although
the obtained optimum tip relief parameters exhibited a reduction of the two tooth contact
region (Figure 11), the resultant PPLTE was improved and smaller than those of the original
design under three assembly conditions by 70% (Table 5). Therefore, the vibration of the
optimum design was expected to be reduced since the gear vibration is related to the
magnitude of PPLTE.
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4.3. DTE and Acceleration

The DTEs of the spur gear set with original and optimum designs under the three
assembly conditions were simulated using a dynamic model. The DTE was subsequently
differentiated twice to obtain the acceleration signal of the gear system. The RMS values of
the acceleration signals of the original design and optimum design were calculated and
plotted in Figure 12a–c.
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The natural frequencies of the original design and the optimum design were approxi-
mately 7500 and 8167 Hz, respectively (Figure 12a–c). This frequency value was affected by
the reduction in the double tooth contact area after optimization, in accordance with the
mesh stiffness curves illustrated in Figure 11.

The maximum RMS of acceleration of the optimum design, which occurred at the
natural frequency, was effectively reduced, compared with that of the original design
(Figure 12). The reduced RMS of acceleration implied that the optimum design also
exhibited less vibration than the original design under the three assembly conditions.
Therefore, the optimum design obtained through static analysis of PPLTE also exhibited
high dynamic performance. The percentages of improvement of the optimum design
and the improvements under the three assembly conditions ranged from 53% to 60%
(Table 6). Therefore, the vibration of the gear system was also successfully minimized
through static optimization based on the multi-objective minimization of PPLTEs under
the three assembly conditions.



Machines 2022, 10, 653 12 of 16

Table 6. RMS of acceleration at natural frequency. (Unit: m/s2).

Assembly Conditions Original
Design

Optimum
Design

Improvement
(%)

Ideal state 77.38 36.30 53.1
Horizontal axial misalignment = 0.06◦ 99.54 40.49 59.3

Vertical axial misalignment = 0.06◦ 96.32 39.63 58.9

5. Dynamic Experiments
5.1. Experimental Framework

Dynamic experiments of the original design and optimum design were performed in
accordance with the analyses and optimization detailed in Sections 2–4. The parameters of
the original design and optimum design spur gear sets are listed in Tables 1 and 4, and the
manufactured optimum design spur gear set is illustrated in Figure 13. We established a
high-speed gear dynamic tester for the spur gear dynamic experiments (Figure 14). The
high-speed gear tester was composed of a driving servo motor, a driven servo motor
for applying loading, and a belt transmission speed increaser with a speed ratio of 3:1
(Figure 14). The maximum rotational speed of the driving motor was 10,000 rpm, and the
corresponding speed of the pinion was 30,000 rpm.
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One accelerometer was mounted on the bearing seat of the driving shaft and another
on the bearing seat of the driven shaft of the dynamic tester (Figure 14b). The experimental



Machines 2022, 10, 653 13 of 16

acceleration signal at various speeds was transmitted to the computer through the data
acquisition system for subsequent signal processing.

For the dynamic experiments, a fixed load (1 N-m) was applied at the driving axis
while various rotational speeds (300–30,000 rpm in increments of 300 rpm) were applied
at the driving pinion. Both the original design and optimum design spur gear sets were
tested on the dynamic tester to measure the vibration behavior.

After acquiring the vibration signals, signal processing was conducted, namely filter-
ing, FFT, and inverse FFT, to reduce noise and attain the desired dynamic characteristics.
The RMS values of the filtered acceleration signals at each speed were calculated. The exper-
imental results and simulation results could then be compared with the simulation results.

5.2. Results of Dynamic Tests

The RMS values of acceleration at various speeds from the dynamic test of the original
design and optimum designs are depicted in Figure 15. The blue curve and red curve
represent the RMS values of acceleration of the original design and the optimum design,
respectively. The abscissa axis is the rotational speed of the driving pinion, and the ordinate
axis represents the RMS value of the acceleration (Figure 15).
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Figure 15. Experimental RMS of acceleration for original design and optimum design spur gear pairs.

The RMS value near the natural frequency of the gear set was used to evaluate the
vibrational level. The overall RMS value of the optimum design (red curve) was less than
that of the original design (blue curve; Figure 15). Moreover, the peak value was reduced
from 29.35 (at 9300 Hz in the original design) to approximately 10.53 (at 9100 Hz in the
optimum design), representing a reduction of 64.1%. The dynamic test revealed that the
optimum design spur gear set could also effectively reduce the level of gear vibration; this
reduction confirmed the simulation results.

The two curves exhibited substantial fluctuations at a rotational speed of approx-
imately 11,700 rpm and 18,300 rpm—i.e., at gear meshing frequencies of 3900 Hz and
6100 Hz, respectively (Figure 15). The fluctuations presumably were induced by the dy-
namic tester’s resonance frequency bands, as indicated by the time-frequency diagram in
Figure 16.
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The time-frequency spectrum of the dynamic tester from the pinion shaft speeds from
600 rpm to 30,000 rpm based on the FFT is illustrated in Figure 16. The higher energy at
a fixed frequency occurring in the vicinities of 4000 Hz and 6000 to 7000 Hz indicates the
resonance frequency of the dynamic tester (Figure 15). Consequently, the measured gear
vibration signals were affected by these resonances of the dynamic tester if the meshing
frequency of the gear pair was within the tester’s resonance range (Figure 15).

Experimental results and simulation results of the original design and the optimum
design were, respectively, normalized and illustrated for comparison (Figure 17a,b). The
following were observed: (1) the overall tendency of the experimental results was consistent
with the simulated results, excluding the experimental results influenced by the resonance
frequency of the dynamic tester. (2) The simulation results had higher acceleration near the
one-half and one-third natural frequencies of the gear pair, which was not apparent in the
experiments. Two accelerometers were mounted on the bearing seats of the input and out-
put shafts, respectively, because the high-speed gear pair is too small to accommodate the
accelerometers on it (Figure 14). Instead of measuring the torsional vibrations on the gear,
the accelerometers acquired vibrational signals passing the shafts, bearings, and bearing
seats, containing inevitable noises and decade in the gear vibration signals. As a result, only
the peak amplitude at the natural frequency was identified from the experimental dynamic
signals. The experimental peak signals at one-half and one-third natural frequencies were
hardly identified due to the noises from dynamic tester components and energy loss. (3) In
general, the curve of the optimum design was lower than the original design for both the
simulation and experiment, which indicated that the optimum design also had a minimized
vibrational level.

In sum, the influences of axial misalignments have been explored and analyzed in both
static analysis (PPLTE and FEA) and gear dynamics. The results of PPLTE, contact stress,
and dynamic performance under assembly errors are shown in Table 5, Figures 8, 9 and 12,
respectively. Accordingly, the optimum design can effectively reduce the PPLTE, avoid
edge contact under axial misalignments, and lower the RMS of gear acceleration. The gear
vibrational experiment verifies that the optimum design possesses a reduced vibrational
level than the original design.



Machines 2022, 10, 653 15 of 16

Machines 2022, 10, 653 15 of 17 
 

 

accommodate the accelerometers on it (Figure 14). Instead of measuring the torsional vi-
brations on the gear, the accelerometers acquired vibrational signals passing the shafts, 
bearings, and bearing seats, containing inevitable noises and decade in the gear vibration 
signals. As a result, only the peak amplitude at the natural frequency was identified from 
the experimental dynamic signals. The experimental peak signals at one-half and one-
third natural frequencies were hardly identified due to the noises from dynamic tester 
components and energy loss. (3) In general, the curve of the optimum design was lower 
than the original design for both the simulation and experiment, which indicated that the 
optimum design also had a minimized vibrational level. 

(a) (b) 

Figure 17. RMS of normalized acceleration. (a) Original design (b) optimum design. 

In sum, the influences of axial misalignments have been explored and analyzed in 
both static analysis (PPLTE and FEA) and gear dynamics. The results of PPLTE, contact 
stress, and dynamic performance under assembly errors are shown in Table 5, Figures 8, 
9 and 12, respectively. Accordingly, the optimum design can effectively reduce the PPLTE, 
avoid edge contact under axial misalignments, and lower the RMS of gear acceleration. 
The gear vibrational experiment verifies that the optimum design possesses a reduced 
vibrational level than the original design. 

6. Conclusions 
Gear dynamic simulation and optimization of PPLTE considering actual misalign-

ments are rarely discussed in the literature. In this study, multi-objective optimization was 
first performed to determine the optimum tip relief modification parameters of a high-
speed spur gear pair. The PPLTEs under three assembly conditions were used as the ob-
jective functions, and equal weight was applied for converting the multi-objective optimi-
zation into a single-objective optimization. The GA from MATLAB computation was se-
lected as the optimization algorithm, and the PPLTEs under the three assembly conditions 
were successfully reduced by 70%. 

Dynamic characteristics of the original design and optimum design spur gear pair 
were also simulated and compared. A dynamic model of the spur gear system was used 
to calculate the DTE and simulated acceleration of the gear system. Subsequently, the RMS 
values of the acceleration at various rotational speeds and meshing frequencies were com-
puted for comparison. According to the dynamic analysis results, the optimum design 
exhibited a >50% reduction in the peak RMS of acceleration at the natural frequency with 
an ideal state and horizontal and vertical axial misalignments. 

Figure 17. RMS of normalized acceleration. (a) Original design (b) optimum design.

6. Conclusions

Gear dynamic simulation and optimization of PPLTE considering actual misalign-
ments are rarely discussed in the literature. In this study, multi-objective optimization
was first performed to determine the optimum tip relief modification parameters of a
high-speed spur gear pair. The PPLTEs under three assembly conditions were used as
the objective functions, and equal weight was applied for converting the multi-objective
optimization into a single-objective optimization. The GA from MATLAB computation
was selected as the optimization algorithm, and the PPLTEs under the three assembly
conditions were successfully reduced by 70%.

Dynamic characteristics of the original design and optimum design spur gear pair
were also simulated and compared. A dynamic model of the spur gear system was used
to calculate the DTE and simulated acceleration of the gear system. Subsequently, the
RMS values of the acceleration at various rotational speeds and meshing frequencies were
computed for comparison. According to the dynamic analysis results, the optimum design
exhibited a >50% reduction in the peak RMS of acceleration at the natural frequency with
an ideal state and horizontal and vertical axial misalignments.

Finally, dynamic experiments were also conducted on our constructed high-speed
gear dynamic tester. The experimental results were consistent with those of the simu-
lations. The experimental RMS of acceleration at the natural frequency in the optimum
design was lower than that in the original design for both simulation and experiments;
this indicates that the optimum design also exhibited an improved vibrational level. In
summary, the proposed optimum design spur gear set demonstrated superior static PPLTE
and dynamic characteristics compared with the original design, and our design goal was
successfully achieved.
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