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Abstract: New energy is the focus of attention all over the world, and research into new energy
can inject new vitality into the industrial system. Hydrogen fuel cells are not only environmentally
friendly, but also rich in reserves that can be used as a strategic resource for the entire country. The
difficulty lies in the safe design of application equipment and the batch generation and storage of
hydrogen. In addition, fuel cells have the disadvantage of a slow start-up. Based on the above
problems, this paper proposes a hybrid-element method to solve the thermal-mechanical coupling
model of fuel cell plate, which can effectively solve the thermal stress change, temperature field
distribution and displacement change of the battery plate when working. Firstly, the hybrid-element
algorithm is given for 2D plate deformation. Then, the deformation application of a 3D fuel cell
plate is given. The 2D numerical results show that the hybrid finite element method (FEM) is more
flexible for realizing the flexible combination of sub-mesh and finite element basis functions, and has
a better mesh quality compared to the traditional constant strain triangular element (CST) adaptive
FEM and quadrilateral isoparametric element (Q4) adaptive FEM. This method achieves a balance
between numerical accuracy and solving efficiency for the multi-porous elastic plate. In addition, a
deformation control formula is given which can display the displacement deformation and stress
merge to same graph, since it is convenient to quickly compare the regions where the displacement
and stress extremum appear. In short, the hybrid finite element method proposed in this paper has
good mesh evaluation results, and when the number of discrete elements is equivalent, the hybrid
element converges faster and the solution efficiency is higher. This paper also provides a good
numerical theory and simulation reference for industrial mechanics and new energy applications.

Keywords: hybrid FEM; multi-physics model; convergence rate; fuel battery; plate deformation

1. Introduction
1.1. Research Background and Motivation

The exploration and development of new energy materials directly affects the sustain-
able development of society. In recent years, research on hydrogen batteries has become the
focus of attention in the energy sector. The universe is rich in hydrogen, which is capable
of supplying clean energy [1]. However, the lack of popularization of hydrogen energy
batteries is mainly related to the production costs, storage and safety design of equipment.
The hydrogen fuel cell system consists of a stack and an auxiliary system, and the auxiliary
system is mainly responsible for hydrogen supply, air intake and cooling [2]. The membrane
electrode is the most expensive part of the fuel cell and is also the core of the whole stack
system. The changes in the membrane electrode (proton exchange membrane, catalytic
layer and gas diffusion layer) and bipolar plate affect the power generation efficiency and
battery life of the battery. Therefore, it is also a very important research topic to study the
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mechanical properties of the bipolar plate of the battery [3,4]. To solve the force change
of the bipolar plate, the temperature distribution can effectively avoid the occurrence of
battery safety accidents. The accurate simulation model plays an early warning role. In
this paper, a thermal-mechanical coupling deformation model of the fuel cell bipolar plate
is established based on the hybrid finite element method. Firstly, the deformation of a 2D
thin plate under a single force field is studied to establish a good hybrid-element numerical
foundation for the coupling field.

1.2. Related Work

The hybrid element is actually an extended numerical method of the traditional finite
element, which is more practical and flexible. In particular, a different numerical accuracy is
required for different solving regions [5]. Of course, there are many works which have used
the mixed finite element method to deal with Stokes interface problems [6]. At the same
time, some research has considered mixed finite element methods for fracture Darcy flow
based on interface-unfitted meshes [7]. A few papers have used the mixed finite element
method to solve the elliptic interface problems based on interface-fitted meshes [8]. In [9],
an extended mixed finite element method was proposed for elliptic interface problems using
the lowest-order Brezzi–Douglas–Marini finite element pair (BDMP1,P0) to construct our
extended mixed finite element space.

Materials are the basis of society’s survival, and the discovery of new materials and
the proposal of new numerical models can promote the development of the material field.
The analysis of material deformation and force is a very important knowledge module
in solid mechanics. These mechanical models and numerical methods are also constantly
updated. Mechanical deformation is a common physical phenomenon in life, and has been
widely used in industrial production, such as 3D printing, stamping of parts, robot skin,
airbags, etc. [10–13]. The model parameters can be measured according to the experimental
method, or the numerical simulation can be established according to the existing theoretical
model. The material deformation simulation has the advantages of low cost, high speed
and repeatability. For the mechanical deformation problem of 2D porous elastic plates, the
traditional FEM is used. Problems such as slow solution speed, poor convergence rate and
low grid quality are often encountered during solving. In order to solve this problem, this
paper proposes a new numerical method, which can realize the free combination of mesh
and basis functions, which is called free matching hybrid in this paper.

At present, the most commonly used numerical method for studying mechanical
deformation problems is FEM, and there are many models for the force analysis of porous
elastic plates [14]. However, models with deformation are still scarce, and further research
and method expansion are needed. The multi-level adaptive edge-based smoothed finite
element method (ES-FEM) method was developed by combining FEM and meshless ideas.
The authors of [15] propose a method for ES-FEM and a phase-field method (PFM). The cou-
pled design of the multi-level adaptive meshing schemewas first applied to the experiments
of rubber crack deflection due to impacting weak interfaces. Takayuki et al. proposed a
finite strain elastic-plastic analysis using a remeshing technique [16]. This method can store
the physical quantities related to the deformation history at the points of the grid. These
points use the physical quantities to evolve in a Lagrangian fashion and allow them to
move with the deformation of the solid. They are known as mesh-independent data points
(MDP), and allow for mapping the necessary variables between MDP and finite element.
Finally, the diffusion necking of tensile reinforcement was analyzed using MDP-FEM.

Adaptive FEM can also be used for deformation analysis; however, this method re-
quires the help of background meshes and h-shaped local refinement strategies. The results
show that the improved adaptive ESPIM method has a better computational efficiency.
This method also requires the termination criteria proposed in the design refinement step
to prepare for adaptive stopping and computational cost [17]. Plastic deformation is also a
very important mechanical model; the literature [18] uses the finite element method at the
microscale, and the basic mechanism of layer formation of carbide inserts for turning is
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quantitatively modeled. This theory of lamella formation is mainly based on shear stresses.
The FEM deformation simulation software Def3D was developed for earthquake, magma
and surface deformation in heterogeneous media analysis. The software performs better in
split node technology, equivalent body force and surface traction modeling [19,20]. The
deformation problem of FEM also has important application value in traffic and coupled
field shell evaluation [21,22]. The prediction model of the elastic-plastic deformation be-
havior of nanoporous materials based on FEM [23], which also covers the nodal correction
of various parabolic spherical ligament shapes, emphasizes the importance of thickness
analysis through image processing.

1.3. Contributions and Innovations

This paper mainly studies the deformation of the fuel cell plate with four main contri-
butions. Firstly, in order to study the deformation of the hydrogen fuel cell bipolar plate,
this paper puts forward a numerical model of thermal-mechanical coupling based on the
hybrid finite element method. Secondly, before studying the deformation of a 3D thin plate,
this paper first gives the 2D hybrid element theory, and provides a new formula for evaluat-
ing the mesh quality. The hybrid finite numerical method is able to realize any combination
of local subgrids and local basis functions, and it has good flexibility. The convergence
rate and mesh quality of the hybrid finite element method and the traditional adaptive
finite element method are compared. We can draw the conclusion that, assuming that the
number of elements is close, the hybrid finite element method has a higher mesh quality
as well as a faster convergence speed, and that computational efficiency and accuracy are
balanced in this aspect.

Thirdly, the numerical theory of 3D thermal-mechanical coupling is given, and the
difference between the hybrid finite element method and the adaptive finite element method
is numerically compared. The cloud images of the stress, temperature, displacement and
other physical information of the fuel cell plate are output. Fourthly, the advantages and
disadvantages of the hybrid finite element are discussed, and the potential and technical
bottleneck of the hybrid finite element method in the industrial background are analyzed,
thereby providing a good foundation for the subsequent expansion of the method. The
research in this paper lays the foundation for the theory of mixed elements, and also
provides a good foundation for the simulation modeling of porous elastic plate deformation.

1.4. Article Structure and Research Framework

The results and content arrangement of this paper are divided into five sections. The
clear description of the modules and the close connection explanation of the modules
are helpful for readers to quickly understand the core research content of this paper.
Section 2 mainly addresses the theory of the free-matching mixed-element numerical
method. Moreover, in this section, the variational principle is combined to obtain the weak
Galerkin form as well as the combinatorial relationship between subgrids and different
basis functions. Then, we also introduce the specific method of mesh quality evaluation.
Section 3 mainly introduces the comparison between the hybrid element and the traditional
adaptive FEM numerical method. In terms of mesh quality, calculation speed, convergence
order, etc., the hybrid element method is more flexible and more efficient. Section 4
mainly presents the 3D thermal-mechanical coupling model of the hydrogen fuel cell
plate. We use the mixed finite element to solve it, and compare the stress, displacement,
temperature and other information of the mixed-element and the adaptive FEM. Section 5
mainly summarizes the main research results and contributions of this paper, the important
research conclusions of numerical experiments. The continuation of the work will be
completed later.
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2. Theory of Hybrid Element Solving Elastic Equation

Firstly, we consider a 2D linear elastic equation as shown in Equation (1).{
−∇ · σ(u) = f (x, y) ∈ Ω
u = g (x, y) ∈ Γ

(1)

In Equation (1), the displacement function can be written as u = (u(x, y), v(x, y))T ,
the displacement boundary function is g = (g1(x, y), g2(x, y))T , and the right end term
function of the equation is also called the external load vector f = ( f1(x, y), f2(x, y))T .
According to the relationship between the displacement component and stress, the two-
dimensional linear elastic equation can also be written as follows:

∂σxx
∂x +

∂σyx
∂y + f1(x, y) = 0 (x, y) ∈ Ω

∂σyx
∂x +

∂σyy
∂y + f2(x, y) = 0 (x, y) ∈ Ω

u(x, y) = g1(x, y) (x, y) ∈ Γ
v(x, y) = g2(x, y) (x, y) ∈ Γ

(2)

The elements in the stress tensor can ultimately be represented by displacement:

σij(u) = λ(∇ · u)δij + 2µεij(u) = λδij
∂uj

∂xi
+ µ

(
∂ui
∂xj

+
∂uj

∂xi

)
, i, j = 1, 2 (3)

where λ and mu are Lamé coefficients, and the matrix form of the two-dimensional stress
tensor σ(u) is written as:

σ(u) =
(

σxx(u) σxy(u)
σyx(u) σyy(u)

)
(4)

The stress tensor of classical continuum theory is symmetric. We call it the Cauchy
stress tensor σ(u), and then we can use the displacement component to represent the stress
tensor.

σ(u) =

(
λ ∂u

∂x + 2µ ∂u
∂x + λ ∂v

∂y µ ∂u
∂y + µ ∂v

∂x
µ ∂v

∂x + µ ∂u
∂y λ ∂u

∂x + λ ∂v
∂y + 2µ ∂v

∂y

)
(5)

For the two-dimensional elastic equation, the finite element method is used for dis-
cretization. u(x, y) = (u, v)T is a trial function, and v(x, y) = (v1, v2)

T is a test function
vector. Let v act on the original equation; the weak form corresponding to the original
elastic Equation (2) is then as follows:

− (∇ · σ(u)) · v = f · v (x, y) ∈ Ω (6)

The integral is carried out on both sides of the first equation of Equation (1). For the
two-dimensional elastic equation, the Gauss divergence theorem is applied [24,25]. The
divergence term of the stress tensor can be obtained, and then the first term on the left side
is transformed into the linear integral by using the divergence theorem. Finally, we can
obtain Equation (7):∫

Ω
(∇ · σ(u)) · vdxdy =

∫
ΩΩ

(σ(u)n) · vds−
∫

Ω
σ(u) : ∇vdxdy (7)

Here, n is the unit normal vector of the boundary ∂Ω, and then the differential
Equation (7) is converted to an integral expression, Equation (8):∫

Ω
σ(u) : ∇vdxdy−

∫
∂Ω

(σ(u)n) · vds =
∫

Ω
f · vdxdy (8)
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As for the displacement boundary of the two-dimensional linear elastic thin-plate
problem u(x, y) = g(x, y), the test function we choose is v ∈ H1

0 × H1
0 .

Then, v is on the boundary ∂Ω, and v = 0. Meanwhile, ∇v can be written as:

∇v =

(
∂v1
∂x

∂v1
∂y

∂v2
∂x

∂v2
∂y

)
(9)

If the equation does not consider the surface force term, only for the first kind of
boundary conditions there are

∫
∂Ω(σ(u)n) · vds. Then, it is easy to obtain Equation (10)∫

Ω
σ(u) : ∇vdxdy =

∫
Ω

f · vdxdy (10)

According to the form of the displacement component and combined with the varia-
tional principle, the left term of Equation (10) is transformed into Equation (11).

∫
Ω

σ(u) : ∇vs.dxdy =
∫

Ω

(
σxx(u) σxy(u)
σyx(u) σyy(u)

)
:

(
∂v1
∂x

∂v1
∂y

∂v2
∂x

∂v2
∂y

)
dxdy (11)

After further expanding Equation (11), we can obtain

∫
Ω

σ(u) : ∇vdxdy =
∫

Ω
σxx(u)

∂v1
∂x

+ σxy(u)
∂v1
∂y

+ σyx(u)
∂v2
∂x

+ σyy(u)
∂v2
∂y

dxdy

=
∫

Ω

(
λ

∂u
∂x

+ 2µ
∂u
∂x

+ λ
∂v
∂y

)
∂v1
∂x

+ µ

(
∂u
∂y

+
∂v
∂x

)
∂v1
∂y

+ µ

(
∂u
∂y

+
∂v
∂x

)
∂v2
∂x

+

(
λ

∂u
∂x

+ 2µ
∂v
∂y

+ λ
∂v
∂y

)
∂v2
∂y

dxdy

(12)

Similarly, the right term of the equation can be expressed as Equation (13):∫
Ω

f · vdxdy =
∫

Ω
f1 · v1 + f2 · v2dxdy (13)

Finally, we combine Equations (12) and (13) to obtain Equation (14):∫
Ω

(
λ

∂u
∂x

+ 2µ
∂u
∂x

+ λ
∂v
∂y

)
∂v1

∂x
+ µ

(
∂u
∂y

+
∂v
∂x

)
∂v1

∂y
+ µ

(
∂u
∂y

+
∂v
∂x

)
∂v2

∂x

+

(
λ

∂u
∂x

+ 2µ
∂v
∂y

+ λ
∂v
∂y

)
∂v2

∂y
dxdy =

∫
Ω
( f1v1 + f2v2)dxdy

(14)

We denote the bilinear function as a(u, v) =
∫

Ω σ(u) : ∇vdxdy. Similarly, the right
term of Equation (14) can also be written as ( f , v) =

∫
Ω f · vdxdy. We find a trail function

u such that a(u, v) = ( f , v), for any u ∈ H1
0(Ω)× H1

0(Ω), if there is a finite dimensional
subspace Uh ⊂ H1(Ω). As for the Galerkin formulation, the aim is to find a finite element
solution uh ⊂ Uh ×Uh such that a(uh, vh) = ( f , vh) for any vh ⊂ Uh ×Uh.∫

Ω

(
λ

∂uh
∂x

+ 2µ
∂uh
∂x

+ λ
∂vh
∂y

)
∂vh1
∂x

+ µ

(
∂uh
∂y

+
∂vh
∂x

)
∂vh1
∂y

+

µ

(
∂uh
∂y

+
∂vh
∂x

)
∂vh2
∂x

+

(
λ

∂uh
∂x

+ 2µ
∂vh
∂y

+ λ
∂vh
∂y

)
∂vh2
∂y

dxdy

=
∫

Ω
( f1vh1 + f2vh2)dxdy

(15)

Then, the displacement function uh = (uh, vh)
T and the test function vh = (vh1, vh2)

T

need to be linearly approximated by the finite element basis function. In this paper, a
new hybrid FEM discretization algorithm is proposed. The solution domain is divided
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into multiple subregions, and each subregion has different basis functions [26,27]. The
main characteristics of the nested mesh FEM algorithm are that the solution domain can be
discretized by a variety of different types of meshes, and the subregions meshes relation

satisfies Ω̃ =
k⋃

i=1
Ω̃i,

k⋂
i=1

Ω̃i = 0. Ω̃ is a discrete mesh region formed by the continuous

solution region Ω, and Ω̃i represents each local subgrid region of different types. Me
i , i

represents the number of elements in the subgrid of type i, Nd
i , and i = 1, 2, . . . , m, j =

1, 2, . . . , Nd
i are the number of nodes in the subgrid of type i; the node sitting mark of the

subgrid of type i is Pi =
{(

xj, yj
)
, j = 1, 2, . . . , Nd

i

}
. The total number of elements in the

mesh is M =
k
∑

i=1
Me

i , and the total number of nodes is Nd =
k
∑

i=1
Nd

i . The relationship

between global mesh number S and local subgrid node number Si is S =
k⋃

i=1
Si. There are

Me
i units in the type i grid, with Nd

i nodes on each unit. A total of ne
i = Me

i × Nd
i node

coordinates in the type i mesh can be recorded as:

Pe
i =

{
(x, y) |

(
xjm, yjm

)
i = 1, 2, . . . , k j = 1, 2, . . . , Nd

i m = 1, 2, . . . , Me
i

}
(16)

The finite element subspace Uih = span
{

ψi1, ψi2, . . . , ψij
}M

j=1. Among them,
{

ψij
}M

j=1

is the basis function, and uih, vih ∈ Uih = span
{

ψi1, ψi2, . . . , ψij
}M

j=1.
A square thin plate with a hole is shown in Figure 1 below. Four circles with radius

R and around the ellipse are wrapped by small rectangles. Four square areas wrapped
by small circles are denoted by Ω1, one small rectangle wrapped by an ellipse is denoted
by Ω2, and the other areas are denoted by Ω3. The CST element is used for discretization
on Ω1, the LST element is used for discretization on Ω2, and the Q4 element is used for
discretization on Ω3. Three different types of mesh are common nodes on the junction line
of the boundary to ensure that the calculated data can be transmitted to each other.

}1,2,...,211,2,...,),(|),{( e
i

d
ijmjm

e
i MmN,...,,jkiyxyxP  .

The finite element subspace M
jijiiih ,spanU 121 },...,{   , among them, M

jij 1}{  is the

basis function. M
jijiiihihih ,spanUv,u 121 },...,{   .

如下图 Fig.1一个带孔的正方形薄板, 四个半径为 R的圆以及椭圆周围被小矩形包裹. 4

个包裹小圆的正方形区域记为 1 , 1 个包裹椭圆的小矩形记为 2 , 其它区域记为 3 . 在

1 上使用 CST单元离散， 2 上使用 LST单元离散, 其余区域 3 则使用 Q4单元进行离散.

三种不同类型的网格在边界的交接线上是共节点的, 确保计算数据可以互相传递.

带孔方板内存在三种不同类型的网格, 以互相嵌套与组合的方式完成了区域划分,
不同的子区域使用不同的单元离散, 在区域中, 任意某个单元的节点位移分量函数可以

被三种基函数的线性组合进行表示:













4

1
33

6

1
22

3

1
1

11

)()()()()()(

)()(

j
jj

j
jj

j
j1j

N

j
ijj

k

i
i

e
h

y,xuy,xky,xuy,xky,xuy,xk

y,xuy,xku
d
i

















4

1
33

6

1
22

3

1
1

11

)()()()()()(

)()(

j
jj

j
jj

j
j1j

N

j
ijj

k

i
i

e
h

y,xvy,xky,xvy,xky,xvy,xk

y,xvy,xkv
d
i





其中, k是不同的子网格类型总数目, )( y,xij 表示第 i个网格区域的第 j个网格节点

的基函数. )( y,xki 是一个单元节点判断函数, 即需要判断当前节点坐标 )( y,xP 是否属于

1
~

2~
3~

Figure 1. Hybrid finite element mesh discretization and subregion combination diagram.

There are three different types of meshes in the square plate Ω with holes, and the
region division is completed by nesting and combining them with each other. Different
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subregions are discretized by different element types. In a specific subregion Ωi, the dis-
placement component function of any element node (the common node on the boundary
line of the non-subregion mesh) can be linearly expressed by the same set of basis func-
tions [28,29]. Because the subregion is of the same element type, its discretization method is
similar to the ordinary finite element discretization method. The finite numerical solution
corresponding to any coordinate point can be approximated as:

ue
h =

Nd
i

∑
j=1

ujψij(x, y), (x, y) ∈ Ω̃i, i = 1, 2, . . . k (17)

ve
h =

Nd
i

∑
j=1

vjψij(x, y), (x, y) ∈ Ω̃i, i = 1, 2, . . . k (18)

The idea of a weighted basis function is used to approximate the function value of
common nodes on the intersection line of subregional grids. If the common nodes on the
intersection line of subregional grids contain Ek element types, the corresponding displace-
ment component function approximation value of common nodes on the intersection line
can be expressed as Equations (19) and (20):

ue
h =

Ek

∑
i=1

ki(x, y)
Nd

i

∑
j=1

ujψij(x, y)

= k1(x, y)
N1

∑
j=1

ujψ1j(x, y) + k2(x, y)
N2

∑
j=1

ujψ2j(x, y) + k3(x, y)
N3

∑
j=1

ujψ3j(x, y)

(19)

ve
h =

Ek

∑
i=1

ki(x, y)
Nd

i

∑
j=1

vjψij(x, y)

= k1(x, y)
N1

∑
j=1

vjψ1j(x, y) + k2(x, y)
N2

∑
j=1

vjψ2j(x, y) + k3(x, y)
N3

∑
j=1

vjψ3j(x, y)

(20)

where Ek is the total number of different sub-mesh types, and the minimum value Ek = 2,
indicating that the discrete region of the mixed element is composed of at least two different
types of elements. N1,N2 and N3 represent the number of the CST, LST and Q4 elements,
respectively. ψij(x, y) represents the basis function corresponding to the jth element node in
the i-th mesh region. ki(x, y) is a judgment function of the element node, which is used to
determine whether the current node coordinate P(x, y) belongs to the common node in the
discrete region, and different subgrid regions are denoted by Ω̃i. Then, each element and
vertex of the element in the discrete region is numbered. Ω̃e

i is the element in the subgrid
region Ω̃i when the node coordinate (x, y) ∈ Ω̃e

i has the corresponding basis function
ψij(x, y). When the node coordinate (x, y) /∈ Ω̃e

i has the displacement component function
value k(x, y) = 0, the judgment function of the mixed-element sharing nodes is:

ki(x, y) =


1 (x, y) ∈

m⋃
i=1

Ω̃e
i 1 ≤ i ≤ m

0 (x, y) /∈
m⋃

i=1
Ω̃e

i , 2 ≤ m ≤ k
(21)

In order to facilitate the calculation, all the node coordinates, element number and
vertex number in the mesh area are classified and stored. The same type of mesh element is
stored in the same set. It should be noted that the common node is the same vertex number
in different element types, in order to prevent the error of data information transmission at
the common intersection of the mesh in different subregions. The difference between the
hybrid element and the traditional finite element is that the basis function of the hybrid
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element is the basis function combination of multiple different types of elements, while the
traditional finite element is the linear combination of the same type of basis function [30,31].
Therefore, the hybrid finite element method is an extension of the traditional finite element
method and has stronger flexibility.

Three different subgrid regions correspond to three different cell-based functions. If
CST cell-based functions are used in the sub-mesh region, any point of function value on
the surface in the subgrid region can be linearly represented by CST cell-based functions.
Using isoparametric element transformation, the cell-based functions can be written in
vector form, as shown in Equation (22): N11(ξ, η)

N12(ξ, η)
N13(ξ, η)

 =

 1− ξ − η
ξ
η

 (22)

The mesh subregion Ω̃2 is discretized by a six-node LST element, where λ = 1− ξ − η.
The corresponding basis function is Equation (23):

N31(ξ, η)
N32(ξ, η)
N33(ξ, η)
N34(ξ, η)
N35(ξ, η)
N36(ξ, η)

 =



−λ(1− 2λ)
4ξλ
−ξλ(1− 2ξ)
4ξη
−η(1− 2η)
4ηλ

 (23)

The Q4 element with four nodes is used for discretization on the mesh subregion Ω̃3,
and the corresponding basis function is shown in Equation (24):

N21(ξ, η)
N22(ξ, η)
N23(ξ, η)
N24(ξ, η)

 =
1
4


1− ξ − η + ξη
1 + ξ − η − ξη
1 + ξ + η + ξη
1− ξ + η − ξη

 (24)

Equation (25) is divided into two equations according to the displacement component.
If vh = (vh1, vh2)

T = (vh1, 0)T is denoted, there is∫
Ω

(
λ

∂uh
∂x

+ 2µ
∂uh
∂x

+ λ
∂vh
∂y

)
∂vh1
∂x

+ µ

(
∂uh
∂y

+
∂vh
∂x

)
∂vh1
∂y

=
∫

Ω
f1vh1dxdy (25)

Similarly, when vh = (vh1, vh2)
T = (0, vh2)

T , Equation (26) holds:∫
Ω

µ

(
∂uh
∂y

+
∂vh
∂x

)
∂vh2
∂x

+

(
λ

∂uh
∂x

+ 2µ
∂vh
∂y

+ λ
∂vh
∂y

)
∂vh2
∂y

dxdy =
∫

Ω
f2vh2dxdy (26)

The continuous calculation region Ω is divided into discrete grid regions, denoted by

Ω̃, with a total of M =
k
∑

i=1
Me

i × Nd
i unit vertices and N =

k
∑

i=1
Me

i units. The trial function

uh = (uh, vh) is expressed by linear basis function.

uh =
M

∑
j=1

ujψij(x, y), vh =
M

∑
j=1

vjψij(x, y), i = 1, 2, . . . , k · j = 1, 2, . . . , M (27)

The test function is vh = (vh1, vh2).

vh1 = ψip(x, y), vh2 = 0 i = 1, 2, . . . , k · p = 1, 2, . . . , M (28)
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Then, the linear combination of the basis function is substituted into Equation (25)
to obtain:∫

Ω

(
λ

M

∑
j=1

uj
∂ψij

∂x
+ 2µ

M

∑
j=1

uj
∂ψij

∂x
+ λ

M

∑
j=1

vj
∂ψij

∂y

)
∂ψip

∂x
+

(
µ

M

∑
j=1

uj
∂ψij

∂y
+

M

∑
j=1

vj
∂ψij

∂y

)
∂ψip

∂y
dxdy =

∫
Ω

f1ψipdxdy

(29)

Similarly, let vh1 = 0, vh2 = ψip(x, y), i = 1, 2, . . . , k · p = 1, 2, . . . , Nd
i . Bring the

basis function to Equation (26), and we can obtain Equation (30):

∫
Ω

µ

(
M

∑
j=1

uj
∂ψij

∂y
+

M

∑
j=1

vj
∂ψij

∂x

)
∂ψip

∂x
+

(
λ

M

∑
j=1

uj
∂ψij

∂x
+

2µ
M

∑
j=1

vj
∂ψij

∂y
+ λ

M

∑
j=1

vj
∂ψij

∂y

)
∂ψip

∂y
dxdy =

∫
Ω

f2ψipdxdy

(30)

Finally, all the elements in the mesh subregion are assembled to obtain the algebraic
equation expression of the first displacement component:

M

∑
j=1

uj

∫
Ω

(
λ

∂ψij

∂x
∂ψip

∂x
+ 2µ

∂ψij

∂x
∂ψip

∂x
+ µ

∂ψij

∂y
∂ψip

∂y

)
dxdy + vj

M

∑
j=1

∫
Ω

(
λ

∂ψij

∂y
∂ψip

∂x
+

µ
∂ψij

∂y
∂ψip

∂y

)
dxdy =

∫
Ω

f1ψipdxdy

(31)

By using the same method, the algebraic equation expression of the second displace-
ment component can be obtained:

M

∑
j=1

uj

∫
Ω

(
µ

∂ψij

∂y
∂ψip

∂x
+ λ

∂ψij

∂x
∂ψip

∂y

)
+ vj

M

∑
j=1

∫
Ω

(
µ

∂ψij

∂x
∂ψip

∂x
+ 2µ

∂ψij

∂y
∂ψip

∂y
+

λ
∂ψij

∂y
∂ψip

∂y

)
dxdy =

∫
Ω

f2ψipdxdy

(32)

The above is mainly for the discrete region Ω̃, and all subregions have only one type of
basis function. For example, the specific subregion Ω̃i uses the CST unit or the LST element.
However, there is another case, namely, the type of shared nodes on the intersection of
subregions with different unit types [32–34]. The derivation of discrete process and weak
situation is very similar to Equations (33) and (34). The difference is that only the linear
combination of mixed basis functions is used to represent the value of the function to be
approximated. We bring the mixed basis functions, as expressed in Equation (27), into the
displacement component Equations (31) and (32), respectively. After sorting these out, we
can obtain the following two algebraic discrete equations:

M

∑
j=1

Ek

∑
i=1

ki(x, y)uj

∫
Ω

(
λ

∂ψij

∂x
∂ψip

∂x

)
+ µ

∂ψij

∂y
∂ψip

∂y
+ 2µ

(
∂ψij

∂x
∂ψip

∂x

)
dxdy

+
M

∑
j=1

Ek

∑
i=1

ki(x, y)vj

∫
Ω

λ
∂ψij

∂x
∂ψip

∂y
+ µ

∂ψij

∂y
∂ψip

∂x

)
dxdy =

∫
Ω

f1ψipdxdy

(33)
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The algebraic discrete equation of the second displacement component is:

M

∑
j=1

Ek

∑
i=1

ki(x, y)uj

∫
Ω

(
µ

∂ψij

∂y
∂ψip

∂x
+ λ

∂ψij

∂x
∂ψip

∂y

)
dxdy + vj

M

∑
j=1

Ek

∑
i=1

ki(x, y)vj

∫
Ω

(
µ

∂ψij

∂x
∂ψip

∂x
+ 2µ

∂ψij

∂y
∂ψip

∂y
+ λ

∂ψij

∂y
∂ψip

∂y

)
dxdy =

∫
Ω

f2ψipdxdy

(34)

The numerical solution of the mixed finite element can be obtained by solving the
above algebraic equations. Of course, the error and convergence of the approximation of
the node function value in the subregion are related to the selected element type, the mesh
quality and the order of the basis function, and the convergence will not change within
the subregion. The difference is generally on the boundary line of different mesh types.
Due to the combination of the mixed basis function, the convergence of the numerical
solution at the common node is related to the proportion of the basis function in the
approximation term, and the higher the proportion of a specific basis function is. The
overall convergence is close to the theoretical convergence order of the basis function type,
or it can be considered that the convergence order of the mixed finite element is a linear
weighting of the convergence order of multiple basis functions, and the final order depends
on the proportion of the basis function in the approximation term [35]. The above is mainly
the discrete theory of the mixed finite element. Next, a specific numerical example is given
to verify the feasibility of the method.

3. Numerical Example of 2D Thin-Plate Deformation Solved by Hybrid FEM

This numerical example mainly considers a two-dimensional porous elastic plate,
and uses the hybrid finite element numerical method to solve the two-dimensional elastic
equation. The purpose of this numerical example is to study the advantages of the hybrid
finite element in the discretization and numerical solution of special regions. The tradi-
tional discrete method of porous thin plate in the regional grid division is to select the
triangular element, and the discrete information of the element can be obtained quickly.
However, it is not a simple matter to obtain a discrete grid with very high quality. First,
the grid division has variability, and it is difficult for a single discrete element to meet
the specific requirements. In view of the above problems to be solved, in this paper, a
hybrid finite element method is proposed which can effectively improve the grid quality of
the calculation area and obtain the numerical solution of the hybrid element [36,37]. The
theoretical model given in this paper is equivalent to optimizing the grid structure, and it
also expands the application range of the traditional finite element.

In this example, the mixed finite element method is mainly used to solve the defor-
mation problem of the porous elastic plate, and the relevant parameters of the porous
elastic plate need to be given. The common structural steel materials are selected in this
example, with the Young’s modulus E = 206 GPa, Poisson ratio v = 0.3, and density
ρ = 7.8× 103 kg/m3. The geometric appearance is mainly a rectangular plate, with four
small circular holes and a central elliptical hole inside. The length of the rectangular plate
is L = 12 m, and the width is H = 12 m. The center coordinates of the four small circles are
O1(x1, y1) = (2, 2), O2(x2, y2) = (2, 8), O3(x3, y3) = (10, 2) and O4(x4, y4) = (10, 8)
in turn. The radius of the four small circles is r = 0.8 m. The center elliptical hole long
axis a = 2 m, and the short axis b = 1 m. The two-dimensional linear elastic mechanics
equation solved by this example is:

∂σxx
∂x +

∂σyx
∂y + f1(x, y) = 0 (x, y) ∈ Ω

∂σyx
∂x +

∂σyy
∂y + f2(x, y) = 0 (x, y) ∈ Ω

u(x, y) = g1(x, y) (x, y) ∈ Γ
v(x, y) = g2(x, y) (x, y) ∈ Γ

(35)
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The left boundary of the rectangular thin plate is fixed; that is, the displacement
boundary condition is:

u(x, y)|Γ1
= v(x, y)|Γ1

= 0, Γ1 = {(x, y) | xi = 0, 0 ≤ yi ≤ 12, i = 1, 2, . . . n} (36)

The right boundary Γ2 is subjected to vertical downward external force:

F · n|Γ2
=
(

Fx, Fy
)(

nx, ny
)
= (0,−1000N) (37)

Firstly, the regional grid is divided. In this paper, two different grid division methods
are used. One is the hybrid element grid division method, that is, the combination of
triangular grid elements and quadrilateral grid elements. The other is the single-grid-type
division method, and the discrete element obtained using the single-grid division method
has only one type. The grid quality is different in different drawing methods. In this
section, the grid quality evaluation formula is given. The results of the two grid divisions
are shown in Figure 2.

Mesh quality evaluation can be evaluated from different perspectives, such as area
ratio, skewness, maximum angle, condition number, growth rate, circumcircle radius, etc.
This example is evaluated according to area ratio, as shown in Equation (38). When the unit
is selected as Q4, li represents the edge length of any quadrilateral unit, m1 = 4, C1 = 1
and SA1 are the area of the quadrilateral unit, and the best reference object for mesh quality
evaluation is the square.

Qsq =
m1SA1

C1
m
∑

i=1
l2
i

, 0 < Qsq ≤ 1 (38)

When the unit is CST, m2 = 3, SA2 is the area of the triangle unit to be evaluated.

When the optimal reference object is an equilateral triangle, C2 =
√

3
4 is constant. When the

optimal reference object is an isosceles right triangle, C2 = 1
2 is constant. The grid quality

evaluation formula of the triangle unit is Equation (39):

Qtri =
m2SA2

C2
m2
∑

i=1
l2
i

, 0 < Qtri ≤ 1 (39)

According to the above method, we can evaluate the two mesh generation methods.
The first is the hybrid element grid generation method, which divides the whole solution
area into two elements, Q4 and CST. As shown in Figure 2a, the CST element is used near
the circular hole, and the Q4 element is used in the other areas. Then, the grid quality is
calculated according to the area ratio grid quality evaluation formula for each unit of the
region. The closer the mesh quality evaluation result is to 1, the better the grid division
effect is, and green is used to show the units in the discrete area. When the mesh quality
is closer to 0, which is shown in red color, Figure 2b–d are generated by the second mesh
type, and there is only one element type in the solution domain. Figure 2b only uses the
CST element for the mesh division, and the division form is combined with the adaptive
method. Figure 2c,d only use the Q4 element for the mesh division, and the mesh also has
adaptive characteristics when it is close to the circular hole and central ellipse. Then, the
mesh quality of each element is calculated. From the effect of mesh quality evaluation, the
mesh quality of the mixed-element type is better than that of the single-element type. This
also reflects the advantages of hybrid-element combination. Then, the mesh division is
equal to the basic information of the calculation. Figure 2a contains 3092 CST elements,
with an average quality of ηCST = 0.85. It also contains 918 Q4 elements, with an average
quality of ηQ4 = 0.997, if all the porous elastic plates are discretized by CST elements.
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(a) 混合有限元网格质量评估图. (b) CST自适应网格质量评估效果图

(b) Q4 自适应网格单元质量评估图 (d) 加密后的 Q4 自适应网格及边界载荷

示意图

网格质量评估可以从不同角度进行评判, 例如面积比、偏度、最大角、条件数、增长率、

外接圆半径等方面来评价, 本算例按照面积比来评估, 具体公式如式子(2). 当单元选择的是

Q4 时 il 表示的是任意一个四边形单元的边长, 41 m , 11 C ,
1A

S 是该四边形单元的面

积, 网格质量评估的最佳参考对象是正方形.
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2A

S 是当前待评估的三角形单元的面积, 当最优参考
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Figure 2. Comparison of hybrid finite-element mesh and adaptive mesh. (a) Hybrid finite-element
mesh quality assessment chart. (b) CST adaptive mesh quality assessment renderings. (c) Q4 adaptive
mesh element quality assessment diagram. (d) Schematic diagram of the refined Q4 adaptive mesh
and boundary loads.

The average mesh quality is ηCST = 0.79, and all the meshes are discretized using Q4
elements, with an average quality of ηQ4 = 0.75. The hybrid finite element of this example
only contains two types of basis functions, namely, CST and Q4. The four circular holes
and central ellipses belong to the subregion Ω̃1. In this example, the same CST element
is used for discretization. The remaining part belongs to the subregion Ω̃2, and the Q4
element is used for discretization. Therefore, the relationship between the total discrete
region Ω̃ and the two subregions can be written as Ω̃ = Ω̃1 ∪ Ω̃2. The purpose of Figure 2
is to compare the grid quality of different element types. It can also be seen from the
calculation results that the mesh quality of the hybrid element is better. This comparison
is mainly to calculate the average grid quality. For each discrete element in each region,
its grid quality ηe is calculated, and then averaged to obtain the average grid quality η̄ of
the whole region. For Figure 2, there are three cases, namely, the hybrid-element grid, and
the adaptive mesh formed by the CST and Q4 elements. In fact, the final comparison is the
average mesh quality, which only requires the average mesh size of the element to meet
h̄e

CST ≈ h̄e
Q4 ≈ h̄e

f ixed. We believe that these discrete regions are at the same level, and we
then compared the average mesh quality η̄ so that the comparison results would meet the
principle of control variables and in order to ensure the scientific nature of the research
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method. We performed a comparison of the grid quality at three scales and obtained the
same numerical results. This also reflects the rigor of this study.

For the hybrid-element pairs to solve the two-dimensional linear elastic equation,
there are mainly two cases. One is that the function value approximation of the nodes in
the subregion is similar to that of the traditional finite-element method, because there is
only one type of element in the region. At this time, the displacement basis functions of the
element in the subregion are shown in Equations (40) and (41):

ue
h =

Ni
i

∑
j=1

ujψj(x, y), (x, y) ∈ Ω̃i, i = 1, 2 (40)

ve
h =

Nd
i

∑
j=1

vjψj(x, y), (x, y) ∈ Ω̃i, i = 1, 2 (41)

The second case is that of two different subregional mesh share nodes on the interface
connection line. The function value approximation of these points is special, and the
common node belongs to the node of the CST element and the Q4 element. Therefore, there
are different types of base functions in the approximation terms of these function values.
According to this example, there are two kinds of base functions in the approximation
terms of the function value of the common node, which can be expressed as:

ue
h =

Ek

∑
i=1

ki(x, y)
Nd

i

∑
j=1

ujψij(x, y) =

k1(x, y)
N1

∑
j=1

ujψ1j(x, y) + k2(x, y)
N2

∑
j=1

ujψ3j(x, y)

(42)

ve
h =

Ek

∑
i=1

ki(x, y)
Na

i

∑
j=1

vjψij(x, y) =

k1(x, y)
N1

∑
j=1

vjψ1j(x, y) + k2(x, y)
N2

∑
j=1

vjψ3j(x, y)

(43)

In Equations (42) and (43), k(x, y) is a hybrid-element node judgment function, select-
ing node coordinates with hybrid basis functions. Then, according to the mixed-element
discrete theory introduced above, the approximation term of the displacement component
is introduced into the elastic mechanics equilibrium equation represented by displace-
ment, and the differential equation is transformed into an algebraic equation with an
integral term.

Finally, by solving the linear equations, the numerical solution of the displacement
component (uh, vh), stress

(
σxx, σyy, τxy

)
and strain

(
εxx, εyy, γxy

)
can be obtained. Another

feature of this example is the visualization of deformation. Among them, (xd, yd) is the
initial node coordinate position, (xd, yd) is the grid node coordinate after the deformation,
and α is the deformation factor. The specific calculation formula of displacement numerical
solution deformation is shown in the the following expression, Equation (44):(

xd
yd

)
=

(
x0
y0

)
+ α

(
uh
vh

)
(44)

Figure 3 provides the specific numerical solution of mixed elements. Figure 3a is the
numerical solution of displacement solved under the mixed-element theory. The white
background grid is the original position, and the displacement nephogram of the porous
plate with color is the deformation nephogram after deformation. The numerical solution
can obviously see that the left fixed is basically unchanged. Because the left end is subjected
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to the vertical downward force, the downward displacement component U is generated,
and the deformation factor α = 1.57× 107. Figure 3b is the numerical solution nephogram
of Von Mises stress. The characteristics of this figure are also the results obtained by solving
the mixed-element numerical theory. The stress change near the hole is obvious. Another
feature of this figure is that the stress diagram is combined with the displacement strain
diagram, which can see not only the change in stress but also the change in displacement.

Figure 3c is the result of a single triangular mesh. The mesh has adaptive characteristics
and obvious encryption characteristics near the hole. This figure represents the numerical
solution cloud of Von Mises stress, which can be compared with Figure 3b. The stress
distribution of the two is basically the same. However, the hybrid element has more
advantages in the numerical accuracy of specific regions and the overall solution time.
Figure 3d is mainly the grid generated by the quadrilateral element, and the discrete
region only contains one CST element. The figure shows the numerical solution cloud of
the displacement component V in the y direction. The deformation amplification factor
α = 4.57× 108. It can also be seen from the deformation results that when the deformation
factor α increases, the deformation results are increased.

数值结果可以看出混合有限元是传统有限元的一种扩展, 网格划分上更加灵活, 可以

由多种网格类型组合而成, 不同的区域按照需要选择不同的单元类型. 此外, 按照本章节定

义的网格单元面积比公式对网格质量进行评估, 结果显示混合元网格质量比三角网格和结

构化的四边形网格更好. 从数值计算过程来看, 混合有限元还有一个特点, 便是基底选择自

由, 在重点分析区域甚至可以使用高阶元，对于变化相对平缓的计算区域可以使用线性元，

而在界面节点上采用混合逼近的思想, 这样能极大的均衡了计算效率与计算精度. 因此, 混
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Figure 3. Numerical results of hybrid finite-element 2D thin-plate deformation. (a) Numerical
solution of the hybrid finite-element displacement component U. (b) Numerical solution of Von
Mises stress. (c) Von Mises solution of Q4 element adaptive FEM contour diagram of the numerical
solution of stress. (d) Schematic diagram of the displacement component V of the CST element
adaptive FEM solution.



Machines 2022, 10, 505 15 of 30

The numerical results show that the hybrid finite-element method is an extension of
the traditional finite-element method; the mesh is also more flexible and can be composed
of a variety of mesh types. Different regions choose different element types according to
need. In addition, the mesh quality is evaluated according to the formula of mesh element
area ratio defined in this chapter. The results show that the quality of the hybrid-element
mesh is better than that of the triangular mesh and the structured quadrilateral mesh. From
the numerical calculation process, the hybrid finite element has a feature through which the
substrate is free to choose, and even the high-order element can be used in the key analysis
area. The linear element can be used for the calculation area with relatively flat change,
and the mixed approximation idea can be used at the interface nodes, which can greatly
balance the calculation efficiency and accuracy.

Therefore, the mixed-element theory has greater advantages for the complex geometric
calculation area, realizing the free combination of the mesh type and the basis function
type, and greatly expanding the application range of the finite element. However, the
analysis of the error and the convergence order is more complex than that of the traditional
finite element, because the basis function fixed by the traditional finite element has a stable
convergence order and error estimation mode, and the mixed finite element needs a specific
analysis of specific problems. Without a fixed error range and convergence order, what
can be obtained in the form of the basis function combination is a theoretical reference
range. Therefore, the contribution of this paper is to provide specific numerical results and
a theoretical analysis in numerical modeling, equation discretization and comparison with
the traditional finite element. It can also further extend the mixed-element theory to the
three-dimensional case.

It is one-sided to discuss the quality of the numerical method simply from the mesh
quality, because the solution of PDE is constantly related to the discrete element quality,
and also related to the selection of the basis function and the type of the equation. On the
one hand, the hybrid element can realize the free combination of the mesh. Firstly, the
discrete quality of each sub-mesh is optimized, and then the average mesh quality of the
whole calculation area is optimized. The comparison of the numerical convergence order is
to select a numerical method with a faster calculation speed. The total number of discrete
elements of the hybrid element is controlled to 0.75–1 times that of the self-use mesh.

When the number of mixed elements is Ne = 4010 (3092 triangular elements and 918
quadrilaterals), the total number of triangular CST elements is 5012, and the total number
of Q4 elements is 4811, the calculation time of TH = 4 s triangular element is TCST = 4.45 s,
and the calculation time of Q4 element is TQ = 4.23 s. However, in terms of convergence
rate, the numerical convergence order of displacement is close to order 2. The convergence
order of mixed-element displacement using LST + Q4 is about 2.61, and the stress solved by
adaptive FEM is about linear convergence. However, the stress convergence order of mixed-
element LST + Q4 is close to 1.67. From Figure 4a,b, it can be seen that the convergence
speed of the LST + Q4 hybrid element is the fastest. Therefore, when the hybrid element
selects the appropriate basis function and good grid combination, the numerical method
has the characteristics of short calculation time and fast convergence speed, which also
reflects the effectiveness of the method.
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(a) (b)

Figure 4. Hybrid-element numerical convergence comparison diagram (a) displacement numerical
convergence comparison diagram (b) Von Mises stress numerical convergence diagram.

4. Simulation and Application of Hybrid FEM in Hydrogen Fuel Battery
4.1. Working Principle of Hydrogen Fuel Battery

Compared with traditional vehicles, the energy conversion efficiency of hydrogen
fuel cell vehicles is as high as 60–80%, which is 2∼3 times that of internal combustion
engines. The fuel of the hydrogen fuel cell is hydrogen and oxygen and the product is
clean water. It does not produce carbon monoxide and carbon dioxide and does not emit
sulfur and particulates [38,39]. Therefore, the use of hydrogen energy as the power system
of the vehicle can greatly improve the air quality of the city. The electricity generated
by a hydrogen fuel cell can be supplied to the motor through inverters, controllers and
other devices, and then driven by the transmission system and drive axles to rotate the
wheels, so that the vehicle can drive on the road. The electrochemical reaction of hydrogen
and oxygen occurs in the stack, and the generated electric energy is driven by the motor.
However, in fact, the electrical power that drives the vehicle is not provided directly by the
hydrogen fuel cell. In general, the lithium battery pack of the hybrid vehicle is equivalent
to power supply.

Hydrogen starts from the anode plate (anode) of the hydrogen fuel cell, and through
the catalyst (platinum) in the polymer electrolytic membrane, two electrons in the hydrogen
molecule are separated. The hydrogen ions (protons) that lose electrons pass through the
proton exchange membrane (the role is to separate hydrogen ions and electrons) and reach
the cathode plate (cathode) of the hydrogen fuel cell. However, electrons cannot pass
through the proton exchange membrane, and electrons pass through the external circuit to
reach the cathode plate of the hydrogen fuel cell, thus generating current in the circuit. After
electrons reach the cathode plate, they are recombined with hydrogen ions and oxygen
atoms in the air to form water. Because of the oxygen supplied to the cathode plate [40,41],
these can be obtained from the air. Therefore, as long as hydrogen is continuously supplied
to the anode plate, air is supplied to the cathode plate, water (steam) is taken away in time,
and electricity can be continuously provided. Figure 1 presents the application and internal
power generation process of the hydrogen fuel cell. The internal structure of the fuel cell is
generally composed of five parts, namely, a bipolar plate (metal, graphite, polymer, etc.),
an electrode, a catalyst, a proton exchange membrane and an electrolyte solution. The
fuel cell hydrogen supply process and internal power generation diagram for new energy
vehicles is depicted in Figure 5a, which provides a schematic diagram for adding liquid
hydrogen to the new energy vehicle powered by a hydrogen fuel cell. Due to the high cost
of production and the difficulty of safety control technology, the current hydrogen fuel
cell has not been mass-produced and market-oriented to popularize it to users. In (b), the
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internal structure and power generation process of a hydrogen fuel cell is depicted, which
makes it easier to understand the working principle of hydrogen fuel cells.

Fig.1 Application and internal power generation process of hydrogen fuel cells. Fig. (a).
Schematic diagram of liquid hydrogen for new energy vehicles powered by hydrogen fuel cells. (b)
Internal structure and power generation process of hydrogen fuel cells.

2.2 Thermal - Mechanical Coupling Model of Double Electrode Plate
Fuel cells mainly convert the chemical energy of fuel (hydrogen, diesel, methanol and

chemical hydride, natural gas) and oxidant (oxygen) into electrical energy through redox reactions.
In addition, fuel cells are also called electrochemical batteries. This paper mainly studies hydrogen
fuel cells, fuel and oxygen sources (usually from air) to maintain chemical reactions, and in the
battery, chemical energy is usually obtained from metals and their ions or oxides that already exist
in the battery. As long as fuel and oxygen are available, fuel cells can continuously generate
electricity. Electrolyte allows ions (usually hydrogen ions (protons) with positive charges) to move
between the two sides of the fuel cell. At the anode, the catalyst oxidizes the fuel to produce ions
(usually positive hydrogen ions) and electrons. Ions move from anode to cathode by electrolyte. At
the same time, electrons flow from the anode to the cathode through an external circuit, generating
a direct current. In the cathode, another catalyst causes ion, electron and oxygen reactions to form
water and other possible products. The start-up time of proton exchange membrane fuel cells
(PEMFC) is from 1~s to 10~min. In addition to electricity, fuel cells also produce water and heat
according to the fuel source. The energy efficiency of fuel cells is usually between 40-60%.
However, if waste heat can be combined with thermoelectric materials, up to 85% of the energy
utilization rate can be obtained. The fuel cell will be subjected to use in the process. ​

A thermal-mechanical coupled hybrid finite element model of bipolar plates in proton
exchange membrane fuel cell (PEMFC) is established. The bipolar plates are generally operated at
temperatures slightly lower than 100 °C during the operation of hydrogen fuel cells, which means
that additional heating is needed during the start-up process and thermal stress is formed in the
bipolar plates after heating. In addition, the manifold orifice of fuel gas inside the cell is also
analyzed. The active component position of the catalyst is also subject to certain pressure. The
whole bipolar plate can use thermal-mechanical coupling to study the temperature, thermal stress,
thermal strain and other physical parameters of the bipolar plate in the continuous power
generation process. There is a fuel gas channel at the edge of the bipolar plate, and there is a
starting heating element in the middle of the electrode gas feeding channel. Due to the geometric
symmetry of the bipolar plate, 1/2 of the actual size of the battery can be considered in the
numerical solution.

(a) (b)

Figure 5. Application and internal power generation process of hydrogen fuel cells. (a) Schematic
diagram of liquid hydrogen for new energy vehicles powered by hydrogen fuel cells. (b) Internal
structure and power generation process of hydrogen fuel cells.

4.2. Thermal-Mechanical Coupling Model of Double Electrode Plate

Fuel cells mainly convert the chemical energy of fuel (hydrogen, diesel, methanol and
chemical hydride, natural gas) and oxidant (oxygen) into electrical energy through redox
reactions [42]. In addition, fuel cells are also called electrochemical batteries. This paper
mainly studies hydrogen fuel cells, fuel and oxygen sources (usually from air) to maintain
chemical reactions, and in the battery, chemical energy is usually obtained from metals
and their ions or oxides that already exist in the battery. As long as fuel and oxygen are
available, fuel cells can continuously generate electricity. Electrolytes allow ions (usually
hydrogen ion protons with positive charges) to move between the two sides of the fuel cell.
At the anode, the catalyst oxidizes the fuel to produce ions (usually positive hydrogen ions)
and electrons. Ions move from anode to cathode by electrolyte. At the same time, electrons
flow from the anode to the cathode through an external circuit, generating a direct current.
In the cathode, another catalyst causes ion, electron and oxygen reactions to form water
and other possible products. The start-up time of proton exchange membrane fuel cells
(PEMFC) is from 1 s to 10 min. In addition to electricity, fuel cells also produce water and
heat according to the fuel source. The energy efficiency of fuel cells is usually between 40
and 60%. However, if waste heat can be combined with thermoelectric materials, up to 85%
of the energy utilization rate can be obtained. The fuel cell is subjected to use in the process.

A thermal-mechanical coupled hybrid finite-element model of bipolar plates in a pro-
ton exchange membrane fuel cell (PEMFC) is established. The bipolar plates are generally
operated at temperatures slightly lower than ◦C during the operation of hydrogen fuel cells,
which means that additional heating is needed during the start-up process and thermal
stress is formed in the bipolar plates after heating. In addition, the many orifices of fuel
gas inside the cell are also analyzed. The active component position of the catalyst is also
subject to certain pressure. The whole bipolar plate can use thermal-mechanical coupling
in a study of the temperature, thermal stress, thermal strain and other physical parameters
of the bipolar plate in the continuous power generation process. There is a fuel gas channel
at the edge of the bipolar plate, and there is a starting heating element in the middle of the
electrode gas feeding channel. Due to the geometric symmetry of the bipolar plate, 1/2 of
the actual size of the battery can be considered in the numerical solution.
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4.3. Three-Dimensional Steady Heat Conduction

The temperature variable T(x, y, z, t) is a multivariate function of space coordinates
and time. When T(x, y, z) is a scalar function controlled by the steady-state heat conduction
equation, it means that the temperature of the thermally conducting object does not change
with time after heat exchange, which is called the steady-state temperature field. The model
of the transient heat conduction equation established in this section (Section 4.3) is related
to no time term [43,44]. When ∂T

∂t 6= 0 is a transient temperature field, the difference
between the transient temperature field and the steady temperature field is that there is a
time variable t. According to the Fourier heat transfer law and energy conservation law,
the heat transfer equation of a battery material plate in a rectangular coordinate system
satisfies the following expression.

In this example, the bipolar plate is mainly titanium, and the heat source material
with a small circular center is aluminum. In Equation (45), k represents different heat
transfer coefficients, and k =

(
kx, ky, kz

)
is the heat transfer coefficient of x, y, z in different

directions. In this example, it is assumed that the bipolar plate is the isotropic material,
and that it satisfies kx = ky = kz. T represents the temperature of the bipolar plate, and
Q represents the heat source. ρ is the density of titanium metal material, and the unit is
kg/m3. Q is the heat generated by the internal heat source, which is often used in the
thermal start of the fuel cell [45,46]. Aluminum products are selected because aluminum
has good thermal conductivity.

∇ · (−k∇T)−Q = 0 (45)

In addition, ∂T
∂x , ∂T

∂y , ∂T
∂z denotes the heat flux in the x, y and z directions, respectively.

The equivalent differential equation of the formula is shown as Equation (46):(
∂

∂x

(
kx

∂T
∂x

)
+

∂

∂y

(
ky

∂T
∂y

)
+

∂

∂z

(
kz

∂T
∂z

))
= Q. (46)

In addition, the temperature field function T(x, y, z, t) distribution in (x, y, z) ∈
Ω, t > 0 needs to meet certain boundary conditions.

(1) The first boundary condition:
The solid surface temperature function is a known function about Equation (47):

T(x, y, z, t)|Γ1
= T̄(x, y, z), (x, y, z) ∈ Γ1. (47)

(2) The second type of boundary conditions:
The heat flux on the solid surface is equal to the sum of the derivative of tempera-

ture T along the direction of each component multiplied by the corresponding thermal
conductivity, or is called the product of the gradient of temperature and the vector of
thermal conductivity. Where n = ( nx, ny, nz) is the chord of the outer normal direction of
the boundary, and q0 is the heat flux on the boundary.

∂T
∂n

∣∣∣∣
Γ2

= kn · ∇T = kx
∂T
∂x

nx + ky
∂T
∂y

ny + kz
∂T
∂z

nz = q0 (x, y, z) ∈ Γ2. (48)

(3) The third boundary condition:
The variation in heat flux on solid surface is equal to the equilibrium value of the sur-

face temperature T and the external temperature after heat exchange. The h in Equation (49)
represents the heat exchange coefficient, and the unit is W /(m2·K). Tα is the ambient tem-
perature of the boundary layer under convective conditions.

∂T
∂n

∣∣∣∣
Γ3

= kx
∂T
∂x

nx + ky
∂T
∂y

ny + kz
∂T
∂z

nz = h(Ta − T) + q0 (x, y, z) ∈ Γ3. (49)
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The combination of all boundaries can be expressed as Γ = Γ1 + Γ2 + Γ3. Then,
assuming that the materials used in bipolar plates are all isotropic materials, the thermal
conductivity along each component direction is the same; that is, kx = ky = kz, and thus
the convection–diffusion equation can also be written as:

k
[(

∂2T
∂x2

)
+

(
∂2T
∂y2

)
+

(
∂2T
∂z2

)]
= Q. (50)

The three-dimensional transient heat conduction Equation (51) is solved. Before being
solved, the original problem needs to be transformed into a variational problem, and the
variables to be solved are T ∈ V. At the same time, V is an infinite dimensional Banach
space denoted by V = H1(Ω), Ω ⊂ R3. B( ˙ , ˙) is a bilinear form marked coincidence,
and f is a linear continuous functional. Finding a function T∗ makes the variational
Equation (51) hold.

B(T, T∗) = 〈 f , T∗〉, ∀T∗ ∈ V. (51)

Then, the three-dimensional continuous RPV space area is divided into grids, and
the divided discrete area is denoted by Ω̃. After meshing, the data sets such as element
number, node number and node coordinates can be obtained. We define the subspace of the
finite element as Vh, which is composed of a set of finite dimensional basis functions [47].
ϕi is a functional polynomial related to the node of the element, and the finite-element
subspace can be abbreviated as Vh = span{ϕ1, ϕ2, . . . , ϕN} ⊂ V. The Galerkin method is
used to approximate the problem using the interpolation points of the finite dimension. If
the finite-element numerical solution is denoted by Th ∈ Vh, then the finite-element discrete
Equation (52) holds.

B(Th, T∗h ) = 〈 f , T∗h 〉, ∀T∗h ∈ Vh. (52)

According to the idea of finite-element approximation, any numerical solution
Tn

h (x, y, z, t) can be linearly represented by the basis function in Vh.

Te
h =

N

∑
i=1

Ti ϕi(x, y) (53)

When the common mesh intersects, in Equation (54), ki(x, y) represents the judgment
function of common nodes, and Nd

i represents the number of nodes of the ith type of
mesh element.

Te
h =

k

∑
i=1

ki(x, y)
Nd

i

∑
j=1

Tj ϕij(x, y) (54)

Finally, the linear approximation term of the mixed finite element is substituted into the
weak situation equation, and the algebraic equation with an integral form can be obtained.
Combined with the boundary treatment, a sparse linear equation group can be obtained. If
it is a steady-state heat conduction equation, it can directly solve a linear equation group.
However, for the transient heat conduction equation, the time term containing the time
term needs to be discreted by combining it with the finite difference. Finally, it can be
transformed into an iterative formula, and the final numerical solution can be obtained by
combining it with the initial value. Finally, the numerical solution of the three-dimensional
temperature function is visualized, and the change of temperature at different times can be
observed. According to the above theory, the variational form of the original problem is
obtained.

B(∆T, T∗) =< Q, T∗ >, T∗ ∈ V (55)
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Combined with the Galerkin approximation principle, a basis function ϕ(x, y, z) ∈ Vh
is selected in the finite-element subspace to discretize the equation:∫∫∫

Ω
ϕi∆kTdxdydz =

∫∫∫
Ω

ϕi∆kTdxdydz−
∫∫∫

Ω
∇ϕi∇(kT)dxdydz

=
∫

s
n · kϕi∇Tds− k

∫∫∫
Ω
∇ϕi∇Tdxdydz

=
∫

s

∂T
∂n
· kϕids− k

∫∫∫
Ω
∇ϕi∇Tdxdydz

(56)

Combining Equation (54) and considering the right-hand term of the heat source,
the variational form of the heat conduction differential equation can be obtained, and
Equation (57) can be obtained after simplification.∮

s

∂T
∂n
· kϕids− k

∫∫∫
Ω
∇ϕi∇Tdxdydz =

∫∫∫
Ω

Qϕidxdydz (57)

Then, the temperature function T is replaced by the approximate solution Te
h of the

finite element. ∮
s

∂Te
h

∂n
· kϕids− k

∫∫∫
Ωe
∇ϕi∇Te

hdxdydz =
∫∫∫

Ωe
Qϕidxdydz (58)

Then, considering the second kind of boundary and the third kind of boundary
conditions, the weak situation of Galerkin can be obtained through Equation (59):

N

∑
j=1

∫
Γ2

ϕi ϕjqbds−
N

∑
j=1

∮
Γ3

ϕi ϕjh(Tα − T)ds−
N

∑
j=1

∫∫
Ω′

Qϕidxdydz

= k
N

∑
j=1

Tj

∫∫∫
Ω′
∇ϕi∇ϕidxdydz

(59)

We set the stiffness matrix Ke
ij and the right-hand term Fe

ij corresponding to the
heat conduction equation on any element, and then the linear equation on the element is
Ke

ijT j = F i.

Ke
ij = k

N

∑
j=1

∫∫∫
Ω′
∇ϕi∇ϕidxdydz (60)

Fe
i =

N

∑
j=1

∫
Γ2

∫
i

ϕjqbds−
N

∑
j=1

∫
Γ3

ϕi ϕjh(Tα − T)ds−
N

∑
j=1

∫∫∫
Ω′

Qϕidxdydz (61)

The solution space of the mixed finite element is composed of many different types of
elements. In this example, the tetrahedral and hexahedral elements are used for discretiza-
tion, and the dimension of the element matrix is equal to n = dof ·Nnode . Therefore, the
dimension of the tetrahedral is Ke4

12×12, and the dimension of the hexahedral is Ke6
18×18. The

corresponding linear discrete equation on each element is:

Ke4
ij Te4

j = Fe4
i , Ke6

ij Te6
j = Fe6

i (62)

The single rigid matrix is assembled to form the whole linear equation group. Ne
represents the number of elements divided by Ω in the bipolar plate region of the whole
fuel cell. Ne4 represents the total number of tetrahedral units in the region. Ne6 represents
the total number of hexahedral units. The corresponding results of the total linear equation
formed by the single rigid matrix assembly are as follows:

Ne4

∑
i=1

(
Ke4

ij

)
N×N

(
Te4

j

)
N×1

+
Ne6

∑
m=1

(
Ke6

mj

)
N×N

(
Te6

j

)
N×1

=
Ne4

∑
i=1

(
Fe4

i
)

N×1 +
Ne6

∑
m=1

(
Fe6

m
)

N×1 (63)
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Finally, we can represent the node temperature function values at any point on the
discrete domain Ω̃ as follows:

Tj =
Ne4

∑
i=1

ϕijT
e4
ij +

Ne6

∑
i=1

ϕijT
e6
j , j = 1, 2, . . . N (64)

In addition, certain thermal stress and thermal strain are also formed in the long-term
high-temperature environment [48,49]. It is assumed that the distribution of temperature
difference in the bipolar plate is denoted by ∆T(x, y, z), and the expansion coefficient is
denoted by α. The physical equation considering thermal expansion can be written as:

εx =
1
E
[σx − µ(σx + σz)] + α∆T (65)

εy =
1
E
[
σy − µ(σx + σz)

]
+ α∆T (66)

εz =
1
E
[
σz − µ

(
σx + σy

)]
+ α∆T (67)

γxy =
1
G

τxy, γyz =
1
G

τyz, γzx =
1
G

τzx (68)

Finally, the thermal stress matrix can be expressed as:

σ = D(ε − ε0) = DBq − Dε0 = Sq − Dε0 (69)

The thermal strain is recorded as:

ε0 =
[

α∆T α∆T α∆T 0 0 0
]T (70)

4.4. Three-Dimensional Static Elastic Equation

When the fuel cell works, it also receives the thermal stress σhot, the gas passes through
the active material pressure P1, and the impact pressure P2 of the exhaust gas passes through
the manifold outlet [50]. When these forces are applied to the bipolar plate of the fuel cell,
the bipolar plate also deforms. The hybrid finite-element method proposed in this paper
can be used to solve the stress, strain, displacement and other physical quantities of the
bipolar plate. These physical quantities can be obtained according to the three-dimensional
linear elastic equation. The static three-dimensional linear elastic equation is as follows:

∂σxx

∂x
+

∂σyx

∂y
+

∂σzx

∂z
+ bx = 0 (71)

∂σxy

∂x
+

∂σyy

∂y
+

∂σyy

∂z
+ by = 0 (72)

∂σxz

∂x
+

∂σyz

∂y
+

∂σzz

∂z
+ bz = 0 (73)

In the above formula, b =
(
bx, by, bz

)T is the volume external force, σ is the stress

tensor, ∇ =
(

∂
∂x , ∂

∂y , ∂
∂z

)
is the three-dimensional gradient operator, and ∇ · σ is the

divergence of the stress tensor. The three-dimensional static elastic equation can also
be expressed as ∆ · σ + b = 0. The three-dimensional displacement field function can be
expressed as u = (u(x, y, z), v(x, y, z), w(x, y, z)), and N1, N2 represents the number of two
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element nodes, respectively. The mixed finite-element approximation base function of
displacement can be written as:

u(x, y, z) = k1

N1

∑
i=1

ui ϕi(x, y, z) + k2

N2

∑
j=1

uj ϕj(x, y, z) (74)

v(x, y, z) = k1

N1

∑
i=1

vi ϕi(x, y, z) + k2

N2

∑
j=1

vj ϕj(x, y, z) (75)

w(x, y, z) = k1

N1

∑
i=1

wi ϕi(x, y, z) + k2

N2

∑
j=1

wj ϕj(x, y, z) (76)

In terms of the representation of the basis function of the hybrid finite element, k1, k2
represents the grid type judgment function, and Ω̃1, Ω̃2 represents two types of grids, which
also indicates that the discrete region of this example is composed of two types of elements.
When (k1, k2) represents the common boundary region of the grid, it is represented by two
kinds of basis function.

(k1, k2) =


(1, 0) (x, y, z) ∈ Ω̃1

(0, 1) (x, y, z) ∈ Ω̃2

(1, 1) (x, y, z) ∈ ∂Ω̃1 ∪ ∂Ω̃2

(77)

Then, the Galerkin method is used to discrete the linear elastic equation. The discrete
region is denoted by Ω. If the finite-element solution of the displacement function is
uh = (uh, vh, wh) ∈ V, a test function is selected as ϕi ∈ H1

0 .∫∫∫
Ω

ϕi(x, y, z)(∇ · σ + b)dxdydz = 0 (78)

By using Gauss divergence theorem and the divergence term of stress tensor, it can be
deduced that∫∫∫

Ω
ϕi(∇ · σ)dxdydz =

∫∫∫
Ω
∇ · (ϕiσ)dxdydz−

∫∫∫
Ω
∇ϕi · σdxdydz (79)

Then, by using the divergence theorem, the first integral term of the right end term is
converted to an area fraction.∫∫∫

Ω
ϕi(∇ · σ)dxdydz =

∮
S

ϕin · σdS−
∫∫∫

Ω
∇ϕi · σdsdydz (80)

In the formula, n represents the unit normal vector of the solution domain boundary
pointing to the inside, and S is the surface of the boundary region. Combined with
Equation (79), we can obtain:∫∫∫

Ω
ϕi(∇ · σ)dxdydz =

∮
S

ϕi f ds−
∫∫∫

Ω
ϕibdxdydz (81)

where f = n · σ is the boundary surface force, the Galerkin form of the three displacement
component equations is:∫∫∫

Ω

∂ϕi
∂x

σxx +
∂ϕi
∂y

σyx +
∂ϕi
∂z

σzxdxdydz =
∮

S
ϕi fxds +

∫∫∫
Ω

ϕibxdxdydz (82)

∫∫∫
Ω

∂ϕi
∂x

σxy +
∂ϕi
∂y

σyy +
∂ϕi
∂z

σzydxdydz =
∮

S
ϕi fyds

∫∫∫
Ω

ϕibydxdydz (83)
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∫∫∫
Ω

∂ϕi
∂x

σxz +
∂ϕi
∂y

σyz +
∂ϕi
∂z

σzzdxdydz =
∮

S
ϕi fzds +

∫∫∫
Ω

ϕibzdxdydz (84)

For the stress terms in Equations (82)–(84), the displacement function can be used
to replace them, and the specific formula is σ = Dε. The corresponding elastic matrix is
shown in Equation (85):

D =
E(1− v)

(1 + v)(1− 2v)



1 v
1−v

v
1−v

v
1−v 1 v

1−v
v

1−v
v

1−v 1
1−2v

2(1−v)
1−2v

2(1−v)
1−2v

2(1−v)


(85)

The three-dimensional strain can be obtained according to the geometric equation.
The vector of strain expressed by displacement can be written as follows:

ε =

{
∂u
∂x

,
∂v
∂y

,
∂w
∂z

,
∂u
∂y

+
∂v
∂x

,
∂v
∂z

+
∂w
∂y

,
∂w
∂x

+
∂u
∂z

}T
(86)

For the mesh subregion of the same element type, denoted by Ω, the stress function of
any node can be written as follows:

σh1
xx =

E(1 + v)
(1 + v)(1− 2v)

N1

∑
j=1

(
uj

∂ϕ1j

∂x
+

v
1− v

vj
∂ϕ1j

∂y
+

v
1− v

wj
∂ϕ1j

∂z

)
(87)

σh1
yy =

E(1 + v)
(1 + v)(1− 2v)

N1

∑
j=1

(
v

1− v
uj

∂ϕ1j

∂x
+ vj

∂ϕ1j

∂y
+

v
1− v

wj
∂ϕ1j

∂z

)
(88)

σh1
zz =

E(1 + v)
(1 + v)(1− 2v)

N1

∑
j=1

(
v

1− v
uj

∂ϕ1j

∂x
+

v
1− v

vj
∂ϕ1j

∂y
+ wj

∂ϕ1j

∂z

)
(89)

Another unit basis function of the fuel cell bipolar plate is denoted by ϕ2j(x, y, z), and
the stress function can be expressed as:

σh2
xx =

E(1 + v)
(1 + v)(1− 2v)

N2

∑
j=1

(
uj

∂ϕ2j

∂x
+

v
1− v

vj
∂ϕ2j

∂y
+

v
1− v

wj
∂ϕ2j

∂z

)
(90)

For the approximation of the mixed-element stress function, it can be expressed as:

σh
xx = k1σh1

xx + k2σh2
xx (91)

Similarly, other mixed-element approximations of stress are written as follows :

σh =
{

σh
xx, σh

yy, σh
zz, τh

xy, τh
yz, τh

xz

}T
(92)

Finally, we introduce the mixed-element base approximation term σh into
Equations (82)–(84), and obtain the linear equations of three displacement components. Af-
ter solving the equations, we can obtain the displacement numerical solutions
uhi = (uhi, vhi, whi)

T in turn.

4.5. Material Parameter Setting of Numerical Calculation

The main solution of the numerical example is the bipolar plate of the fuel cell plate.
The numerical example is based on the thermal-mechanical coupling model established
using the mixed finite-element method [51,52]. The plate will have heat inside the plate
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when it is working normally, forcing the existence of thermal stress in the bipolar plate. The
ventilation channel at the edge of the bipolar plate will also be subject to some manifold
pressure P1, and the active components will also be subject to pressure P2. The center of
the bipolar plate has a heating aluminum device. The geometric parameters and material
parameters of the bipolar plate are shown in Table 1.

Table 1. Classification of nuclear pressure vessels by temperature and pressure.

Variable Name Value Variable Explanation

Q 200/
(
25πR2d

)
W/m3 Volume power of heating original

d 10 mm Radius of pin hole and heating element
P1 10 MPa Manifold pressure
P2 2 MPa Active component pressure
h1 5 W/m2· k Heat transfer coefficient of surrounding air
E 106 GPa Young’s modulus
v 0.33 Poission rate
ρ 4.94× 103 kg/m3 Bipolar plate density
α 7.06× 10−6 [1/k] Thermal expansion coefficient

Cρ 7.10 × 102 [J/kg · K] Heat capacity at constant pressure
k 160 [W/(m · K)] Thermal conductivity

ρAl 2700 [kg/m3] Density
L 0.24 m Width of battery bipolar plate
H 0.18 m Height of battery bipolar plate

4.6. Numerical Results

The hybrid finite thermo-mechanical coupling model established in this paper was
used to solve the bipolar plate, which is mainly to solve the three-dimensional steady-state
heat conduction equation and the three-dimensional static linear elastic equation. The
surrounding of the bipolar plate was the channel of the fuel gas, and the center was the
aluminum heated circular plate. The solution region of hydrogen fuel cell bipolar plate
is a multi-connected rectangular region. Figure 6 is the numerical solution of the hybrid
element of the fuel cell. Figure 6a,b are mainly the comparison results of the two types of
mesh quality. (a) The number of hexahedral elements was 258, the number of tetrahedral
elements was 534 and the number of mesh vertices was 2030. The average mesh quality
was 0.82. (b) There were 1794 tetrahedral elements, and there were 2919 mesh vertices at
the mesh vertices. The average mesh quality was 0.68. The comparison of the two images
shows that the mesh quality of the mixed element was higher, and the common feature was
that the mesh quality at the edge of the bipolar plate was relatively poor.

The same feature is that the quality of the grid at the edge of the bipolar plate vent
was relatively poor. Of course, we can also compare various numerical stresses, such as
the thermal stress tensor σxx, σxy, σzz, τxy, τxz, τyz. When the equivalent stress and strain at
a certain point reached a certain value related to the stress and strain state, the material
yielded. In other words, when the material was in a plastic state, the equivalent stress
was always a constant value. This example mainly compares the Von Mises stresses.
Figure 6c is the Von Mises stress solved using the mixed finite element method. The larger
stress values concentrated on the edge and the center round hole. Figure 6d shows that
the numerical results of the two adaptive FEM figures were basically the same, and the
positions of the maximum and minimum distributions were consistent with the mixed-
element numerical solutions. The purpose of this numerical experiment is to observe
the amount of information such as thermal-stress, thermal-strain, and displacement of
the fuel bipolar plate when the fuel cell is at high temperature and under the action of
fuel gas. Another feature of this paper is that the deformation of the bipolar plate can be
simulated. According to the displacement change, combined with the deformation factor,
the deformation variables are appropriately amplified, so that it is more convenient to
compare the position of the displacement change and the change of thermal-stress. This
information is very important in the design of the internal structure of the fuel cell, because
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unreasonable design will cause the internal heat to be unable to dissipate in time. Secondly,
serious deformation will also affect the power generation efficiency and battery life. These
problems reflect the research value of this paper.

有 2919个网格顶点. 网格平均质量为 0.68. 两幅图对比发现混合元的网格质量更高, 共

同特征是在双极板排气孔的边缘网格质量相对较差. 当然, 我们还可以比较各种不同的

数值应力, 如热应力张量 yzxzxyzzxyxx ,,,,,  . 当某一点应力应变状态的等效应力应

变达到某一与应力应变状态有关的定值时, 材料就屈服. 或者说材料处于塑性状态时，等

效应力始终是一不变的定值. 本算例主要比较了 Von Mises应力, 图(c)是使用混合有限元

求解的 Von Mises 应力, 应力较大值集中边缘以及中心圆孔处, 图(d)是自适应 FEM 两幅

图数值结果基本一致, 最大值和最小值分布的位置与混合元数值解保持一致.

(a) (b)

(c) (d )

(e ) (f )

有 2919个网格顶点. 网格平均质量为 0.68. 两幅图对比发现混合元的网格质量更高, 共

同特征是在双极板排气孔的边缘网格质量相对较差. 当然, 我们还可以比较各种不同的

数值应力, 如热应力张量 yzxzxyzzxyxx ,,,,,  . 当某一点应力应变状态的等效应力应

变达到某一与应力应变状态有关的定值时, 材料就屈服. 或者说材料处于塑性状态时，等

效应力始终是一不变的定值. 本算例主要比较了 Von Mises应力, 图(c)是使用混合有限元

求解的 Von Mises 应力, 应力较大值集中边缘以及中心圆孔处, 图(d)是自适应 FEM 两幅

图数值结果基本一致, 最大值和最小值分布的位置与混合元数值解保持一致.

(a) (b)

(c) (d )

(e ) (f )

有 2919个网格顶点. 网格平均质量为 0.68. 两幅图对比发现混合元的网格质量更高, 共

同特征是在双极板排气孔的边缘网格质量相对较差. 当然, 我们还可以比较各种不同的

数值应力, 如热应力张量 yzxzxyzzxyxx ,,,,,  . 当某一点应力应变状态的等效应力应

变达到某一与应力应变状态有关的定值时, 材料就屈服. 或者说材料处于塑性状态时，等

效应力始终是一不变的定值. 本算例主要比较了 Von Mises应力, 图(c)是使用混合有限元

求解的 Von Mises 应力, 应力较大值集中边缘以及中心圆孔处, 图(d)是自适应 FEM 两幅

图数值结果基本一致, 最大值和最小值分布的位置与混合元数值解保持一致.

(a) (b)

(c) (d )

(e ) (f )

Figure 6. Cont.



Machines 2022, 10, 505 26 of 30

图(e)是混合元的温度数值解图, 这个温度 主要是中心热源向四周辐射，温度逐点降低,
边缘温度接近 370 K, 中心温度接近 420 K. 图(e)是混合元的数值解图, 图(f )是自适应 FEM
的数值解图. 三问稳态的温度分布情况可以根据热传导方程求解得到, 温度还会引起热应力

与热应变等信息. 图(g)是混合有限元的位移数值解 W，位移中心处变化量比较大, 这是因为

中心有铝制品自加热器, 导致中心温度高, 膨胀比较严重. 因此, 位移值变化相对较大. 图

(h) 是自适应 FEM的位移数值解W对应的云图, 与图(g)对比发现有相同的现象, 中心位移变

化量比较大， 同时位移的数量级在
6-10 .

经过以上数值解对比发现, 混合有限元不但网格质量比较高, 而且数值解结果与自适应

数值解保持高度一致, 在网格单元总数上混合有限元可以使用更少的单元数, 数值收敛速度

上混合元的位移收敛速度更快接近2阶收敛, 而自适应FEM的收敛速度略低, 接近1.86-1.92
之间. 求解时间上混合有限元的速度更快, 三维问题在网格刨分好的情况下, 混合元只需要

约 4.1s的时间, 但是自适应 FEM 的求解时间接近 6.5s. 以上数值结果反映混合有限有方法

在求解热-力耦合问题方面具有更多优势, 特别是对于多连通区域, 混合元更加灵活, 不同

的区域可以使用不同单元类型离散. 具有网格质量更优, 收敛速度高于传统自适应方法, 而
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Figure 6. The comparison between the numerical solution of the thermo-mechanical coupling model
of the hybrid finite element corresponding to the bipolar fuel cell plate and the adaptive FEM.
(a) Hybrid-element grid quality assessment results. (b) Adaptive FEM grid quality assessment results.
(c) Von Mises stress diagram of hybrid finite element. (d) Von Mises stress diagram solved using
adaptive FEM. (e) Temperature T nephogram of hybrid finite element. (f) Temperature T numerical
solution nephogram solved using adaptive FEM. (g) Displacement nephogram Wh. (h) Displacement
value solution Wh nephogram solved using adaptive FEM.

Figure 6e is the numerical solution of the temperature of the mixed element. This
temperature is mainly the radiation of the central heat source to the surrounding area, and
the temperature decreases point by point. The edge temperature was close to 370 K, and
the central temperature was close to 420 K. Figure 6e is the numerical solution of the mixed
element, and Figure 6f is the numerical solution of the adaptive FEM. The temperature
distribution of the steady state of the three questions can be solved according to the heat
conduction equation, and the temperature also causes information such as thermal stress
and thermal strain. Figure 6g is the numerical solution of the displacement of the mixed
finite element W. The variation at the center of the displacement was relatively large,
because there was a self-heater of aluminum products in the center. As a result, the center
temperature was high and the expansion ratio was serious. Therefore, the displacement
value changed relatively significantly. Figure 6h is the corresponding cloud image of the
displacement numerical solution W of the adaptive FEM. Compared with Figure 6g, the
same phenomenon was found. The central displacement changed greatly, and the order of
magnitude of the displacement was 10−6.

Through the comparison of the above numerical solutions, not only was the hybrid fi-
nite element found to have a high mesh quality, but also the numerical solution results were
highly consistent with the adaptive numerical solution. The hybrid finite element could
use fewer elements in the total number of grid elements. The displacement convergence
speed of the hybrid element was faster than that of the adaptive finite element, which was
close to second-order convergence. The convergence speed of the adaptive finite element
was slightly lower, which was close to 1.86–1.92. The speed of the hybrid finite element
was faster than that of the adaptive finite element. Under the condition of good mesh
segmentation, the hybrid element only needed about 4.1 s time. However, the solution time
of the adaptive FEM was close to 6.5 s. The above numerical results show that the hybrid
finite-element method has more advantages in solving the thermal-mechanical coupling
problem. Especially for the multi-connected region, the hybrid element is more flexible,
and different regions can be discreted by different element types. The hybrid finite-element
method has a better grid quality and a higher convergence rate than the traditional adaptive
method, and the number of elements required is relatively small, which also improves the
solution time. Of course, the defect in the hybrid element is that the grid division requires
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some prior knowledge, and the free matching problem of the mesh needs to be completed
according to the actual needs.

5. Conclusions

In this paper, a hybrid-element method was proposed to solve the thermal-mechanical
coupling model of the fuel cell plate, which can effectively solve the thermal stress change,
temperature field distribution and displacement change in the fuel cell plate at work. In
this paper, the hybrid-element algorithm for the deformation of a 2D plate was given
first, and then the deformation application of a 3D fuel cell plate was given. This paper
mainly studied the deformation problem of a porous elastic plate. In view of the defects
of the traditional method, such as the poor quality of discrete grids, the low efficiency of
numerical calculation and the difficulty in the local adjustment of calculation area, etc.,
in this paper, an efficient hybrid finite-element numerical method was proposed. The
hybrid finite-element solution theory was given for the deformation of porous elastic plates.
Compared with the traditional CST adaptive finite-element method and Q4 adaptive finite-
element method, the hybrid finite-element method is more flexible for realizing the flexible
combination of the grid and the finite-element basis function. This paper also provided
a new formula for the evaluation of grid quality, which can effectively evaluate the mesh
quality of triangular and quadrilateral elements. For the grid quality evaluation of the
hybrid element, the average method was used in this paper. From the numerical experiment
results, it can be seen that the mesh quality of the hybrid element was significantly higher
than that of the traditional CST and Q4 adaptive mesh. Another advantage of the hybrid
element is that the refined mesh can be realized for the key areas, and the order of the basis
function can also be adjusted according to the actual needs.

Therefore, this method realizes the balance between numerical accuracy and solution
efficiency, especially for the local porous elastic plate problem. The hybrid-element method
is obviously superior to the traditional method. The hybrid element can use fewer elements
to achieve rapid convergence, and the method proposed in this paper is obviously adaptive
FEM convergence fast. In addition, this paper also gives the deformation control formula,
which can display the displacement deformation and stress combined diagram on the
graphics at the same time, which is convenient to quickly compare the regions where the
displacement and stress extremum appear. In short, this paper provides a good foundation
for the expansion of the finite-element numerical method, and can provide a mechanical
model reference for solving the mechanical problems of porous elastic plates and complex
topological geometric regions. Finally, the three-dimensional numerical results were similar
to the two-dimensional results; that is, the hybrid finite-element numerical method realized
the free combination of the mesh and the basis function, and could form a higher grid
quality. In addition, the numerical convergence rate was more advantageous. In this
paper, the discrete theory of 2D and 3D problems was provided. These are an extension of
the traditional FEM method and an interdisciplinary application case. The hybrid finite
element has more applications and further applications to be found. For example, it is
still a very difficult scientific research problem to expand toward crack and discontinuous
problems with defects. However, it is also a very valuable algorithm innovation and has
broad application prospects.
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