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Abstract: L-shaped flexible ring gear is a new solution to the non-uniform load distribution of
planetary transmission systems. At present, the research on L-shaped flexible ring gear is still focused
on its meshing characteristics and dynamic load sharing performance, and its structural vibration
characteristics and dynamic coupling vibration characteristics with the system are not involved.
Considering that the structural flexibility of the L-shaped flexible ring gear is significantly higher
than that of the traditional ring gear, the structural vibration will obviously affect the load sharing
and dynamic load factor performance of the transmission system, as well as the safety and reliability
of the mechanism. Due to its strong structural flexibility and structural particularity, the existing
dynamic analysis model is difficult to meet the requirements of analysis and design. In this paper, the
coupling vibration model of L-shaped flexible ring gear planetary transmission systems is established,
and the structural vibration characteristics of L-shaped flexible ring gear and its influence on the
dynamic performance of the systems are deeply analyzed. The model foundation and theoretical
guidance are provided for the design of L-shaped flexible ring gear and the analysis of the dynamic
characteristics of flexible ring gear systems.

Keywords: structural vibration; L-shaped flexible ring gear; rigid-flexible coupling; nodal diameter;
nodal circle; dynamic characteristics

1. Introduction

As the most important index to measure the performance of a planetary transmission
system, load-sharing performance is of great significance to the gear tooth strength, relia-
bility design, and transmission stability of planetary transmission systems. However, due
to the inevitable manufacturing error and installation errors, temperature changes in the
working environment, component wear and elastic deformation and many other factors,
the uneven load distribution and strong vibration of each branch of the system will lead to
the abnormal operation of the planetary transmission system.

In order to obtain a planetary transmission system with excellent load sharing and
dynamic load factor, many scholars have adopted a variety of methods to improve the
load sharing performance and dynamic load performance of the planetary transmission
system, such as setting the sun wheel and planet carrier as a floating mechanism, thin-wall
ring gear, elastic support mode, lever linkage, tooth surface modification, etc. However,
common methods to improve the load sharing performance of planetary transmission
system are very limited and often have little effect.
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Through theoretical analysis and experimental study, it was found that the influence
of the flexibility of the ring gear on the dynamic characteristics of the system cannot be
ignored [1–8]. Increasing the flexibility of the ring gear in the planetary transmission
system will make the load distribution between the planetary gears more even. So, a
thin-wall gear ring structure was proposed. Agusta Westland innovated the traditional
ring gear by creatively using the L-shaped flexible ring gear planetary transmission system
(as shown in Figure 1) in the helicopter’s main reducer, which greatly improves the ride,
reliability and safety of the helicopter. Subsequently, the L-shaped flexible ring gear
planetary transmission system has been popularized and applied in a variety of industrial
equipment, but the related technology is still in the exploratory stage. Li Lei [9] analyzed
the structural characteristics, meshing characteristics and load sharing performance of
L-shaped flexible ring gear. The author [10,11] further explored the meshing characteristics,
structural characteristics, load sharing and dynamic load factor performance of L-shaped
flexible ring gear, and revealed the advantages and disadvantages of L-shaped flexible
ring gear.

Machines 2022, 10, x FOR PEER REVIEW 2 of 18 
 

 

wall ring gear, elastic support mode, lever linkage, tooth surface modification, etc. How-
ever, common methods to improve the load sharing performance of planetary transmis-
sion system are very limited and often have little effect. 

Through theoretical analysis and experimental study, it was found that the influence 
of the flexibility of the ring gear on the dynamic characteristics of the system cannot be 
ignored [1–8]. Increasing the flexibility of the ring gear in the planetary transmission sys-
tem will make the load distribution between the planetary gears more even. So, a thin-
wall gear ring structure was proposed. Agusta Westland innovated the traditional ring 
gear by creatively using the L-shaped flexible ring gear planetary transmission system (as 
shown in Figure 1) in the helicopter’s main reducer, which greatly improves the ride, re-
liability and safety of the helicopter. Subsequently, the L-shaped flexible ring gear plane-
tary transmission system has been popularized and applied in a variety of industrial 
equipment, but the related technology is still in the exploratory stage. Li Lei [9] analyzed 
the structural characteristics, meshing characteristics and load sharing performance of L-
shaped flexible ring gear. The author [10,11] further explored the meshing characteristics, 
structural characteristics, load sharing and dynamic load factor performance of L-shaped 
flexible ring gear, and revealed the advantages and disadvantages of L-shaped flexible 
ring gear. 

 

 

(a) (b) 

  
(c) (d) 
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Figure 1. Three-dimensional diagram of L-shaped flexible ring gear and its planetary transmission
system. (a) Main reducer, (b) planetary transmission system, (c) structural sketch, and (d) fixed form.

Most studies have focused on the meshing characteristics and load-sharing perfor-
mance of L-shaped flexible ring gear, but the structural vibration characteristics and dy-
namic coupling vibration characteristics with the transmission system have not been
involved. With the development of the aviation industry, the load of gear is increasing,
the speed is getting higher and higher, and tends to be lightweight. As a result, many
malignant accidents of fatigue rupture caused by excessive vibration of gear have occurred
in transmission system at home and abroad in recent years. In addition, gear failure
is sudden, hidden, and serious. That is, the accident is often a sudden occurrence, not
found any precursor, and once the failure is very serious, gear fracture damage and power
transmission will be interrupted. Therefore, it is necessary to fully consider and solve the
causes of related faults in the design and development stage of gear. Considering that the
structural flexibility of the L-shaped flexible ring gear is significantly higher than that of
the traditional ring gear, the transmission system vibration caused by the vibration of the
L-shaped flexible ring gear is bound to increase, making the vibration of the mechanism
more complex and affecting the load sharing and dynamic load factor performance of the
transmission system as well as the safety and reliability of the mechanism. In additional,
the change of structural vibration of flexible ring gear will lead to the change of relative
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position of internal and external meshing gear pair along the meshing line direction, which
will affect the tooth surface contact stress, dynamic meshing force, system load sharing and
dynamic load performance, system vibration characteristics and operating conditions, etc.
However, knowledge related to it is very scarce at present.

Considering that the existing transmission system dynamics simulation methods
include concentrated mass method, finite element method and rigid-flexible coupling
method, however, they all have certain limitations [12–21], as follows:

(a) Lumped mass method. The calculation accuracy is low and the flexibility and
structural vibration of components cannot be taken into account.

(b) Finite element method. Due to the complexity of the transmission system struc-
ture, the finite element model will produce a large number of elements and nodes, which
will seriously affect the speed and convergence of the solution, making it difficult to be
applied in system dynamic.

(c) Rigid-flexible coupling method.
(1) Hertz contact theory is used to analyze the contact characteristics. It is difficult to

obtain accurate results since rigid impact is used instead of gear meshing. The actual mesh-
ing characteristics of gears, including time-varying meshing stiffness, loaded transmission
errors, meshing impact, and other internal excitations cannot be simulated by the software
module mentioned above.

(2) The meshing stiffness provided by software is based on the theoretical value of
standard gear. In real working conditions, the meshing stiffness will be affected by many
factors, such as modification, structure, error, fault etc., presenting completely different
characteristics from the theory. The theoretical value can not accurately express the actual
meshing state of gear teeth.

(3) It is difficult for software to analyze component manufacturing error and installa-
tion error.

Therefore, this paper based on SIMPACK software and its secondary development
technology, a rigid-flexible coupling model of the transmission system is established, which
can accurately consider the dynamic excitation and structural vibration of the transmission
system. This model solves the problems that the flexibility and structural vibration of each
component cannot be accurately introduced when the lumped mass method is used in the
existing literature, and the finite element method has a large amount of calculation and
convergence difficulty, and avoids the problem that the rigid-flexible coupling model in the
existing literature cannot accurately define the time-varying meshing stiffness of gears. The
actual meshing state of gear teeth cannot be considered and the meshing force fluctuation
caused by rigid contact exists. With the help of the improved coupling model created in
this paper, the structural vibration characteristics of L-shaped flexible ring gear and its
influence on the system vibration are deeply investigated, which provides an important
reference for selecting and designing better flexible ring gear planetary gear train.

2. Modeling of Planetary Transmission System Coupled with Vibration of L-Shaped
Flexible Structure and Rigid System

Considering that the structural compliance of the flexible ring gear is obviously higher
than that of the traditional fixed ring gear, the system vibration caused by the structural
vibration will inevitably increase. The vibration of the helicopter’s main reducer becomes
more complex, affecting the load sharing and dynamic load performance of the transmission
system and the safety and reliability of the helicopter. According to the shortcomings of
the dynamics analysis methods, it is necessary to build a planetary transmission system
simulation analysis model which can accurately consider all kinds of dynamic excitation of
the system and realize the coupling between the vibration of the flexible structure and the
vibration of the rigid body system. In addition, it can take into account various excitation
such as time-varying meshing stiffness, loaded transmission errors, and meshing impact, so
as to provide a tool for analyzing structural vibration characteristics of flexible ring gear and
its influence on system dynamic characteristics. Therefore, this paper based on the existing
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rigid-flexible coupling software platform, the secondary development has successfully
solved the shortcomings of the existing rigid-flexible coupling model. The real contact
characteristics between gear teeth and various excitation of the system are introduced
effectively, which provides technical support for analyzing vibration characteristics of
flexible structure and its influence on dynamic characteristics of the system.

2.1. Steps for Building a Coupled Vibration Planetary Transmission System Model

After considering the modeling ideas of various commercial software, SIMPACK,
which adopts the relative coordinate modeling idea, is selected as the underlying software
in this paper. SIMPACK is a multi-body dynamics software that uses the relative coordinate
system to build models, which can describe and predict the kinematics and dynamics
performance of complex mechanical systems, and analyze the vibration characteristics,
stress status of the system, as well as the displacement, velocity and acceleration of parts.

The parameters of planetary transmission system in this paper are shown in Table 1.

Table 1. Basic parameters of the L-shaped flexible ring gear planetary transmission system.

Parameters Unit Sun Planetary Gear L-Shaped Flexible Ring Gear

Tooth number Z1 and Z2 — 48 55 162

Normal module mn mm 3.8

Normal pressure angle αn deg 22.5

Face width B mm 88

Addendum ha mm 6.6 6.6 3.35

Dedendum hf mm 2.05 2.05 4.825

Elastic modulus E GPa 210

Density ρ g/cm3 7.85

Speed v rpm 1128

Power kW 2958.8

The steps to create a planetary transmission system model coupled with structural
vibration and system vibration are as follows:

(a) Determine the meshing line position of each internal and external meshing pairs

Since there are many pairs of internal and external meshing pairs in planetary trans-
mission system, the positions of meshing lines and their included angles with coordinate
axes are different. The position of meshing line of each internal and external gear pair is
determined by determining the relative position relation of each internal and external gear
pairs and the included angle relation with the coordinate axis.

(b) Set the time varying meshing unit and function relation

Loaded transmission errors is the angle difference between the gear pair deviating
from the theoretical position under load. Loaded transmission errors includes both geomet-
ric transmission error and comprehensive loaded deformation of tooth surface (including
bending deformation, shear deformation, contact deformation and deformation of tooth
foundation). The comprehensive time-varying meshing stiffness refers to the comprehen-
sive ability of all tooth pairs to resist tooth deformation during meshing. In this paper, by
means of the LTCA model [22], the loaded transmission errors and comprehensive time-
varying meshing stiffness of internal and external meshing pair in planetary transmission
system can be obtained through analysis and calculation.

According to the meshing line position of each internal and external meshing pairs
determined, the ‘move marker’ point between each internal and external meshing pairs
is set (refer to Figure 2). The move marker point is the intersection point of meshing line
and base circle, and the reference point of the move marker point is set as the joint point of
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each gear. Since the move marker point has the same rotation characteristic relative to the
reference point, the motion relation of the gear pairs can be transformed to the meshing
line. Then, the spring force element is set on the meshing line of each internal and external
meshing gear pairs. According to the dynamics relationship between the internal and
external meshing pairs and SIMPACK secondary development language. Write the input
function of the spring force element between each internal and external gear pairs, and
decompose the spring force element into the corresponding x axis and y axis according
to the angle between the spring force element and the coordinate axis. In the figure, α
represents the meshing angle; rs, rp, rr represent the radius of the base circle of the sun
wheel, the planet wheel and the ring gear, respectively.
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(c) Errors, loaded transmission errors and meshing impact are included

The error excitation and loaded transmission errors excitation in the internal and
external gear pairs of each branch of the planetary transmission system can be introduced
into the function relation by transforming them into along the meshing line. Specific
transformation methods can be found in reference [22]. A new spring force element is
needed for the meshing impact excitation. Fourier expansion is performed on the meshing
impulse excitation and the resultant function is fitted. By writing the corresponding
function relation, the introduction of the meshing impact excitation is realized.

(d) Other components

In addition, bearings, splines, and other components in the planetary transmission
system can be introduced according to the actual working conditions, so as to enrich the
whole simulation model and achieve more accurate analysis of the system. As this paper
focuses on the flexible ring gear, it is not repeated here. So far, a rigid coupling simulation
model of planetary transmission system can be established, which accurately considers the
real meshing characteristics of ring gear.

(e) Create flexible body of ring gear

Firstly, the finite element model of ring gear is constructed and the main node of the
ring gear is determined. The central point is usually taken as the main node, and the main
node will be the point of transferring force and vibration with the sun wheel and planet
wheel, so as to realize the transmission of interaction between the flexible ring gear and
other rigid bodies. Then, the ring gear flexible body file (.fbi file) was obtained, and the
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original rigid ring gear of the planetary transmission system was replaced, so as to realize
flexible processing of the model and obtain the rigid-flexible coupling model of the system,
as shown in Figure 3b. So far, the planetary transmission system model was established,
which could accurately consider the time varying meshing stiffness of internal and external
gear pairs, errors, and the meshing impact.
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2.2. Flexible Body Theory

The elastic deformation of the flexible body in the coupled model can’t be directly
replaced by the traditional motion equation of the rigid body system, but the displacement
→
u

i
(
→
x , t) of the flexible body in the system can be expressed by the motion equation of an

individual fixed reference frame. That is, coordinate yi(t) and small deformation
→
w(
→
x , t)

are expressed as [23]:
→
u

i
(
→
x , t) = yi(t) +

→
w(
→
x , t) (1)

The approximation of the lower mode of
→
w(
→
x , t) is:

→
w(
→
x , t) ≈

δi

∑
j=1

qi
j(t)
→
w

i
j(
→
x ) (2)

In general, finite element analysis based on flexible body can select mode qi
j(t) cor-

responding to the natural mode
→
w

i
j(
→
x ). Function

→
w

i
j(
→
x ) is the characteristic mode, static

mode, or frequency response mode in the frequency range. Through the development of
this theory, the existing modal synthesis theory is obtained.

Modal synthesis theory is adopted to transform the displacement deformation of
components subjected to external forces into linear superposition of components’ modes,
so as to realize rigid-flexible coupling of the system. Modal synthesis is to decompose a
complex structure into several simpler substructures. The vibration form of the whole
structure is obtained by using the vibration form of each substructure. In order to solve
the inherent characteristics of the system and analyze the dynamic response, only a few
main modes (main modes) of the substructure need to be calculated. So, you can effectively
reduce the degrees of freedom without changing the physical nature of the system.
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2.3. Comparison of Coupled Model and Lump Mass Method

In order to verify the accuracy of the coupling model, the dynamic meshing force of
the system obtained by the rigid coupling model and the lumped mass method under the
same working conditions and excitation is firstly compared in this paper.

The comparison between Figures 4 and 5 shows that the dynamic meshing forces of
all branches fluctuate sinusoidal function when the sun wheel (ring gear) of the system has
errors, and the dynamic meshing forces of all branches are interrelated and meet the system
balance. The mean and waveform of the simulation results obtained by the lumped mass
method and rigid coupling model are basically consistent, which verifies the correctness of
the proposed coupling model.
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coupling model. 

0.02 0.04 0.06 0.08 0.10
40,000

50,000

60,000

70,000

80,000

D
yn

am
ic

 m
es

hi
ng

 fo
rc

e/
N

Time/s

 DZH11
 DZH12
 DZH13
 DZH14
 DZH15

 

0.02 0.04 0.06 0.08 0.10
40,000

50,000

60,000

70,000

80,000

D
yn

am
ic

 m
es

hi
ng

 fo
rc

e/N

Time/s

 DZH11
 DZH12
 DZH13
 DZH14
 DZH15

 
(a) (b) 

Figure 5. Dynamic meshing force with ring gear error. (a) Lumped mass method and (b) rigid cou-
pling model. 

Then, the difference between the rigid-flexible coupling model and the lumped mass 
method is further compared to obtain the dynamic characteristics of the system before 
and after considering the comprehensive influence of the vibration mode of the flexible 
ring gear structure. Figure 6 shows the comparison of the relative displacement responses 
of the planetary wheel and the ring gear along the meshing line in the system before and 
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Then, the difference between the rigid-flexible coupling model and the lumped mass
method is further compared to obtain the dynamic characteristics of the system before and
after considering the comprehensive influence of the vibration mode of the flexible ring
gear structure. Figure 6 shows the comparison of the relative displacement responses of
the planetary wheel and the ring gear along the meshing line in the system before and
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after considering the flexibility of the L-shaped ring gear and the structural vibration at
working speeds.
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It can be seen from Figure 6 that the dynamic characteristics of the system change
significantly after the structural vibration is taken into account. When the internal ring gear
flexibility and structural vibration are not taken into account, the relative displacement
fluctuation amplitude along the meshing line of the planetary transmission system is small
and regular, and there is no irregular change, indicating that the transmission of the system
is stable. When the flexibility and structural vibration of the ring gear are taken into account,
the relative displacement mean value and fluctuation amplitude of the internal meshing
pair along the meshing line of the system change obviously, and do not change completely
regularly, which will have a great impact on the smoothness of planetary transmission
system and affect the load sharing and dynamic load factor performance. Therefore, it is
very important and necessary to fully consider the flexibility and vibration characteristics
of the structure when analyzing the dynamic characteristics of the system. After the above
analysis, the system response under the comprehensive influence of the vibration modes of
each structure of the ring gear can be obtained, but the defect is that the characteristics of the
vibration modes of each structure and their influence on the dynamic characteristics of the
system cannot be further defined. Therefore, it is difficult to guide planetary transmission
system design, which is also a problem existing in many literature analyses at present. In
order to provide some reference for the structural design of flexible ring gear, an in-depth
analysis of the vibration mode characteristics of each structure of ring gear and its influence
on the dynamic characteristics of the system is carried out below.

3. Structural Vibration Characteristics of L-Shaped Flexible Ring Gear and Its
Influence on System Dynamic Characteristics
3.1. Type of Structural Vibration

For the ring gear, its macroscopic shape is thin-walled cylindrical. Its vibration mode
is shown in Figure 7. There are three vibration modes: a nodal diameter type, nodal circle
type, and a hybrid nodal diameter and nodal circle type. According to the number of nodal
diameters and nodal circles, the vibration modes of each mode can be accurately judged as
m nodal diameters or n nodal circles.
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Figure 7. Vibration mode of ring gear.

For the L-shaped flexible ring gear structure, the first 20 modes of natural vibration are
obtained by using finite element software. The main natural vibration modes of L-shaped
flexible ring gear and the main frequencies that may cause resonance under the operating
conditions of the system are covered (Table 2). Subsequently, the types of modal natural
modes were analyzed, and the analysis results are shown in Table 3.

Table 2. The first 20 order natural frequencies of L-shaped flexible ring gear.

Order Frequency/Hz Order Frequency/Hz Order Frequency/Hz Order Frequency/Hz

1 645.37 6 863.00 11 1558.70 16 2206.70
2 645.62 7 1081.60 12 1559.00 17 2207.40
3 742.58 8 1081.90 13 2069.00 18 2238.50
4 744.32 9 1388.10 14 2128.10 19 2430.20
5 862.68 10 1388.40 15 2131.10 20 2567.80

3.2. Characteristics of Nodal Diameter Vibration

From the point of view of gear failure, much of the damage of gear is caused by
nodal diameter vibration. When the ring gear produces node diameter vibration, the radial
displacement of each point can be expressed as [23]:

x = X(r)cos(mθ)cos(pt) (3)

where, x represents the radial displacement of each point; X(r) represents the amplitude
of each point; m represents the number of nodal diameter; θ represents the circumference
angle; p represents the circular frequency, f = p/2π; f represents the static frequency.

Expand the right side of Equation (3) according to the trigonometric series:

x =
X(r)

2
[cos(mθ + pt)+ cos(mθ − pt)] (4)

Xcos(mθ + pt)/2 and Xcos(mθ − pt)/2 are called moving waves, that is, the vibration
can always be decomposed into two traveling waves with the same frequency as the
original vibration, half of the amplitude of the original vibration and opposite direction of
motion. The position equation of nodal diameter is:

cos(mθ ± pt) = 0 (5)

θ = ± pt
m

+
π

2m
(6)
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Table 3. The first 20 vibration modes of L-shaped flexible ring gear.
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3.2. Characteristics of Nodal Diameter Vibration 
From the point of view of gear failure, much of the damage of gear is caused by nodal 
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Xcos(mθ + pt)/2 and Xcos(mθ − pt)/2 are called moving waves, that is, the vibration 
can always be decomposed into two traveling waves with the same frequency as the orig-
inal vibration, half of the amplitude of the original vibration and opposite direction of 
motion. The position equation of nodal diameter is: 

cos( )=0m ptθ ±  (5)

=
2

pt
m m

πθ ± +  (6)

The time derivative of Equation (6) is obtained, and the rotational angular velocity of 
the corresponding traveling wave is: 

= p
m

θ ±  (7) 

When the gear is rotating at an angular speed of ωd, if the observer is rotating at the 
same speed, he will see a nodal line vibrating with respect to the wheel. It can also be 
considered as the superposition of two traveling waves with equal size and opposite prop-
agation direction (one rotates in the same direction as the wheel, and the other rotates in 
the opposite direction) and the same angular velocity. If observed in the stationary coor-
dinate, the two travelling waves should be superimposed with the angular velocity of the 
gear ωd in addition to their own rotational speed. In this case, the travelling waves before 
and after will no longer be equal. 

= +d
d

p
m

θ ω±  (8) 

where, ωd represents the rotational angular velocity of the gear; dp  represents circle fre-

quency. Due to the effect of the mass centrifugal force of the inner gear ring itself, dp  is 
generally slightly larger than p . 

When the traveling wave rotates, the particle on the gear oscillates circumferentially 
with its position on the traveling wave. As the gear has m nodal diameters, it can be seen 
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The time derivative of Equation (6) is obtained, and the rotational angular velocity of
the corresponding traveling wave is:

.
θ = ± p

m
(7)

When the gear is rotating at an angular speed of ωd, if the observer is rotating at
the same speed, he will see a nodal line vibrating with respect to the wheel. It can also
be considered as the superposition of two traveling waves with equal size and opposite
propagation direction (one rotates in the same direction as the wheel, and the other rotates
in the opposite direction) and the same angular velocity. If observed in the stationary
coordinate, the two travelling waves should be superimposed with the angular velocity
of the gear ωd in addition to their own rotational speed. In this case, the travelling waves
before and after will no longer be equal.

.
θ = ± pd

m
+ ωd (8)

where, ωd represents the rotational angular velocity of the gear; pd represents circle fre-
quency. Due to the effect of the mass centrifugal force of the inner gear ring itself, pd is
generally slightly larger than p.
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When the traveling wave rotates, the particle on the gear oscillates circumferentially
with its position on the traveling wave. As the gear has m nodal diameters, it can be seen
from the static coordinate that the particle on the gear vibrates circumferentially for m times.
The gear vibration frequency can be obtained from the static coordinate by multiplying the
number of nodal diameters by the traveling wave speed. That is:

m
.
θ = ±pd + mωd

mθ

2π
= ± pd

2π
+

mωd
2π

fd =
pd
2π

,
ωd
2π

=
N
60

The frequencies are all positive. Therefore, the natural frequencies of the before and
after traveling wave vibration of the gear are:

f f = fd + mN/60 (9)

fb = fd −mN/60 (10)

However, as the ring gear of 2K-H planetary transmission system adopted in this
paper is a fixed part, ωd = 0. Thus there are:

f f = fb = fd = f (11)

where ff represents the natural frequency of the before wave vibration; fb represents the
natural frequency of after traveling wave vibration; fd represents the moving frequency;
and N indicates the speed of the gear. The above formula indicates the rotational speed
of before wave and after wave is the same, and only one traveling wave vibration exists.
Since the ring gear in the 2K-H planetary transmission system is a fixed part, the frequency
of the before wave is equal to the after wave, and the dynamic frequency is equal to the
static frequency. Therefore, the excitation frequency that can arouse the node diameter type
traveling wave is the meshing frequency.

Table 4 shows the sun wheel input speed of the planetary transmission system when
the nodal diameter type traveling wave resonance of the L-shaped flexible ring gear occurs.
When the running speed is the same as the resonance speed, the corresponding nodal
diameter type traveling wave vibration will be caused.

Table 4. Traveling wave frequency and speed of L-shaped flexible ring gear.

Type Three Nodal
Diameter

Four Nodal
Diameter

Two Nodal
Diameter

Five Nodal
Diameter

One Nodal
Diameter

Six Nodal
Diameter

Seven Nodal
Diameter

Resonance
speed (rpm) 1045.73 1203.25 1397.86 1752.59 2249.24 2525.67 3448.31

Resonance
frequency (Hz) 645.37 742.58 862.68 1081.60 1388.10 1558.70 2128.10

In order to understand the characteristics of nodal diameter type travelling wave
vibration and its influence on the ring gear structure, with the help of rigid-flexible coupling
vibration model, the input speed of the sun wheel was selected as 1752 rpm, which was
close to the five nodal diameter travelling wave resonance speed. The variation of radial
displacement response on the rim with time when traveling wave resonance occurred
was obtained by solving the problem. The displacement response obtained is shown in
Figure 8a.
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Figure 8. Radial displacement response of rim of L-shaped flexible ring gear. (a) Radial displacement response and (b) 
spectrum of radial displacement response. 
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The measuring point of displacement response on the rim of L-shaped flexible ring gear
is shown in Figure 3b, which can accurately reflect the maximum displacement response
generated on the rim when traveling wave resonance occurs.

As can be seen from Figure 8, at the resonance speed, the displacement response on
the rim presents an obvious periodic vibration, which is characterized by beat vibration.
Firstly, its radial vibration response is approximately simple harmonic vibration, and a
fluctuation period of gear rotation is about 16 meshing cycles (when the load is applied for
a cycle, the total number of traveling wave vibration cycles is equal to the teeth of the ring
gear). Secondly, when the load is applied in a circle, the radial displacement response at the
measured point has ten nodes, which is equivalent to the five nodal diameter resonance.
The envelope of the maximum value is approximately a sine or cosine curve, which is in
good agreement with the theoretical wave curve of the nodal diameter type vibration. In
addition, when resonance occurs, the displacement response on the rim is significantly
enhanced compared with the amplitude at the working speed, which will have a great
impact on the structural vibration of the flexible ring gear, so the generation of traveling
wave resonance should be avoided as far as possible.

3.3. Analysis of Nodal Circle Vibration Characteristics

In order to understand the nodal circle vibration characteristics, the displacement
response on rim with time of L-shaped flexible ring gear was obtained by referring to the
same method of the previous section.

The selected input speed of the sun wheel is 3352 rpm, which is close to the resonant
frequency of nodal circle on 2069 Hz. As can be seen from Figure 9, when the nodal
circle resonance occurs, the displacement response on the rim is quite different from that
of the nodal diameter resonance, and the displacement response on the rim is basically
consistent in each meshing period without obvious beat vibration phenomenon. There is
no vibration node, and the displacement response under each meshing period is regular.
In addition, the nodal circle vibration is due to the axial expansion along the ring gear
of the wave. Therefore, it does not produce the form of traveling wave vibration, and its
axial wave form is mainly determined by the number of nodal circle modes generated.
Therefore, the influence of meshing on transmission process is less than that of nodal
diameter type vibration.
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3.4. Analysis of Coupling Nodal Diameter and Nodal Circle Vibration Characteristics

The same method and measuring points are used to analyze the characteristics of
coupling nodal diameter and nodal circle vibration. The radial displacement response of
L-shaped flexible ring gear under coupling nodal diameter and nodal circle vibration is
also obtained accurately. The displacement response obtained is shown in Figure 10. Here,
for the L-shaped flexible ring gear, the input speed of the sun wheel is 4160 rpm. This
speed corresponds to the meshing frequency of the L-shaped flexible inner gear ring at
2567.8 Hz, which is close to the resonant frequency of the coupling type. The displacement
response obtained is shown in Figure 10a. As can be seen from Figure 10, when the coupling
vibration of nodal diameter and nodal circle occurs, the coupling vibration mode of nodal
diameter and nodal circle is a high order vibration mode. Therefore, when resonance occurs,
it has little influence on the vibration of the structure. In addition, the coupling vibration
is the superposition coupling of nodal diameter vibration and nodal circle vibration. The
displacement response at the measuring point of the rim has the characteristics of the beat
vibration, which can be clearly seen as the two nodal diameter travelling wave resonance.
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3.5. Relationship between Structural Modes and the Number of Planetary Wheels

The number of planetary wheels used in planetary transmission system is varied,
but the correlation between the number of planetary wheels and the vibration of system
structure is rarely studied. The analysis of the relationship between the number of plan-
etary wheels and structural vibration can provide reference for the design of planetary
transmission system. In this section, the L-shaped flexible ring gear planetary drive system
is taken as an example, and the relationship between the number of planetary wheels and
the structural vibration of ring gear is preliminarly analyzed and obtained. The specific
results are shown in Table 5 and Figure 11 below.

Table 5. Comparison of vibration displacement response fluctuation amplitude.

Type Resonance Speed (rpm) 3 Wheels/mm 4 Wheels/mm 5 Wheels/mm

One nodal diameter 2249.24 1.8892 1.5538 1.1610
Two nodal diameter 1397.86 1.8083 1.5200 1.1600

Three nodal diameter 1045.73 4.5142 1.2537 0.8600
Four nodal diameter 1203.25 0.8658 3.3312 0.2585
Five nodal diameter 1752.59 1.3250 0.3919 2.5865

Nodal circle up swing 3352.54 1.8442 1.7662 1.5120
Nodal circle down swing 3627.19 1.642 1.4181 1.3210

Coupling type 1 3575.67 0.8283 0.7688 0.6340
Coupling type 2 4160.78 2.3667 2.0844 1.7485
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Figure 11. Comparison of maximum amplitude of radial vibration displacement response. 

 

Figure 11. Comparison of maximum amplitude of radial vibration displacement response.

The first five order nodal diameter vibration is the main vibration. Therefore, the
first five steps of pitch shape vibration of L-shaped flexible ring gear are selected. At the
same time, the nodal circle mode and coupling modes were added to solve and compare.
In Figure 11, the maximum value comparison diagram of radial vibration displacement
response of L-shaped flexible ring gear under three planetary wheels, four planetary wheels,
and five planetary wheels is drawn, respectively.

According to the comparison, when the planetary transmission system adopts three
planetary wheels, the vibration amplitude of the corresponding third nodal diameter mode
is the largest. When the planetary transmission system adopts four planetary wheels, the
vibration amplitude of the corresponding four nodal diameter mode is the largest. When
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the planetary transmission system adopts five planetary wheels, the vibration amplitude
of the corresponding five nodal diameter mode is the largest. In addition, the vibration
amplitude of the displacement response of the flexible ring gear gradually decreases with
the increase of the number of planetary wheels. When the system adopts five planetary
wheels, the vibration amplitude of the structure of the system is the minimum. For the
nodal circle type, the vibration of the nodal circle up swing type is obviously stronger than
that of the nodal circle down swing type. The influence of coupling mode on structure
vibration is weaker than that of nodal diameter mode and nodal circle mode, and the
frequency of coupling mode is generally higher. Therefore, the corresponding operating
conditions generally do not appear. The above analysis can provide some theoretical
reference for the selection and design of the number of planetary wheels in planetary
transmission system.

3.6. Influence of L-Shaped Flexible Ring Gear on Dynamic Response of Planetary Transmission
System under All Working Conditions

In order to realize the dynamic performance of helicopter main reducer under actual
working conditions, it is also necessary to predict the vibration of main reducer under
different input speeds. Therefore, this section calculates the change trend of the root mean
square value of the relative vibration acceleration along the meshing line of the internal
and external meshing pairs of the planetary transmission system when the input speed of
the sun wheel changes in [100 rpm, 7000 rpm] and before and after the flexible ring gear
structure is included. As shown in Figure 12, the variation trend of the root mean square
value of the relative vibration acceleration of the internal and external meshing pairs of the
planetary transmission system with the input speed is shown.

As can be seen from Figure 12a, the root mean square value of the relative vibration
acceleration increases with the increase of the input speed. When the input speed exceeds
3937.5 rpm, it decreases with the increase of the speed and gradually tends to be stable.
When the structural vibration of the ring gear is not included, there are two obvious peaks
(F1 and F2) in the variation trend curve of the relative vibration acceleration of the L-shaped
flexible ring gear, and the external meshing pair of the system will cause strong vibration
at the above two speeds. When the structural vibration of the ring gear is included, the
relative vibration acceleration of the external meshing pair of the system decreases slightly
as a whole, and five new small peaks (f 1 to f 5) appear, and the vibration at the original F1
increases slightly. According to the analysis, F1, f 1, f 2, and f 3, respectively, correspond to
the three nodal diameter, two nodal diameter, five nodal diameter and one nodal diameter
traveling wave resonance frequency of L-shaped ring gear, while f 4 and f 5 correspond to
the nodal circle up swing mode and coupling mode.

As can be seen from Figure 12b, since the ring gear is a fixed part, the growth range of
the root mean square value of the relative vibration acceleration of the internal meshing gear
pair is significantly weaker than that of the external meshing gear pair with the increase of
the rotating speed. However, the overall mean value of relative vibration acceleration of
internal meshing pair is stronger than that of external meshing pair. When the structural
vibration of the ring gear is not included, there are four peaks (F1 to F4) in the internal
meshing pair, and the vibration caused by F3 and F4 is the strongest. When the structural
vibration of the internal ring gear is included, the relative vibration acceleration of the
system decreases slightly in the low-speed range. In the high-speed range, the relative
vibration acceleration of the system increases to a certain extent, and the fluctuation is
more violent and chaotic, and several new peaks (f 1 to f 5) appear. After analysis, it can be
seen that F1, f 1, f 2, and f 3 correspond to the frequencies of three nodal diameter, two nodal
diameter, five nodal diameter and one nodal diameter traveling wave resonance of L-
shaped flexible ring gear, and f 4 and f 5 correspond to the nodal circle up swing mode and
coupling mode of L-shaped flexible ring gear.
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4. Conclusions

Based on SIMPACK software and its secondary development, this paper creates a
system rigid-flexible coupling model that can accurately consider the dynamic excitation
and structural vibration of planetary transmission system. The model solves the problems
concerning that the flexibility and structural vibration of each component cannot be ac-
curately introduced when the lumped mass method is used in the existing literature, as
well as the huge amount of calculation and convergence difficulty of the finite element
method. It also avoids the problems of the rigid-flexible coupling model in the existing
literature, such as the inability to accurately define the time-varying meshing stiffness of
the gear, the inability to really consider the actual meshing state of the gear, and the chaotic
fluctuation of the meshing force caused by rigid contact. With the help of the coupling
model, this paper further analyzes and obtains the structural vibration characteristics of
L-shaped flexible ring gear and it influence on the system vibration.

(1) When the nodal diameter traveling wave vibration is generated, the displacement
response presents obvious periodic envelope vibration, which has the characteristics
of beat vibration, the displacement response amplitude is significantly enhanced, and
the unbalance loading effect of L-shaped flexible ring gear will be further increased.

(2) When the nodal circle type resonance occurs, the displacement response on the rim
does not show periodic envelope vibration. Compared with the nodal diameter trav-
eling wave vibration, the resonance amplitude is smaller, resulting in the continuous
change of the unbalance loading position on the tooth surface of L-shaped flexible
ring gear. The coupling mode is a high order mode, which has the least influence on
the structural vibration.

(3) When the number of nodal diameters is equal to the number of planetary gears,
the vibration displacement response of the structure is the largest. In addition, the
vibration displacement response of traveling wave with low nodal diameter is stronger
than that with high nodal diameter.

(4) The low order mode and nodal diameter mode are not conducive to the load sharing
performance of the system, and the nodal circle shaking mode will make the load
sharing and dynamic load performance of the system worse.
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