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Abstract: Weeds compete with crops for water, nutrients, and light consequently, have adverse effects
on the crop yield and overall productivity. Mechanical weeding is the most common non-chemical
method for weed control, which is applied in organic farming, and the weed cultivator is the most
common implement in mechanical weeding. This study aimed to design and develop an innovative
active tool to optimize the cultivation depth, which can avoid damage to crop roots and improve the
key performance indicators of an inter-row cultivator. A quasi-Newton optimization method and a
hybrid of the non-dominated sorting genetic algorithm (NSGA-II) and goal attainment method were
separately applied to synthesize and develop a four-bar mechanism for weeding requirements. The
transmission angle of the mechanism and the desired path of the weeding blade were simultaneously
optimized using these multi-objective optimization techniques. The performance of the developed
four-bar cultivator based on the optimization techniques was compared with the ones developed
based on the classic methods and also with several conventional tools evaluated in other studies. The
results showed that applying the quasi-Newton optimization method and hybrid genetic algorithm
can propose a more effective weed cultivator in terms of performance indicators, namely weeding
performance, mechanical damage to crop plants and cultivation depth. In addition, the optimization
of the transmission angle guaranteed the smooth rotations in the mechanism’s joints.

Keywords: four-bar mechanism; goal attainment method; hybrid genetic algorithm; multi-objective
optimization; non-dominated sorting genetic algorithm (NSGA-II); quasi-Newton optimization
method; weed control; weed cultivator

1. Introduction

In smart farming, the presence of weeds is one of the major problems that contribute to
yield losses in terms of the agricultural production level, and they should be removed [1,2].
Overall, weeds are more harmful than other biotic factors, such as animal pests and
pathogens, and have the potential to reduce the crop yield up to 34%, while this quantity is
18% and 16% for animal pests and pathogens, respectively [3,4].

Different methods for weed management have been developed, including chemical
and mechanical control. Nowadays, the interest in organic and low-input farming sys-
tems has shifted focus away from chemical control onto other alternative methods [5,6].
Chemical control is efficient but has serious environmental impacts [5,7,8], including water
contamination [9] and widespread development of herbicide-resistant weeds [5,7]. As
a result, most countries have limited the use of herbicides. For instance, the EU passed
regulations to limit the use of pesticides in 2009, and most of these products have been
removed from the European market [10,11]. On the other hand, although effective, hand
weeding is laborious, time-consuming and costly [12,13], and it can only be applied to
expensive products, such as strawberries [14,15]. Therefore, it is necessary to fill the gap
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of chemical control by other reliable methods, such as mechanical control using weed
cultivators. In the past two decades, extensive research on these types of methods has been
carried out [10,11].

The inter-row cultivator is an implement designed for mechanical weed control be-
tween the crop rows, whereas the intra-row cultivator is the one used for the weed control
of small areas between crop plants on each crop row. Although intra-row weeding is a
more serious challenge to contend with [16], inter-row cultivators suffer from a number
of shortcomings [17,18]. There are several types of inter-row cultivators, among which
the harrow, used for both inter-row and intra-row weeding, is the most commonly used
one in Europe [17,19]. This weeder consists of a variety of rigid or flexible tines used
for weeding operation. However, the performance of this type is less effective than the
other types used for inter-row weeding [17], which is rooted in various factors, among
which a heavy dependence on depth wheels is of utmost importance. In other words,
variations in soil moisture content and bulk density can lead to variations in working depth
and cause damage to the crop roots [20]. Dependence on depth wheels is an issue not
only for harrows but also for the other types that are pulled rather than mounted on a
tractor [20]. Rotary hoe is another common cultivator that is a ground driven type. The
machine consists of some hoe wheels mounted on horizontal axles. Each hoe wheel has
several curved teeth acting as a weeder. Although that is widely used in North America, it
is less able to control the established weeds, specifically at high speeds, since fast speed can
lead to a decrease in teeth penetration [17,19,21]. Brush weeder is an active implement that
is suitable for near-row weeding. The machine consists of horizontal-axis or vertical-axis
nylon or fiberglass brushes acting as a weeder. Nevertheless, it does not do as well as other
common types and causes dust problems in dry conditions [17]. Sweep is another type that
is used worldwide [22]. This implement has some shanks mounted on a frame and each
shank has a blade cutting weeds’ roots below the surface. This type is the most suitable one
for high-speed operation [17]. Nonetheless, it uses passive tools. An important problem
associated with such tools is their low power efficiency due to the fact that they are pulled
by the tractor, which leads to wasting a large amount of energy through the drawbar of the
tractor, whereas active tools directly transmit a considerable amount of energy, generated
by the engine, into the soil as they are driven by a PTO shaft [23,24]. Moreover, there is a
risk of crop root damaging while this implement is working too deep and too close to crop
rows [19,22]. Ducksfoot, which usually has several curved shanks attached to some blades
and is generally fitted to a spring tine, is another passive type that is more aggressive than
the sweep and is suitable for inter-row weed management. Nevertheless, vigorous soil
movement would pose problems in narrow rows and bury young crop plants [17]. The
weeding depth of cultivators should be over 30 mm and should not exceed 40 mm [19,25].
Accordingly, in order for cultivators to curb their depth of penetration, conditions such as
a considerable planting depth and dry surface soil should be available [14]. On the other
hand, the increased working depth cannot significantly increase weed removal; however, it
increases soil disturbance [8]. Besides weed control, soil disturbance is another performance
indicator for cultivators as a very small amount of soil should be turned over during the
operation due to the fact that severe disturbance may damage the crops [8]. Against this
background and considering the environmental impacts of herbicides, this study aimed to
design and develop an efficient and simple active implement for weed control.

The study further focuses on the design of two four-bar path-generator mechanisms
using two different optimization methods with regard to the above-mentioned weeding
requirements considering the constraints governing the problem. The four-bar mechanism
was selected due to its simple development, assembly and maintenance besides its satisfac-
tory accuracy [26–28]. In fact, the cultivator design problem can be viewed as an optimal
path generation problem for a four-bar mechanism. The design baseline is a multi-objective
optimal design, an area of mathematical optimization involving more than one objective
function to be optimized simultaneously. The genetic algorithm (GA), as a highly popu-
lar evolutionary algorithm having well-tried records in agricultural engineering [29–32],
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is employed and hybridized with a goal attainment method in the synthesis of the first
mechanism, whereas a quasi-Newton optimization method (QNM) is used for the second
mechanism synthesis. The results from both optimal design methods are compared with
each other and with those of other studies, and then the two mechanisms are simulated stat-
ically and dynamically to verify the results. Finally, the optimal mechanism is developed
for in situ experimentation.

The following portions of this paper are organized as follows: Section 2 discusses the
related literature on four-bar mechanisms designed for mechanical weeding. Section 3
identifies the operationally suitable four-bar mechanism for the weeding requirements.
Section 4 describes the optimal design process in terms of the objective functions, the con-
straints of the problem and the optimization methods. Section 5 outlines the experimental
study. Section 6 presents the main results of the study and explores the significance of the
results. The conclusions of the study are given in Section 7.

2. Literature Review
2.1. Four-Bar Mechanism

The four-bar mechanism is one of the well-established mechanisms for path synthesis
in the past few decades. In the path synthesis of four-bar mechanisms, independent design
parameters (e.g., mechanism dimensions, coordinates of the base pin and linkage angles)
should be determined to allow a specific point on the coupler link of the mechanism to track
a predefined path. The methods used in the literature on this mechanism can be divided
into three categories: analytical, graphical and numerical. The analytical methods are
accurate but have limited precision points [27,33–36]. The graphical methods are fast and
simple with low accuracy [27,33]. Several numerical methods have been used for four-bar
mechanism synthesis in the past [27,37,38]. In all of these methods, one or more objective
functions are defined using the design variables. The objective function(s) is (are) then
optimized following the introduction of a number of potential constraints. These methods
have overcome the limited-precision-point problem provided that a sensible tolerance
between the tracked path by the mechanism and the desired path could be accepted.
There is a chance of convergence towards a local optimum instead of a global one during
the search process over the search space, so evolutionary algorithms were developed to
address this problem. They are inspired by Darwinism and, unlike classical numerical
methods, a set of points—instead of one point—search the design space, improving the
chance of reaching the global optimum. Additionally, they are easy to implement with low
computational costs as they require no in-depth knowledge of the search space and the
mathematical characteristics of the objective function (e.g., gradient) [26,33,35,36].

2.2. Four-Bar Mechanism for Weeding

Four-bar mechanisms have been successfully studied in different areas of agricultural
machinery [28,39–41]. Moreover, four-bar linkage is a well-established mechanism in
the path generation of tillage tools under the soil surface [24,42–46]. Using a four-bar
mechanism for weeding could improve some performance indicators of cultivators, such
as optimal working depth and soil disturbance [14,25,47]. Nevertheless, there are only a
few papers on designing or evaluating four-bar mechanisms for weeding, and there is a
lack of studies on this topic [14,25,47]; furthermore, there is no study on the optimal design
of mechanical weeders.

As regards the weeding requirements described in Section 1, the hand motion of
farmers during the manual removal of weeds was the source of inspiration for designing
and evaluating a cultivator [14,25]. A four-bar mechanism was employed in these studies
to imitate this motion. The literature suggests a 100 mm efficient motion stroke. However,
in this study, the hand motions of three farmers were surveyed by a steel ruler and a piece
of string to define more precise values, and the final value is the arithmetic mean calculated
from a set of 30 numbers. All 30 values were in the 90 mm to 120 mm range. Figure 1 shows
the approximate path of a hoe operated by a farmer’s hand. As shown, the efficient motion
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stroke is 102.5 mm and working depth is 40 mm. The main idea of this approach is to track
the path shown in Figure 1 by a weeding blade.

Figure 1. The desired path for a coupler point of the four-bar mechanism.

Although the idea of imitating the hand motion of farmers for weeding was a brilliant
idea, the proposed mechanisms in such papers were far from the design expectations.
To illustrate, the authors of ref. [14] employed a path generation method for a weeding
blade, which was limited to three precision points, the points located on the desired path,
because of the analytical–graphical approach of the research. As a result, the synthesized
path was very different from the desired path. The other shortcoming of the research
was that the path was generated for a stationary mechanism, in the first place, and the
travel velocity was introduced to the problem after the mechanism synthesis. It is obvious
that this approach exacerbated the above-said error—the mismatch between the desired
and generated path. Other researchers [25] employed a four-bar mechanism having been
developed by Rural Development Administration of Republic of Korea (RDA). Although
there is not enough information about the path generation method of the mechanism, the
authors of that paper discussed the drawbacks of the mechanism by means of simulation
software. The dynamic simulation revealed that the synthesized path of the mechanism was
far from the desired one, and such a mismatch is attributable to a wrong design method [25].
Both above-mentioned mechanisms have other serious drawbacks as they were designed
without the inclusion of a transmission angle through the design process, which would
lead to two different impractical mechanisms. The transmission angle is an indicator of
energy and torque transmission [26,36,48]. By minimizing the deviation of this angle from
right angle (90 degrees), the mechanism moves smoothly, curbing excessive wear in its
joints, and the power required for rotating the mechanism can be as small as possible [26].
Another disadvantage of these mechanisms is associated with the effective stroke of the
weeding blade during weeding operation, which is an indicator of the interaction time
between soil and weeding blade during a weeding cycle. As discussed in Section 6, both
above-mentioned mechanisms have inappropriate effective stroke.

As far as the above-mentioned shortcomings are concerned, it is necessary to design
a mechanism capable of tracking the sufficient number of precision points on the desired
path and synthesize a reasonable transmission angle to ensure suitable energy and torque
transmission. Moreover, the mechanism’s blade must have enough interaction time through
the soil. What is more, the mechanism must be synthesized dynamically, not statically, and
the forward speed of the mechanism should be considered in the design process.

3. Operational Requirements

Based on Sections 1 and 2, an operationally suitable four-bar cultivator may materialize
as follows:
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(1) The weeding blade of cultivator (the coupler point of four-bar mechanism) should
be capable of tracking the path shown in Figure 1 while the cultivator is operating in
the field.

(2) The mechanism’s transmission angle should not deviate more than 50 degrees from
right angle (90 degrees) during a full rotation of input link [49,50].

(3) The proposed mechanism should have a reasonable size considering its in-field
application.

In order to meet the first two items, in the first place, it is necessary to include the
travel velocity of the cultivator in the path synthesis problem. This is realized through the
displacement and velocity vector analysis in Section 4.1. That is, this study synthesizes the
mechanism dynamically rather than statically. In the second place, the design approach
overcomes precision point limitations using HGA and QNM. As a consequence, better
results can be achieved by using a sufficient number of precision points on the desired
path. To put it another way, using HGA and QNM and a sufficient number of precision
points, a targeted path rather than an indiscriminate one having been previously tracked
by conventional tools is defined and synthesized. Finally, the transmission angle will be
optimized during the design process. To sum up, following the inclusion of travel velocity to
the problem, the simultaneous optimization of the tracking error and transmission angle are
considered in this study. Note that these two objectives are inconsistent, i.e., improvement
in one exacerbates the other and vice versa. In addition, due to the mechanism’s in-field
application and also manufacturing process, the design method must fulfill the third item.
It is obtained by imposing bounds to the design variables related to the mechanism’s size.

4. Theoretical Framework
4.1. The Path Identification of Weeding Blade

Since the cultivator is rear-mounted on the tractor, it is inevitable to introduce the
tractor travel velocity to the problem of weeding blade path identification. Following the
inclusion of this parameter, the desired path for the weeding blade was determined through
displacement and velocity vector analysis, which is inspired by the method presented by
Hettiaratchi [42]. In other words, this vector analysis neutralizes the adverse effect of the
tractor motion on the synthesis process.

The path shown in Figure 1 is the one that the coupler point of the four-bar mechanism
should track. Finally, the weeding blade is attached to the coupler point. This motion—i.e.,
blade traveling from the surface into soil depth—is referred to as the absolute motion
of the weeding blade, and its respective displacement vector is B (the path tracked with
respect to ground reference). This is the absolute displacement vector of the blade and is
measured from the perspective of a bystander. It should be noted that the tractor travels at
a constant speed during the weeding operation. T is the displacement vector of the tractor.
If the relative displacement vector of the blade to the tractor is designated with R (the path
tracked with respect to the tractor reference), the desired displacement, B, can be defined
by Equation (1).

B = T + R (1)

Figure 2a is the vector representation of this equation. Note that, in this figure, the
weeding blade travels at its effective 102.5 mm stroke and penetrates 40 mm. In its passive
stroke, the blade travels 5 mm above the surface and has a 12 mm longitudinal stroke.

As shown, Figure 2a presents the penetration stroke of the weeding blade into the
soil. It is now ideal for the blade to be pulled back from the soil through the same path
it penetrated (Figure 2b). Although this is an optimal situation, it makes the mechanism
design quite difficult. This is explained in Figure 2d,e. They display the mean linear velocity
vectors corresponding to Figure 2a,b, respectively. The tractor travel speed is considered
2 km h−1 for the weeding operation. It is clear that the magnitude of vector BV should
remain constant if the blade is to return again via its penetration path, and only its direction
should be reversed. As the tractor travel velocity vector, TV, is also constant, the mean
linear velocity vector of the weeding blade relative to the tractor (relative velocity vector
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RV) should change. Since the four-bar mechanism is powered by the tractor power take-off
shaft (PTO), the fact that the input link of the mechanism can have two different speeds,
within a 360◦ rotation, is impossible. Therefore, it is inevitable to assume constant values
for TV and RV vectors (Figure 2d,f) and only accept variable values for BV. Figure 2c shows
the displacement vectors equivalent to Figure 2f. From Figure 2a,c, it can be found that the
T vector with a smaller magnitude means smaller deviation of the B vector through the
return path.

Figure 2. (a–c) Displacement vector diagrams; (d–f) velocity vector diagrams for motion of tractor
(T) and weeding blade (R, B).

Based on the above discussion, the precise path of the weeding blade motion relative
to the tractor can be drawn as shown in Figure 3. The points on the path are the precision
points that the mechanism should track. The coordinates of these points are listed in Table 1.
It is obvious that the path shown in Figure 3 is the desired one for the mechanism in the
tractor’s stationary state, and it will be transformed into Figure 1 after the tractor begins to
travel in the field.

Figure 3. Precise path of the weeding blade’s motion relative to the tractor.
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Table 1. Coordinates of precision points.

Order of Points 1 2 3 4 5 6 7 8 9 10

x—coordinate (mm) −10.5 0 10.5 21 31.5 42 52.5 63 73.5 84

y—coordinate (mm) 5 0 −5 −10 −15 −20 −25 −30 −35 −40

Order of Points 11 12 13 14 15 16 17 18 19 20

x—coordinate (mm) 84 73.5 63 52.5 42 31.5 21 10.5 0 −10.5

y—coordinate (mm) −40 −35 −30 −25 −20 −15 −10 −5 0 5

It can be concluded that the TV/RV ratio—i.e., the tractor travel velocity to mean
linear velocity of the weeding blade relative to the tractor—should be constant during the
weeding operation (TV/RV = 2/10.47 = 0.191). To this end, since the four-bar mechanism
is driven by PTO during the weeding operation and RV is dependent on the rotational
speed of PTO, the tractor PTO should be set in the transmission driven mode. In this case,
the tractor throttle will be set to a fixed value, and the forward speed must be changed by
shifting gears during the operation in order for the rotational speed of PTO to increase in
proportion to the forward speed of tractor. Any change in the forward speed will translate
into a change in the rotational speed of PTO, and the ratio of the tractor forward speed
to mean linear speed of the weeding blade, which is mounted at the coupler point of the
mechanism, will remain constant. In general, the forward speed is recommended to be
constant for the weeding operation. However, due to the special geology of the fields
and the ground unevenness, it is possible that this ratio varies during weeding operation.
Therefore, in Sections 6.5 and 6.6, the behavior of the cultivator at different speed ratios
was studied to ensure the capability of designed mechanism for other real-life scenarios.

A deeper review of Figure 3 and the coordinates of precision points in Table 1 shows a
need for a mechanism capable of tracking this path at penetration and return strokes. As
can be known, there are plenty of pin-jointed mechanisms generating an approximate or
exact straight-line motion. The better-known ones are Watt, Roberts, Chebyschev, Evans,
Hart inversor and Peaucellier straight-line linkages. However, there is no simple crank–
rocker type among these linkages, so they cannot be used with the continuous rotation
of tractor PTO [51]. Moreover, their coupler points generate a straight line in a part of
their input links’ rotation, whereas the desired path shown in Figure 3 should be tracked
in an approximate reciprocating motion without any extra locomotion in a full rotation
of the input link in order to fulfill cultivator requirements. Although Hoeken linkage is
a crank–rocker type, capable of being motor driven, it still has the second flaw described
above [51]. Hence, there is a real need to synthesize a crank–rocker linkage in order to track
the path shown in Figure 3.

4.2. Standard Mathematical Model for Multi-Objective Optimization

The standard mathematical model for multi-objective optimization is presented through
Equations (2)–(5) [52–54].

Minimize F(X) = [f1(X), f2(X), . . . , fi(X)] (2)

Subject to
hj(X) = hj(x1, x2, . . . , xn) = 0; j = 1 to z (3)

gk(X) = gk(x1, x2, . . . , xn) ≤ 0; k = 1 to m (4)

xsl ≤ xs ≤ xsu ; s = 1 to n (5)

F(X) is the vector of problem objective functions and should be minimized. X = [x1, x2,
. . . ,xn] is the problem design variables vector that should be optimized to minimize the
objective functions. hj(X) represents the equality constraints, and gk(X) is the inequality
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constraints of the problem. xsl and xsu are also the lower and upper bounds of the design
variables, respectively.

4.3. Objective Functions

As discussed in Section 3, if a four-bar mechanism is designed to simultaneously
provide a smooth dynamic motion and track the trajectory displayed in Figure 1 by its
coupler point with a reasonable precision, this mechanism can be applied to the weeding
operation. To realize these two goals, two objective functions are defined for the four-bar
mechanism.

The first objective function, which is extensively studied for four-bar mechanis
ms [26,33–36,55], is the tracking error (TE) function:

TE =
n

∑
i=1

[
(CX − x)2

i + (CY − y)2
i

]
(6)

where n represents the number of precision points, (CX, CY)i for i = 1:n are the coordinates
of the real tracked points by the coupler point (here, the weeding blade) and (x, y)i for i
= 1:n are the coordinates of the precision points on the desired path. The TE function is
an indicator of the mechanism accuracy. The lower this function is, the better the coupler
point tracks the predefined path. For the purpose of this study, the lower TE value means
that the weeding blade tracked the desired path (inspired by the farmer’s hand motion)
more precisely.

Kinematically, it is important to have a lower TE value, although it does not guarantee
practicality of the mechanism. To this end, another objective function was defined for the
mechanism synthesis process:

TA = dev(µ) (7)

This function introduces the deviation of the transmission angle into the synthesis
process. The transmission angle is the angle between the output link and coupler of the
four-bar mechanism and is shown in Figure 4a as µ; it consistently changes during the
rotation of the crank. Any deviation more than 50◦ from right angle (90 degrees) is not
recommended for this angle [49,50].

Figure 4. Coupler point C on the coupler link of a four-bar mechanism: (a) a schematic view,
reproduced from ref. [56] with permission from Copyright Frontiers Media S.A., and (b) a schematic
3D model.

In Section 4.5, the two objective functions defined here are formulated using the design
variables and are further described.
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4.4. The Constraints of Cultivator Design Problem

Given that the four-bar mechanism designed for the weeding operation is rear-
mounted on the tractor and is driven by the PTO, its input link should be able to con-
tinuously rotate 360◦. To this end, the Grashof criterion is defined as:

Constraint 1 : 2[max(r1, r2, r3, r4) + min(r1, r2, r3, r4)]− (r1 + r2 + r3 + r4) < 0 (8)

In other words, the Grashof criterion states that the sum of the lengths of the longest
and shortest links must be smaller than the sum of the lengths of the other two links.
Note that this criterion guarantees the full rotation of two adjacent links. Besides meeting
the Grashof criterion, the input link should also be the shortest link in order for a crank–
rocker four-bar mechanism to have a full rotation at its input link. Grashof criterion is a
common constraint and frequently presented in four-bar linkage studies [26,34,35,55], but
the cultivator design problem has some other constraints that are unique and introduced in
this study.

Constraint 2 : r2 − y0 < 0 (9)

Regarding Figure 4a, constraint 2 avoids the collision between input link r2 and the
ground level.

Constraint 3 : −
(
y0 + r1sin θ0

)
< 0 (10)

Regarding Figure 4a, it can be concluded that constraint 3 keeps joint O4 above the
ground level.

Moreover, regarding Figure 4a, to avoid collision between output link r4 and the
ground level, Equation (11) must be satisfied.

Constraints 4 to 23 : −
(
y0 + r1sin θ0 + r2sin θ2 + r3sin θ3

)
< 0 (11)

where θ2 = θ2ini + θ2i and i = 1 to 20. On the other hand, θ3 is not an independent design
variable and is defined as a function of some other design variables in Section 4.5. In the
above equation, θ2ini represents the input angle θ2 at its first position corresponding to
the first precision point and θ2i refers to the prescribed angle predefined by the designer
for ith precision point. As can be seen, this study considers the synthesis process as a
prescribed timing problem in which each precision point has a corresponding predefined
angle that should be added to θ2ini , so there exist 20 constraints that must be satisfied. The
best prescribed angles (θ2i) are obtained by a process of trial and error. Furthermore, to
make sure that the precision points are tracked in the desired order, the following criterion
should be fulfilled:

θ21 < θ22 < . . . < θ220 (12)

Imposing constraints 2 to 23 makes a clear distinction between common four-bar
design problems and four-bar cultivator design problems, which leads to a smaller design
space and more difficult search.

Another governing constraint of the design problem is the mechanism’s size limitation.
The mechanism should have a reasonable size considering the manufacturing process, on
the one hand, and its in-field application for weeding purposes on the other. This can be
controlled by imposing bounds to the design variables (Table 2). Following Figure 4, in
this table, r1 to r4 are related to the real links of the mechanism. The lower bounds for
these links are defined 10 mm considering assembly limitations and the upper bounds are
defined 450 mm in order to compare this study with other studies as this value is used as a
reasonable size in the literature [14]. Furthermore, r5 and r6 refer to the intangible links of
the mechanism used to define the exact position of coupler point in the synthesis process.
Following Figure 4a, in Table 2, the negative values for r5 are associated with the left-hand
direction of vector r5 and the negative values for r6 are associated with the downward
direction of vector r6. x0 and y0 are the base pin coordinates and, as can be seen, the lower
bound of y0 is selected to keep joint O2 above the ground level. θ0 is the angle of the base
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link and, as mentioned before, θ2ini is the input link angle in its first position corresponding
to the first precision point. All sizes are in millimeters and angles are in degrees.

Table 2. Limits of design variables.

Design
Variable

r1
(mm)

r2
(mm)

r3
(mm)

r4
(mm)

r5
(mm)

r6
(mm)

x0
(mm)

y0
(mm)

θ0
(degree)

θ2ini

(degree)

Upper bound 450 450 450 450 450 450 400 400 360 360
Lower bound 10 10 10 10 −450 −450 −400 0 0 0

With the design problem constraints being described, the multi-objective optimization
problem can be expressed by (13).

minimize (TA, TE) (13)

Considering all constraints described above.

4.5. Four-Bar Mechanism Formulation

The schematic view of a four-bar mechanism is given in Figure 4a. The notations in
the literature [33,35,36] are adopted for use in this study. Four-bar mechanism consists of
three moving rigid links (r2, r3, r4) plus one fixed link (r1). These links are connected by
four pin joints, allowing relative rotation between adjacent links. The link r2 is the link
driven by the power source providing rotary motion (here, the PTO shaft of tractor) and
called input link or crank. The link r4 is called output link or rocker. The coupler link (r3)
connects the input link to the output link. Point c on the coupler link is called coupler point
and its path during the input link rotation is known as coupler curve. In this study, the
desired coupler curve is the one displayed in Figure 3. Therefore, proposed optimal design
methods should determine independent design variables (e.g., mechanism dimensions,
coordinates of the base pin and linkage angles) in order for coupler point to track this path.
In practice, following the four-bar mechanism optimal design, the weeding blade should
be mounted exactly at the coupler point. This section first explains (Cx,Cy) in Equation (6),
which are coordinates of the coupler point, and then the dev(µ) function in Equation (7).
According to Figure 4a:

CXr = r2 cos θ2 + r5 cos θ3 − r6 sin θ3 (14)

CYr = r2 sin θ2 + r5 sin θ3 + r6 cos θ3 (15)

The point’s location in the OXY coordinate system is as follows:[
CX
CY

]
=

[
cos θ0 −sin θ0
sin θ0 cos θ0

] [
CXr

CYr

]
+

[
x0
y0

]
(16)

θ3 in Equations (14) and (15) is not an independent design variable and can be obtained
from other design variables. Accordingly, the following vector loop equation can be
expressed in the complex OXY coordinate system as:

r2 + r3 − r4 − r1 = 0 (17)

The vector form of Equation (17) can be rewritten using complex designation:

r2eiθ2 + r3eiθ3 − r4eiθ4 − r1eiθ1 = 0 (18)

By expanding Equation (18) and drawing on the equation of Freudenstein, θ4 can
be eliminated and θ3, a function of θ2 and some other design variables, can be easily



Machines 2022, 10, 198 11 of 32

solved and obtained. The linkage design literature has explained the extraction method of
θ3 [57,58].

θ31,2 = 2 tan−1

(
−A±

√
A2 − 4BC

2B

)
(19)

While: 
A = −2 sin θ2

B = cos θ2 −K1 + K2 cos θ2 + K3

C = K1 + (K2 − 1) cos θ2 + K3

(20)


K1 = r1

r2

K2 = r1
r3

K3 = r4
2− r1

2− r2
2− r3

2

2r2r3

(21)

The minus/plus sign in Equation (19) represents the two possible mechanical states
of the mechanism. During the synthesis processes described in Sections 4.6 and 4.7, both
possible states should be synthesized and the better state should be selected. As a result,
(Cx,Cy) and, thus, TE were obtained from 10 design variables.

The dev(µ) function can be defined as follows to give a clearer insight into the second
objective function:

TA = dev(µ) =

{
π
2 − µmin; π

2 − µmin ≥ µmax − π
2

µmax − π
2 ; π

2 − µmin < µmax − π
2

(22)

In Equation (22), µmax is the maximum transmission angle, and µmin shows its mini-
mum during a full rotation of the input link. Both angles can be simply calculated based on
the mechanism linkage lengths [49]:

µmin = cos−1

(
r3

2 + r4
2 − (r1 − r2)

2

2r3r4

)
(23)

µmax = cos−1

(
r3

2 + r4
2 − (r1 + r2)

2

2r3r4

)
(24)

As shown in Equation (22), the objective of the optimal design process is to reduce
the deviation of the transmission angle from the right angle. If the highest deviation of the
transmission angle from the right angle occurs at less than 90◦, the design process increases
the angle; otherwise, it reduces the angle.

4.6. HGA-Based Optimal Design Process
4.6.1. Goal Attainment Method

Goal attainment is a classical method transforming a multi-objective problem into a
scalar or single-objective problem. The method is a subtype of a broader method called
weighted metric method [52–54,59,60].

Minimize lp(X) =
(

ΣI
i=1 wi|fi(X)− bi|p

)1/p
(25)

Subject to constraints/Equations (3) to (5)
In the above equation, fi(X) is the ith objective function. wi is the weight allocated

to ith objective function by decision-maker where wi ε [0, 1] and ΣI
i=1 wi = 1 and bi is

a utopian value related to ith objective function and predefined by decision-maker. If p
approaches ∞, the problem transforms into a ∞-norm problem and is called Chebyshev
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problem [53,54,59,60] or min-max method [54,55]. In that case, it is easy to prove that
Equation (25) can be expressed as follows:

Minimize l∞(X) = maxI
i=1 wi|fi(X)− bi| (26)

Subject to constraints/Equations (3) to (5)
Equation (26) can be easily rewritten in the form of Equation (27) in order for the

numerical solvers to face this problem as a standard nonlinear constraint optimization
problem.

Minimize α (27)

Subject to constraints/Equations (3) to (5) and also subject to:

bi + α·wi ≥ fi(X) (28)

The step-by-step sequence of goal attainment method for implementation is as follows:

(1) The decision-maker defines the vector of ideal objective functions (b). Each component
of this vector represents a utopian value associated with a counterpart objective
function. During the optimization process, the goal is that any objective function
approaches its corresponding utopian value.

(2) The decision-maker also defines the vector of weights (w). Each component of this
vector represents a value associated with a counterpart objective function. The value
of each component is in proportion to the importance of the corresponding objective
function.

(3) The optimization process tries to minimize the scalar α in order to minimize the gap
between the ideal objective functions and real objective functions.

It can be easily shown that a set of non-inferior solutions can be obtained by varying
the vector of weights. The geometrical illustration of goal attainment method for a problem
with two objective functions can be found in Ref. [52]. Given vector w and b, the direction
of search is determined. The intersection between vector b + α·w and the feasible region
of search space defines the solution point. The goal attainment method in the form of
Equations (27) and (28) was introduced into an engineering problem in 1975 [61]. The
main advantage of this method is that it is appropriate for both convex and nonconvex
optimization problems [61]. It is noteworthy that the decision-maker can scale the objective
functions in the above-mentioned equations due to the fact that different objective functions
have different order of magnitude. The scaling process is called the normalization of
objectives. To this end, f−i (X) can be substituted for fi(X) in Equations (25), (26) and (28).

f−i (X) =
fi(X)− fmin

i (X)
fmax
i (X)− fmin

i (X)
(29)

In the above equation, f−i (X) is the normalized vector of objective functions, whereas
fmin
i (X) and fmax

i (X) are minimum and maximum of fi(X), respectively. An easy-to-
understand presentation on goal attainment method is given in the literature for the
practically oriented readers [52–54]. On the other hand, more detailed explorations of this
method are presented in the literature for the mathematically oriented readers [59,60].

4.6.2. Non-Dominated Sorting Genetic Algorithm (NSGA-II)

A non-dominated sorting genetic algorithm (NSGA-II) is one of the most popular and
efficient multi-objective evolutionary algorithms. NSGA-II hybridized with goal attainment
method was employed for multi-objective optimization in this study. In Section 2.1, it was
discussed that the optimization process based on genetic algorithms is inspired from natural
genetics. First, a number of possible solutions—called individuals or chromosomes—for
the optimization problem are generated. A set of these individuals is called population.
The algorithm then uses different operators (such as selection, crossover and mutation)
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over multiple generations to improve these solutions. Finally, the best optimal solution in
the last generation is selected as the problem solution. Note that each individual in each
generation is assessed by its fitness function (objective function). In GA, each individual
(chromosome) is characterized by a set of genes. The number of the required genes depends
on the design variables. On the other hand, the concept of NSGA-II is based on pareto front,
a set of non-dominated solutions which are not superior to each other but are better than
other solutions in the search space. In other words, there is no unique solution superior to
other solutions considering all objective functions and each solution in pareto front makes
a trade-off between the objective functions. NSGA-II as an efficient method has been used
in the mechanism and machine design studies [36,62,63].

Considering (Ref. [62], see Figure 8) the step-by-step sequence of NSGA-II for imple-
mentation is as follows:

(1) Randomly generate an initial population (Pt) of size N regarding the constraints
governing the problem.

(2) Evaluate the objective functions of each individual in Pt.
(3) Apply GA operators, such as selection, mutation and crossover, to produce the

offspring population (Qt) of size N from Pt.
(4) Evaluate the objective functions of each individual in Qt.
(5) Combine Pt and Qt to produce Rt of size 2N.
(6) Classify the entire population of Rt into different fronts based on non-dominated

sorting method.
(7) Form the new generation (Pt+1) of size N by individual from better fronts. Firstly,

fill Pt+1 by the individuals of first front. Then, fill it by the individuals of second
front, and so on. As there exist N slots in Pt+1 and, on the other hand, Rt have 2N
individuals, the extra fronts cannot transfer to new generation Pt+1 and must be
eliminated. Regarding the last allowed front, calculate the crowding distance of each
individual by Equation (30) [62] and transfer the individuals with highest values into
the Pt+1. The selection of individuals based on crowding distance keeps the diversity
of new population.

(8) Go to step 2 and repeat the procedure provided that the stopping criterion is not
satisfied.

(9) Stop and output the pareto solutions if the stopping criterion is satisfied.

di = Σk
i=1

∣∣∣∣∣ fi+1
j − fi−1

j

fmax
j − fmin

j

∣∣∣∣∣ (30)

The above equation, di is the crowding distance of ith individual; k denotes the number
of objective functions; fi+1

j and fi−1
j are the jth objective function of (j + 1)th and (j− 1)th

individual, respectively; fmax
j and fmin

j represent the maximum and minimum of jth objective
function, respectively.

The multi-objective evolutionary algorithms literature explains the full details of this
method [54].

4.6.3. The Hybrid of NSGA-II and Goal Attainment Method

Figure 5 helps to understand the hybrid of NSGA-II and goal attainment method for
this problem. This hybridization integrates the advantages of both methods [64]. First,
regarding constraints 1 to 23, algorithm randomly generates the initial population Pt,
including 200 individuals. As earlier discussed in Section 4.5, this problem consists of
10 independent variables; therefore, each individual is composed of 10 genes and thus
10 corresponding values. The values corresponding to these genes are in fact the values
corresponding to the problem design variables. The problem variables are: r1, r2, r3, r4, r5,
r6, x0, y0, θ0, θ2ini . Following the evaluation of each individual to select appropriate ones
by means of Equations (6) and (22), the algorithm begins to regenerate a new population
Qt of size 200 using genetic operators. In this study, tournament, adaptive feasible and
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heuristic function are used for selection, mutation and crossover, respectively. The selection
function chooses parents to breed a new generation (using the crossover operator) based
on their scaled fitness function values. Tournament function as a selection function chooses
each parent by selecting a predefined number of individuals randomly, and then selecting
the best individual among them to be a parent. The crossover operator is used to combine
the characteristics of two parents to reproduce a new offspring for the next generation.
Heuristic function returns a child that lies on the line containing the two parents, a small
distance away from the parent with the better fitness value and in the direction away
from the parent with the worse fitness value. The mutation operator makes small random
changes in some individuals by altering one or more gene values, which leads to genetic
diversity in order for the algorithm to search a larger space. In adaptive feasible function,
directions are randomly generated with respect to the last successful or unsuccessful
generation. Following the evaluation of each individual in the new population Qt by means
of Equations (6) and (22), the algorithm combines Pt and Qt to produce new population Rt
of size 400. At the next stage of the process, as can be seen in Figure 5, the new generation
Pt+1 of size 200 is generated based on the fronts classification and crowding distance, which
are discussed in Section 4.6.2, and then the algorithm evaluates whether the stopping
criterion is satisfied or not. This iteration replicates in order for stopping criterion to satisfy.
Next, the goal attainment method is run on the pareto front suggested by NSGA-II. Finally,
the best solution is chosen among the trade-off solutions suggested by goal attainment
method. Higher-level information is used to choose the best solution. The term higher-level
information refers to the non-technical and experience-based information of the problem.

4.7. QNM-Based Optimal Design Process

In general, the numerical optimization methods first randomly pick a point (solution)
across the design space and then follow an iterative process to drive this point toward the
optimal point, with respect to the following relation, until the design criteria are met [65,66]:

X(k+1) = X(k) + ∆X(k) = X(k) + αkd(k) k = 0, 1, 2, . . . (31)

In the above equation, k represents the iteration number, X(k) is the current design
point and ∆X(k) is the variations in the current design. As shown by Equation (31), detection
of shifts in the current design point (∆X(k)) toward a more optimal solution is itself made
of two subproblems: the desirable search direction vector (d(k)) over the design space, and
the scalar value of the desirable step size (αk) along this search direction.

The study used a quasi-Newton method, called BFGS, to determine the desirable
search direction. In QNM methods, the first-order and second-order derivatives of the
objective function are used to obtain the desirable search direction. An advantage of these
methods over the ones that only use the first derivatives (gradients) of the objective function
is their higher convergence rate. Another advantage is that information from the second
derivatives (Hessians) of the objective function is estimated using the information from the
first derivatives, and, unlike Newton methods, there is no need for computing the second
derivatives. This substantially simplifies the implementation of QNMs and enhances their
use in practice [65]. In this study, the gradient of the objective function was computed
using the forward finite difference method. The correct step size was also determined from
a polynomial interpolation method called Fletcher’s Linear Search (FLS) algorithm. The
BFGS method and FLS algorithm can be observed in the optimization literature [65,66].
The overview is described in Appendix A.

The BFGS quasi-Newton algorithm is an unconstrained optimization method, whereas
the cultivator design is a constrained optimization problem due to the upper and lower
bounds of the design variables, the Grashof criterion and the constraints 2 to 23. The
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following parameter transformation can be used to ensure that all design variables are
within their defined upper and lower bounds [43,44]:

ri = rloweri +
rupperi

− rloweri

e−xi + 1
(32)

In the above equation, ri is the ith design variable, xi is the ith search variable, and
rupperi

and rloweri are the upper and lower bounds of the ith design variable. From this
equation, it can be found that the design variable remains between the upper and lower
bounds when the search variable shifts between −∞ and +∞. This transformation, in fact,
maps the set of limitless search variables onto the set of limited design variables, which is
necessary for the design problem.

Equation (32) can be redefined as (33) [44]:

ri = r∗loweri
+

r∗upperi
− r∗loweri

e−xi + 1
(33)

where r∗upperi
and r∗loweri are the redefined upper and lower bounds of the ith design

variable.
Due to the sequential transformation set [43] adapted for the cultivator design in

this study, the above redefinition can be realized (Figure 6). By redefining the bounds of
variables in this algorithm, it can be ensured that a crank–rocker Grashoft mechanism is
synthesized with its input link being the shortest link and its base link being the longest
one. As can be seen in Figure 6, depicts that 3 out of 10 design variables of the problem
do not need the aforementioned redefinition due to the fact that the constraints governing
the problem are not dependent on these three variables. As a consequence, the algorithm
calculates them by Equation (32). Then, the algorithm calculates r2 as the shortest link of the
mechanism. At the next stage of the process, to ensure a Grashof crank–rocker mechanism,
the upper and lower bounds of r1, r3 and r4 are redefined, and, after redefinition process,
these three variables will be calculated by Equation (33). As the flowchart clearly illustrates,
these redefinitions ensure that the sum of the lengths of the longest and shortest links (r1
and r2) is smaller than the sum of the lengths of the other two links (r3 and r4). As discussed
in Section 4.4, this criterion is necessary to have a continuous rotary input, and, on the
basis of the fact that the above algorithm defines the input link as the shortest link, this
link has a continuous rotation and can be driven by the PTO shaft of tractor. Finally, the
upper and lower bounds of the remaining three design variables (y0, θ0, θ2ini ) are redefined
based on constraints 2 to 23 described in Section 4.4, and these variables are calculated
by Equation (33). In simpler terms, the algorithm of the sequential transformation set
converts the constrained optimization problem to an unconstrained one. Therefore, the
unconstrained quasi-Newton BFGS method can be employed to solve this problem.

In this section, a multi-objective optimal design method was implemented using
weighted sum approach in which a specific weight was allocated to each fitness function
(objective function). This approach is popular, makes the problem more flexible and easier
to solve and has been employed frequently in the literature [67–70]. In simpler terms, the
multi-objective optimization problem being described by Equation (13) can be rewritten
as follows:

fitness function (objective function) = w1TE + w2TA (34)

Considering Table 2 and all constraints described in Section 4.4.
Where w1 and w2 are allocated weights to TE and TA, respectively. Due to the same

importance of both fitness functions, the weight value of 1 was used for both of them.
Results are given and discussed in Section 6.
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Figure 5. Flowchart of HGA for the four-bar cultivator synthesis.
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Figure 6. Cont.
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Figure 6. Flowchart of sequential transformation set for the four-bar cultivator synthesis.

5. Experimental Study

To evaluate and quantify the effectiveness of the proposed methods, an optimal
mechanism was developed, and a field experiment was carried out on a sandy loam soil
in an eggplant field located near Zarqan—a city close to Shiraz, Iran. The nominal plot
size was 12 × 4 m. The proposed mechanisms, which were designed for in-field operation,
should be mounted on a tractor and driven by a PTO. However, the prototype developed
for this study was pulled by an operator and powered by a gearmotor. The rotational speed
of the gearmotor was set by an inverter and checked by a tachometer, whereas a stopwatch
was used to measure the operation time for a 12-m-long furrow in order for the forward
speed of the mechanism to be calculated and set. Three performance indicators, briefly
discussed below, were evaluated and compared with other studies.
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5.1. Cultivation Depth

As mentioned in Section 1, there is an ideal range for the cultivation depth of weeding
cultivators. As discussed in previous sections, the cultivator will cause damage to crop
roots or have low weeding performance if its weeding blade works out of this range. Hence,
cultivation depth is an important performance indicator and should be measured in order
for the design method to be practically assessed. A steel ruler was used to measure the
cultivation depth of the developed mechanism.

5.2. Weeding Performance

Weeding performance is a key indicator of cultivators, which reflects the capability of
mechanism to control weeds and is calculated by Equation (35) [25,47].

WP (%) =

(
1− Wa

Wb

)
100 (35)

where Wa and Wb are the number of weeds after and before weeding operation, respectively.
The higher the weeding performance is, the better the cultivator is.

5.3. Mechanical Damage

It is obvious that low mechanical damage to crop roots is another important indicator
in order for a weeding cultivator to be recognized as a suitable implement for weed
management. Mechanical damage is calculated by Equation (36) [47].

MD =

(
Pb − Pa

Pb

)
100 (36)

where Pa is the number of safe crop plants after weeding operation and Pb is the number of
crop plants before weeding operation. The lower the mechanical damage is, the better the
cultivator is.

6. Results and Discussion

The following steps were followed in order to obtain the proposed mechanisms in
Sections 4.6 and 4.7, and in order to verify the plausibility of these mechanisms for weeding
operation: (1) the HGA-based and QNM-based methods were implemented in MATLAB®

(the MathWorks Inc., Natick, MA, USA) to synthesize two different mechanisms. (2) To
validate these mechanisms, some design indicators of them, such as tracking error function,
transmission angle’s deviation from right angle (90 degrees) and the effective stroke of their
blades, were compared with each other and with other existing studies employing different
methodologies to design a four-bar mechanism for weed management. The importance of
these design indicators was described in Sections 2.2 and 3. (3) In order to observe the paths
synthesized while the mechanisms are traveling and in order to further the verification of
the proposed mechanisms, Working Model 2D was employed to simulate the synthesized
mechanisms dynamically. The paths tracked in its graphical user interface were considered
as a benchmark for comparison with the paths tracked by the designed mechanisms in
MATLAB. (4) At the final stage, a mechanism was developed for on-site experiments, and its
performance indicators, namely cultivation depth, weeding performance and mechanical
damage to roots, were compared with four-bar cultivators presented in other studies and
with conventional tools previously recorded in the literature.

A computer program was developed in MATLAB for the objective functions intro-
duced in Sections 4.3 and 4.5, and another one for the constraints introduced in Section 4.4
was developed in order to implement the HGA-based optimization problem. Both these
programs were then transferred and performed in the Optimization Toolbox of MATLAB.
Fifty runs were done with the different values of GA parameters. The results were simulta-
neously stored and compared. The parameters corresponding to the best run are shown in
Table 3. Figure 7 shows a set of non-dominated optimal solutions or a pareto front, which
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represents trade-off solutions between two conflicting objective functions (AE and TA)
so that a designer can select a solution suitable for the problem’s requirements. In this
figure, point A and point B stand for the best AE and TA, respectively. AE refers to average
tracking error and is obtained from the following equation:

AE =

√
TE
N

(37)

Table 3. Parameters of GA.

Parameter Value

Population size 200
Initial range [10; 390]

Crossover probability 0.80
Mutation probability 0.20

Pareto front population fraction 0.55
Generation 1000

Figure 7. The best fitness function over the entire run of GA-based optimization process.

In (37), TE is the tracking error from Equation (6), and N represents the number of
precision points (=20). Although point A and point B have no superiority over each other
from a mathematical perspective, point A was selected as the suitable one for the cultivator
design problem in this study since it is a comparable solution to the solution proposed by
the QNM-based method. It should be noted that, although point B has an ideal TA, its
AE is practically unreasonable in comparison with the QNM-based method. On the other
hand, the FLS algorithm, BFGS method and sequential transformation set were developed
and implemented in MATLAB in order to solve the QNM-based method based on the
requirements of the cultivator design problem. Figure 8 depicts how search variables and
design variables change over the QNM-based optimization process. In addition, a deeper
review of Figure 8b reveals how parameter transformations, presented in Section 4.7, keep
the values of design variables between their upper (450) and lower (−450) bounds. For
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the purpose of illustration, the values of y0 over the QNM-based optimization process
are shown in Figure 9 (the straight lines at the top and bottom of the figure present the
upper and lower bounds for y0—having been previously defined in Table 2). The plots
corresponding to the other design variables are not presented here for the sake of brevity.

Figure 8. (a) Search variables over the entire run of QNM-based optimization process, and (b) design
variables over the entire run of QNM-based optimization process.

Figure 9. The values of design variable y0 over the entire run of QNM-based optimization process.

6.1. Generated Mechanisms and Paths

Figure 10 shows the synthesized mechanisms by both the HGA and QNM methods.
The design variables of these two mechanisms and the mechanism synthesized using
pareto multi-objective GA, without hybridization, are given in Table 4. Figure 11 shows the
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synthesized paths by HGA and QNM. A deeper review of Figure 11 reveals that the coupler
point of both mechanisms successfully tracked the desired path of the weeding operation.
As discussed in Section 1, the weeding depth of cultivators should be over 30 mm and
should not exceed 40 mm [19,25]. It means that the weeding blades of both mechanisms
work within the ideal range through the soil, which reduces the risk of physical damage
to roots. Table 5 lists the information on the proposed mechanisms and the mechanisms
described in two other papers [14,25] for further comparison.

Figure 10. (a) HGA-based synthesized mechanism, and (b) QNM-based synthesized mechanism.

Table 4. Final results of the synthesized mechanisms.

Design
Variable

r1
(mm)

r2
(mm)

r3
(mm)

r4
(mm)

r5
(mm)

r6
(mm)

x0
(mm)

y0
(mm)

θ0
(degree)

θ2ini

(degree)

GA 448 18.2 162.4 416.8 163.1 450 375.9 318.4 223.1 19.4
HGA 418.8 16.7 147.4 392.2 145.7 450 362.1 324 223.8 20.5
QNM 416.1 11.1 97.5 408.1 113.1 449.9 321.0 347.7 77.7 154.4

Table 5. Comparative results between proposed and classic methods in terms of design indicators.

This Study
(GA)

This Study
(HGA)

This Study
(QNM)

Ref.
[14]

Ref.
[25]

AE (mm) 0.33 0.33 0.33
TA (degree) 7.3 7.0 8.7 47.2 63.1

Effective stroke of the
mechanism (degree) 320 320 320 150 80
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Figure 11. (a) HGA-based synthesized path, and (b) QNM-based synthesized path.

6.2. Average Tracking Error

From Table 5, it can be found that the AEs of the proposed mechanisms have no
difference with each other, which means they perform equally in this respect. Given
that the mechanism proposed in Ref. [14] was synthesized using the analytical–graphical
method with three precision points, and the design method of the mechanism developed
by the Rural Development Administration of Republic of Korea (RDA) [25] is not given,
AE cannot be calculated for these mechanisms. However, AE is an indicator of tracking
error, and, considering that the paths tracked by those mechanisms are far from the desired
path, it can be concluded that the tracked paths had a considerable deviation from the
desired path. To illustrate the point, consider that the effective stroke of the path tracked
by the mechanism designed in Ref. [14] is 125 mm and the penetration depth is 30 mm,
whereas the desired path shown in Figure 1 has a 102.5 mm longitudinal stroke and 40 mm
penetration depth. Moreover, most of the time of this mechanism’s blade is out of the soil
during one cycle. The blade of the mechanism evaluated and simulated in Ref. [25] only
had a spot impact on the soil surface, which means that neither the longitudinal stroke nor
the penetration depth is suitable for weeding operation.

6.3. Transmission Angle’s Deviation from Right Angle (TA)

From Table 5, it can be found that the largest deviation of the transmission angle
from the right angle is 7.3◦, 7◦ and 8.7◦ in the GA-based, HGA-based and QNM-based
synthesized mechanisms, respectively. These deviations occur at 97.3◦ for GA-based, 97◦

for HGA-based and 81.3◦ for the QNM-based mechanism. These results show that HGA
outperformed GA and QNM in the optimization of the transmission angle. However,
since the transmission angle deviation in these methods remained far below the allowable
limit (50◦), the proposed mechanisms had satisfactory energy and torque transmission and
would work smoothly. On the contrary, the highest deviations of the transmission angle
from right angle for the mechanisms studied in Refs. [14,25] were 47.2◦ and 63.1◦, occurring
at 42.8◦ and 26.9◦ angles, respectively. Although the transmission angle of the mechanism
designed in Ref. [14] remains in the allowable range (50◦) within one full rotation of the
input link, it nears the boundary value. On the other hand, the mechanism studied in
Ref. [25] exceeds the allowable range. In brief, the proposed methods in this study were
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successful in multi-objective optimization and optimized both objective functions (i.e., TE
and TA) in line with the design goals.

6.4. The Effective Stroke of Weeding Blade

From Table 5, it can also be concluded that the effective strokes of the mechanisms
developed and studied in Refs. [14,25] are only 150◦ and 80◦, whereas the proposed
mechanisms of this study have 320◦ of effective stroke. The effective stroke in Table 5 is
an indicator of the blade’s travel time through the soil during a weeding cycle. The low
value of this indicator means that the blade has spent a considerable proportion of its travel
time out of the soil within one full rotation of the input link, which is the wasted part of
a weeding cycle [25]. The ideal values of this indicator for the proposed mechanisms are
because of the fact that the mechanisms in this study had no limitations in the number of
precision points, and a suitable number of precision points were selected—most of which
were below the surface—to ensure a considerably large effective stroke for the weeding
blade. On the contrary, the analytical–graphical methods impose a limitation on the number
of precision points, which, in turn, forces the designers to select their best tracked path
from a number of paths provided by their design method. These best paths had 210◦ and
280◦ of ineffective stroke in Refs. [14,25], respectively.

6.5. The Results of Dynamic Simulation

For dynamic analysis, the HGA-based and QNM-based proposed mechanisms were
simulated in Working Model 2D. As outlined earlier, due to the well-tried record and high
acceptance of this simulation software, the paths tracked in its graphical user interface were
considered as a benchmark for the further verification of the proposed methods. On the
basis of this simulation, we can study the motion behavior of both proposed cultivators,
and it can lead to the further verification of these mechanisms. The results are given in
Figures 12 and 13. Figures 12b and 13b show the tracked paths of both mechanisms in their
static states in the software. As can be seen, these paths are similar to those in Figure 11a,b,
respectively. Then, the tracked paths in the dynamic states of the mechanisms at different
travel speeds (2, 4, 6 and 8 km h−1) are shown (Figures 12c–f and 13c–f). From these figures,
it can be found that the travel speed can be raised to 6 km h−1, although both mechanisms
were designed based on a travel speed of 2 km h−1. Figures 12f and 13f suggest that the
mechanisms had no satisfactory overlap in their penetration strokes at 8 km h−1. As a
result, they are not suitable for weeding operation at this travel speed. Due to the above
discussion, it is clear that, at 2 km h−1, the penetration stroke of the blade is closer to its
return stroke. That is, the average linear speeds during the penetration and return strokes
are closer, providing a more uniform linear speed at the tip of the weeding blade, which
is an advantage. As can be seen, another advantage of this travel speed for the proposed
mechanisms is associated with more satisfactory overlap in their penetration strokes, which
can improve weeding efficiency. This result corroborates the results of other studies done
on this topic, which state that a decrease in the travel speed of the cultivator at a constant
rotational speed of the input link can enhance the weeding efficiency [25,47]. It should be
considered that, in Figures 12c–f and 13c–f, the travel speed of the cultivators increased
while the rotational speed of the input links was kept constant. In practice, in order for
these conditions to happen, the PTO shaft of the tractor should be set in independent mode,
in which the RPM of the PTO is irrespective of the travel speed of the tractor. As discussed
in Section 4.1, in general, the travel speed is recommended to be constant for weeding
operation. However, if the operator wants to increase the travel speed during weeding
operation, the tractor PTO must be set in the transmission driven mode. In this case, the
tractor throttle will be set to a fixed value, and the travel speed must be changed by shifting
gears during the operation. Any change in the travel speed will translate into a change in
the rotational speed of the PTO, and the ratio of the tractor travel speed to the rotational
speed of the input link—which is extensively discussed in Section 4.1—so the ratio of the
tractor travel speed to mean linear speed of the coupler point (weeding blade) will remain
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constant. This is because the input link is driven by the PTO shaft of the tractor. To put
it another way, in this case, the PTO shaft (and, hence, the input link) is coupled to the
wheel speed of the tractor to ensure a constant relationship between the travel speed and
the rotational speed of the input link.

Figure 12. HGA-based synthesized mechanism in Working Model 2D software: (a) simulated
mechanism, (b) the side view of the tracked path in the static state of the mechanism, (c–f) the
side view of the tracked paths in the dynamic states of the mechanism at different travel speeds,
respectively, are 2 km h−1, 4 km h−1, 6 km h−1, 8 km h−1.

6.6. Experimental Results

As discussed in Section 5, three major performance indicators, namely cultivation
depth, weeding performance and mechanical damage to crop roots, were evaluated in
situ to assess the in-field capability of the developed mechanism. Figure 14 shows the
developed prototype in situ.

As mentioned in Section 1, the ideal range for the cultivation depth of weeding
cultivators is from 30 mm to 40 mm [19,25]. If the weeding blade exceeds 40 mm, it will
increase the risk of damage to crop roots. On the other hand, it will pose a challenge to
weed control if the weeding blade works lower than 30 mm. The displacement and velocity
vector analysis presented in Section 4.1 identified the weeding blade’s path and guaranteed
the optimal cultivation depth theoretically. To evaluate the cultivation depth in situ, fifteen
points were checked and measured by a steel ruler at random, and the observed values
were from 35 mm to 40 mm. These in situ values were within the ideal range. However,
as can be seen in Figures 3 and 11, the optimal depth theoretically defined and obtained
in this study was 40 mm, whereas the mechanism worked between 35 mm and 40 mm in
practice. This little difference in value between theory and practice can be attributed to the
ground unevenness. The problem of ground unevenness can be resolved if the mechanism
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will be mounted on a tractor. As discussed in Section 4.1, the mechanism was designed to
be mounted on a tractor, while the developed prototype was pulled by an operator in this
study. Nonetheless, the difference in value between theory and practice was reasonable
because the mechanism worked within the ideal range.

Figure 13. QNM-based synthesized mechanism in Working Model 2D software: (a) simulated
mechanism, (b) the side view of the tracked path in the static state of the mechanism, (c–f) the
side view of the tracked paths in the dynamic states of the mechanism at different travel speeds,
respectively, are 2 km h−1, 4 km h−1, 6 km h−1, 8 km h−1.

Four treatments were undertaken to evaluate the weeding performance and mechani-
cal damage to crop plants. Three replications were completed for each treatment and three
sample areas were chosen at random for each replication. Each sample area for weeding
performance was a 2-m-long furrow (=around 200 mm * 2000 mm) and for mechanical
damage was a 2-m-long ridge. Both indicators were calculated by averaging the obtained
values. The treatments were as follows:

Treatment (state) 1: forward speed = 1 km h−1

Treatment (state) 2: forward speed = 2 km h−1

Treatment (state) 3: forward speed = 4 km h−1

Treatment (state) 4: forward speed = 4 km h−1; the ratio between the tractor travel
speed to the rotational speed of the input link and, hence, to the mean linear speed of the
weeding blade in state 4 was set the same as this ratio in state 2.

Treatment 2 is the one based on which the mechanism was designed. In Section 4.1, it
was extensively discussed that, to increase the forward speed of a tractor, it is necessary to
set the tractor PTO in transmission driven mode rather than independent mode. As we
know, in former mode, the RPM of the PTO increases in proportion to the forward speed of
the tractor, whereas, in latter mode, the RPM is irrespective of the forward speed. Hence,
in transmission driven mode, the speed ratio between tractor travel speed and rotational
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speed of PTO will be maintained constant and, theoretically, the weeding blade of the
mechanism will track the path shown in Figure 3. In this case, the field capacity increases
due to the increase in forward speed. Treatment 4 was a representative sample of such
cases. Nevertheless, due to ground unevenness in the real fields, it is possible to have slight
variation in the above-mentioned ratio, although the PTO was set in transmission driven
mode. Treatment 1 and 3 study the behavior of the designed cultivator in such conditions
in the real-life operations.

Figure 14. The four-bar cultivator: (a) 3D model, and (b) developed prototype.

As can be seen in Table 6, the proposed four-bar cultivator in state 2—based on which
the mechanism was designed—reached 94% weeding performance, calculated by Equa-
tion (35), and caused 3% mechanical damage to crop plants, calculated by Equation (36).
The modes of action of the cultivator were cutting for most of the well-established weeds
and uprooting and burial for most of the young weeds. The mechanism damaged the crop
plants that were not planted on top of the ridges and planted very close to the furrows, so
it is important to have high accuracy in the planting stage. The mechanism also cannot
properly cope with the weeds grown in the margins of furrows. This problem can be
addressed if a wider blade is applied, although it increases the risk of mechanical dam-
age to crop roots. However, from Table 6, it can be concluded that, in terms of weeding
performance, the proposed four-bar cultivator in state 2 is better than most of the conven-
tional tools and four-bar cultivators designed or evaluated in other studies. It can also
be concluded that the proposed mechanism is less effective than ducksfoot and a rotary
powered cultivator. However, both of them would pose problems on young crop plants
if operated in narrow rows because of their vigorous soil movement [17]. As extensively
discussed in Sections 2.2 and 4.1, the proposed mechanism was designed to imitate the
hand motion of farmers and track a predefined path in order for crop plants to be kept
safe, whereas the conventional tools plough the soil indiscriminately. In this study, the
narrow rows with the width of about 300 mm were prepared to test the capability of the
proposed mechanism in narrow furrows, and, as can be seen in Table 6, the developed
prototype was successful to work in narrow rows. Figure 15 shows a sample area before
and after weeding operation. The superiority of the developed four-bar cultivator over
four-bar cultivators in other studies [25,47] can be attributed to two main reasons. Firstly,
thanks to optimization techniques, the design method applied enough precision points to
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track the desired path, whereas the classic methods had been faced with the problem of
limited precision points. Secondly, as described in Section 4.1, this study introduced the
cultivator’s forward speed to design a process to neutralize its adverse effect on the path
generation problem, whereas other studies synthesized the mechanism in its stationary
state, which produced a serious path-generating error.

Table 6. Comparative results between proposed mechanism and other studies in terms of performance
indicators.

This Study
(State 1)

This Study
(State 2)

This Study
(State 3)

This Study
(State 4)

Four-Bar
[47]

Four-Bar
[25]

Brush
Weeder [17]

Harrow
Comb [17]

Ducksfoot
Cultivator [17]

Ground
Driven [17]

Rotary
Powered [17]

Sweep
Weeder [17]

Weeding
performance (%) 98 94 85 96 90 61 51–60 52–77 65–99 58–90 60–99 88–90

Mechanical
damage (%) 8 3 1 6 10

Figure 15. A sample area: (a) before weeding, and (b) after weeding.

From state 1 to state 3, it can also be concluded that a decrease in forward speed at
a constant rotational speed enhanced weeding performance, and this agrees with other
studies [25,47]. As can be seen in Figures 12 and 13, this enhancement can be attributed to
better overlaps between penetration strokes at lower forward speeds. On the other hand,
this decrease led to higher mechanical damage to crop plants, and this confirms other
findings [47], so there is a trade-off between weeding performance and mechanical damage
at the speed of 2 km per hour. As mentioned in Section 4.1, it is important to note that the
mechanism was designed based on the forward speed of 2 km per hour to track the desired
path. On the other hand, the field capacity is dependent on forward speed. The higher the
forward speed is, the higher the field capacity is. To increase the forward speed without
any effect on the weeding blade’s path, the tractor PTO should be set in the transmission
driven mode. In this case, the ratio of the tractor forward speed to mean linear speed of the
weeding blade relative to the tractor reference, which defines the blade’s path, will remain
constant. By vector analysis, it was extensively discussed in Section 4.1 why this occurs.
To evaluate this in situ, treatment 4 was undertaken. The mechanism was simulated in
Working Model before on-site experiments to reach the desired rotational speed of the
gearmotor, and it was set using an inverter in situ. As can be seen in Table 6, the weeding
performance and mechanical damage in states 2 and 4 were different, and it is not clear
why this occurred because the mechanism’s blade in both of these states should track the
same path, theoretically. It may be associated with the aggressiveness of these two states.
Although the mechanism’s blade tracks the same path in both states, the mechanism is
more aggressive in state 4 and can cause higher weeding performance and mechanical
damage. Nevertheless, as far as in-field application is concerned, the difference in value
between these two states is reasonable.
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7. Conclusions and Further Studies

A four-bar mechanism was developed using a quasi-Newton method (QNM) and
hybrid genetic algorithm (HGA) as multi-objective optimization methods to meet the
weeding requirements. The advantages of the proposed mechanism are as follows:

(1) The proposed methods synthesized an active tool powered by PTO, which avoids
waste of energy through the drawbar of the tractor.

(2) A predefined path, inspired by the hand motion of farmers during hand weeding,
was introduced to the mechanism synthesis process so that the weeding blade tracked
a targeted path and did not exceed the allowable depth (40 mm), which reduces the
risk of mechanical damage to the crop roots.

(3) The maximum closeness of penetration and return stroke of the blade, achieved
through displacement and velocity vector analysis, tries to maximize weeding effi-
ciency. On the contrary, conventional cultivators indiscriminately plough the soil,
which can lead to a large amount of soil disturbance.

(4) Unlike the analytical–graphical approaches formerly used to synthesize four-bar
mechanisms for weeding, the proposed methods in this study overcame the limited-
precision-point problem, which leads to synthesizing a four-bar mechanism whose
blade is capable of tracking a more precise path through the soil.

(5) Compared with the transmission angle’s deviation of the mechanisms developed
based on analytical–graphical approaches in Refs. [14,25], that of the proposed mecha-
nism has decreased by 85.2% and 88.9%, respectively. The decrease in the value of
the transmission angle’s deviation from a right angle (90 degrees) is an indicator of
smooth rotations in the joints of a four-bar mechanism and then good torque and
energy transmission.

(6) Compared with the effective stroke of the mechanisms developed based on analytical–
graphical approaches in Refs. [14,25], that of the proposed mechanism has increased by
113% and 300%, respectively. The effective stroke of the weeding blade is an indicator
of the interaction time between the weeding blade and soil during a weeding cycle.

(7) In terms of weeding performance and mechanical damage to crop plants, the pro-
posed mechanism is more effective than conventional tools and four-bar cultivators
developed based on classic methods.

Furthermore, due to the fact that this study aimed to improve the design and per-
formance indicators of a cultivator, namely tracking error, transmission angle, weeding
performance, mechanical damage and cultivation depth, further studies are needed to
investigate the energy consumption of four-bar cultivators, which is out of the scope of
this research. As mentioned before, evidence in the literature supports the hypothesis that,
in comparison with conventional passive tools, active tools are more efficient in terms of
energy consumption. Consequently, it is necessary to investigate the energy consumption
of the four-bar cultivator as an active tool in further studies. Moreover, the force analysis
of the mechanism’ blade, which works through the soil, is useful and can be applied to
another study.
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Appendix A. BFGS Algorithm with FLS

The overview of the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm employed
in Section 4.7 is described here:

Step 1: Estimate an initial design point X(0). Set the initial Hessian of the objective
function H(0) = Inxn and set k = 0. Input convergence criteria and compute the gradient
vector as:

g(0) = ∇f
(

X(0)
)

(A1)

Step 2: If convergence criteria are satisfied, stop the iterative process. Output X(k) and
f
(

X(k)
)

.
Step 3: Solve the following linear system of equations to obtain the search direction

d(k):
H(k)d(k) = −g(k) (A2)

Step 4: Use FLS (Fletcher’s line search) algorithm to obtain αk that minimizes
f
(

X(k) + αd(k)
)

Step 5: set:
X(k+1) = X(k) + αkd(k) (A3)

Step 6: Update the Hessian approximation:

H(k+1) = H(k) + D(K) + E(k) (A4)

where the correction matrices D(k) and E(k) are given as:
D(k) = y(k)y(k)

T

(y(k) ·s(k))

E(k) = g(k)g(k)
T(

g(k) ·d(k)
) (A5)

{
s(k) = αkd(k)

y(k) = g(K+1) − g(k)
(A6)

Step 7: Set k = k + 1 and go to step 2.
In the above algorithm, Inxn is a n by n identity matrix and n is the number of search

variables. y(k) is change in gradient and s(k) is change in search point, and k is the number
of iterations.
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