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Abstract: Due to the prevalent randomness and uncertainties associated with traditional loose
polishing, fixed abrasive polishing in an anhydrous environment has been chosen as a new polishing
method. In this paper, cerium oxide is the main component for polishing pellets, and the particle
size distribution of cerium oxide is measured. A material removal model for fixed abrasive polishing
of fused silica in an anhydrous environment is proposed. Based on this model, we simulate the
roughness of fused silica in fixed abrasive polishing process by using a Monte Carlo method with
a constant removal mechanism and obtain the percentage of plastic and chemical removal. The
percentage result is then taken into the material removal equation to calculate the material removal
rate. The final convergence value of the roughness with 2 µm particle size is about 1.8 nm, while
the final convergence value of the surface roughness of the workpiece by Monte Carlo simulation is
about 1 nm. The experimental material removal rate at 2 µm particle size is 5.48 µm/h, while the
simulation result is 4.29 µm/h. The experiment data of roughness and material removal rate all verify
the model.

Keywords: fixed abrasive polishing; anhydrous; fused silica; Monte Carlo simulation

1. Introduction

With its excellent physical and chemical properties, fused silica is applied in a wide
range of scientific and industrial applications, for example in chip shielding, as well as
in lenses and phase plates in lasers. Each of these different systems places very stringent
demands on the surface quality of the fused silica. Fused silica is a hard and brittle material
and is usually machined with both conventional grinding and polishing methods. The
polishing process removes some defects from the grinding process, such as surface brittle
fracture, residual surface stresses, sub-surface damage, etc. Conventional polishing (e.g.,
loose polishing) uses rare earth or metal oxides, which are less hard than glass, mixed
with deionized water and other chemical additives, to obtain a non-damaged glass surface
utilizing a mechanochemical removal mechanism for material removal. However, some
problems inevitably arise with traditional polishing methods. The material removal rate
in loose abrasive polishing is influenced by several factors, including the nature of the
polishing pad, the nature of the polishing solution, and the particle size distribution,
which make it difficult to establish an accurate material removal model for loose abrasive
polishing. The removal rate of traditional polishing materials is only 3–6 µm/h [1–3].
Sometimes, there are also defects on the polished surface, where small pits can appear [4].
In addition, only <0.5% of the abrasive involved in polishing proved to be in the working
area [5], indicating that a significant amount of abrasive particles is wasted. Therefore, it is
difficult to make the loose polishing controllable.

In order to obtain a controllable polishing technology, research into fixed abrasive
polishing has been widely carried out. There are two types of fixed abrasive polishing, one
is to fix the abrasive particles on the polishing pad [6,7], and the other is to make particles
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into polishing wheel by a sintering process. Professor Stephen D. Jacobs developed a
bound-abrasive polishers for optical glass—the RMS of fused silica glass can be reduced
from over 400 nm to 1.5 nm in 1 h [6]. Professor L. Zhou achieved defect-free processing of
single-crystal silicon wafers using cerium oxide fixed grinding wheels [7–9]. Subsequently,
Professor Yongbo Wu and Yaguo Li [10–12] successfully introduced two-dimensional
elliptical ultrasonic vibration-assisted technology into fixed abrasive polishing process,
significantly improving the material removal rate and surface quality. Scholars at Ibaraki
University used Cr2O3 and SiO2 to polish sapphire substrates, and the result shows that
Cr2O3 abrasive particles have a higher chemical affinity for sapphire. Cr2O3 polishing
efficiency is almost twice that of SiO2 polishing efficiency [13–15].

Although the fixed abrasive polishing technique achieves good results, such as surface
roughness comparable to that of loose polishing, it still creates a hydrated layer on the
glass surface in the presence of water, and additional processes are required to remove the
hydrated layer for engineering applications. Researchers have therefore proposed fixed
abrasive polishing in an anhydrous environment.

Our group has done a lot of work in previous research on the fixed abrasive polishing
process for fused silica in an anhydrous environment. Wenjun Liu [16] described the
manufacturing process of cerium oxide solidification wheels, and analyzed the processing
products after the polishing. He noted that the material removal mechanism is dominated
by chemical removal, as shown in Equations (1) and (2):

= Ce−O−Ce ≡ + = Si−O− Si ≡→ 2 = Ce−O− Si ≡ (1)

2Ce2O3 + O2 → 4CeO2 (2)

Then, Huiyang Tang [17] investigated the influence of pressure and speed on the
material removal rate and surface roughness. Thermodynamic simulation was also carried
out on the central area of the process and compared with the actual temperature to obtain
the optimum polishing parameters for fixed abrasive polishing at 50 kPa and 150 rpm. Af-
terwards, Xinyu Luo [18] investigated the effect of particle size on subsurface damage and it
was concluded that the larger the particle size, the greater the degree of subsurface damage.

Many researchers have also invested a lot of effort in building polishing models.
Wei Yang proposed his own model for rapid polishing [19]. Some researchers have also
proposed their own polishing models for fixed abrasive polishing: scholars at Nanjing
University of Aeronautics and Astronautics developed a polishing model for abrasive
particles on a polishing pad, while using a polishing fluid as an aid [20]. The polishing
models described above were all modelled in aqueous environments and, in addition, all
contained polishing pads.

Based on previous work, this article develops a material removal model between
pellet and workpiece, without polishing pads, for fixed abrasive polishing in an anhydrous
environment. The experimental data of roughness and material removal rate verifies the
model. Different from previous studies, this article concludes that material removal is
determined by a combination of chemical and plastic removal. The material removal
model is also validated by simulating roughness and material removal rate with Monte
Carlo methods.

2. Experiment
2.1. Particle Size Distribution and Pellet Preparation

Eight different particle sizes of cerium oxide were selected as abrasives for fused
silica polishing. The particle size distribution of the abrasive particles was measured
by Mastersizer (Mastersizer 2000 Malvern Instruments Ltd., Malvern, UK) and the eight
different particle sizes of cerium oxide were then prepared into pellets. The composition of
the pellets was 70 wt% cerium oxide (Regipol 830, Shanghai Yuancheng Optical Equipment
Co., Ltd., Shanghai, China.), 15 wt% phenolic resin (Henan Pluton Casting Materials Co.
Phenolic Resin 2123, Zhengzhou, China), and 15 wt% hollow glass microspheres (3 M
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Company, Sent Pol, MN, USA, Glass Microspheres S15) [16]. After mixing and grinding,
the abrasives were pressed in a cylindrical model of ∅12.7 mm to make pellets, and then the
pellets were fired at atmospheric pressure and 180 ◦C in accordance with the temperature
rise procedure. The pellet production process is shown in Figure 1a.
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Figure 1. Manufacturing process of pellets and a product sample. (a) Preparation for the manufactur-
ing process of pellets. (b) Pellet made of 2 µm cerium oxide.

The parameters of cerium oxide are shown in Table 1. Figure 1b shows a pellet made
of cerium oxide with particle sizes of 2 µm.

Table 1. Types of polishing wheel.

Ceria Particle Size (nm) 50 100 200 500 800 1000 1500 2000
Named C1 C2 C3 C4 C5 C6 C7 C8

2.2. Polishing

Figure 2 shows a schematic diagram of the experiment [18].
The experimental setup consists mainly of a CNC machine (PKD300, Shanghai, China),

a tool with cerium oxide pellets, a workpiece, and an aluminum plate base. The fused
silica workpiece adheres to the aluminum plate base with beeswax (Y-SLOT-M, Shanghai
Yuancheng Optical Equipment Co., Ltd., Shanghai, China). During the experiment, the alu-
minum plate base is placed on a working magnetic table of the machine and the workpiece
is clamped with four thick iron blocks. The load required for the experiment is provided by
the downward pressure of the machine tool. The magnetic table and workpiece rotate at a
speed of ω1 and the pellet rotates at a speed of ω2 with an initial eccentricity of 32 mm. The
processing parameters are shown in Table 2. In the initial experiments, we found that after
70 min of polishing, the pellets were heavily worn, while the roughness did not continue
to decrease, so the polishing time was set at 70 min [16]. No water or other coolant of any
kind are added throughout the polishing process.
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Table 2. Fixed abrasive polishing processing parameters.

Parameter Condition

Workpiece speed ω1 150 rpm
Spindle speed ω2 150 rpm

Eccentricity e 32 mm
Pressure P 50 kPa

Processing time t 70 min

2.3. Surface Measurement

The workpiece was 100 mm in diameter, 10 mm thick fused silica (Corning 7980,
Shanghai, China) with an original roughness of 200–250 nm and a PV value less than 0.5 µm.
The workpiece was machined for 70 min and the surface was cleaned with ethanol after
every 10 min. Material removal depth and roughness were measured using a profilometer
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(Taylor Hobson, PGI 1240, Leicester, UK). As the initial surface shape of the workpiece and
the grinding wheel was not fully flat, in order to ensure the accuracy of the removal depth
and roughness measurements, the workpiece measurement area was selected as the area
with the lowest roughness after the first 10 min of machining. Five relatively dispersed
locations within the area were selected for measurement and the average value was taken
as the measurement result. Subsequent measurements were taken in the same area. In
contrast to previous experiments, we used more appropriate filter values for the measured
PV and Ra.

3. Results
3.1. Particle Size Distribution

The results of the particle size distribution measured using a Malvern particle sizer
(Malvern, UK) are shown in Figure 3 below. The horizontal coordinates in Figure 3 are
logarithmic. The particle size of the abrasive particles shows an approximately log-normal
distribution. The dependent variable for subsequent calculations of the particle size distri-
bution will be a linear variable.
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Figure 3. The particle size distributions of the eight abrasive particles.

3.2. Roughness Measurement

Figure 4a shows the changes in the roughness of the workpiece when it is polished
for 70 min under eight different particle sizes of pellets. From the graph, we can learn that
the roughness drops very quickly in the first 10 min, but in subsequent machining, the
roughness changes start to slow down, and eventually, the roughness all converges to an
approximate value. Figure 4b shows the final values of Ra for eight different particle sizes,
which can reach as low as 1.8 nm. Figure 4c shows the roughness values measured with a
profilometer after polishing with a particle size of 2 µm pellet.
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Figure 4. The results of roughness derived from the experiment. (a) Roughness changes during
po-ishing process with eight abrasive particles; (b) the final result of the polished roughness; (c) the
roughness measured by Taylor Hobson after polishing with a particle size of 2 µm pellet.

3.3. Material Removal Rate Measurement

Figure 5 shows the variation in material removal rates when the workpiece is polished
with eight different particle sizes for 70 min. The material removal rate generally increases
with increasing particle size. Although the result has obvious fluctuations, the final removal
rate is greatest at a particle size of 2 µm and smallest at 50 nm.
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4. Discussion
4.1. Material Removal Model

An attempt was made to build a material removal model for fixed abrasive polishing.
Before establishing the model, some assumptions need to be made in order to simplify the
analysis [21,22]. Firstly, it is assumed that all the abrasive particles involved in the material
removal are spherical. Secondly, it is observed that the abrasive particle size followed a
lognormal distribution. Thirdly, there is no porosity in the model and the position of the
abrasive particles are randomly distributed. Last, the particles are distributed as a single
layer between the workpiece and the pellet and there is no stacking.

Illustration of the contact between the pellet and the workpiece of fixed abrasive
polishing is shown in Figure 6. In the picture, the abrasive particle and the pellet are one
unit. The pellet is subjected to an external load and transmits the force to the abrasive
particle in contact with the workpiece, which is compressed between pellet and workpiece
to produce deformation.

According to Greenwood and Williamson’s model [23], the pellet surface can be
described as a problem of contact between a statistically protruding height and a rigid
plane. Assuming that the surface of the pellet is the x-axis and the spacing between
the pellet and the workpiece is g. Neglecting the elastic interaction between the micro
protrusions, all micro-protrusions of height greater than g are in contact with a rigid plane.
If the height of the micro-convex body is h, the indentation depth is h = H − g. However,
the height of the abrasive particle projection is at most 0.4 times its particle diameter.
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Figure 7 shows a diagram of a single abrasive particle pressed into the workpiece.
According to Hertzian contact theory, the contact force for a single micro-protrusions
body is:

∆F =
4
3

E∗R
1
2 h

3
2 (3)

where E∗ is:
1

E∗
=

1− ν2
w

Ew
+

1− ν2
p

Ep
(4)
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Figure 7. Schematic diagram of the abrasive particle contact model during polishing.

Ew, Ep is the modulus of elasticity of the workpiece and the abrasive particle, νw, νp
are the Poisson’s ratio of the workpiece and the abrasive particle.

By partitioning all micro-convex volumes, the total contact normal force can be obtained:

F =
4
3

E∗
∞∫

g

(
1
2

f (x)
) 1

2
(H(x)− g)

3
2 dx (5)

The H(x) in this equation will be computed in the next section.
The plastic removal mechanisms vary for different materials and different abra-

sives [24,25]. The main influencing factors in fixed abrasive polishing are chemical and
plastic removal [18,26,27]. This view is also confirmed in Suratwala’s article [28–30]. In
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his paper, Suratwala also points out that when the force exerted by the cerium oxide par-
ticles on the fused silica is greater than 1× 10−6 N, the nature of the removal is plastic
removal; when the force exerted by the cerium oxide particles on the fused silica is less
than 1× 10−6 N, the nature of the removal is chemical removal. The depth of removal is
constant for both plastic and chemical removal [31], with the depth of removal for plastic
removal being 0.55 nm and for chemical removal being 0.04 nm. Here, we assume that
the depth d0 is the critical depth for the chemical and plastic removal of the workpiece
by the abrasive particles. The critical removal depth d0 of the material differs when the
particle size is different, as can be calculated from the single abrasive particle force equation.
Figure 8 shows a diagram of plastic and chemical removal of workpieces by abrasive
particles—when the embedding depth d is greater than d0, the removal of the material is
plastic removal; when the embedding depth d is less than d0, the removal of the material is
chemical removal. d0 can be calculated by Equation (3).
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Figure 8. Diagrams of the two materials removal mechanisms. (a) A schematic representation of
plastic removal; (b) a schematic representation of chemical removal.

Therefore, in the process of fixed abrasive polishing, if the percentage of plastic
removal and chemical removal in the removal process is known, it is easy to predict the
material removal rate under fixed abrasive polishing. Therefore, the value of g at different
particle sizes can be found by numerical integration and be easily predicted. It is proposed
here that the equation for the material removal rate is:

dM
dt

= Nt frvr
(

fpdp2ap + fmdm2am
)

(6)

fr is the percentage of abrasive particles involved in material removal. vr is the relative
speed of movement between the center of the pellet and the workpiece, which can be
derived from the kinematic relationship. The calculation here is the percentage of the
height of the abrasive particle projection, H, which is greater than g.

4.2. Calculations of the Number of Abrasive Particle Projections

Since the overall particle size distribution of abrasive particles shows a log-normal
distribution, the particle size distribution of abrasive particles can be expressed as:

f (x) =

 1
x
√

2πσx
exp

[
− 1

2

(
lgx−µx

σx

)2
]

x1 ≤ x ≤ x2

0 otherwise
(7)

Here, x denotes the particle size of the abrasive particles, µx denotes the average
particle size, and σx denotes the deviation from the particle size. A value of 99.7% of the
abrasive particles lie within the (µgeo/3σgeo, µgeo × 3σgeo) size range, where µgeo is exp(µx),
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and σ is exp(σx). Here, the methods of Philip Koshy [21,22,32,33] are used, dividing the
pellets into cubic units with cubic prism lengths of c. The presence of abrasive particles in
the cubes takes the form shown in Figure 9, where a is the lowest height of projection and b
is the highest height of the projection. The distribution of the protruding height y of the
abrasive particles is then as follows:

y ∼ U(−0.1µx, c + 0.1µx) (8)
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Then the probability density function of the prominent height distribution of abrasive
particles in the cubic cell satisfying the log-normal distribution is:

H =
1
2

x + y− c (9)

H(x) =
1

c + 0.2µx

c+0.1µx∫
−0.1µx

1
2

f (x)dx (10)

The probability of a mill particle satisfying the log-normal distribution to stand out in
height in a cubic cell is thus:

P(a ≤ H ≤ b) =
1

c + 0.2µx

c+0.1µx∫
−0.1µx

c+b−y∫
c+a−y

1
2

f (x)dxdy (11)

The Monte Carlo method was used to calculate the above double integral.
The concentration number C of the pellets is divided by the percentage volume of

4 abrasive particles so that in a cube of volume c3, the volume of abrasive particles Vabc is:

Vabr =
Cc3

400
(12)

Then, the number of particles projecting on each c2 unit is:

Nt =
Vabr

4
3 π
(

1
2 x
)3 P(a ≤ H ≤ b) (13)

The average particle surface density can be found for σx = 0. Here, it is closer to the
true value when c = µx.

Here, H(x) can then be derived, while bringing H(x) into Equation (5). All parameters
in Equation (5) are known quantities, except for g, which is unknown. Therefore, the value
of g at different particle sizes can be found by numerical integration.
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4.3. Roughness Simulation and Experiment Validation for the Material Removal Model

A Monte Carlo method is used on MATLAB to simulate the removal of material in
fixed abrasive polishing and a graphical approach will be used here to simulate the change
in roughness. The Monte Carlo is a method that uses random numbers to solve problems.
In the simulation of roughness, the authors simulated roughness with a large number of
random abrasive particles that match the distribution results. After the abrasive particles
have removed the surface of the workpiece, the shape of the workpiece surface will change,
and the formula for roughness is:

Ra =
1
l

∫ l

0
|y− y0|dx (14)

Thus, after removing the surface of the workpiece using a large number of abrasive
particles, the roughness of the workpiece can be derived from the above equation. The
depth of chemical removal durincg the simulation is 0.04 nm and the depth of plastic
removal is 0.55 nm [20–22]. The parameters of the simulation are shown in the table below.
The simulation is also performed by recording the embedding depth of each abrasive
particle concerning d0 during material removal. The iterative process is repeated until
the roughness results converge. The parameters required in the simulation are shown in
Table 3.

Table 3. Parameters of the fixed abrasive polishing model and the Monte Carlo simulation.

Parameter Variable Source Value

Particle size distribution f (x) Measured See Figure 3
Modulus and Poisson’s ratio of workpiece Ewνw [31] 72.7 GPa; 0.16

Modulus and Poisson’s ratio of ceria Epνp [31] 190 GPa; 0.20
Plastic removal depth dp [31] 0.55 nm

Molecular removal depth dm [31] 0.04 nm

The roughness results of the simulation are shown in Figure 10.
In the first few simulations, the roughness result drops very quickly, and as the number

of cycles increases, the roughness drops more and more slowly, finally converging to a
stable value. In Figure 10b, the final result of roughness increases with increasing abrasive
particle size, with the specific values of roughness convergence for C1–C8 being: 0.56 nm,
0.62 nm, 0.77 nm, 0.84 nm, 0.99 nm, 1.35 nm, and 1.71 nm. The results are in approximate
agreement with the experimental results.

The image shows quite visually that as the particle size increases, the convergence
value of the roughness of the workpiece surface increases. We believe that this is due to the
fact that smaller particle sizes produce more chemical removal during polishing. As the
size increases, the pressure on the abrasive particle increases, and more abrasive particles
will be plastic removal from the material, resulting in a more efficient plastic removal depth
than the chemical removal depth. The experimental data is somewhat higher than the
simulated data, which is due to the agglomeration of the abrasive particles, as will be
explained in subsequent segments.
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Figure 10. Roughness results were obtained by using the Monte Carlo method with a constant re-
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4.4. Material Removal Rate Experiment Validation for the Material Removal Model

During the simulation, we also counted the number of abrasive particles embedded at
depths greater than d0 and less than d0, i.e., the percentage of plastic and chemical removal;
the results are shown in Figure 11.
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Figure 11. (a)Percentage of plastic removal recorded during roughness simulation; (b) material
removal results for all plastic and chemical removal.

In contrast to what was investigated by Wenjun Liu [16] and Yaguo Li [4,10–12], the
simulation results show that plasticity removal occupies a major part of the fixed abrasive
polishing in an anhydrous environment process.

It is clear from Figure 11a that as the particle size increases, the percentage of plastic
removal during polishing increases [24,25]. Even abrasive particles with a particle size of
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50 nm account for more than 60% of plastic removal during polishing. When the particle
size is greater than 800 nm, the percentage of plastic removal remains stable at over 90%.
By using the above percentages in Equation (6) for our assumed material removal rate, the
simulated material removal rate can be obtained, as shown in Figure 12.
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Figure 12. A comparison of the experimentally derived material removal rate and the simulation
derived material removal rate.

As can be seen from the graph, the overall increase in material removal with increasing
particle size is similar to that of the experimental results. Since the depth of plastic removal
is a constant value, it can also be inferred that large particle sizes also account for a large
proportion of plasticity in polishing. The conclusion is also viewed by the experimental
results of material removal.

We can also make an assumption that the process of material removal is all plastic
removal or all chemical removal. With all plastic removal, fp equals 1 and fm equals 0;
with all chemical removal, fp equals 0 and fm equals 1. Taking the above parameters into
Equation (6), the material removal rate is calculated, as shown in Figure 11b.

The validation of the material removal model can also be illustrated by the results for
material removal rates and the results for roughness.

However, the simulated material removal rate is slightly different from the experimen-
tal results: the results are smaller than the experimental results. In fact, in the process of
material removal, a large number of abrasive particles will agglomerate, and the large parti-
cles formed by the agglomeration will remove more materials. At the same time, during the
production of the pellets, the binder will also cause the abrasive particles to agglomerate.

4.5. Burning and Wear

Figure 13a shows the two phenomenon often found in fixed abrasive particle pellets—
wear and burning. Under pressure and rotational speed, the temperature in the central
area of the polishing rises and, as there are no cooling measures, the cerium oxide powder
agglomerates into lumps, and the hardness changes. Therefore, not only plastic removal
and chemical removal but also scratches from the burned agglomerates are involved in the
polishing process, so that the removal process may also be accompanied by brittle fracture.
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Figure 13. Pictures of the surface of the pellet and workpiece after polishing for 70 min. (a) Burn and
abrasions of polishing wheels; (b) surface of fused silica by cerium oxide pellet.

Figure 13b shows a photograph of cerium oxide after polishing under a 500×micro-
scope (VHX-5000, KEYENCE, Tokyo, Japan). As can be seen in Figure 13b, most areas of the
fused silica are smooth after cerium oxide polishing, but there are still a few scratches. The
pellets in Figure 13a, on the other hand, show obvious burn marks, so it is presumed that
mechano-chemical removal is the main means of removal during polishing, while burning
increases the hardness of some areas of the pellets, thus affecting the removal efficiency
and causing damage to the surface of the workpiece.

With the combined effect of all three—chemical removal, plastic removal, and
burning—the actual roughness results are greater than the simulated results. The ag-
glomeration of abrasive particles, on the other hand, causes an increase in the material
removal rate. It is also inferred that the generation of sub-surface damage in the polishing
of fixed abrasive particles is also caused by these agglomerates.

The effect of chip removal is not taken into account during the simulation. The
polishing wheel generates a lot of wear during the polishing process. The powder also
plays a non-negligible role in verifying the material removal mechanism but has a negative
effect during processing, such as the production of a large number of agglomerated particles.
This is one of the drawbacks of fixed abrasive particles. Further research will be carried out
to reduce the negative effects of burning and abrasive agglomeration.

5. Conclusions

In this paper, cerium oxide was used as the main component to make pellets and
the particle size distribution of cerium oxide is measured. Based on previous studies, the
researchers developed a material removal rate model. The roughness and material removal
rate of cerium oxide after polishing on fused silica were then obtained experimentally. By
the Monte Carlo method, the roughness results were obtained by simulating the polish-
ing effect of abrasive particles on fused silica under the mechanism of constant removal
depth. In addition, and different from previous research, the simulation results yielded
a predominantly plastic removal under the polishing of fixed abrasive particles in an an-
hydrous environment. The authors also established a relationship for material removal
by bringing the chemical and plastic removal percentages obtained during the simulation
into the material removal equation to obtain the calculated values of material removal, and
compared them with the experimental values to explain the differences between the actual
and simulated values, thus verifying the model.
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