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Abstract: Skid-steered wheeled vehicles can be applied in military, agricultural, and other fields
because of their flexible layout structure and strong passability. The research and application of
vehicles are developing towards the direction of “intelligent” and “unmanned”. As essential parts
of unmanned vehicles, the motion planning and control systems are increasingly demanding for
model and road parameters. In this paper, an estimation method for tire and road parameters is
proposed by combining offline and online identification. Firstly, a 3-DOF nonlinear dynamic model is
established, and the interaction between tire and road is described by the Brush nonlinear tire model.
Then, the horizontal and longitudinal stiffness of the tire is identified offline using the particle swarm
optimization (PSO) algorithm with adaptive inertia weight. Referring to the Burckhardt adhesion
coefficient formula, the extended forgetting factor recursive least-squares (EFRLS) method is applied
to identify the road adhesion coefficient online. Finally, the validity of the proposed identification
algorithm is verified by TruckSim simulation and real vehicle tests. Results show that the relative
error of the proposed algorithm can be well controlled within 5%.

Keywords: skid-steered wheeled vehicle; PSO; EFRLS; tire parameters identification; road adhesion
coefficient

1. Introduction

Skid-steered wheeled vehicles are different from traditional Ackerman steering vehi-
cles. They do not have a traditional steering mechanism, relying on the different wheel
speeds between each side to achieve steering [1]. The arrangement of the transmission and
the suspension system is flexible, which does not occupy too much space of the vehicle body,
and the off-road mobility and all-region passability are good [2]. With the deepening of the
research on “unmanned” and “intelligent” vehicles, the combination of unmanned ground
vehicle (UGV) and skid-steered wheeled vehicle technology has become a research hotspot,
and many corresponding products have been produced for the military, agricultural, and
construction machinery fields. The representative UGVs are: the Crusher 6 × 6 wheeled
UGV by America, the Mule High Mobility UGV by America, the RoBattle 6 × 6 UGV by
Israel, the J6 XTR (6 × 6) and J8 XTR (8 × 8) UGV by Canada, and the spark articulated
suspension UGV by China [3–6].

Compared with Ackerman-steered vehicles, skid-steered wheeled vehicles do not
have too many geometric constraints, and their motion control is completely dependent
on the interaction between wheels and the road. Therefore, the accurate estimation of
the tire–road contact is necessary for motion control. The tire–road contact characteristics
of skid-steered wheeled vehicles include tire load, road adhesion coefficient, and slip
rate. In addition, tire parameters are also important factors affecting the vehicle control
process, such as tire stiffness and sideslip angle, but these two parameters cannot be directly
measured by sensors, so researchers have conducted a lot of work to estimate tire stiffness
and sideslip angle.
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The focus of this study is to propose an observation method that combines online
with offline algorithms to estimate tire parameters and the road adhesion coefficient of the
skid-steered wheeled UGV. Based on the 3-DOF dynamic model and the Brush nonlinear
tire model, an offline tire parameters estimation algorithm based on the PSO algorithm and
an online road adhesion coefficient estimation algorithm based on the EFRLS method are
proposed for the skid-steered wheeled UGV. The validity of the algorithm is verified by
TruckSim simulation and real vehicle tests.

The contributions of this study are summarized as follows:

(1) The kinematics model and 3-DOF dynamic model of the skid-steered wheeled UGV
are established;

(2) An offline longitudinal and cornering stiffness estimation algorithm using the Brush non-
linear tire model is proposed based on the PSO algorithm with adaptive inertia weight;

(3) According to the estimation results of tire stiffness, referring to the Burckhardt adhe-
sion coefficient formula, an online road adhesion coefficient estimation algorithm is
proposed based on the EFRLS method and the single-wheel dynamics model.

(4) The effectiveness of the algorithm is verified by real vehicle experiments.

This paper is organized as follows: In Section 2, related works in recent years are
reviewed; in Section 3, the kinematics model, the dynamics model of the platform, and
the tire model are established; in Section 4, an algorithm based on online and offline
observation is proposed to estimate the tire stiffness and road adhesion coefficient; in
Section 5, the experimental and simulation verification tests are presented; and in Section 6,
the conclusions and future studies are put forward.

2. Related Works

For skid-steered wheeled UGVs, accurate estimation of tire parameters and tire–
road contact characteristics is of great significance for vehicle dynamics modeling and
motion control. The research methods and status of tire stiffness and tire–road contact
characteristics estimation are discussed in this section, which can provide a reference for
the research in this paper.

2.1. Research Status of Tire Stiffness Estimation

For UGVs, the longitudinal stiffness and the cornering stiffness of the tire are the
important factors that affect vehicle control, but these two parameters cannot be directly
measured by sensors. Therefore, researchers have carried out a lot of research in tire
stiffness estimation, to reduce the calculation cost and improve the overall performance of
the vehicle control system.

Based on the transverse force of the tire information, Lian et al. [7] established a
simplified lateral dynamic model, supplemented by a recursive least-squares regression
model considering forgetting factors and constraints to achieve tire cornering stiffness
estimation. Taking the estimated cornering stiffness as input, a nonlinear sideslip angle
observer based on a first-order Stirling interpolation filter and a first-order low-pass filter
was established. Lee et al. [8] used the dual Kalman filtering algorithm combined with
dual GPS antenna system data to estimate the steering stiffness online. Wang et al. [9]
proposed a fuzzy adaptive robust cubature Kalman filter (FARCKF) to estimate the vehicle
sideslip angle and steering stiffness. The recursive least-squares method was applied
to update the model parameters of FARCKF, and the Takagi–Sugeno fuzzy system was
applied to adjust the process noise parameters in FARCKF. Based on the Bayesian method,
Berntorp et al. [10] regarded the deviation from the nominal stiffness value as a Gaussian
disturbance and applied the particle filter and marginalization to realize the adaptive
measurement noise and process noise, to realize the real-time estimation of tire cornering
stiffness. According to the tire longitudinal force difference generated between two sides
by the yaw moment will affect the steering movement, Wang et al. [11] estimated the
cornering stiffness by using the longitudinal force difference as input. Sierra et al. [12]
defined effective steering stiffness as the ratio of two-axis lateral force to sideslip angle.
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Based on the time-domain and frequency-domain vehicle lateral dynamics model, the direct
method and β-less method were used to estimate the sideslip stiffness. Pereira et al. [13]
proposed a tire cornering stiffness estimation method based on Levenberg–Marquardt
(LM), which combined the experimental and theoretical values of the yaw rate through LM
to estimate the tire cornering stiffness.

2.2. Research Status of Tire–Road Contact Characteristics Estimation

For skid-steered wheeled UGVs, their motion control is completely dependent on the
ground force on the tire. Therefore, the estimation of tire–road contact characteristics plays
an important role in the dynamic control of skid-steered vehicles. The tire–road contact
characteristics include road friction coefficient, road adhesion coefficient, slip rate, etc.

The estimation algorithm of tire–road friction coefficient has always been a research
hotspot. There are many factors affecting the tire–road friction coefficient, such as the tire
pressure, pattern, temperature, material, etc., and it also has a great relationship with the
road surface [14]. El Tannoury et al. [15] considered that the tire–road friction coefficient
is mainly related to the tire pressure and the effective radius. Assuming that the rolling
resistance is linear with the speed at low speed and low load, the wheel angular velocity,
speed, and torque signal were divided into certain and uncertain quantities to decompose
the observed signal. The correction amount was introduced to make the algorithm converge.
Finally, the sliding mode observer was constructed to estimate the effective radius and
rolling resistance. Han et al. [16] took the influence of road roughness and road texture
into consideration and proposed an estimation method of tire–road peak friction coefficient
considering the effective contact characteristics between the tire and the three-dimensional
road. The effective contact area ratio coefficient was introduced into the LuGre tire model
to optimize the estimation method.

In addition to rolling resistance, scholars are more concerned with the estimation
of road adhesion. In particular, in the off-road environment, the estimation of the road
adhesion coefficient is particularly important [17]. Liu et al. [18] used a single-wheel
dynamics model to estimate tire–road adhesion and used the Brush tire model to calculate
the current road adhesion coefficient based on the µ–S curve based on the current slip
ratio. Wang et al. [19] assumed the road conditions of the front and rear tires were the
same. The difference in the slope of the µ–S curve between the front and rear wheels was
considered to be the influence of tire parameters and then used the vehicle driving state to
estimate tire adhesion. This method can estimate the road adhesion coefficient with various
driving modes, but it ignores the differences in road adhesion coefficient on both sides.
Shim et al. [20,21] used a priori experience to assume the road adhesion coefficient, and
the vehicle dynamics model was used to predict the vehicle dynamics output parameters.
According to the difference between the model prediction results and the real vehicle sensor
parameters, the assumed road adhesion coefficient was corrected. Ghandour et al. [22]
used the tire force calculated by the Dugoff model and the nonlinear optimization method
to estimate the road adhesion coefficient. Villagra et al. [23] used a weighted Dugoff model
to estimate the road adhesion coefficient. Nilanjan et al. [24] used a sliding mode observer
and an improved Dugoff model to estimate the longitudinal speed and road adhesion
coefficient using only the wheel speed input.

3. System Modeling

In this section, the kinematics model and the dynamics model are established. In order
to simplify system modeling, we make the following assumptions [25]:

(1) The UGV is driving on a flat road, and the six wheels of the UGV are in contact with
the road;

(2) The 3 wheels on the same side rotate at the same speed;
(3) The vehicle load is uniformly distributed;
(4) The influence of vehicle suspension is not considered.
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3.1. Kinematics Model of Skid-Steered Wheeled UGV

Due to the lack of geometric constraints similar to Ackerman-steered vehicles, the kine-
matic analysis is more dependent on the slip parameters. Based on the above assumptions,
the kinematics diagram is established in Figure 1:
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In Figure 1, a, b, and c denote the distance from each axis to the center of mass (CM).
In the vehicle body coordinate system, the kinematics equation can be expressed as:

vx = R
2 [ω1(1− i1) + ω2(1− i2)]

vy = R
2 [ω1(1− i1) + ω2(1− i2)] tan β = vx tan β

.
φ = R[−ω1(1−i1)+ω2(1−i2)]

B

(1)

where vx and vy denote the longitude and lateral velocity on the vehicle body coordinate;
ω1 and ω2 denote the right and left side rotating velocity;

.
φ denotes the yaw velocity; B

denotes the width of the vehicle; R is the wheel radius; β is the sideslip angle of the vehicle
body; s1 and s2 denote the slip rate of each side wheel, which is expressed as:

sj =
Rwj − vxj

Rwj
(2)

Based on Assumption (4), the longitude velocity of each side can be expressed as:

ux,ij =

{
vx − B

2

.
φ j = 1

vx +
B
2

.
φ j = 2

(3)

The longitudinal slip rate can be expressed as: s1 =
Rω1−

(
vx− B

2
.
φ
)

Rω1

s2 =
Rω2−

(
vx+

B
2

.
φ
)

Rω2

(4)
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The lateral velocity of the co-axial wheel can be expressed as:

uy,ij =


vy + a

.
φ i = 1

vy + b
.
φ i = 2

vy + c
.
φ i = 3

(5)

3.2. Dynamics Model of Skid-Steered Wheeled UGV

For the description of the planar motion of the skid-steered wheeled UGV, the multi-
DOF nonlinear dynamics model can describe the motion state more accurately. In this study,
the road roughness parameters are regarded as external disturbances, a 3-DOF nonlinear
dynamics model of the skid-steered wheeled UGV is established, and the nonlinear tire
model is used to describe the tire force. The force analysis of the vehicle is shown in Figure 2.
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The 3-DOF dynamics model can be expressed as:

m(ax − vy
.
φ) = ∑

i=1,2,3
∑

j=1,2
Fx,ij

m(ay + vx
.
φ) = ∑

i=1,2,3
∑

j=1,2
Fy,ij

Iz
..
φ = B

2 ∑
i=1,2,3

(Fx,i1 − Fx,i2) + ∑
j=1,2

(
aFy,1j + bFy,2j + cFy,3j

) (6)

where m denotes the mass of the vehicle; ax and ay denote the longitude and lateral
acceleration on the vehicle body coordinate; Iz denotes moment of inertia about the z-axis
of the vehicle; Fx,ij and Fy,ij denote the longitude and lateral force on each tire.

3.2.1. Single-Wheel Longitudinal Dynamics Model

In this study, the single-wheel longitudinal dynamics model is applied to identify
the road adhesion coefficient. The single-wheel longitudinal dynamics model is shown in
Figure 3
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Then, the single-wheel longitudinal dynamics model can be expressed as:

Iw
.

ωij = Tij − RFx,ij − R fij i = 1, 2, 3; j = 1, 2 (7)

where Iw denotes the moment of inertia of the wheel; ωij denotes the angular velocity of the
wheel; fij denotes the rolling resistance of the wheel; i = 1, 2, 3 denotes the front, middle
and rear wheels, respectively; j = 1, 2 denotes the left and right wheels, respectively.

3.2.2. Brush Nonlinear Tire Model

In this study, the Brush nonlinear tire model is applied to analyze the wheel-road
contact characteristics of the vehicle. Considering the lateral–longitudinal combined slip
characteristics of the tire, the contact between the tire and the road has comprehensive
deformation stiffness and adhesion limit. The Brush nonlinear tire model is suitable for
combined slip conditions, which assumes that the tire is a rigid ring surrounded by a ring of
deformable brushes [26]. The model parameters are road friction coefficient µ, longitudinal
stiffness Cx, and cornering stiffness Cα. The input is the longitudinal slip ratio s, sideslip
angle, α and vertical load of the tire Fz.

The longitude and lateral force of the tire can be expressed as:

s = Rω−ux
ux

α = arctan
(

uy
ux

)
C =

√
C2

x
( s

1+s
)2

+ C2
α

( tan α
1+s

)2

F =

{
C− 1

3µFz
C2 + 1

27µ2F2
z

C3 C ≤ 3µFz

µFz C > 3µFz

Fx = Cxs
(1+s)

F
C

Fy = −Cα tan α
(1+s)

F
C

(8)

where ux and uy denote the lateral and longitudinal velocity of each wheel center, which can
be calculated from (3) and (5). The longitudinal and lateral forces of the tire calculated by the
Brush nonlinear tire model under the vertical load of 5000 N are shown in Figures 4 and 5.

3.2.3. Vertical Force Estimation of the Tire

In this section, the longitudinal load transfer caused by vehicle acceleration and ramp
conditions is discussed. The vertical load is divided into static load and dynamic load. The
static load can be calculated according to the mass and the position of CM; dynamic load
needs to consider the load change caused by the vehicle motion.
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The tire force calculation for the multi-axes vehicle is a statically indeterminate prob-
lem. To calculate tire vertical force for the Brush nonlinear tire model, an assumption is
proposed: the vertical deformation of the suspension and the tire follow a linear relation-
ship, and the tire load is proportional to the vertical deformation of the suspension and the
tire. Then, the tire vertical force in the longitudinal direction can be expressed as:

Fz1 =
G cos(δ)(−a(b+c)+b2+c2)+Gh sin(δ)(−2a+b+c)+hmax(−2a+b+c)

2(a2−a(b+c)+b2−bc+c2)

Fz2 =
G cos(δ)(a2−ab+c(c−b))+Gh sin(δ)(a−2b+c)+hmax(a−2b+c)

2(a2−a(b+c)+b2−bc+c2)

Fz3 =
G cos(δ)(a2−ac+b(b−c))+Gh sin(δ)(a+b−2c)+hmax(a+b−2c)

2(a2−a(b+c)+b2−bc+c2)

(9)

where Fz1, Fz2, Fz3 denote the vertical force on the front, middle, and rear axis; h denotes the
height of CM; G denotes the gravity of the vehicle; δ denotes the road gradient.

Take the lateral acceleration into consideration:

∆Fz1 = −∆Fz2 =
mayh

B
(10)

where ∆Fz1 and ∆Fz2 denote the vertical load variation of the right and left sides due to the
influence of lateral acceleration. Then, the vertical tire force can be expressed as:
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Fzij =

{
Fzi
2 −

mayh
3B i = 1, 2, 3 j = 1

Fzi
2 +

mayh
3B i = 1, 2, 3 j = 2

(11)

The simulation result in TruckSim is shown in Figure 6, which shows the change in
the vertical load of each wheel during acceleration and steering. When the vehicle begins
to accelerate from the 8 s, the vertical load on the rear axis increases and the load on the
front axis is inverse. When the vehicle turns for 30 s, the vertical load on the right side
increases, and the load on the left side is inverse. The simulation result shows the vertical
force calculation method satisfies the accuracy requirement at different driving conditions.
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4. Observer Design

For the skid-steered wheeled UGV applied to variable conditions, the ability to esti-
mate the tire parameters and road parameters is necessary for the motion planning and
control systems. The tire parameters are almost unchanged with the driving conditions
during the actual driving, the offline identification method can be used to estimate the
parameters. However, the road adhesion coefficient changes in real-time during the actual
driving, which directly affects the motion control of the UGV, so an online identification
method to estimate the road adhesion coefficient is necessary.

4.1. Offline Tire Parameters Estimation Algorithm

The tire parameters are generally considered to be constant and will not change with
the operating conditions of the vehicle, so the offline identification algorithm can be used
to estimate tire parameters. In this study, the Brush nonlinear tire model is applied, and the
parameters to be identified are the longitudinal stiffness Cx and cornering stiffness Cα of
the tire.

4.1.1. Longitudinal Stiffness Estimation Algorithm

The straight driving condition is commonly chosen to estimate the longitudinal stiff-
ness, to eliminate the influence of tire cornering condition. For the Brush nonlinear tire
model, when the slip ratio of the tire is very small, the longitudinal stiffness of the tire can
be approximately linear. When the vehicle acceleration is small, the longitudinal force of
the tire can be approximated as:

Fx,ij = Cxsij (12)
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For the longitudinal dynamics model of the vehicle, it can be considered that the pa-
rameters of each tire are the same because of the same type of each tire, then the longitudinal
dynamics equation can be expressed as:

max = Cx ∑
i = 1, 2, 3
j = 1, 2

sij − Fr (13)

where Fr denotes the combined resistance of the vehicle, including the rolling resistance
and wind resistance. This can be transformed into an optimization problem:

min J = ‖ 1
m Ĉx ∑

i = r, l
j = f , m, r

sij −
(

ax +
Fr
m

)
‖

st Cxmin ≤ Cx ≤ Cxmax

(14)

The constraints of longitudinal stiffness determined by prior experience.

4.1.2. Cornering Stiffness Estimation Algorithm

For the traditional Ackerman-steered vehicle, the method of unpowered fixed steering
wheel angle is commonly applied to estimate the cornering stiffness, which can eliminate
the influence of longitudinal driving force. For the skid-steered wheeled vehicle, the
steering mechanism determines that the skid-steered wheeled vehicle cannot realize the
steering condition without power. The estimation of the cornering stiffness of the skid-
steered wheeled vehicle must be carried out in the presence of longitudinal driving force.
Therefore, the estimation of the cornering stiffness of the skid-steered wheeled vehicle must
be based on the premise that the longitudinal stiffness of the tire is known. In this case,
the method similar to the Ackerman-steered vehicle to take a large radius without power
cannot be applied to make a linear assumption for the lateral condition of the tire. The
longitudinal characteristics of the tire must be taken into consideration and the nonlinear
estimation method of lateral and longitudinal coupling will be adopted.

In this study, the cornering stiffness of the tire is estimated by the tire model and
vehicle cornering dynamic model under the premise that the longitudinal stiffness of the
tire is estimated by the algorithm provided above. Under the premise that the longitudinal
stiffness is known, the lateral force can be calculated by Equation (8). In addition, if the
longitudinal slip ratio and sideslip angle of the tire are known, then the cornering stiffness
estimation will be transformed into a nonlinear optimization problem:

min J = ‖ 1
m ∑

i = 1, 2, 3
j = 1, 2

F̂y
(
Ĉα, sij, αij

)
− ay‖

st Cαmin ≤ Cα ≤ Cαmax

(15)

where F̂y denotes the estimated value based on the estimated cornering stiffness Ĉα. The
constraints of cornering stiffness determined by prior experience.

4.1.3. Tire Stiffness Offline Estimation Algorithm Based on PSO

In this study, the particle swarm optimization (PSO) algorithm is adopted to estimate
tire stiffness. The PSO algorithm is based on the randomness of the population parallel
optimization algorithm. Compared with other algorithms, the PSO algorithm is more
flexible, which does not need to identify the functions of differentiable or continuous, and
does not need crossover or mutation operations. In addition, the tire of the skid-steered
wheeled UGV is easy to be in a strong nonlinear condition during the steering process, and
the PSO algorithm has better fitting performance for nonlinear conditions. The parameters
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that need to be adjusted in the PSO algorithm are less and the convergence speed is faster
than other algorithms, so it has been widely used [27].

The traditional PSO algorithm is as follows: for the n-dimensional space, the total

number of particles is N,
⇀
Xi = [xi,1, xi,2 . . . xi,n] denotes the i-th particle position vector, and

⇀
V i = [vi,1, vi,2 . . . vi,n] denotes the velocity vector. By evaluating the objective function of

each particle, the optimal position of a single particle
⇀
P i = [pi,1, pi,2 . . . pi,n] and the optimal

position of the entire particle swarm
⇀
P g = [pg,1, pg,2 . . . pg,n] can be obtained. The velocity

vector and position vector of each particle are then updated using the following equation:

vm+1
i,j = γvm

i,j + C1r1

(
pm

i,j − xm
i,j

)
+ C2r2

(
pm

g,j − xm
i,j

)
xm+1

i,j = xm
i,j + vm+1

i,j

(16)

where j = 1,2, . . . ,n; m denotes the number of iterations; r1 and r2 are random values
between [0,1]. γ denotes non-negative inertia factors; the larger the value of γ is, the
stronger the global optimization ability of the algorithm is, and the weaker the local
optimization ability is. C1 and C2 are non-negative constants, which are also parameters to
adjust the weights of local optimal value and global optimal value.

The process of the PSO algorithm is as follows:

(1) Initialize the particle swarm, including the number of particles, the initial velocity and
position of each particle, and the inertia factor;

(2) The evaluation function is adopted to evaluate the initial value of each particle in the
particle swarm, the optimal position of each particle is saved, and the optimal solution
is selected as the global optimal initial solution to record its position;

(3) The velocity and position of the particles are updated according to Function (16);
(4) Evaluate the updated particle swarm, update the local optimal value of each particle

and the global optimal value of the whole particle swarm;
(5) Repeat iteration steps (3) and (4) until iteration conditions are met.

The calculation process of the PSO algorithm is shown in Figure 7.
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The problem with the traditional PSO algorithm is that the particles may converge at
the local minimum. As the inertia factor, the greater the value of γ, the weaker the local
optimization ability of the algorithm, and the stronger the global optimization ability; on
the contrary, the smaller the value of γ, the stronger the local optimization ability of the
algorithm, and the weaker the global optimization ability. Based on this, a linearly variable
inertia factor is introduced into the PSO algorithm to simultaneously meet the algorithm’s
requirements for global search and local accurate convergence with adaptive weight. The
adaptive weight can be expressed as:

γ =

{
γmin + (γmax−γmin)(OF−OFmin)

OFavg −OFmin
OF 6 OFavg

γmax OF > OFavg
(17)

where OF denotes the current objective function value of the particle; OFmin and OFavg denote
the minimum target value and the average target value of the particles, respectively.

From Function (17), for the adaptive weight, when the target value of each particle in
the particle swarm tends to be consistent or tends to be local optimal, the inertia weight
increases accordingly; when the target value distribution of each particle in the particle
swarm is relatively dispersed, the inertia weight decreases accordingly. In addition, this
algorithm can reduce the inertia weight of the particle whose target value is better than the
average target value to retain the particle. The particles whose target values are worse than
the average will get larger inertia weights so that these particles can move faster to better
search space.

4.2. Online Road Adhesion Coefficient Estimation Algorithm
4.2.1. Slip Rate–Road Adhesion Coefficient Curve

In this study, the road adhesion coefficient model proposed by Burckhardt [28] is
adopted to estimate the road adhesion coefficient, which can be expressed as:

µ(θ, λ) = θ − θe−
c1
θ (λ+c2λ2) − c3λsgn(λ) + c4λ2 (18)

where µ(θ, λ) denotes the utilization of road adhesion coefficient under the current tire
load and slip rate; θ denotes the peak road adhesion coefficient; λ denotes the tire slip
ratio; c1 defines the slope rate of the initial segment of the curve; c2 is applied to adjust the
slope rate of the curve without affecting the slope rate of the initial segment, c3 and c4 are
used to adjust the decreased slope rate of the road adhesion coefficient after the maximum
coefficient. Relevant experimental studies have found that the three coefficients c2 − c4
have little effect on the slip rate–road adhesion coefficient curve, and the values under
different road conditions also have little effect on the curve. Therefore, we generally take
these three coefficients as fixed values in practical application, and the three coefficients
calibrated by the test are c2 = 8, c3 = 0.25, c4 = 0.11.

The influence of θ and c1 on slip rate–road adhesion coefficient can be seen in
Figures 8 and 9. It can be seen that c1 mainly affects the slope rate of slip rate–road
adhesion coefficient before reaching the peak coefficient. Based on the above assumptions,
this study will estimate the parameters in Equation (18) and c1.

According to Equation (18), the slope rate of the road adhesion coefficient µ and slip
rate λ can be expressed as:

∂µ

∂λ
= c1(1 + 2λc2)e−

c1
θ (λ+c2λ2) − c3sgn(λ) + 2c4λ (19)

The slope rate of the road adhesion coefficient µ and θ can be expressed as:

∂µ

∂θ
= 1−

[
1− c1

(
λ + c2λ2

)]
e−

c1
θ (λ+c2λ2) (20)
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According to Equation (19), let:
∂µ

∂λ
= 0 (21)

Then, the slip rate λs at the corresponding maximum road adhesion coefficient can be
obtained, bringing λs into Equation (18), the maximum road adhesion coefficient under
current road conditions can be obtained. It is difficult to obtain the analytical solution with
Equation (19), and the numerical solution can be obtained by the numerical method.

4.2.2. Road Adhesion Coefficient Estimation

In this section, the Brush tire model in Section 3 is applied as the tire model for the road
adhesion coefficient estimation. The parameters to be estimated include the longitudinal
stiffness Cx and cornering stiffness Cα of the tire.
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According to Equation (8), the 3-DOF dynamics model of the vehicle can be expressed as:

max = ∑
i = 1, 2, 3
j = 1, 2

Fx,ij
(
µ(θ, c1, κi, αi), Fz,ij

)
− Ff − Fair

may = ∑
i = 1, 2, 3
j = 1, 2

Fy,ij
(
µ(θ, c1, κi, αi), Fz,ij

)

Iz
..
φ = B

2 ∑
i=1,2,3

(Fx,i1 − Fx,i2) + ∑
j=1,2

(
aFy,1j + bFy,2j + cFy,2j

)
(22)

In addition, the dynamic model of the wheel during vehicle driving is taken into
consideration (Figure 3 and Equation (7)). For the test platform used in this paper, the
wheel speed of the same side is the same, the longitudinal wheel speed of the same side is
the same, and the three wheels on the same side are driven by the same motor, then the
following dynamic equation can be obtained:

3Iw
.

ωw f =

(
Tm1 − ∑

i=1,2,3
Fx,i1(θ, c1, κi, αi)R− ∑

i=1,2,3
Ff ,i1R

)

3Iw
.

ωwr =

(
Tm2 − ∑

i=1,2,3
Fx,i2(θ, c1, κi, αi)R− ∑

i=1,2,3
Ff ,12R

) (23)

Then, the longitudinal dynamic model of the vehicle can be expressed as:

ax = 1
m ∑

i = 1, 2, 3
j = 1, 2

Fx,ij
(
µ(θ, c1, κi, αi), Fz,ij

)
− Ff − Fair

ay = 1
m ∑

i = 1, 2, 3
j = 1, 2

Fy,ij
(
µ(θ, c1, κi, αi), Fz,ij

)
..
φ = 1

Iz
B
2 ∑

i=1,2,3
(Fx,i1 − Fx,i2) + ∑

j=1,2

(
aFy,1j + bFy,2j + cFy,3j

)
.

ωw1 = 1
3Iw

(
Tm1 − ∑

i=1,2,3
Fx,i1(µ(θ, c1, κi, αi), Fz,i1)R− ∑

i=1,2,3
Ff ,i1R

)
.

ωw2 = 1
3Iw

(
Tm2 − ∑

i=1,2,3
Fx,i2(µ(θ, C1, κi, αi), Fz,i2)R− ∑

i=1,2,3
Ff ,i2R

)

(24)

where η =
[
θ c1

]T is defined as the estimation parameter vector.

4.2.3. EFRLS Estimation Algorithm

For a nonlinear system, the estimation of the parameters to be identified in the system
can be linearized. The data of the online estimation algorithm is constantly updated and
increased with sampling time. In order to avoid increased computation and consider the
estimation requirement of time-varying parameters, a recursive algorithm is usually used
for online parameter estimation. In this study, the extended forgetting factor recursive
least-squares (EFRLS) with a forgetting factor [29] is used to estimate the road adhesion
coefficient online. The EFRLS algorithm is simple in calculation, fast in convergence,
and stable in the convergence process. It can better meet the different requirements of
parameter calculation accuracy and calculation speed. The algorithm has good filtering
ability for non-periodic components and various high-frequency components. In addition,
the introduction of the forgetting factor can make the algorithm gradually discard the long
ago data and improve the convergence speed of the estimation algorithm.
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For a nonlinear system {
η(k + 1) = η(k)
y(k) = h(η(k), x(k))

(25)

where η denotes the model parameter for estimation. For the model parameters to be
estimated, it can be considered that the rate of change with time is very small, so it can be
considered as

.
η = 0. After linearization of Equation (25), we can get:{

η(k + 1) = η(k)
y(k) = C(k)η(k)

(26)

where

C(k) =
∂h(η)

∂η

∣∣∣∣
η=η̂(k)

(27)

For more complex models in practice, the Jacobi matrix using analytical expressions
will be very complicated. Therefore, the central difference method can be adapted to
approximate the Jacobi matrix in practical applications, which can be expressed as:

Cij ≈
h
(
η + ∆ηjej)− h

(
η − ∆ηjej)

2∆ηj

∣∣∣∣∣
η=η̂

(28)

where
ej =

[
0...1(j)...0

]T
(29)

The general form of the EFRLS algorithm can be expressed as:
θ(k + 1) = Φ(k)θ(k) + Φ(k)K(k + 1)[y(k + 1)− C(k + 1)Φ(k)θ(k)]

K(k + 1) = P(k)ΦT(k)CT(k + 1)
[
λI + C(k + 1)Φ(k)P(k)ΦT(k)CT(k + 1)

]−1

P(k + 1) = 1
λ Φ(k)[I−K(k + 1)C(k + 1)Φ(k)]P(k)ΦT(k)

(30)

where Φ denotes the linearization matrix corresponding to the process equation. In this
study, due to the assumption that the change trend of the parameters to be estimated is
very slow, Φ is the unit matrix; λ denotes the forgetting factor, the real quantity of λ is less
than 1.

For the parameters related to the road adhesion coefficient to be estimated in this
study, Equation (30) will be used for estimation, and Equations (18) and (19) will be used
to calculate the maximum road adhesion coefficient and the corresponding longitudinal
slip ratio.

5. Experimental Results and Analysis

In this section, an experiment test is set up to verify the proposed estimation algorithm
in this paper. The experiment platform is designed by our library, and the sensors set up
on the vehicle are introduced. The experiment platform is a six-wheel drive skid-steered
wheeled UGV with articulated suspension. The platform is shown in Figure 10.

5.1. Experimental Platform Introduction

The platform mainly includes the articulated suspension system and wheel drive
system. The articulated suspension system includes six sets of longitudinal rocker arms
that can rotate 360 degrees controlled by the adjustment mechanism using planetary
deceleration combined with an electromagnetic brake. The drive system of the platform
includes two sets of drive motors and corresponding transmission devices. Two driving
motors are installed on the two sides of the vehicle body to drive the three wheels on the
same side by transmission. The torque is given by the motor controller and the speed is
given by the encoder. The motion speed of the wheel on the same side is the same because
of the mechanical structure of the drive system. This scheme can greatly improve the power
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and suspension performance of the vehicle while reducing the weight of the vehicle and
greatly improving the off-road performance. The essential parameters of the platform are
shown in Table 1.

Machines 2022, 10, x FOR PEER REVIEW 16 of 25 
 

 

 

Figure 10. Experimental platform. 

5.1. Experimental Platform Introduction 

The platform mainly includes the articulated suspension system and wheel drive 

system. The articulated suspension system includes six sets of longitudinal rocker arms 

that can rotate 360 degrees controlled by the adjustment mechanism using planetary 

deceleration combined with an electromagnetic brake. The drive system of the platform 

includes two sets of drive motors and corresponding transmission devices. Two driving 

motors are installed on the two sides of the vehicle body to drive the three wheels on the 

same side by transmission. The torque is given by the motor controller and the speed is 

given by the encoder. The motion speed of the wheel on the same side is the same because 

of the mechanical structure of the drive system. This scheme can greatly improve the 

power and suspension performance of the vehicle while reducing the weight of the vehicle 

and greatly improving the off-road performance. The essential parameters of the platform 

are shown in Table 1. 

Table 1. Essential parameters of the platform. 

Parameters Symbols Value 

Vehicle mass m (kg) 3000 

Length of the vehicle L (m) 4.7 

Width of the vehicle B (m) 2.060 

Length of the arm l (m) 0.7 

Distance between 1st and 2nd axes a (m) 1.836 

Distance between 2nd and 3rd axes b (m) 1.036 

Distance between 2nd and CM x (m) 0.244 

Distance between each axes c (m) 1.400 

Height of CM h (m) 0.600 

Rotational inertia round z-axis Iz (kg·m2) 6390 

Transmission rate i 27.13 

Width of the tire Bw (m) 0.210 

Radius of the tire R (m) 0.375 

The sensors installed on the UGV include an integrated navigation system, a 

binocular camera, an 8-line LIDAR, and a 32-line LIDAR. The integrated navigation 

system includes the IMU, GNSS, and dual antennas corresponding to the GNSS. The IMU 

is located on the geometric center to provide the acceleration and rotation rate on the three 

axes. According to the assumption that the center of mass is located on the geometric 

center, the location of the IMU is to decrease the bias caused by the installation site. The 

dual antenna is located on the axle wire of the UGV. The RTK-GNSS can provide accurate 

longitude and lateral velocity, position, and direction information. The accuracy of the 

RTK-GNSS is shown in Table 2. 

Figure 10. Experimental platform.

Table 1. Essential parameters of the platform.

Parameters Symbols Value

Vehicle mass m (kg) 3000
Length of the vehicle L (m) 4.7
Width of the vehicle B (m) 2.060
Length of the arm l (m) 0.7

Distance between 1st and 2nd axes a (m) 1.836
Distance between 2nd and 3rd axes b (m) 1.036

Distance between 2nd and CM x (m) 0.244
Distance between each axes c (m) 1.400

Height of CM h (m) 0.600
Rotational inertia round z-axis Iz (kg·m2) 6390

Transmission rate i 27.13
Width of the tire Bw (m) 0.210
Radius of the tire R (m) 0.375

The sensors installed on the UGV include an integrated navigation system, a binocular
camera, an 8-line LIDAR, and a 32-line LIDAR. The integrated navigation system includes
the IMU, GNSS, and dual antennas corresponding to the GNSS. The IMU is located on the
geometric center to provide the acceleration and rotation rate on the three axes. According
to the assumption that the center of mass is located on the geometric center, the location of
the IMU is to decrease the bias caused by the installation site. The dual antenna is located
on the axle wire of the UGV. The RTK-GNSS can provide accurate longitude and lateral
velocity, position, and direction information. The accuracy of the RTK-GNSS is shown in
Table 2.

Table 2. Accuracy of the RTK-GNSS.

Parameters Value

Horizontal position accuracy 0.01 m
Vertical position accuracy 0.02 m

Speed accuracy 0.007 m/s

The binocular camera and the 8-line LIDAR are located on the front of the vehicle
body to gather the environmental information. The 32-line LIDAR is located on the top of
the vehicle body to detect the obstruction. In this study, the environmental information
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obtained from the camera and the LIDAR is not used. The sensors applied in the estimation
algorithm include the IMU, RTK-GNSS, and the encoder of the motor. The experimental
platform and the RTK-GNSS base station are shown in Figure 11. The diagram of the
measuring system is shown in Figure 12.
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5.2. Experimental Verification of the Tire Parameters Estimation Algorithm

In this section, the simulation condition is set in the co-simulation platform of TruckSim
and Simulink. The motion of the vehicle simulation model in TruckSim is shown in
Figure 13. From 10 s, the vehicle starts to accelerate uniformly straight to 10 m/s, after
which the speed remains stable. From 50 s, the vehicle begins to turn, and reaches the
steady-state steering at 83 s, with a yaw rate of about 0.05 rad/s.
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The longitudinal slip ratio and cornering angle of the tire under simulation driving
conditions are shown in Figure 14. Due to the instability of the dynamic model of the
simulation software itself, a large vibration is generated in the first few seconds. Therefore,
the verification of the estimation algorithm will begin after the vehicle is stable. The object
estimated in this paper is the relevant parameters of the Brush nonlinear tire model used in
Section 3.
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Figure 14. Longitudinal slip ratio and the slip angle under simulation conditions.

The tire parameter estimation results obtained by the offline estimation algorithm are
input into the Brush nonlinear tire model used in Section 3. On this basis, the 3-DOF dy-
namic model of the skid-steered wheeled UGV established in chapter 3 is used to calculate
the dynamic model output of the tire model obtained by the estimation algorithm under
the current working condition. Then, the output is compared with the relevant motion state
of the TruckSim model output to verify the accuracy of the estimation algorithm applied
in this paper. The comparison of the lateral and longitudinal acceleration output by the
nonlinear dynamic model of the longitudinal stiffness and cornering stiffness of the tire
obtained by the estimation algorithm and the longitudinal and lateral acceleration output
by TruckSim are shown in Figures 15 and 16 respectively, respectively.
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Figure 15. Comparison of the longitudinal acceleration output by the dynamics model using estima-
tion results and TruckSim model.
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Figure 16. Comparison of the lateral acceleration output by the dynamics model using estimation
results and TruckSim model.

Since the relevant parameters of the tire can be obtained directly in TruckSim, the
comparison between the lateral and longitudinal stiffness of the tire obtained by the
estimation algorithm under TruckSim simulation conditions and the actual tire model
parameters in the TruckSim model is shown in Table 3. It can be seen that the tire parameter
estimation algorithm used in this paper can accurately estimate the longitudinal and
cornering stiffness of the tire.

Table 3. Tire parameter estimation results and error analysis.

True Value Estimation Results Absolute Error Relative Error

Longitudinal
stiffness (N) 33,507 33,141 366 0.69%

Cornering
Stiffness (N/rad) 41,020 39,572 1448 3.37%

Then, the real vehicle test data are used to verify the tire parameter estimation al-
gorithm. Based on the real vehicle test data, the lateral and longitudinal vehicle speeds
measured by RTK-GPS are applied to calculate the longitudinal slip rate and sideslip angle
of the tire. The vehicle tire parameters estimated by the algorithm proposed in this paper
are applied to calculate the tire force. The nonlinear dynamic model is applied to calculate
the lateral and longitudinal acceleration of the vehicle. The final estimation results are: tire
longitudinal stiffness, 16,270 N; cornering stiffness, 13,211 N/rad. The comparison between
the output results of the vehicle dynamics model and the real vehicle motion state is shown
in Figures 17–20.

The comparison between the longitudinal acceleration results from the nonlinear
dynamic model using the longitudinal and cornering stiffness obtained by the estimation
algorithm and the real vehicle test under the same driving conditions is shown in Figure 17.
The absolute error of the longitudinal acceleration from the nonlinear dynamic model
using the longitudinal and cornering stiffness obtained by the estimation algorithm and
the real vehicle test under the same working condition is shown in Figure 18. The standard
deviation of the output of the dynamic model is σay = 0.0662 m/s2, and the cumulative
velocity of the longitudinal acceleration error in 20 s is vy_err = −0.1879 m/s.
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estimation results and the real vehicle test.

The comparison between the lateral acceleration results from the nonlinear dynamic
model using the longitudinal and cornering stiffness obtained by the estimation algorithm
and the real vehicle test under the same driving conditions is shown in Figure 19. The
absolute error of the lateral acceleration from the nonlinear dynamic model using the
longitudinal and cornering stiffness obtained by the estimation algorithm and the real
vehicle test under the same working condition is shown in Figure 20. The standard
deviation of the output of the dynamic model is σay = 0.2469 m/s2, and the cumulative
velocity of the longitudinal acceleration error in 20 s is vy_err = −1.2969 m/s. It can be seen
that the lateral and longitudinal acceleration of the vehicle obtained from the tire model
estimation results is in good agreement with the real vehicle test. It is also noted that the
accuracy of the model output value of the longitudinal acceleration is relatively higher than
that of the model output value of the lateral acceleration.

5.3. Experimental Verification of the Road Adhesion Coefficient Estimation Algorithm

According to the road adhesion coefficient estimation algorithm proposed in Section 4.2,
the straight-line driving conditions are selected to identify road parameters in this study.
Two kinds of roads are chosen to verify the road adhesion coefficient estimation algorithm.
The simulation platform is TruckSim and Simulink co-simulation.

The road adhesion coefficient estimation results are shown in Figure 21. Whether it
is a low-adhesion road or a high-adhesion road, the road adhesion coefficient estimation
algorithm for the skid-steered wheeled UGV proposed in this paper can estimate the current
road adhesion coefficient quickly and accurately.

The error analysis of the estimation algorithm under a low-adhesion road is shown
in Figure 22, including the absolute error and the relative error. For the low-adhesion
road, the real value of the road adhesion coefficient is set to 0.2. Since the initial value is
set to be close to the true value, the estimation result can quickly approach the real value
of the road adhesion coefficient, and the relative error of the estimation result is quickly
reduced to below 2%. It can be verified that the estimation result of the algorithm under a
low-adhesion road can meet the requirements both in convergence speed and error.

The error analysis of the estimation results under a high-adhesion road is shown in
Figure 23. For high-adhesion roads, the real value of the road adhesion coefficient is set
to 0.8. From the error analysis diagram, it can be seen that under the high-adhesion road,
the relative error of the road adhesion coefficient is reduced to less than 5% at about 2 s,
and then maintained within 5%. Although the convergence speed and estimation accuracy
slightly are worse than the low-adhesion road, they still have a high accuracy to meet
system requirements.
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6. Conclusions

In this paper, a complete system estimation method of vehicle tire parameters and
tire–road adhesion coefficient is established for a skid-steered wheeled vehicle considering
the dynamic characteristics, which provide parameter support for vehicle motion planning
and control systems.

Based on the dynamic characteristics of the skid-steered wheeled vehicle and consid-
ering the power steering characteristics, an offline tire parameter estimation algorithm of
the skid-steered wheeled vehicle based on the PSO algorithm is established, and the PSO
algorithm is improved by using the adaptive weight method to improve its convergence.

Based on the dynamic characteristics of the skid-steered wheeled vehicle and the
Brush nonlinear tire model, according to the Burckhardt road adhesion coefficient formula,
a road adhesion coefficient estimation algorithm based on the EFRLS algorithm is designed
to estimate the tire–road adhesion coefficient in real-time.

The effectiveness of the estimation algorithms proposed in this paper is verified by
TruckSim simulation test and real vehicle test.
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