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1. Introduction

In the study of various issues related to dynamic stability, with the properties of media with a
periodic structure, in the study of other applied problems, one has to deal with differential equations
with rapidly oscillating coefficients. Equations of this kind can describe some mechanical or electrical
systems that are under the influence of high-frequency external forces, automatic control systems
with a linear adjustable object, etc. As an example, we can cite the principle of operation of an
oscillator with a small mass and a nonlinear restoring force, in which a high-frequency periodic force
with a large amplitude acts. The presence of high-frequency terms creates serious problems for their
direct numerical solutions. Therefore, asymptotic methods are usually applied to such equations
first, the most famous of which are the Feshchenko-Shkil-Nikolenko splitting method [1-5] and the
Lomov’s regularization method [6-8]. It should also be noted that singularly perturbed equations are
the object of study by several Russian researchers, as well as other scientists (see, for example [9-22]).

In this paper, the Lomov’s regularization method is generalized to previously unexplored
integro-differential equations with rapidly oscillating coefficients and with rapidly decreasing kernels
of the form

8% —a(t)z —eg(t) cos @z - /t et S OB (1 5)2(s,e)ds = h(t), z(to,e) =20, t € [t, T] (1)
fo

where z = z(t,€), h(t), B'(t) > 0, a(t) > O,u(t) < 0,a(t) # u(t) (Vt € [ty, T]), g(t) are scalar
functions, z¥ is a constant, & > 0 is a small parameter. In the case f () = 27 (t), and of the absence of
an integral term, such a system was considered in [6-8].
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The limit operator a(t) has a spectrum Aq (f) = a(t), functions A, (t) = —ip’ (t) and
A3 (t) = +ip’ (t) are associated with the presence in Equation (1) of a rapidly oscillating cos ) ( ),
and the function A4 () = p(t) characterizes the rapid change in the kernel of the integral operator

We introduce the following notations:

A(t) = (A (), Ag (1)),

m = (my, ..., my) is multi-index with non-negative components mj, j =14,

|m| = 2;1 1m; is multi-index height m,

(1, A(£)) = Xy miAj ().

Assume that the followmg conditions are met:

(1) a(t), p(t), p(t) € C= ([to, T], R), g(t), h(t) € C* ([to, T], C),
K(t,s) e C*{tg) <s<t<T,C};

(2) the relations (m,A(t)) =0, (m,A(t)) = A;(t),j € {1,..,4} for all multi-indices m with
|m| > 2 or are not fulfilled for any t € [to, T], or are fulfilled identically on the whole segment
t e [t T].

In other words, resonant multi-indices are exhausted by the following sets

To={m: (m,A(t) =0, |m| >2,Vte [t,T]},
Ti={m: (mA(t) = Aj(t), |m| >2,vt € [to,T]}, j=1,

Under these conditions, we will develop an algorithm for constructing a regularized [6] asymptotic
solution of the problem (1).

2. Regularization of the Problem (1)

Denote by 0; = 0; (¢) independent of the t quantities 07 = e~ Blt) gy — ot iBl) | and rewrite
the Equation (1) in the form

it it
LZ(f,‘, ‘C’) - Sgi - ﬂ(t)z - 8# (E € ‘/tO B (e)deg’l + €+ € jto B (9)d90_2> P

(2)
— ffo et fst”(g)deK(t,s)z(s,s)ds =h(t), z(ty,e) =2° t€ [t T).
We introduce regularizing variables
1t i)
T]_g/to 0o =2, =73 3)

and instead of problem (2) we consider the problem

Lz(t 1) = eZ + 0, A()E — M (D)2 — e85 (R0 + Do) 2

- (4)
_ftg et fstM(")df’K(t,s) ( (:) ) = h(t), 2(t,T,€)|t=tyr=0 = 2°, t € [to, T]

[Ny

for the function Z = Z (¢, 7, €) , where it is indicated (according to (3)): 7 = (11, ..., Ta), ¥ = (P1,..., P1) .
It is clear that if Z = Z (¢, T, €) is the solution of the problem (4), then the functionz = Z ( ¢, ¢£ ), s) is an
exact solution of the problem (2), therefore, the problem (4) is an extension of the problem (2).

However, (4) cannot be considered completely regularized, since the integral term

has not been regularized in it. To regularize |, we introduce a class M, asymptotically invariant with
respect to the operator JZ (see [6]; p. 62).
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We first consider the space U of functions z (¢, T) , representable by sums

2(67,0) = 20 (£,0) + Xy 2 (5,0) €5 + Ty, 2" (4,0) e, (5)
zo (t,0),zi (t,0), 2" (t,0) € C* ([to, T], C), i=1,4, 2<|m| < N;

where the asterisk * above the sum sign indicates that in it the summation for |m| > 2 occurs only over
nonresonant multi-indices m = (my, ..., my) , i.e., over m & U?:o T;

Note that in (5) the degree N, of the polynomial z (¢, T,0) to exponentials ¢’/ depends on the
element z. The elements of the space U depend on bounded in ¢ > 0 constants o7 = 07 (¢) and
0» = 03 (&), which do not affect the development of the algorithm described below, therefore in the
notation of element (5) of this space U we omit the dependence on o = (07, 02) for brevity. We show
that the class Me = U|—y 4/, is asymptotically invariant with respect to the operator .

The image of the operator | on the element (5) of the space U has the form:

Jz (t,7) :/ et Js 24(0) WK (t,5)z0 (s) ds + Z/ et Js MO39 (t,5)z; (s)e% hy L
to

+ i /t e% fst )L4(9)d91< (t’ S) Zm (S) 6% ft;) (m’/\(g))dg

zﬁ‘m‘SNz

t
= [ IO (15) 2 (s) s + &t 0 O [ K (1,5) 24 (5)ds+

to fo

4 S
+ Z : fto A4(6) de/t K (t,S) zZ; (S) 6% ffo(/\i(e)*)%(e))deds_._
i=1,i#4 0

* t ot s
+ Z e%f’ﬂ)“‘(e)dg/K(t,S)Zm(S)e%fto(mfe‘*’)‘(g))deds.

2<|m|<N; o

Integrating in parts, we have
Jo(he) = [ Kits)z (s)et Fo s = ¢ [ KL go by oo
t

to 0 )\4 (S)
_ 8I<(t,s) 2o (s)eg Ji Aa(6)d0 =t s/'f (E)K(t,s) 20 (s)) oF g Ma@)d0 5
Ag (s) 5=ty to \Os A4 (s)

_ [K(tt)zo (1) %ftfo)q(e)de_K(t,to)zo(to) B t iK(t,s)zo(s) %ftz/u(e)de
= [ e BN C e L o

Continuing this process further, we obtained the decomposition

Jo (t,€) = T g(—1)e"+! {(Ig (K(£5)20(5))) oy et Ho ™% — (13 (K (1,5) 29 <s>>>s_to} :

It v>1))|

Next, apply the same operation to the integrals:

hdte)—e““‘“””fi K (1,5) 2 (5) e Ja MO 1000

1)\d9t1<sz,s L[S (Ai(8)—A4(6))d0
T2 et o OO
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Ai(6)-Aq(0))d0 "

e’ —_————
Ai(s) — Aa (s) s=to
_S/t (a K (t,s)z;(s) ) Lf 9))deds] _
to \95 A; () — Ag ()
_ o | Kz(t) JEJi MO0 K(bto)zilte) L Sy A6
B RCENON Ailko)— /\4(t0
f Ayl d9 (t,5)z;(s L@
ol (a@ A:05) )/\4((5)) o “as
d t
_ Z?ZO(_l)vstrl "(I:/ (K (t,s) z; (S)))s:t et fto Ai(0)do (I:/ (K (t,S) z; (S)))s:to e% ffo Ay (0)do )
1 1 d
70— o= % >1, i=1,3]
PoAi(s) = Aa(s) T T Ap(s) —Aga(s) st -

Denote bay e; = (0,0,0,1). Then

Jm (t,€) =

to

t m
7€eeft0/\4 de/ K(ts)z
m—ey, A(s))

fo(

et i I /\4(6)d€[ K (t,s)z"

_/t (6 K (t,s)z"(s)
to \0s (m —eq, A (s))

(K (t5)2" (5)))

:to

1 ot t
e? '[t(] /\4(9)d9 / K (t,

(8) E S (mmea\(0))do
(m —eq, A (s))

1
)es

(=1)"e (15, (K (t,5) 2"

ot Jio A4(9)d9]

s)z" (s) gt Jigmea MOy

(8) 4ot Jig(m—esr(®))de _

s=t
s=ty

Jiy (m—es @041 _

L fi (mA(6))d0 _

()€

1
(m—eq A(s))
2 <|m| < N;.

Iy

m

1 J v—1

9 >1
(m — ey, A(s)) 95 4 =

Here it is taken into account that (m — ey,

A(s)) # 0, since by the definition of the space U

multi-indices m ¢ I'y. The image of the operator | on the space U element (5) is represented as a series

]z(if,r)—esjtoA4 de/ (t,8)z4 ( ds—l—z

fo

(—1)vet! [ur (K (6,5)2 (5))),_ ¢

1/ gVl |: Iv (K (t,s) 20 (S)))s:t 6% jt; Ay (6)d0

1 f,’o A:(0)do

— (I} (K (t,5) 2 (5))) gy, ot Jio M(mﬂ N

* o]

Y Y=

2<|m|<N, v=0

v m 11t A4(0)d6
— (I (K(1,5) 2" (5))) _y € Jig 14(0) ],T_

V V+1 [ I4m (K (t,S) Zm (S)))s:te

E Ji (mA())de _

AONES
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It is easy to show (see, for example, [23], pp. 291-294) that this series converges asymptotically for
¢ — +0 (uniformly in t € [to, T]). This means that the class M, is asymptotically invariant (for ¢ — +0)
with respect to the operator J.

Let as introduce the operators R,: U — U, acting on each element z (f,7) € U of the form (5)

according to the law:
t
Roz (t,7) = eT4/ K (t,s)z4(s)ds, (60)

fo

Ryz (t,7) = [(zg (K ()20 (5))) _ e = (I (K (t,5) z0 <S>>)5_J *

s=t

+}3:[(1?<1<<t,s>zi<s>>) e — (I (K(t,9)2(5))) ]+ (61)

s=t s=ty

SN[ CRTIEELE))

2S‘m‘§Nz

Rysnz (1,7) = [(B5 (K (85) 20 (9)))o— e = (0 (K (£,5) 20 (5))),y, | +

elm ) — (1, (K (t,5)2" (S))>s:to eﬂ ,

s=t

3

+ Y (1) [0 (K (45) 24 (5)) oy € = (I (K (£,5) 2 (5)))yy 7] + (6041)

i=1

> (1 (K (£,5)2" (), e = (14, (K (1,5) 2" (5))) _, €% ] v > 1.

2§‘m|§Nz

Let now Z (t, 7, €) be an arbitrary continuous function in (£, 7) € [to, T] X {7 : Ret; <0,j = 1,4}
with the asymptotic expansion

(t,T,¢) Zezktr,zk(t,r)eu, (7)

converging as ¢ — +0 (uniformly in (t,7) € [to, T] x {7:Ret; <0,j =1,4}). Then the image
JZ (¢, 7, €) of this function is expanded in the asymptotic series
[ee] ] 14
JZ(tT,e) =) Tz (¢, T) Z ZRT s2s (£, T) lr—p(t) e

k=0

This equality is the basis for introducing the extension of the operator | on the series type (7):

||\

JZ (t,7,¢) :f(iekzk(t T> i i Ry—szs (
k=0 r=0 s=0

Although the operator J is formally defined, its usefulness is obvious, since in practice they
usually construct the N-th approximation of the asymptotic solution of problem (2), in which only the
N-th partial sums of the series (7) will take part, which do not have a formal but true meaning. Now we
can write down a problem that is completely regularized with respect to the original problem (2):

Lz (t,T,¢) = Sat +Z;1 1A (1) a—z Al(t)Z—gg(Tt) (e20y +eBon) 2 — ]2 = h(t),
(t T, )|t—t0,1’:0 = ZO, te [fo, T].
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3. Iterative Problems and Their Solvability in the Space U

Substituting series (7) into (8) and equating the coefficients for the same powers ¢, we obtain the
following iterative problems:

4
0z
Lz (t,7) = Z /\ (1) aTO A (t)zg — Rozo = h (1), zo (£,0) = ZO; (%)
=1 j
d t
Lz (t, T) = —% + g(z) ( 201 + €T30'2) z0 + R1z9, z1 (to, 0) =0; (91)
d t
Lz (b0 = aztl + 8(2) (e201 +e®0p) 21 + Riz1 + Rozo, 20 (t0,0) = 0; (92)
0z)_ t
Lz (t7) = _% + % (€201 +e®0p) zg 1 + Rezo + .. + Rizg1, 2k (t0,0) =0,k > 1. (%)

Each of the iterative problems can be written as
(1) = ZA M(H)z = Roz = H (t,7), z(t,0) = 2, (10)

where H (t,7) = Hy (t) + LF, H; (t) €% + Yo<m<ny H" (1) e("7) is the known function of the space
U, z* is the known number of complex the space C, and the operator Ry has the form (see (6¢))

4 * t
Roz=Ro [ zo(t)+ Y zi(Hei+ Y 2Z"() etn) | & o / K (t,s)z4(s)ds.
i=1 2<|m|<N; 0

We introduce the scalar product (for each t € [ty, T]) in the space U :

<z,w>=<zo(t) + Zzl (t) e + Z 2" (t) e,
2<|m|<N;

i=1 2<|m|<min(Nz,Ny)

where (*, %) we denote the ordinary scalar product in the complex space C: (u,v) = u - . We prove
the following statement.

Theorem 1. Suppose that conditions (1) and (2) are satisfied and the right-hand side H (t,T) = Hp (t) +
+YE H(H) et + ZzilmISNﬂ H™ (t)e"™7) of the Equation (10) belongs to the space U. Then for the
solvability of the Equation (10) in U it is necessary and sufficient that the identities

<H(t1),e" >=0, Vte o, T] (11)

hold true.
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Proof. We will determine the solution of the Equation (10) in the form of an element (5) of the space U:
4 *
z(bT) =z()+ Yz (e + Y 2" (t)elmT), (12)
i=1 2<|m|<Ny

Substituting (12) into the Equation (10), we have

*

Ai() =AM (D]zi () e+ Y [(mA() = Ag (£)] 2" (t) e™ D) —

-

—A1(t)zo (t) +

i=1 2<|m|<Ng
t 4 *
—eT4/ K(ts)zy(s)ds = Ho (F) + Y H; (e + Y H"(£)e™"),
to i=1 2<|m|<Ny

Equating here separately the free terms and coefficients at the same exponents, we obtained the
following equations:

—/\1 (i’) Z( (t) = H(] (i’) , (130)

Ai(t) = A1 (t)]zi(t) = H; (), i=1,3; (13;)

s ) = M1 ()24 () — [ K (1,5) 2 (5)ds = Ha (1) (13,)
[(m, A (1)) — Ay ()] 2" () = H" (+), m & T, 2 < |m| < Ni. (13m)

Since the function A (t) # 0Vt € [ty T]|, the Equation (13p) has a unique solution
zo(t) = —A7 ' (t) Ho(t). Since Ay (t) — Aq (t) # 0 Vt € [to, T], then the Equation (13,) can be written as

zuo:/Guuwwum*K@@ﬁuﬂw—muwwum*mu» (14)

fo

Due to the smoothness of the kernel ([/\4 () — M (t)]flK(t,s)> and heterogeneity

—[As(t) = A1 ()] ' Hy(t), this Volterra integral equation has a unique solution
z4 (t) € C* ([to, T], C). The Equations (13;) and (133) also have unique solutions

2 (1) = [A; () — A1 ()] Hi (F) € € ([to, T], C), i =2,3,

since A; (t) # A1 (t),i = 2,3. The Equation (13;) is solvable in the space C* ([tp, T], C) if and only
if identities (Hj (t), e™) = 0Vt € [tp, T] hold. It is easy to see that this identity coincides with
identity (11).

Further, since (m,A (t)) # A1 (t), 2 < |m| < Ny (Vm ¢ Ty), then the Equation (13,,) has a
unique solution

2" () = [(m,A(t)I— A (t‘)]f1 H™(t) € C*([tp, T], C), 2 < |m| < Ng.

Thus, condition (11) is necessary and sufficient for the solvability of the Equation (10) in the space
U. The Theorem 1 is proved. O

Remark 1. If identity (11) holds, then under conditions (1) and (2), the Equation (10) has the following solution
in the space U :

z(tT) =20 (F) + g 2 (£) €5 + Yo<imj<ng 2" (£) e = 20 (£) + o () €T+

1
+ha1(t)e™ + hai (£)e™ +z4 (t) €™ + 15y <y, P (1) e(m), (15)
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where a1 (t) € C* ([to, T], C) are arbitrary function, zo (t) = —A7 ' (£)Ho(t), za (t) is the solution of the
integral Equation (14), and introduced notations

Hy (t)
Ay (t) = A1 ()’

Hj (t)

m — (m B P |
Az (t) = A1 (1)’ P (t) = [(m,A(t)) — A1 ()] H™ (t)

hoi(t)

h3i (t)

4. The Remainder Term Theorem

Along with problem (10), we consider the equation

5} t
Lw(t,71)= *a%+ gé) (201 +ePom)z+Riz+Q(t7T), (16)

where z = z (t, T) is the solution (15) of Equation (10), Q (¢, T) € U is the known function of the space U
(this form will have problems (9, 1) after calculating the solution of the problem (9;) in U). The right
side of this equation:

G(t,1)=—- 9z + 40} (201 +ePom)z+ Riz+Q (¢ 1) =

ot 2
d 4 *
AR MLACIAE D DA O e | 4
t i=1 2<|m|<Npy
+¥ (€201 +eB0r) | zo (t) + Zzl D Y- () e £ Riz+Q(t 1),
2<|m|<Npy

may not belong to the space U, if z = z (t,7) € U. Indeed, taking into account the form (15) of function
z=2z(t,7) € U, we consider in G (t, T) , for example, the terms

*

_ 8 (t) o) T3 & . T m (m7)| _
Z(t,T)= (e201 4+ eBay) |zo (1) + Y zi () i+ )Y, 2" (e =
i=1

2<|m|<Npy
g(t) T T 4 g T+ T+T
=277 (t) (e20y + ePop) + ZT’ (t) (e 20y 4 € B0y) +

180 (ugy g emoy) Y P (1),

2 2<|m|<Npg
Function  Z (¢, 1) ¢ U, since it contains resonant exponentials
et = (mT) |m:(01111/0),eT2+(m’T) (my +1=m3),eBT"0) (m3 41 = my), and, therefore,

the right-hand side G (t,T) = Z (¢, T) of the Equation (16) also does not belong to the U. Then, according
to the well-known theory (see [6], p. 234), we need to embed A: G (t,7) — G (t,T) the right-hand side
G (t, T) of the Equation (16) into the space U. This operation is defined as follows.

Let the function G (t,7) = Z\I\rin\zo w™ () e™7) contain resonant exponentials, i.e., G (t, T), it has
the form

4 . . N
G =mB+ Y u@e Y Y e @l F (e
= J=0 |mi |=2:mieT; | =2,m#m =0,

Then

4 N . N
Cun=wm@+ LmOe+ Y ¥ w(as  Y amgenn.

j=0 |mf|:2: mfel"/- |m|:2,m7émf,j:@
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Therefore, the embedding operation acts only on the resonant exponentials and replaces them
with a unit or exponents % of the first dimension according to the rule:

<e<m'T)|mer0)/\ = =1, (8(7’1’T)|meri)A =e7, j=14

Therefore, the right-hand sides of iterative problems (9) (if they solve sequentially) may not
belong to the space U. Then, according to [6] (p. 234), the right-hand sides of these problems must be
embedded in U according to the above rule. As a result, we obtained the following problems:

4
0z _
Lzo (t,T) = ) Aj (1) 379 — A(t)zg — Rozo = h (), 20 (to,0) = 2; (%)
j=1 ]
9 t A _
Lz (t7) = =57 + {8(2) (%01 + P a) zo} + Rizo,21 (f0,0) = 0; (%)
821 g(t) T T " oY
Lz, (tr T) = T + N (6 201+ e 30’2) z1| + Riz1 4+ Rpzp, 29 (to, 0) =0 (92)
A
Lzy (t,7) = —825;1 + [@ (e201 4 €Boy) zk,l} + Ryzg + ... + Ryzi_1, ©)

Zk (to,O) =0,k>1

(images of linear operators % and R, do not need to be embedded in the space U, since these operators
act from U to U). Such a replacement will not affect the construction of an asymptotic solution to
the original problem (1) (or its equivalent problem (2)), since the narrowing t = @ of the series of
problems (9;) will coincide with the series of problems (9;) (see [6], pp. 234-235).

It is easy to show that applying Theorem 1 to iterative problems (9 ), we can find their solutions
uniquely in the space U. As a result, we can construct series (7) with coefficients zy (¢, T) € U. As in [23]

(pp- 303-308), we proved the following statement.

Theorem 2. Suppose that conditions (1)—(2) are satisfied for the Equation (2). Then, when ¢ € (0, o] (o > 0
is sufficiently small) the Equation (2) has a unique solution z(t,e) € C!([to, T], C); at the same time there is
the estimate

||z(t,€) = zen ()| cpt,r < eneNT, VN =0,1,2,...,

where zen (t) is the narrowing (for T = @) N-th partial sum of the series (7) (with coefficients zj (t,T) € U
satisfying the iterative problems (9)), and the constant cy > 0 does not depend € on € € (0, £9].

5. Construction of the Solution of the First Iteration Problem in the Space U

Using Theorem 1, we will tried to find a solution to the first iterative problem (9y). Since the
right-hand side & (t) of the equation (%) satisfies condition (11), this equation has (according to (15)) a
solution in the space U in the form

20 (1) =2 (1) +al” (D) e, (17)

where ago) (t) € C®([to, T], C) are arbitrary function, z(()o) (t) = —%.

0

Subordinating (17) to the

initial condition zq (fp,0) = z°, we have

2 () +al” (t0) =2 & & (tg) =20+ AT (ko) B (ko) -
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(0)

To fully calculate the function a;~ (), we pass to the next iterative problem (9;). Substituting the
solution (17) of the equation (9), into it, we arrived at the following equation:

(0)
Loy (1) = o (3 () — b () () e S50 0 x (t) jr_

Ktz (), g)

A4 (to) y (Rt eto) (= () + ol (tye™) + (18)

(0) ©
K)oy () o K (t o) a; (to)/
Av(8) A1 (to)
(here we used the expression (61) for Ryz (t, T) and took into account that when z (t, T) = zo (¢, T) in
the sum (61 ) only terms with e and remain e™). Let us calculate

v [g(zt) (€20, + eBor) (ng> (1) +al” (1) BTI)}A B

= %8 () {Ull’ﬁ(o) (t)e™t™ + (Tzﬂcgo) (H) et 4 0’12(()0) (t)e= + 0'22(()0) (t) ETS} "

Let us analyze the exponents of the second dimension included here for their resonance:

et e = ot J}'O(—iﬂ’(9)+u(9))d9, ey e = ot .I}to(+iﬂ’(9)+u(9))d9’
0, 0,
a, a,
—ip+a=| —if, <O +if +a=| —ip, Q.
+if, +if,
1 1

Thus, exponents e? 1™ ang ¢ ™ are not resonant. Then, for solvability the Equation (18) it is
necessary and sufficient that the condition
d Kt el (¢
( (())(t))Jr (tt)ay” ()

Y A (t) =0

dt
is satisfied. Attaching the initial condition ago) (to) =20+ AL (t0) 1 (to), to this equation, we found

uniquely the function
0) (4) — K (s,s) }
o =« t ds;,
0 =l e { [ 555
and therefore, we uniquely calculate the solution (17) of the problem (9y) in the space U. In this case,
the leading term of the asymptotics of the solution to the problem (2) has the form

EK (s, 1
zeo (1) = 22 () + 2l (to)exp{ t /\fs(:)) ds} ot Jy M@0
0

where al”) (t9) = 20+ A1 (o) ki (to), 2\ (£) = —A{ L (ko) e (£) .

Example. Consider a model problem

d 2+t o)
ed—j:—z—ecos i z— / e t-s-z(s,e)ds +h(t), z(tg,e) = 2°, t € [ty, T](tg > 0), (19)

fo
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were a(t) = 1, u(t) = —2,B(t) = t2 +t,K(t,s) = t-s. The main term of the asymptotic solution of this
problem has the form

3_.3 _
a0 (1) = h(t) + [2° — hto) exp [ Joxp[- "0

! (20)

For ¢ — +0 the function z (t) tends to the solution of the degenerate equation —z + h(t) = 0
uniformly on any interval [ty +J,T](0 < § < T — ty) and at the point ¢t = ¢t takes on the value

zeo (to) = z°. It is seen from (20) that the leading term of the asymptotics of the solution to problem (19)
24t
€

€

does not depend on cos and spectral value u(t) = —2, but depends on the kernel K(t,s) =t -s.

Further calculations show that already the asymptotic solution z¢1 () = zg (¢) + €21 (t, @) of the first
order will depend on both y(t) = —2, and the frequency B'(t) = 2t + 1 of the rapidly oscillating cosine.

6. Conclusions

The function z, () shows that when passing from a differential equation of type (1) (K(t,s) = 0)
to an integro-differential one (K(t,s) # 0 ), the main term of the asymptotic is influenced by the
kernel K(t, s) of the integral operator. However, the main term of the asymptotics is not affected by
the spectral values of the integral operator y(t) and rapidly oscillating coefficients. Their effects are
detected when constructing the next approximation z,; (t).
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