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Abstract: A number of applications from mathematical programmings, such as minimization
problems, variational inequality problems and fixed point problems, can be written as equilibrium
problems. Most of the schemes being used to solve this problem involve iterative methods, and for that
reason, in this paper, we introduce a modified iterative method to solve equilibrium problems in real
Hilbert space. This method can be seen as a modification of the paper titled “A new two-step proximal
algorithm of solving the problem of equilibrium programming” by Lyashko et al. (Optimization and
its applications in control and data sciences, Springer book pp. 315-325, 2016). A weak convergence
result has been proven by considering the mild conditions on the cost bifunction. We have given the
application of our results to solve variational inequality problems. A detailed numerical study on
the Nash—Cournot electricity equilibrium model and other test problems is considered to verify the
convergence result and its performance.

Keywords: pseudomonotone bifunction; Lipschitz-type conditions; equilibrium problem; variational
inequalities

1. Introduction

An equilibrium problem (EP) is a generalized concept that unifies several mathematical problems,
such as the variational inequality problems, minimization problems, complementarity problems,
the fixed point problems, non-cooperative games of Nash equilibrium, the saddle point problems
and scalar and vector minimization problems (see e.g., [1-3]). The particular form of an equilibrium
problem was firstly established in 1992 by Muu and Oettli [4] and then further elaborated by Blum and
Oettli [1]. Next, we consider the concept of an equilibrium problem introduced by Blum and Oettli
in [1]. Let C be a non-empty, closed and convex subset H of a real Hilbert space and f : H x H — R is
bifunction with f(v,v) = 0, for each v € C. A equilibrium problem regarding f on the set C is defined
in the following way:

Find p € C such that f(p,v) > 0, forallv € C. (1)

Many methods have been already established over the past couple of years to figure out the
equilibrium problem in Hilbert spaces [5-15], the inertial methods [11,16-18] and others in [18-24].
In particular, Tran et al. introduced an iterative scheme in [8], in that a sequence {u, } was generated
in the following way:
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ug € C,
on = argmin{Af (in,y) + 3llun —y[* 1y € C}, @
1 — argmin{Af(0,,y) + s~y 1y € C),

where 0 < A < min {ﬁ, ﬁ} and ¢y, cp are Lipschitz constants. Lyashko et al. [25] in 2016 introduced
an improvement of the method (2) to solve equilibrium problem and sequence {u, } was generated in
the following way:

up,vg € C,
tpy1 = argmin{Af (vn, y) + 3[lun —y|*: y € C}, 6)
V1 = arg min{Af (vn,y) + 3llun1 —ylI* 1y € C},

where 0 < A < 2clec1 and ¢y, ¢z are Lipschitz constants.

In this paper, we consider the extragradient method in (3) and to provide its improvement by
using the inertial scheme [26] and continue to improve the step size rule for its second step. The step
size is not fixed in our case, but it is dependent on a particular formula by using prior information of
the bifunction values. A weak convergence theorem dealing with the suggested technique is presented
by having the specific bi-functional condition. We have also considered how our results are presented
to the problems of a variational inequality. A few other formulations of the problem of variational
inequalities are discussed, and many computational examples in finite and infinite dimensions spaces
are also presented to demonstrate the applicability of our proposed results.

In this study, we study the equilibrium problem through the following assumptions:

(f1) A bifunction f : H x H — R is said to be (see [1,27]) pseudomonotone on C if
f(v1,02) > 0= f(vp,v1) <0, forall v1,v; € C.

(f2) A bifunction f : H x H — R is said to be Lipschitz-type continuous [28] on C if there exist
¢1,¢2 > 0 such that

f(v1,v3) < f(v1,02) + f(v2,03) + c1]|v1 — Usz + co|[vn — 03||2, for all vq,v,,v3 € C.

(f3) limsup f(vy,z) < f(v*,z) foreachz € C and {v,,} C C satisfying v,, — v%;

n——+00
(fs) f(u,-)is convex and subdifferentiable on H for each u € H.

The rest of this paper will be organized as follows: In Section 2, we give a few definitions
and important lemmas to be used in this paper. Section 3 includes the main algorithm involving
pseudomonotone bifunction and provides a weak convergence theorem. Section 4 describes some
applications in the variational inequality problems. Section 5 sets out the numerical studies to
demonstrate the algorithmic efficiency.

2. Preliminaries

In this section, some important lemmas and basic definitions are provided. Moreover, EP( f,C)
denotes the solution set of an equilibrium problem on the set C and p is any arbitrary element
of EP(f,C).

A metric projection Pc(u) of u onto a closed, convex subset C of H is defined by

Pe(u) = argmin{[lo — u]]}.

veC

Lemma 1. [29] Let Pc : H — C be a metric projection from H onto C. Then
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(i) Forallue C,ve Hand
lu = Pc(0)|1? +|[Pc(o) = o|* < [lu—o|*

(i) w = Pc(u) if and only if
(u—w,v—w) <0, forall v e C.

Lemma 2. [29] Forall u,v € Hwith 71 € R. Then, the following relationship is holds.
P+ (1 =Tl = Tul® + (1 = Dlfel? -1 = T|u— 2|
Assume that g : C — R be a convex function and subdifferential of g at u € C is defined by
og(u) ={w e C:g(v) —g(u) > (w,v—u), forall v € C}.

Given that f(u,.) is convex and subdifferentiable on H for each fixed u € H and subdifferential of
f(u,.) at x € H defined by

dof (u,.)(x) =0af (u,x) ={ze€H: f(u,v) — f(u,x) > (z,v—1x), forallv € H}.
A normal cone of C at u € C is defined by
Ne(u)={weH: (w,o—u) <0, forall v € C}.

Lemma 3. [30] Assume that C is a nonempty, closed and convex subset of a real Hilbert space Hand h : C — R
be a convex, lower semi-continuous and subdifferentiable function on C. Then, u € C is a minimizer of a function
hifand only if 0 € oh(u) + N¢(u) where oh(u) and N¢ (u) denotes the subdifferential of h at u and the normal
cone of C at u, respectively.

Lemma 4. [31] Let a,, by and c, are non-negative real sequences such that
+0c0
A1 < n 4 by(ay — ay_1) +cp, foralln > 1, with Y c, < +oo,
n=1

where b > 0 such that 0 < b, < b < 1 forall n € N. Then, the following relations are true.

(i) E;O[an —ay_1]+ < 400, with [s]4 := max{s,0};

(id) Ti?rlln%m ay, = a* € [0,40).

Lemma 5. [32] Let a sequence {a,} in Hand C C H and the following conditions have been met:

(i) foreacha € C,lim,— o ||an — al| exists;
(ii) each weak sequentially limit point of {a, } belongs to set C.

Then, {a, } weakly converges to an element in C.

3. Main Results

In this section, we present our main algorithm and provide a weak convergence theorem for our
proposed method. The detailed method is given below.

Remark 1. By Expression (5), we obtain

Ant1 [f(vn—l/”n+1) — f(vn_1,0n) — c1]|vn_1 — vn|* — c2l|vn — un+1llz} <uf(onups1). (4)
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Lemma 6. Let {uy, } be a sequence generated by Algorithm 1. Then, the following inequality holds.

pAnf (0n,y) = pAnf (On, ttng1) 2 (On = Uns1,Y — Unga), forall y € C.

Algorithm 1 Modified Popov’s subgradient extragradient-like iterative scheme.

Step 1: Choose u_1,v_1,up, vy € Hand a sequence g, is non-decreasing such that 0 < p, < p < %,

: 1-3p 1
Ao >0and 0 < ¢ < min { (1_p)2+4cf(p+pz>, T H (T70) } and p € (0,0).

Step 2: Evaluate
. 1
g1 = argmin{pA,f(on,y) + 3 llon —yl* 1y € C},

where p,, = 1ty + ©n(Un — Uy—1).
Step 3: Updated the step size in the following order:

: #f(On, 1) }
min § O,
{ ’ f(vn—llun+l)7f(vn71/z}n()7clan)flfvn‘|27C2Hu11+17vn‘|2+1 ’
App1 = if B/ Onni1 >0 ®)
f@n 1 ttn1)—f @n1,0n)—C1[vn—1—0n ]2 —callity 102 +1 ’
Ao else.

Step 4: Evaluate
i 1 2
Vi1 = argmin{ Ay 1f(0n ) + S llonr1 —ylI” 1y € C},

where p, 11 = Uyy1 + ©Ent1(Ups1 — Un). f Uty = vy = py OF Pyy1 = Vy41 = vy then Stop.
Else, take n := n + 1 and go back to Step 2.

Proof. By the use of Lemma 3, we get

0 € aa{jhnf (on,) + 3 lom = Y1 (1) + Ne (s 1)-

From above thereisa w € 92 f(vy, tt,11) and @ € Ne¢(uy,41) such that
UAW Uy — pn + w0 = 0.
Therefore, we obtain
(on = Uns1,Y — Uny1) = pAn(@W,y — tpya) + (@, Y — Un4a), forall y € C.

Due to @ € N¢(uy,41) then (@w,y — u,41) <0, for each y € C. It implies that

AR (W, Y — Uy 1) > (On — Upt1, Y — Uyy1), forall y € C. (6)
Given that w € 92 f (vy, tt;11), we have

f(on,y) — f(on, ups1) > (W, y — uyyq), forall y € H. (7)

By combining Expressions (6) and (7), we obtain

HAf (On, Y) — pAnf (On, Uny1) = (on — Unt1,Y — Uny1), forally € C.
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Lemma 7. Let {v,} be a sequence generated by Algorithm 1. Then, the following inequality holds.
A1 f (O, y) — Aus1 f(0n, 00s1) = (Ppa1 — Opat1, Y — Ona1), forall y € C.

Proof. The proof is same as the proof of Lemma 6. [J

Lemma 8. Ifu, 1 = v, = pp and pp11 = Vy41 = Uy in Algorithm 1, then v, € EP(f,C).

Proof. The proof of this can easily be seen from Lemmas 6 and 7. [

50f21

Lemma 9. Let f : Hx H — R be a bifunction and satisfies the conditions (f1)—(fa). Then, for each

p € EP(f,C) # @, we have

ltns1 = plI?
< lon = plI* = (1 = Ansn) w1 = pnl® + 41 Ans1Aullon = vua [
= At (1= 4erAn)llon = onl® = A1 (1= 26200) [t 41 — ou |

Proof. By Lemma 6, we obtain
#ARf (On, p) = HAnf (On, tng1) 2 (on = tng1, P — nga).
Thus, p € EP(f,C) and the condition (f1) implies that f(v,, p) < 0. From (8), we have

<Pn — Upt1,Un4+1 — P) > ,u)\nf(vnr un—&-l)‘

From Expression (4), we obtain

1f(On, ttng1) > Auga (f(vnflrunJrl) — f(on—1,0n) —c1l|vp_1 — UnHZ — callon — un+1H2)-

Combining expression (9) and (10), implies that

(o =t w1 = P 2 Awsr [And F(0n-1, 1) = F(00-1,00)}
— cthul[on = onl2 = c2Aullua 1 — vl ]
By Lemma 7, we have
An{ f(On—1,tns1) = f(On—1,0n)} = (On — Vn, Ups+1 — On).

Thus, combining (11) and (12) we get

(on = Uny1,Up1 — P) 2 Apga |:<Pn — Up, Upy1 — Un)
— c1hnllon-1 = oall? = c2hullitns1 — val?].
We have the following mathematical expressions:
2(pn = 1,151 = P = llow =PI = b1 — pull? = a1 — plI2

2(0n — On, Ups1 — Vn) = |lon — WHZ + [[tng1 — UnHz — lon — ”n—s-lHZ-

®)

)

(10)

(11)

(12)

(13)
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From the above equation and (13), we have

1 = plI?
< llon = pl* = (1 = Apgn) llns1 = pall® = Ana (1 = 2e220) 2041 — vn|?
— Ans1llon — UnHz + Ant1(2c1An) |on-1 — Un||2

We also have

2
o1 = oal® < (11— pnll + lon = vull)” < 2l[on-1 = pull® + 2llon — oal*

Finally, we get
[t s1 — plI?
< llon = pI? = (1= Aps) i1 — oull? + dc1AnAnst 0w — vpa|?
= Au1 (1= 4e12n) [lon = onll* = st (1= 2c2A0) 01 — va*
O

Theorem 1. Assume that f : H x H — R satisfies the conditions (f1)-(fs). Then, for some p € EP(f,C) # @,
the sequence {pn}, {un} and {v,} generated by Algorithm 1, weakly converge to p € EP(f,C).

Proof. By Lemma 9, we obtain

[ttas1 — plI?
< lon — PHZ — (1 = Apgr) g1 — Pn||2 +4c1AnAnq1llon — Un71|‘2
— Anp1 (1= 4c1An) 0w = oal* = Apyr (1= 20240 [l 1 — 0a [, (14)

By definition of p,, in the Algorithm 1, we have

lon = vn1ll* = [un + on(un — 1) = 021>
= (1 + gn) (un — 1) — Pn(tp—1 —vn-1)
= (1+ on)l[un = vaal* = @ullitn—1 = vaal* + ou (1 + o) l1n — 1|
< (L4 @) lun = v + 01+ 9)lun — 10| (15)

I?
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Adding the term 4c10A, 1 (1 + @)||tns1 — v ||* on both sides in (14) with (15) for n > 1, we have

i1 — plI* +4e10 A1 (14 ) uns1 — ou]?
< lon = plI* = (1 = ) luns1 — pull* +4c10A 011 (1 + 9) 1 — on]?

+ 4010, [(14 ©) [un — vpa | + ©(1+ ) [1n — 1un—1]1?]

— A1 (1 —4¢10) 0w = 0nl* = Ay (1 = 2020) [y 11 — 0 (16)
< low = pI* = (1= 0) uns1 = pull* +der10A (1 + 9) |ty — 0,1 |2

+4c10(p + 9°) llun — -1 |I> = A1 (1 — 4c10) [lon — va)?

— Anp1(1—2c20 — 4c10(1+ 9)) |41 — 0al? (17)
< lon = plI* = (1= 0)|Jups1 — paull* + 4c10An (1 + ) un — vp1 |12

+4c10(p + 0°) ||tn — un—1]?

A
- ”Tﬂ(l — 2000 — 4c10(1 4 9)) [2[|tn1 — Ou||* + 2[00 — vn|?] (18)
< llon = plI* = (1 = o) uns1 — pall* + 4c10An (1 + ) lun — vy_1]?
+4c10(p + %) ||t — 1n-1|]?

/\n—i-l

(1= 2020 — 410 (1 + ) [[utnr1 — pul*. (19)

Giventhat0 < A, <o < , then the last inequality turns into

1
2cp+4cq (1+p)

[ty — pII* +4c10Ani1 (1 + ) g1 — val?
< lon = plI> = (1 = &) uns1 — pall* + 4c10An (1 + ) lun — vy_1]?
+4c10(p + %) ||un — w1 ||*. (20)

From the definition of p,,, we have

llon = pII* = llun + on(un — 1) — pll?
= (1 + 9n) (un — p) — on(Un—1—p)
= (14 gn)[lun — plI* = @alltn—1 — plI* + 0n (1 + @n) ll1n — tp—1]*. (21)

I?

From p, 11, we obtain

(1041 _PnHz = llunt1 — un — on(un — ”n71>H2
= [lupt1 — “nHZ + P%H”n - unlez — 20 (Un41 — Un, Un — Up—1) (22)
> N1 — tnl® + o5 ltn — wnal* = 20ul 101 — || 1n — 11|
> 1 = unll® + @ llen = wn 11> = @ullttnrn — unll* = onlltn — un 1 |?

= (1= on)lluns1 = unl® + (9 — on)llun — 1n—1 ] (23)
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Combining the Expressions (20), (21) and (23) we have

ttn1 = pI* +4c10A 1 (1+ @) 11 — va)?
< (1+ on)lltn = plI*> = @ullun—1 — plI* + on(1 + o) lltn — g1 |?

— (1= ) [(1 = pu)l[uns1 = tal® + (97 — 9n) lttn — 01|

+4c10An (14 ©)[|un — vp a1 [* + 410 (o + ©7)|[un — 1 |1 (24)
< (14 ) lun = plI* = @ulltn—1 — plI* + 4c10A0 (1 + @) [lun — v, 1|

+[0(1+0) = (1= 0) (0} = o) +4e10(9+ 03 | litn — 1 |

— (1=0)(1 = on)uns1 — unl? (25)
< (1 + pn)llun — plI* = @nllun—1 — plI* + 4c1oAn (1 + o) lun — vu_1|?
+ | tn — 1| = Gullttnr1 — unl?, (26)

where
= [p(1+9) = (1= 0) (9} — pu) +4cr10(p+ 62)];
qn = (1=0)(1— pn).
Assume that
In=%,+ Tn””n - ui’l—1||2/

where ¥, = ||un — p||? — pnlltn_1 — pl|* +4c10An (1 + @)||un — v,_1]>. Next, (26) implies that

Lyp1 =T

= [lttwr1 = plI* = purallun — plI? +4e10An1 (1+ ) w1 —oal® + g 01 — wa?
— Nluw = pI? + onlln = plI* = 4e10An (1 + @) 10w — vn—1 1> = rullttn — st ||

< lunsr = plI? = (L4 o)llun = pI? + oullun—1 = plI + 4e10Ans1 (1 + 0) |1 — 0n
+ a1 — 10l = 461020 (1 + 9)llttn — 01 |12 = rrllts — 1112

< —(qn = Tyl tng1 — ”n||2- (27)

Next, we have to compute

(@n = rar1) = (1= 0)(1 = pn) = p(1+ ) + (1 = 0) (95 — o) —de10(p + %)
> (1-0)(1—p)* = p(l+p) —4aro(p +p°)
=(1-9) —p(1+p) — (1 —p)* —daro(p + p°)
=1-3p—0((1-p)* +4a(p+ 7))
By the use of (27) and (28) for some J > 0 implies that
Top1 =T < —(@n — rug) lttns1 — ”nH2 < —6llups1 — ”nH2 <0 (29)
The relation (29) implies that {I'; } is non-increasing. From I';; ;1 we have
Tpi1 = [[tn1 — PH2 — o1 l[un — PH2 + T [tn1 — un||2 +4c10A 11 (1 + o) un1 — UnHz (30)

V

> —purillun — pl*.
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By definition I';,, we have

lun — plI* < T+ pullun—1 — pll?
< Ty + pllug— — pl?
e STy A+ 1) + 9 lug — pl)?
I'
1-9p

IN

IN

+ " ||luo — p|I*.
From Equations (30) and (31), we obtain

~Tpi1 < ourllun — pl?
< pllun —p|?

I 1 2
< p——+ " Hug — pl*.
1-p d

It follows (29) and (32) that

K
5 Y Nlunpr — un|* < Ty =T

n=1

I k1 2
<T [ — —
<hitpi—o+e [t — p|

Iy 2
< — +lug — pl~
o=l
By letting k — +oc0 in (33), we obtain

+00
ng:l ltps1 — tnl|* < 400 implies that nl_i)r_EOO ltpi1 — unl| = 0.

From Expressions (22) with (34), we obtain
|ltps1 —pnll =0 as n— 4oo.

From (32), we have

I
“Yun Spr o+ O" o = Pl + rsalltnen — .

From Expression (18) and using (21), we have

M1 (1= 260 = 410 (1 + ) [l 41 = 0l + llow — o ]

<Yy —Yus1 + 01+ 0)|[tn — upa[* +de10p(1 + 9) |un — una|*

9 of 21

(31)

(32)

(33)

(34)

(35)

(36)

(37)



Axioms 2020, 9, 127 10 of 21

Fix k € N and using above expression forn = 1,2, - - - , k. Summing them up, we obtain

k
A (1= 2020 = 10 (14 9)) 3 [llits1 = 0al? + llow — 0al?]

n=1

k k
<Yo— Y1 + 01+ 9) Y lun —un—1]* +4c10p(1+ ) Y llun — 1p_1]?
n=1 n=1

I
<Yot+pr—r o + 0 o = plI* + resa llern — ugl?
. 2 £ 2
+o(14+9) Y Nlun — w1 |* +4c10p(1 + p) Z |l —up—1l|% (38)

n=1 n=1

letting k — 400, and due to sum of the positive terms series, we obtain

+o00 +oo
Y Nt —vnll* < +o0 and Y [lon — vu? < +oo. (39)
n=1 n=1
Moreover, we obtain
nl—1>T [Uns1 —oull = 1_13_1 llon — vnll = 0. (40)

By using the triangular inequality, we get

n1_1>1}}oo [un —vull = ngr_{loo |un — onll = nng l0p—1 —val| = 0. (41)

It is follow from the relation (24), we obtain

i1 — pI
< (14 pu)llun = plI* = pallun—1 = plI> + (1 + @) |1y — g1 |?
+4c10(1+ p)||tn — vy ||* + der10(p + ©)[[un — 11|, (42)

with (34), (39) and Lemma 4 imply that the sequences ||u, — p||, ||o» — p|| and ||v, — p|| limits exist for
every p € EP(f,C). It means that {u,}, {p,} and {v,} are bounded sequences. Take z an arbitrary
sequential cluster point of the sequence {u, }. Now our aim to prove that z € EP(f,C). By Lemma 6
with Expressions (10) and (12), we write

A f (O, y) > PAn f (Ongs U 1) + (O — U1, Y — Uppt1)
> Mg Aoy f (Onp—1, tmg1) — Mg Aoy f (One—1, 0, ) — 1A Ang oy [0 —1 — Oy ||
— oAy 10me — i1 12+ (O — U1, Y — U1
> Ay (O = Ve g1 — Ony) — C1AmAng o |01 — One ||

- CZAnk)\nk_H ||Ul’lk - unk+1 ||2 + <Pnk - unk+l/y - unk+1> (43)

where y in C. Next, from (35), (40), (41) and due to boundedness of {u, } gives that the right hand side
reaches to zero. Due to y, A, > 0 and v,, — z, we have

0 < limsup f(vy,,y) < f(z,y), forall y € C. (44)

k—+o0

Thus, z € C implies that f(z,y) > 0, for all y € C. It proves that z € EP(f,C). By Lemma 5,
the sequence {u,} converges weakly to p € EP(f,C). U

If p;, = 0in Algorithm 1, we have a better version of Lyashko et al. [25] extragradient method in
terms of step size improvement.
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Corollary 1. Let f : H x H — R satisfy the conditions (f1)-(fs). For some p € EP(f,C) # @, the sequence
{un} and {v,} generated in the following way:

(i) Givenug,v_1,v90 € H,0 < ¢ < min {1, klecl}' u € (0,0)and Ag > 0.
(ii) Compute

U = argmin{pA,f (vn,y) + 5 ||un —ylI*},
yeC

Optq = argmin{A, 1 f (v, y) + 3lltns1 — yII*},
yeC

where

pf (On, tni1) }

At :min{a
" ’ fon—1,un11) — f(Op—1,0n) — ClHUnfl - UHHZ - CZ””HJrl - UVIHZ +1

Then, the sequences {uy } and {v,} converge weakly to p € EP(f,C).

4. Applications

Now, we consider the applications of Theorem 1 to solve the variational inequality problems
involving pseudomonotone and Lipschitz continuous operator. A variational inequality problem is
defined in the following way:

Find p* € C such that (F(p*),v—p*) >0, forall v € C.

We consider that F meets the following conditions.

(F1) Solution set VI(F,C) is non-empty and F is pseudomonotone on C, i.e.,
(F(u),v—u) >0 impliesthat (F(v),u—v) <0, forall u,v € C;
(F) Fis L-Lipschitz continuous on C if there exists a positive constants L > 0 such that
|F(u) — F(v)|| < L||lu—wv|, forall u,v € C.

(F3) limsup(F(upn),v —uy) < (F(p*),v—p*) forevery v € C and {u,} C C satisfying u,, — p*.

n——+o0o

Corollary 2. Assume that F : C — H meet the conditions (F;)~(F3). Let {pn}, {1tn } and {v,, } be the sequences
are generated in the following way:

(i) Choose u_1,v_1,up,vo € Hand a sequence p, is non-decreasing such that 0 < p, < p < %, Ag >0,

. 1-3p 1
0 < o < min { A=oP Lo 3L7250) } and y € (0,0).

(i) Compute

Up+1 = Pc(pon — uAnF(vy)), where pn = uy + @n(tty — Uy—1),
Upi1 = Po(pns1 — Ang1F(vn)), where py1 = thyqq + @pg1 (pg1 — tn),

while

U(Fvy, tly1 — Up) }

Ay+1 =min {(7
" " (Fop 1, i1 — 0n) — Slon1 — a2 = Httr1 — va]2+1

Then, the sequence {py }, {uy} and {v,} converge weakly to p.
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Corollary 3. Assume that F : C — H meets the conditions (Fy)-(F3). Let {uy} and {v,} be the sequences are
generated in the following way:

(i) Choosev_1,u9,v9 € H,0 < ¢ < min {1, 5+ } and Ay > 0.
(ii) Compute

{ Upt1 = PC(”n - ,u/\nP(Un))r

Upy1 = Po(ttpp1 — Aug1Fon)),

while

V(va Upt1 — Un>
E - _L _ 2_ L _ 211"
Vp—1,Un41 — Un) 2 lon—1 —onl| 2 ltn1 — onl* +

Ap+1 =min {(7, <

Then, the sequence {u, } and {vy,} converge weakly to p.

5. Computational Illustration

Numerical findings are discussed in this section to show the efficiency of our suggested method.
Moreover, for Lyashko et al.’s [25] method (L.EgA), our proposed algorithm (Algo. 1) and we use error
term Dy, = |[u, 11 — ty]|-

Example 1. Consider the Nash—Cournot equilibrium of electricity markets as in [7]. In this problem, there are
total three electricity producing firms: i (i = 1,2,3). The firm’s 1,2,3 have generating units named as I; = {1},
I, = {2,3} and I3 = {4,5,6}, respectively. Assume that u; denote the producing power of the unit for
i={1,2,3,4,5,6}. Suppose that the value p of electricity can be taken as p = 378.4 — 2 2]6:1 u;. The cost of
the manufacture j unit follows:

cj(uj) = max{gj(uj),c.j(“j)}/

-1 (6+1)

where coj(uj) = u + ,B]u] + 'y] and c](u]) = &ju]« + ﬁil% (uj) Pi- . The values are provided in o?j, Bj.
j

'(y)]', on, Bj and ';j in Table 1. Profit of the firm i is
u):=pY uj— Y cj(uj) = (3784 22u1> Youi— Y ci(uj),
jEL; jel; =1 jEl; jel;

where u = (uq,- -+ ,ug)T with reference toset u € C := {u € R : u}“‘h <uj < u;“ax}, with u;ni“ and u;nax
give in Table 2. Define the equilibrium bifunction f in the following way:

Mw

flu,v) =3 (¢i(u,u) = ¢i(u,0)),

I
—

i

where

¢i(u,v) == [378.4—2(214]-4- Zv]-)] Y v =Y ci(v)).

J&1i JEl; JEli jeli

This model of electricity markets can be viewed as an equilibrium problem
Find u* € C such that f(u*,v) >0, forall v € C.

Numerical conclusions have shown in Figures 1—4 and Table 3. For these numerical experiments we take
u_1=v_1=ug =0y = (48,48,30,27,18,24)T and A = 0.01, ¢ = 0.026, u = 0.024, p, = 0.20, Ao = 0.1.
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Table 1. Parameters for cost bi-function.

Unit j 0?]' ,g]' ’)c’)]' lX.] ,[;] ')7]

1 0.04 2 0 2 1 25

2 0.035 1.75 0 1.75 1 28.5714
3 0.125 1 0 1 1 8

4 0.0116 325 0 325 1 86.2069
5 0.05 3 0 3 1 20

6 0.05 3 0 3 1 20

Table 2. Values used for constraint set.

min , max

) Y j
1 0 80
2 0 80
3 0 50
4 0 55
5 0 30
6 0 40
10! T T : T T T
i ——L.EgA
\ == =Algo.1
102 . 3 = 5 ! ! ! ! !
0 20 40 60 80 100 120 140 0 1 2 3 4 5 6 7 8
Number of iterartions Elapsed time [sec]

Figure 1. Example 1 while tolerance is 0.01.

10t T T T T T 10t

——L.EgA ——L.Egh
== =Algo.1 == =Algo.1

=
1S3
>
=
o
>

D, = ||zpsr — |
o
<

H
<
%

=

L L L 1073 L L L L L L L2
0 500 1000 1500 2000 2500 3000 0 20 40 60 80 100 120 140 160 180 200

Number of iterartions Elapsed time [sec]

Figure 2. Example 1 while tolerance is 0.001.
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10* T 10t - .
——L.Egh ——L.Egh
10° 3 10° E
? 107 ? 10
% 102 ‘:T 102
Q Q
10 10
10740 20‘00 40‘00‘ 60‘00 80‘00 10600 12000 10VAO 160 280 3(;0 4(;0 560 660 750 800 900
Number of iterartions Elapsed time [sec]
Figure 3. Example 1 while tolerance is 0.0001.
10* T 10*
——L.EgA —L.EgA
= 10 = 10t
i
o 102 F
"
2] 10°
10
10750 0.‘5 1 1.‘5 2 25 7 0 500 1000 1500
Number of iterartions %104 Elapsed time [sec]
Figure 4. Example 1 while tolerance is 0.00001.
Table 3. Figures 1-4 numerical values.
L.EgA Algo.1
TOL Iter. time (s) Iter. time (s)
0.01 125 7.3692 61 3.4055
uf Egh = (47.3245,47.3245,47.3245,47.3245,47.3245,47.3245)
”z1go = (47.3245, 47.3245,47.3245,47.3245,47.3245, 47.3245)
0.001 2761 193.3939 2063 150.6757
uf. Egh = (47.3245, 47.3245,47.3245,47.3245,47.3245,47.3245)
uf{lgo 1= (47.3245, 47.3245,47.3245,47.3245,47.3245, 47.3245)
0.0001 11,526  818.7184 4687 324.3571
uf Egh — (47.3245, 47.3245,47.3245,47.3245,47.3245, 47.3245)
ujlgo 1= (47.3245,47.3245,47.3245,47.3245,47.3245,47.3245)
0.00001 20,946  1449.3959 7307 526.9766

uf Egh = (47.3245,47.3245,47.3245,47.3245,47.3245,47.3245)
Up1go.1 = (47.3245,47.3245,47.3245,47.3245,47.3245,47.3245)

Example 2. Assume that the following cost bifunction f defined by

f(u,0) = ((AAT + B+ C)u,v

—u),

on the convex set C = {u € R" : Du < d} while D is an 100 x n matrix and d is a non-negative vector.
In the above bifunction definition we take A is an n X n matrix, B is an n X n skew-symmetric matrix,
C is an n x n diagonal matrix having diagonal entries are non-negative. The matrices are generated as;
A =rand(n), K = rand(n), B = 0.5K — 0.5KT and C = diag(rand(n,1)). The bifunction f is monotone and
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having Lipschitz-type constants are c; = ¢ = ||AAT + B + C||. Numerical results are presented in the
Figures 5-8 and Table 4. For these numerical experiments we take u_1 =v_q = ug =vg = (1,1,-- -, 1)T and

-1 -1 ,_ 1 1 _
A= 105/ 0 = g = gag;s 9n = 5, Ao = 1/4cq.

10! ; : : . . T
§ 5
| |
B T
g E £
0 I
Q Q
103 L L L L ! 10 L L L L L L L L L
0 5 10 15 20 25 30 35 1 15 2 25 3 35 4 4.5 5 55 6
Number of iterartions Number of iterartions
Figure 5. Example 2 for average number of iterations while n = 5.
10t T T T T T 10t T T T T T T T T T
—«—L.Egh
10°F E
§ §
| |
o o
Q )
107 ¢ ]
10'3 L L I 10'4 L L L L L L I I I
0 10 20 30 40 50 60 1 15 2 25 3 35 4 4.5 5 55 6
Number of iterartions Number of iterartions
Figure 6. Example 2 for average number of iterations while n = 10.
10t T T T T T T T T 10t T T T T T
—«—L.Egh
10° E
i T
2 =
I 02 3 .
S S
103 E
10'4 1 1 1 1 1 L 1 1 1074 1 1 L L
0 10 20 30 40 50 60 70 80 920 1 3 4 5 6 7

Number of iterartions

Number of iterartions

Figure 7. Example 2 for average number of iterations while n = 20.
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10t - 10t - - - - - -
—w»—L.EgA —e—Algo.1
10° E!
100 L
= — 10tk
I I
£ 10t £ 102F
I I
Q _Q 103k
10-2 L
104 ¢
10° 105 . . .
0 5 10 15 20 25 30 1 2 3 4 5 6 7 8

Number of iterartions Number of iterartions

Figure 8. Example 2 for average number of iterations while n = 40.

Table 4. Numerical results for Figures 5-8.

L.EgA Algo.1
n T. Samples Avg Iter. Avg time(s) Avg Iter. Avg time(s)
5 10 35 0.8066 6 0.1438
10 10 51 1.1779 6 0.1302
20 10 84 1.7441 7 0.1801
40 10 30 0.6859 8 0.1999

Example 3. Assume that F : R? — R? is defined by
0.5uq1y — 2uy — 107
F =
() <4u1 —0.1u3 — 107
with C = {u € R? : (uy —2)% + (up —2)% < 1}. It is not hard to check that F is Lipschitz continuous

with L = 5 and pseudomonotone. The step size A = 107 for Lyashko et al. [25] and Ag = 0.1, ¢ = 0.129,
on = 0.20 and yu = 0.119. Computational results are shown in the Table 5 and in Figures 9—12.

102 :
—w—L.EgA

HJL’n+1 - .’mH

D, =

10-8 E

2 4 6 8 10 12 14 16 18 20
Number of iterartions

10-10
0

Figure 9. Example 3 while 1y = (1.5,1.7).
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102
—u—L.EgA
o —w—Algo.1
100 ¢
— 10%F 1
I
$ 104 kF ]
I
S 06k 1
108 F L ]
10-10 I 1 1 1
0 5 10 15 20 25
Number of iterartions
Figure 10. Example 3 while uy = (2, 3).
102
—u—L.EgA
o —w—Algo.1
10° F E
= 10%F E
)
I
; 10 F 1
I
TR E
108 E
10,10 L L L L
0 5 10 15 20 25
Number of iterartions
Figure 11. Example 3 while uy = (1,2).
10? .
—w—L.EgA
o —w—Algo.1
10
— 102 ]
I
; 10 3
Il
TR E
10 E
10710 I I I I I I I I I
0 2 4 6 8 0 12 14 16 18 20

Figure 12.

Number of iterartions

Example 3 while uy = (2.7,2.6).

17 of 21
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Table 5. Numerical results for Figures 9-12.

L.EgA Algo.1
ug Iter. time(s) Iter. time(s)
(1.5,1.7) 20 0.7506 8 0.5316
(2.0,3.0) 21 0.7879 8 0.6484
(1.0,2.0) 23 1.1450 14 0.9730
(2.7,26) 19 0.7254 7 0.5835

Example 4. Let F : R? — R? is defined by

Fu) = ((u% + (12— 1)2)(1 +u2)>

—u$ — uy(up — 1)?

and C = {u € R? : (ug — 2)? + (up — 2)% < 1}. Here, F is not monotone but pseudomonotone on C and
L-Lipschitz continuous through L = 5 (see, e.g., [33]). The stepsize A = 1072 for Lyashko et al. [25] and
Ap = 0.01, 0 = 0.129, p,, = 0.15 and u = 0.119. The computational experimental findings are written in
Table 6 and in Figures 13-15.

102

—+—L.EgA
10t —+—Algo.1||

Hl‘nﬂ - mn“

D, =

0 10 20 30 40 50 60 70
Number of iterartions

Figure 13. Example 4 while u = (10, 10).

10?

—w—1L.EgA

10t —w—Algo.1| ]

1 — ]|

D, =

| | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Number of iterartions

Figure 14. Example 4 while uy = (—10, —10).
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10? ‘
10t
10°
N
I 107
T
;f
I 107
10
10
10-5 I I I I I
0 10 20 30 40 50 60
Number of iterartions
Figure 15. Example 4 while ug = (10, 20).
Table 6. Figures 13-15 numerical values.
L.EgA Algo.1
[N Iter. time(s) Iter. time(s)
(10,10) 67 1.9151 31 1.0752
(=10,—-10) 92 2.5721 71 2.0469
(10,20) 60 1.7689 41 1.1864

6. Conclusions

We have established an extragradient-like method to solve pseudomonotone equilibrium
problems in real Hilbert space. The main advantage of the proposed method is that an iterative
sequence has been incorporated with a certain step size evaluation formula. The step size formula is
updated for each iteration based on the previous iterations. Numerical findings were presented to show
our algorithm’s numerical efficiency compared with other methods. Such numerical investigations
indicate that inertial effects often generally improve the effectiveness of the iterative sequence in
this context.
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