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Abstract


In this work comprehensive criteria for detecting the extrema in entropy production rate for heat transfer by conduction in a uniform body under a constant volume in the linear region of Extended Thermodynamics Framework are developed. These criteria are based on calculating the time derivative of entropy production rate with the aid of well-established engineering principles, such as the local heat transfer coefficients. By using these coefficients, the temperature gradient is replaced by the difference of this quantity. It is believed that the result of this work could be used to further elucidate irreversible processes.
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1. Introduction


Non equilibrium thermodynamics is a rapidly growing branch of chemical physics with many applications in science and engineering, from power engineering to environmental sciences, from chaos to complex systems, and from life sciences to nanosciences. The fundamentals of non-equilibrium thermodynamics are given in several text books [1,2,3,4,5] and reviews [6,7,8]. One of the most fundamental aspects presented in these works is the calculation of entropy production rate which is strongly related to irreversible processes such as heat transfer or diffusion.



In 1912, Ehrenfest introduced the fundamental question, in relation to the non-equilibrium stationary states, on the existence of a function that achieves its extreme value as does entropy for stationary states in equilibrium thermodynamics. Today, it is evident in the literature [1,2,3,4] that entropy production rate in non-equilibrium thermodynamics plays the same role as entropy does for stationary states in equilibrium thermodynamics. Therefore, it is crucial to establish criteria for detecting the extrema (minimum or maximum) of entropy production rate. This has been the subject of intensive research in recent years as is reviewed by many workers in the field.



More specifically, Onsager [9,10,11,12], by assuming linear phenomenological relations between fluxes (Ji) and forces (Xi) (Linearity Axiom: Xi = Σ RijJi) based on statistical mechanics arguments, proved that the Rij coefficients are symmetric (Onsager Reciprocal Relations, ORR). Moreover, Onsager introduced the least dissipation principle. This principle reduces to maximization of entropy production at fixed thermodynamic forces.



Alternatively, the Prigogine theorem [5,6] states, for systems in the linear regime (both the linear phenomenological relations and ORR hold true) that total internal entropy production reaches a minimum value at non equilibrium stationary states.



The Ziegler principle [13,14] states if the thermodynamic forces (Xi) are preset, then true thermodynamic fluxes (Ji) satisfying the entropy production rate equation (σ = Σ Ji Xi) give the maximum value of the entropy production rate (σ(J)).



Many authors [15,16,17,18,19,20,21,22] have developed different approaches, but criticism [23,24,25,26] has been made of each of them. Please note that criteria for detecting the minimum or maximum [27] or alternative approaches [28] are available as a possible answer to the Ehrenfest question.



On the other hand, Extended Thermodynamics is a powerful tool for investigating physicochemical processes outside the region of local equilibrium. The aim of this work is not only to establish simple criteria for entropy production rate extrema in the linear region of Extended Thermodynamics Framework, but also to introduce in the area the well-established engineering concept of heat transfer coefficients.




2. Theoretical Part and Results


Irreversible thermodynamics close to equilibrium is based on three independent axioms above and beyond those of equilibrium Thermodynamics [1,2,3,4,5,6]:



(1) The equilibrium thermodynamic relations apply to systems that are not in equilibrium, provided that the gradients are not too large (quasi-equilibrium axiom).



(2) All the fluxes (Ji) in the system may be written as linear relations involving all the thermodynamic forces, Xi (linearity axiom,     X  i  =   ∑  j = 1  K    R  i j     J   j      ; i = 1, 2, ..., K).



(3) In the absence of magnetic fields and assuming linearly independent fluxes or thermodynamic forces the matrix of coefficients in the flux–force relations are symmetrical. This axiom is known as the Onsager Reciprocal Relations (ORR): Rij = Rji.



The starting point of this work is the entropy (s) per unit mass balance in a local form [1,2,3,4,5,6]:


  ρ   d s   d t   + ∇ ⋅  (      J   q   −   ∑  i = 1  K     J   i    μ i     T   )  = σ ;   σ = XJ  



(1)




where ρ is the mass density, symbol σ stands for the entropy production rate per unit volume, T is the absolute temperature, Jq represents the heat flux, t is time, μi stands for the chemical potential of i-th substance, Ji is the i-th substance molar flux defined relative to the center of molar mass and K is the total number of substances participating in the diffusion.



In the Extended Thermodynamics framework, the axiom of local equilibrium is abandoned. The entropy production term per unit volume (σ) for heat transfer by conduction in a uniform body under constant volume in the extended thermodynamics area is written as [5,6,23]:


  σ =  (  −   ∇ T    T 2    − a   ∂   J   q     ∂ t    )    J   q    



(2)







The Cattaneo equation is directly derived from the above equation by further applying the linearity axiom [5,6,23]:


     J   q   =  L  q q    (  − a   ∂   J   q     ∂ t   −   ∇ T    T 2     )      ;   τ   ∂   J   q     ∂ t   = −  (    J   q   + k ∇ T  )      ; k =  L  q q   /  T 2    ; τ =  L  q q   a   ;  a =  τ /   L  q q     =  τ /  k  T 2      



(3)







All the symbols are explained in the nomenclature section. The relaxation time τ for heat transfer by conduction in a uniform body under constant volume is a positive constant [5,6,23]. A detailed review of the Cattaneo equation is given elsewhere [5,6,23].



In this work, the heat flux in the extended thermodynamics area is written in terms of the local heat transfer coefficient close to equilibrium (hloc) and the residual local heat transfer coefficient (hres) is written as:


    J   q   =  h  res     h    l o c     (  T −  T 0   )   



(4)







The residual local heat transfer coefficient may be parameterized as a positive quantity. The local heat transfer coefficient (hloc) close to equilibrium is a vector defined as:


  − k   ∂ T   ∂  x j    =  h  l o c , j   ( T −  T 0  )   ;   j   =   1 ,   2 ,   3  



(5)







If    h  res   = 1  , then τ = 0 and the Fourier law is directly obtained from the Cattenao equation. The reference temperature T0 is defined in such a way that     h    l o c     h  res    (  T −  T 0   )  > 0   for positively defined heat flux.



In this way the temperature gradient is replaced by the temperature difference. This is not a new idea; the origin of this idea could be found in many textbooks [1,29] as the definition of the local heat transfer coefficients close to equilibrium (hloc,j). These coefficients in the most general case involving an industrial process are functions not only of the process conditions, but also of the reference temperature T0. They are calculated in terms of dimensionless groups such as the Nusselt number by using experimental correlations of other dimensionless groups such as the Prandtl number [1,29]. The main advantage of using these coefficients is that one could use these coefficients at different scales based on the similarity principle [1] without resorting to analytical or numerical solutions to calculate the heat flux.



Moreover, by assuming that the solution to the Cattaneo equation could be written as   T −  T 0  = C  ( t )    ∏  j = 1  3    C  1 j    (   x j   )      and by replacing this solution to Equation (5), one could directly show that the local heat transfer coefficient close to equilibrium (hloc) is independent of time. Furthermore, by introducing the heat transfer coefficients into the Cattaneo equation and by further taking into account that the local heat transfer coefficient close to equilibrium is independent of time, it can be directly shown that the following equation holds true:


   τ   d  h  res    (  T −  T 0   )    d t   =  (  1 −  h  res    )   (  T −  T 0   )      or   τ   d  h  res   C  ( t )    d t   =  (  1 −  h  res    )  C  ( t )      or    d  h  res     d t   = −  h  res     d ln C  ( t )    d t   +  (  1 −  h  res    )  / τ   



(6)







The above equation shows that the residual local heat transfer coefficient (hres) is independent of position and it is function of time.



By neglecting viscous dissipation and by assuming an absence of external forces acting on the system, the time derivative of temperature is calculated as [1,2,3,4]:


     (    ∂ T   ∂ t    )   V  = −  1  ρ  c v    ∇ ⋅   J   q   = −  1  ρ  c v    ∇ ⋅   h    l o c     h  res    (  T −  T 0   )  = −    h  res     ρ  c v    ∇ ⋅   h    l o c     (  T −  T 0   )  =   k  h  res     ρ  c v     ∇ 2  T  



(7)




where cv represents the specific heat capacity per unit mass under a constant volume.



The above equation in terms of the solution   T −  T 0  = C ( t )   ∏  j = 1  3    C  1 j   (  x j  )     is written as:


      (    ∂ C  ( t )    ∏  j = 1  3    C  1 j    (   x j   )      ∂ t    )   V  = −    h  res   C  ( t )    ρ  c v    ∇ ⋅   h    l o c      ∏  j = 1  3    C  1 j   (  x j  )       or     (    ∂ C  ( t )    ∂ t    )   V  = − λ  h  res   C  ( t )      ;     d ln  (  C  ( t )   )    d t   = − λ  h  res     



(8)




where λ is a constant having the inverse of time as units. Since hres >0 the condition for a bounded solution to Equation (8) requires λ > 0. Based on the above result Equation (6) is re-written as:


    d  h  res     d t   = λ  h  res  2  +  (  1 −  h  res    )  / τ  



(9)







The above equation is a constitutive equation for the residual local heat transfer coefficient.



The entropy production Pin under constant volume by using the definitions of heat transfer coefficients and the Cattaneo equation is given as:


     P  in   =    ∫ V   σ d V =    ∫ V     J   q   ⋅  (  ∇  1 / T  − a   ∂   J   q    /  ∂ t    )  d V       =    ∫ V    (     h  loc  2   h  res  2     (  T −  T 0   )   2   /  k  T 2     )  d V =        =    ∫ V    (    k  h  res  2     (  ∇ T  )   2   /   T 2     )  d V       



(10)







According to the above equation the entropy production per unit volume Pin equals to zero for uniform temperature    (  ∇ T =  0   )   . This result for the linear region is in accordance with the literature (p. 41, ref [23]). However, the heat flux calculated by the Cattaneo equation can be non-zero in the case of uniform temperature    (  ∇ T =  0   )   . Therefore, in the most general case of the nonlinear region the entropy production per unit volume is not zero [30,31], even in the case of uniform temperature    (  ∇ T =  0   )   .



One can directly show that if the derivative with respect to time of entropy production Pin inside a non-equilibrium thermodynamic system with a constant volume is greater than zero or in other words,    d  P  in     d t   =    ∫ V     d σ   d t   d V > 0     , then entropy production monotonically increases with time. Therefore, the achieved value for entropy production is at a maximum and vice versa for dPin /dt <0 [1,2,3,4].



The derivative of entropy production Pin with respect to time for heat transfer under constant volume is given as:


    d  P  in     d t   =    ∫ V     d σ   d t   d V =    ∫ V     d  (    J   q   .  (  ∇  1 / T  − a   ∂   J   q    /  ∂ t    )   )    d t   d V       =    ∫ V     d  (    J   q   .  (  ∇  1 / T  −  (  1 −  h  res    )  ∇  1 / T   )   )    d t   d V     



(11)







In the derivation of the above equation the definitions of heat transfer coefficients as well as the Cattaneo equation were used.



By using the identity   ∇ ⋅  (   A  f  )  = f ∇ ⋅  A  +  A  ⋅  (  ∇ f  )    and by taking into account that the residual heat transfer coefficient is independent of position the above integral is written as:


      d  P  in     d t   =    ∫ V     d  (    J   q   ⋅ ∇  (     h  res    / T   )   )    d t   d V    =    ∫ V     d  (    J   q    h  res   ⋅ ∇  (   1 / T   )   )    d t   d V =        =    ∫ V    {    d  (  ∇ ⋅   J   q      h  res    / T   )    d t   −   d  (     h  res    / T  ∇ ⋅   J   q    )    d t    }  d V       



(12)







By using Gauss’s theorem, the first term of the above integral can be written as surface integral. Since boundary conditions are assumed to be time-independent on the boundary [4,5], this surface integral vanishes, and the above equation is written as:


    d  P  in     d t   = −    ∫ V     d  (     h  res    / T  ∇ ⋅   J   q    )    d t   d V     



(13)







Moreover, the following equation is directly obtained by further using the above equation and Equation (7) as well as the chain rule for partial derivatives:


  −   d  (     h  res    / T  ∇ ⋅   J   q    )    d t   = − ρ  c v     (    ∂ T   ∂ t    )   2   (     h  res    /   T 2     )  + ρ  c v     (    d  h  res    /  d t    )   / T   (    ∂ T   ∂ t    )   



(14)







If    h  res   = 1   then τ = 0 then the Fourier law is valid and the above equation is reduced to the well-known criterion for entropy production extrema for heat transfer close to equilibrium found in many textbooks [1,2,3,4]. The second term on the right-hand side of the above equation by further using Equation (9) is analyzed as:


     (    d  h  res    /  d t    )   / T   (    ∂ T   ∂ t    )  =  1 T   (  λ  h  res  2  +  (  1 −  h  res    )  / τ  )    ∂ T   ∂ t    



(15)







Finally, the criterion for minimum entropy production is formulated by combining Equations (14) and (15) with Equation (11) as:


      d  P  in     d t   =    ∫ V    {  −   ρ  c v     T 2     h  res      (    ∂ T   ∂ t    )   2  +   ρ  c v   T   (  λ  h  res  2  +  (  1 −  h  res    )  / τ  )    ∂ T   ∂ t    }  d V        =  h  res      ∫ V    {  −   ρ  c v     T 2       (    ∂ T   ∂ t    )   2   }  d V + ρ  c v      (  λ  h  res  2  +  (  1 −  h  res    )  / τ  )     ∫ V    {   1 T   (    ∂ T   ∂ t    )   }  d V       



(16)







In the case that    (  λ  h  res  2  +  (  1 −  h  res    )  / τ  )    ∂ T   ∂ t   < 0   for both time and space coordinates then     d  P  in     d t   < 0  ; one could anticipate that a minimum is reached for the entropy production of the whole system. In the opposite case    d  P  in     d t   > 0   a maximum in entropy production could be attained if    (  λ  h  r e s  2  +  (  1 −  h  res    )  / τ  )    ∂ T   ∂ t   > 0   and    h  res      ∫ V    {  −   ρ  c v     T 2       (    ∂ T   ∂ t    )   2   }  d V + ρ  c v      (  λ  h  res  2  +  (  1 −  h  res    )  / τ  )     ∫ V    {   1 T   (    ∂ T   ∂ t    )   }  d V    > 0  




3. Conclusions


Comprehensive criteria for the extremum value of entropy production in the linear region of Extended Thermodynamics Framework were developed in this work. The above criteria are based on the calculation of the entropy production rate derivative with respect to time by assuming that heat flux could be approximated by the local heat transfer coefficients. These criteria were applied for the heat transfer by conduction in a uniform body under constant volume in the Extended Thermodynamics Framework. For this purpose, the residual heat transfer coefficients are introduced in the field and the temperature gradient is replaced by the difference in temperature. It is believed that the results of this work might be used to further elucidate irreversible processes.




	
Criteria for the extremum value of entropy production for heat transfer in the linear region of Extended Thermodynamics Framework were developed



	
Introduction of local heat transfer coefficients in the field



	
The advantages of using local heat transfer coefficients are (a) calculation of heat flux without resorting to analytical or numerical solutions and (b) temperature gradient is replaced by temperature difference.
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Nomenclature




	
a

	
thermodynamic parameter




	
cv

	
specific heat capacity for constant volume




	
hloc

	
close to equilibrium local heat transfer coefficient




	
hres

	
residual local heat transfer coefficient




	
J

	
flux




	
k

	
thermal conductivity




	
L

	
phenomenological coefficients relating fluxes with thermodynamic driving forces




	
Pin

	
entropy production rate inside the whole system




	
s

	
entropy




	
T

	
absolute temperature




	
T0

	
reference absolute temperature




	
t

	
time




	
V

	
volume




	
xj

	
space coordinate




	
X

	
thermodynamic driving force




	
Greek Letters




	
λ

	
constant




	
μi

	
chemical potential of i-th substance




	
ρ

	
mass density




	
σ

	
entropy production rate per unit volume




	
τ

	
relaxation time
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