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Abstract: Several methods have been put forward to solve equilibrium problems, in which the
two-step extragradient method is very useful and significant. In this article, we propose a new
extragradient-like method to evaluate the numerical solution of the pseudomonotone equilibrium in
real Hilbert space. This method uses a non-monotonically stepsize technique based on local bifunction
values and Lipschitz-type constants. Furthermore, we establish the weak convergence theorem for
the suggested method and provide the applications of our results. Finally, several experimental
results are reported to see the performance of the proposed method.

Keywords: Lipschitz-type conditions; pseudomonotone bifunction; equilibrium problem; variational
inequality problems; weak convergence; fixed point problems

1. Introduction

Assume K to be a subset of a Hilbert space £ with f : £ x £ — R abifunction with f(z1,z1) = 0,
for every z; € K. An equilibrium problem [1,2] for f on K is formulated in the following way:

Find g* € K such that f(g%,z1) > 0, Vz; € K. (1)

The equilibrium problem (1) has many mathematical problems as particular instances such as
the variational inequality problems (VIP), the minimization problems, the fixed point problems,
the complementarity problems, the Nash equilibrium of non-cooperative games, the saddle
point problems, and the vector optimization problem (see [1,3,4] for more details). The term
“equilibrium problem” in a particular format was established in 1992 by Muu and Oettli [2], and
it was further promoted by Blum and Oettli in the article [1]. Some of the most popular ones,
interesting and worthwhile research fields in equilibrium problem theory, are to develop new iterative
schemes, improve the convergence rate and efficiency of the already existing methods, and study their
converging analysis with optimal conditions. Several methods have been established in the past few
years to solve the equilibrium problems in real Hilbert spaces, i.e., the extragradient methods [5-14],
the inertial methods [15-20], for particular classes of equilibrium problems [21-28], and others
in [29-37].

Axioms 2020, 9, 99; doi:10.3390/ axioms9030099 www.mdpi.com/journal/axioms


http://www.mdpi.com/journal/axioms
http://www.mdpi.com
https://orcid.org/0000-0001-8750-3732
https://orcid.org/0000-0003-2659-8226
https://orcid.org/0000-0002-9189-9298
https://orcid.org/0000-0002-0224-4661
http://www.mdpi.com/2075-1680/9/3/99?type=check_update&version=1
http://dx.doi.org/10.3390/axioms9030099
http://www.mdpi.com/journal/axioms

Axioms 2020, 9, 99 2 0of 18

The proximal-like method [38] is one of the famous and efficient techniques to solve equilibrium
problems. This technique is equivalent to solving minimization problems on each iteration.
This approach was also considered as the two-step extragradient method in [5] due to the previous
contribution of the Korpelevich method [39] to numerically solve the saddle point problems. Tran et al.
in [5] generated the sequence {u,} in the following way:

Uug € ’C,
vy = argmin{Af(uy,0) + Lu, — 0|},
vek

Upy1 = argmin{Af(v,,v)+ %Hun - v||2},
vel

where 0 < A < min {2%1, 2%2 }. The iterative sequence generated by the above-written method provides
the weak convergence of the iterative sequence, and in order to operate it, previous knowledge of
Lipschitz-type constants is required that help to choose the value of the stepsize.

Recently, the authors introduced an inertial iterative scheme in [19] to determine a numerical
solution of pseudomonotone equilibrium problems. The key contribution is an inertial factor that
has helped to enhance the rate of convergence of the iterative sequence {u, }. The detailed method is
provided as follows:

Step 1: Choose u_1,uy € K, 0 € [0,1),0 < A < {z%l,ﬁ} and a sequence {€,} C [0, +o0)
such that:

—+o00
Z €p < 400, ()
n=0

holds. Let 6, satisfy 0 < 6, < 6, such that:

. eﬂ .
6, — mm{@,m} if  wy #uy_q, 3)

0 otherwise.
Step 2: Compute:

On = Up+ en(un - un—l)/
on = argmin{Af(on,0) + §llon — 0[*},
ve

un1 = argmin{Af(vn, ) + 3/lon —o|*}.
vek

In this study, we concentrate on projection methods that are well known and practically
straightforward to operate due to their simple numerical computation. Motivated by the works
of [19,40], we propose an inertial explicit extragradient method to solve pseudomonotone equilibrium
problems and other particular classes of equilibrium problems such as the fixed point problems and
the variational inequality problems. The proposed method can be considered as the modification of the
methods that appeared in [5,19,39,40]. Under certain mild conditions, the weak convergence results
are established corresponding to the proposed method. Numerical studies have been demonstrated
that show that the suggested method is more efficient than the existing method in [19].

The remainder of the paper is arranged in the following way: Section 2 includes some preliminary
and necessary results that will be used throughout the paper. Section 3 contains our main method,
as well as the weak convergence theorem. Section 4 covers the applications of the proposed method.
Section 5 demonstrates the numerical results that provide the computational performance of our
proposed method.
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2. Preliminaries

Assume K C £ to be a convex and closed subset of a real Hilbert space £, and R and N/
denote the set of real numbers and the set of a natural numbers, respectively. Let f : £ x £ — R be
a bifunction and EP(f, K) be the solution set of an equilibrium problem on the set K, g* being an
arbitrary element of EP(f, K). Next, we consider the definitions of a bifunction monotonicity (see [1,41]
for more details). A bifunction f : £ x £ — R on K for v > 0 is said to be:

(1)  strongly monotone if:
flz1,22) + f(22,21) < =7llz1 — 22|%, V21,22 € K

(2) monotone if:
f(z1,22) + f(z2,21) <0, V21,22 € K;

(8)  strongly pseudomonotone if:
f(z1,22) > 0= f(z3,21) < =721 — 22|1%, V21,22 € K;

(4) pseudomonotone if:
f(z1,22) > 0= f(z2,21) <0, Vz1,25 € K.

The following implications can be seen from the definitions mentioned above:
(1) = (2) = (4) and (1) = (3) = (4).

Generally speaking, the converse is not true. We say that a bifunction f : £ x £ — R satisfies the
Lipschitz-type condition [42] on set K if there exist two constants cq,c, > 0, such that:

fz1,23) < f(z1,22) + f(22,23) + c1]|z1 — 22|* + eallz2 — 2317, Vz1,22,23 € K.
Let h : K — R be a convex function, and the subdifferential of I at z; € K is defined by:
oh(z1) = {z3 € € :h(zp) —h(z1) > (23,20 — 21), Vzp € K}.
A normal cone of K at z; € K is defined by:
Ni(z1) = {z3 € & : (23,20 —21) <0, Vzp € K}
The metric projection Pc(z1) for z; € € on K of £ is defined by:

Pc(z1) = argmin{||zo —z1]| : 2, € K}.

Lemma 1. [43] Let h : K — 'R be a subdifferentiable, convex, and lower semi-continuous function on IC,
where KC is a nonempty, convex, and closed subset of a real Hilbert space €. An element z; € K is a minimizer of

a function h if and only if 0 € oh(zq1) + Ny (z1), where oh(zq) and N (z1) denote the subdifferential of h at
z1 € K and the normal cone of K at z1, respectively.

Lemma 2. [44] Suppose that a sequence {1, } in € and K C & such that the following conditions are true.

(i)  Foreveryn € K, limy_co ||17n — 1 || exists;
(i)  each sequentially weak cluster limit point of {1, } belongs to set IC.

Then, {11, } weakly converges to a point in K.
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Lemma 3. [45] For u,v € € and T € 'R, then the following equality holds.
lru+ (1 =7)o|? = 7ul® + (1 —1)|o]? = 7(1 = 7)]|u — 0|,

Lemma 4. [46] Assume that the sequence {q,} and {r,} of nonnegative real numbers satisfies
Gni1 < Gn+ 1ta,Vn € N If Y1y < oo, then limy_c0 gy exists.

Lemma 5. [40] Assume that {a,},{b,} are real numbers sequences such that a, < by, Vn € N.
Let 9,0 € (0,1) and u € (0,0). Then, there exists a sequence Ay such that Ana, < by, and Ay, € (ou, o).

Corollary 1. Assume that f satisfies a Lipschitz-type condition on K with constants ¢; > 0 and c; > 0.
Let g € (0,1),0 < o <min {1, 5, 5}, and u € (0,0). Then, there exists A > 0 such that:

AMf(z1,23) — f(z1,22) — c1llz1 — 22|* — eallz2 — z3)|*) < uf(z2,23)
where op < A < o with zq,29,z3 € K.

Assume that a bifunction f satisfies the following conditions:

(Y1) f(z2,2z2) = 0, forallz; € K, and f is pseudomonotone on K;

(Y2) f satisfies the Lipschitz-type condition on £ through ¢; > 0 and ¢ > 0;

(¥3) limsup f(zy,v) < f(z*,v) foreachv € K and {z,} C K satisfy z, — z*;
n—oo

(Y4) f(z1,.) is subdifferentiable and convex on K for each z; € K.

3. An Accelerated Method for Pseudomonotone Equilibrium Problems and Its
Convergence Analysis

Now, we present a method that consists of two strongly convex optimization problems with an
inertial term and an explicit formula for stepsize evaluation. The detailed method is provided below:

Algorithm 1 (Accelerated method for pseudomonotone equilibrium problems)

Initialization: Choose u_1,ug € £, 0 € (0,1), ¢ < min {1, ﬁ, 2172}, ne(0,0),r>00¢€]0,1),
and a sequence {€,} C [0, +00) such that: ¥/ % €, < ~+co.
Iterative steps: Let 0, satisfy 0 < 6, < 6, such that:

. n .
g, — {mm{G,'ununl'} if wuy #u,q, 4

0 otherwise.
Step 1: Compute:

) 1
vy, = argmin{A,f(on,y) + §||Pn —ylIP}
yeK

where p, = uy + 0, (g — ty_1).If p, = vy,; STOP. Otherwise, go to the next step.
Step 2: Set 0 < B < B, <1, and compute

Unp1r = (1= Bn)on + Buzn,

where z, = argmin{pA,f(vn,y) + 3llon —y||> 1y € K}
Step 3: Revised the stepsize in the following way:

1f (0, zn) } ®)

A = min< o0,
e { flon,zn) = flon,vn) = cillon — vull? = c2llzn — val|? + 1

Set n := n 4 1, and return back to Iterative steps.
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Remark 1. From Corollary 1, the definition of A,,1 in (5) is well-defined such that:

Ant1 [f(Pn/Zn) — f(pn,on) — c1llon — UHHZ —cof[on — ZnHz} < uf(on, zn). (6)

+o0
Remark 2. Due to the summability of Y _ €y, the expression (4) provides that:

n=0
Z Onllttn — up_1|| < Z Onl|ttn — up—1|| < 2 Ollun — tn—1]l < oo, 7)
n=1 n=1 n=1
which implies that:
lim 0||u, —u, 1| = 0. (8)
n—o0

Lemma 6. Ifv, = p, in Algorithm 1, then p, € EP(f,K).

Proof. From the value of v, and Lemma 1, we have:

0 € % {Anflony) + 3 lon — 1P }(on) + Nic (o)
Thus, there exists v, € df (o4, vy) and @ € Ny (vy,) such that:
AUy + 0y —pn+w = 0.
Thus, we have:
(on — On, Y — Un) = Au(Un,y —vn) + (@0, y — vn), Yy € K.
Given that p, = vy, @ € Ny (vy,) implies that:
A {Un, y —vy) > 0. 9)
Due to vy € f(pn, vs) and using the subdifferential definition, we obtain:
flon,y) = flon,on) = (Vn,y —vn, ), Yy € K. (10)
Combining Expressions (9) and (10) and due to A,, > 0, we get:
fon,y) — f(pn,vn) > 0. (11)
By v, = pu, the condition (Y1) implies that f(p,,y) > 0,forally € £. O
Lemma 7. Suppose that f : £ x € — R satisfies the conditions (¥1)—(¥4). For each q* € EP(f,K) # @,
we have:
20 = 11> < llpw = 71> = (1 = Aus) |20 — pul®
— A1 (1= 201A0) low = 01> = A1 (1 = 2c220) |20 — |-

Proof. From Lemma 1 and the value of z,;, we have:

0 € aa{pAnf (ony) + llon — yIP Hen) + Nic(zn).

Thus, we have:
UAww + 2z —pn +w = O,
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where w € 9 f(vy,z,) and @ € Ny (zy,). Thus, we have:
(on = zn,y —zn) = pAn{w,y —zn) + (@, y — zn), Vy € K.
Since w € Ny (zy), then (wW,y — z,) <0, Vy € K. This implies that:
AW, Y = 2u) > (on — 2Zn, Y — Zu), Yy € K. (12)
Given that w € 9, f(vn, 2z, ) and due to the definition of the subdifferential, we have:
f(on,y) = f(On,zn) 2 (W, y —zn), Yy € K. (13)
Combining Expressions (12) and (13):
UAnf (On,y) — uAnf (On,zn) = (on — 20,y — zn), Yy € K. (14)
By letting y = g* in Expression (14), we obtain:
HAf (0n, @) — pAnf (On, z0) > (on — 2n, 4" — zn), Yy € K. (15)

From hypothesis * € EP(f, K) such that f(3*,v,) > 0 and due to the condition (¥1) implying
that f (v, q*) <0, we have:
(on —2zn,2n — %) 2 pAuf (0n,zn). (16)

Combining Expressions (6) and (16), we obtain:

(On —2n,2n —q7) = Aupa [)‘n {f(Pn/Zn) _f(Pn/Un)}

(17)
— c1Aallon = onll? = c2ullza — oa ]
In a similar way as Expression (14), we obtain:
Anf(on,Y) — Anf(Pn,On) = {on — On,y — vn), Yy € K. (18)
By substituting y = z,, we obtain:
M{f(on,zn) = f(on,vn) } = (On — Vn,Zn — On). (19)
The expressions (17) and (19) imply that:
2(0n = zn,zn — q4") = Aupa [2<pn — Un,Zn — Un)
(20)

— 21 2ullon — onl[2 = 262l 20 — oa1?].

We have the following formulas:

llow = 17 = llza = pul* = llzn — q*|1%

2(0n — zn,2n — q")
2(on — v zu —0n) = llon — ol + llzw = 0all* = llpn — zal*.
Combining the above equalities with Expression (20), we have:

lzn = "1 < llow = 71> = (1 = Ans)llzn — pu®
— A1 (1= 20140) [low = 01> = A1 (1 = 2c220) |20 — |
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Theorem 1. Let {pn}, {un}, and {v,} be the sequences generated by Algorithm 1 converging weakly to
q* € EP(f,K).

Proof. From the value of u, 1 with Lemma 3, we have:

w1 — g 1> = (1 = Bu)on + Buzn — 4717
= [[(1 = Bu)(on — 4°) + Bulza — 7)1
= (1= Bu)llon — q*Hz + Bnllzn — ’7*||2 — Bn(1 = Bu)llon — Zn”2
< (1= Bu)llon — 7 11* + Bullzn — g% (21)

By Lemma 7 and Expression (21), we obtain:

11 — ‘1*H2 < llon — ‘7*H2 = Bn(1 = Apsa)llzn — PnH2
— BuAns1 (1 =2¢1A4)[|on — Unuz = BuAng1(1 —2coAn) |20 — Un||2~ (22)

From Corollary 1, we have oy < A, < o, for all n > 1. From Lemma 7, we have:
lzn = a*11* < llow — 4112, V1 > 1. (23)
Combining Expressions (21) and (23), we have:
lts1 = q"|1% < llon = " [1%, ¥n > 1. (24)
Due to definition of p,,, we have:

llon = q*[1* = Nl + 6 (sn — 1) — q*[|?
= [|(1+ 6n) (tn — 4%) = On (101 — 4|7
= (14 60)|un — g% 1> = Onllun—1 — 4*[1* + 0 (1 + 6) |10 — w1 (25)
< (14 00)[[tn — 417 = Onllttn—1 — 4% (1> + 26| — 11 || (26)

From the definition of p,;, we can obtain:
llon =" [l = llun + 6n(un — un—1) = q* || < llun —q*|| + Onllun — up] (27)
Combining Expressions (24) and (27), we have:
s = * 1 < it = °1) = Blltn = 151, ¥ > 1. )

From Expressions (7) and (8), we deduce that:

ln —uy_1|| < 400 and lim |uy —u,_1|| = 0. (29)
=1 n—o0

Using Lemma 4 with Expressions (28) and (29), we have:
nh_r}r;o |lun —g*|| = 1, for some finite I > 0. (30)
By using (29) and (30) and letting n — oo in (25), it is implied that:

lim [|o; —q"|| = L (31)

n—oo
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Combining Expressions (22) and (26), we have:

g1 = g1 < (14 6) 1w — g1 = Onlltn—1 — " (1> + 261}t — w1 ||
— Bn(1 = Aui1)l|za _PnHZ
— BuAns1 (1 —2c1A4)[lon — vnHZ = BuAng1(1—2c0An)||zn — UnHZr (32)

which further implies that (for n > 1):

0<B(l—0)llzn — Pn||2 + Bo(1 = 2¢10)[|pn — Un”z
T (1 — 2630) |2 — o2
<l = g* 17 = lluns1 = 17 + 6 (llun — g°[1* = Ntn—1 = q*[I)
+ 20wy — w1 (33)

By letting n — oo in Expression (33), we obtain:
nlgl'.}o 120 = pull = ,IIEI(}O||Pn—Un|| = gggo\lvn—znl\ = 0. (34)
From Expressions (31) and (34), we obtain:
. _—
lim {lo, —¢*[| = I (35)

It follows from Expressions (30), (31), and (35) that the sequences {p,}, {un} and {v,} are
bounded, and for each ¢* € EP(f,K), the limit of ||p, — q*||, ||un — q*|| and ||v, — g*|| exists. Next,
for using Lemma 2, we need to show that any sequential weak limit point of the sequence {u, } belongs
to the set EP(f, KC). Suppose z to be an arbitrary weak cluster point of {u, }, i.e., a subsequence {uy, } of
{un} weakly converges to z. Due to ||u,; — v,|| — 0, then {v,, } also weakly converges to zand z € K.
Next, we need to show that z € EP(f, KC). From (14) and the definition of A, 1 and (19), we have:

A f (O y) 2 pAn f(Ons Zn) + (O — Zngs Y — Zny)
> Ank)‘nk+1f(Pnk/Zﬂk> - Aﬂk/\nkJrlf(p"k'U"k) - ClAnk/\nk+1||P"k - U”kHZ
- CZ)\nk/\nk+1 ||U"k — Zny Hz + <pﬂk —Zm Y — Z"k>
> A1 (Ome = Ongr Zn, — One) — C1Am A +1]0me — Oy ||

— A Amr1om, = 2|17+ (on, = 2oy = 2my)- (36)
By letting n — oo, in the above expression, we obtain:

0 < limsup f(vy,,y) < f(z,y), Yy € K.

k—o0

It is concluded that z € EP(f, K). Finally, by Lemma 2, {p, }, {#s}, and {v,, } weakly converge to
g*asn — co. O

4. Applications of the Main Results

We consider the implementation of our results to solve the variational inequality problems
involving the pseudomonotone and Lipschitz-type continuous operator. A variational inequality
problem is formulated in the following way:

Find q* € K such that (G(q*),y —¢q*) >0, Vy € K.

An operator G : £ — € is said to be:
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(i) L-Lipschitz continuous on K if:
1G(z1) — G(22)|| < Ll|lz1 — 22|, V21,22 € K;
(i) pseudomonotone on K if:
(G(z1),20 —21) > 0 = (G(22),21 — 22) <0, Vz1,2 € K.

Assume that G satisfies the following conditions:

(G1) G is pseudomonotone on K with solution set VI(G, K) # @;

(G2) G s L-Lipschitz continuous on K with L > 0;

(G3) limsup(G(un),y —un) < (G(p),y —p), Yy € K and {u,} C K satisfy u, — p.
n—oo

Let f(x,y) := (G(x),y — x), Vx,y € K. Then, the problem (1) translates into the variational
inequality problem with L = 2¢; = 2c. From the value of v, we have:

) 1
Uy = argmln{)\nf(pn,y) + EHP?I _]/HZ}

yeK
, 1 A2 A2
= argmin{ A (Glpn),y = o) + 3 low =yl + S Glon) |2 = G on) 17}
yeK
. (1
= argmin{ 2 |y = (ow = 2uG(pn)) |2}
yekl
= Pe(pn = AiGlon))- (37)

In a similar way as Expression (37), the value of 1,1 is written as:
zn = Px(pn — uAnG(vn)).

Corollary 2. Let G : KK — & be an operator satisfying the conditions (G1)-(G3). Assume that {0, }, {un}, and
{vn} are the sequences generated in the following way:

(i) Choose u_1,ug € £, 0 € (0,1), 0 <min{1,+}, u € (0,0), Ag > 0,0 € [0,1), and a sequence
{en} C [0, 400) such that:

+o00
Y en < +oo. (38)
n=0
(i) Let 6, satisfy 0 < 6, < 0, such that:
) e
g o= M {9' uun—uﬂ_ln} if Uun # Up-1, )
6 otherwise.

(iii) Setpn = uy+ 60,(uy — uy_1), and compute:

on = Pc(on — AnG(pn)),
zn = Pr(pn — pAnG(vy)), (40)
uns1 = (1= Bn)on + Pnzn,

where 0 < B < By < 1.
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(iv)  Next, stepsize A, 11 is obtained as follows:

V<G(Un>/zn_7]n> } 41)

L

Apy1 = min{(f,
! G(pn),zn—vn>—7||pn—vn||2—%||zn—vn||2—|—1

Then, {pn}, {un} and {v,} are weakly convergent to q* € VI(G, K).

Next, consider the applications of our results that are discussed in Section 3 to solve fixed point
problems involving x-strict pseudocontraction. A mapping T : K — K is said to be:

(i) ax-strict pseudo-contraction [47] on K if:

| Tz1 — Tz2||2 <z — zz||2 +x|[(z1 — Tz1) — (20 — Tzz)Hz, Vz1,20 € K; 42)

that is equivalent to:

1—x

<T21 —Tzp,21 — Zz> < ||Zl — Zz”2 — ||(21 — TZ1) — (Zz — TZz)Hz, Vz1,20 € K; (43)

(ii)  sequentially weakly continuous on K if:

T(un) — T(p) for every sequence in K satisfying u, — p (weakly converges).

A fixed point problem is formulated in the following way:
Find ¢* € K such that T(7") = ¢".

Let f(x,y) = (x—Tx,y —x), Vx,y € K. Then, the problem (1) translates into the fixed point

problem with 2c; = 2c; = 3112;(”. The value of v, in Algorithm 1 converts into the followings:

) 1
o = argmin{Af(on,y) + 5llon — yl*}
yek

, 1
= argmin{Au(on — T(pn),y —pu) + 50w — yI*}
yekl

: 1 A7
= argmin{An{pn = T(on), ¥ = pu) + 5 llon = yI* + St llow = T(on) 17}
yek

1
argmm{EH]/ — pu+ Aulon — T(on))[1?}
yek

Pclpn — An(on — T(on))]- (44)

Corollary 3. Assume that KC is a nonempty, closed, and convex subset of a Hilbert space Eand T : K — K isa
Ke-strict pseudocontraction and weakly continuous with Fix(T) # @.

(i)  Choose u_q,ug € €, 0 € (0,1), 0 < min{1, %}, u e (0,0), g > 0,0 €0,1), and a sequence

{en} C [0, +00) such that:

+o0
Y en < +oo. (45)
n=0

(ii)  Let 0y satisfy 0 < 0, < 0, such that:

1 €n .
b, = {mm{"'mw} if un # g1, o

0 otherwise.
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(iii)  Set pn = un + 0y (un — uy_1), and compute:

on = Prlon — An(on — T(pn))],
zn = Pilon — uAn(on — T(o0n))], (47)
Upt1 = (1 - ,Bn)Pn + ,ann/

where 0 < B < B < 1.
(iv)  Next, stepsize A1 is obtained as follows:

w(vn — Tvy, 2y — Op) }
(on — Tpn,2n — On) — (g:%ﬁ) llon — o2 — (g:%ﬁ) |20 — vl +1

(48)

Apty1 = min {0’,

Then, the {pn}, {un}, and {v,} sequences are weakly convergent to g* € Fix(T).

5. Numerical Experiments

MATLAB Version 9.5 (R2018b) was run on a PC (with Intel(R) Core(TM)i3-4010U CPU @
1.70 GHz 1.70 GHz, RAM 4.00 GB). We used the built-in MATLAB fmincon function to solve the
minimization problems. In this section, we discuss a number of test problems and explain the
effectiveness of the proposed methodology.

Example 1. Let f : K x K — R be defined by:
5

flu,0) = Y (v —u)|ull, Yu,v € R®
i=2

where K = {(uy,---,us) : vy > —Lu; > 1,i = 2,---,5}. The bifunction f is Lipschitz-type
continuous with constants cq = ¢y = 2, satisfying the conditions (¥1)-(Y4). The solution set is
EP(f,K) = {(u1,1,1,1,1) : ug > 1} (see [48] for more details). In addition, to estimate the optimal values
of the control parameters, two experiments are performed by assuming the variation of the control parameters

A, Ao and inertial factor 0. The values of the control parameters for Algorithm 1 (Alg2) are ¢ = ﬁ,
U = 2-‘1701’ ug =u_q1 = (2,3,2,5,5), pn = 0.80, and e, = %;for Algorithm 1 (Alg1) in [19], they are
up =u_1 = (2,3,2,55)and e, = n% Numerical results are shown in Tables 1-2 by using the stopping

criterion Dy = ||on — vy|| < € = 1074,

Table 1. Example 1: Algorithm 1’s (Alg2) numerical comparison with Algorithm 1 in [19].

Number of Iterations CPU Time in Seconds

0 A Ao Algl Alg2 Algl Alg2

040 022 045 14 2 0.9134 0.5424
040 017 035 18 2 0.8615 0.5223
040 012 032 20 2 1.0815 0.5112
040 0.07 0.25 22 2 1.4219 0.5367
0.40 0.02 0.05 26 2 1.7329 0.5181
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Table 2. Example 1: Algorithm 1’s numerical comparison with Algorithm 1 in [19].

Number of Iterations CPU Time in Seconds

0 A Ap  Algl Alg2 Algl Alg2
0.80 022 0.16 21 2 1.0482 0.0811
0.60 022 016 15 0.8676 0.0626
040 022 016 12 1.0545 0.0791

020 022 0.16 11
005 022 0.16 19

0.09923 0.0892

2
2
2
2 1.09151 0.0788

Example 2. Let us consider the Nash—Cournot equilibrium model that appeared in the paper [5,49]. A bifunction
f can be written in the following manner:

f(u,v) = (Pu+Qu+c,v—u),

where ¢ € R, and the matrices P, Q are:

31 2 0 0 O 16 1 0 0 O 1
2 36 0 0 O 1 16 0 0 O -2
P=]10 0 35 2 0 Q=10 0 15 1 0 c=| -1
0 0 2 33 0 0 0 1 15 0 2
0 0 0 0 3 0O 0 0 0 2 -1

where the Lipschitz constants are c; = ¢ = %||P — Q||. The set K C R is considered as follows:
K:={ueR’:-5<u; <5}.

To see the suitable values of the control parameters, different tests are performed by assuming the variation
of the control parameters’ inertial factor 0. The values of the control parameters for Algorithm 1 are 0 = ﬁ,

U= ﬁ, uy=u_1=1(1,1,1,1,1),A = i, Bn =080, ande, = %;for Algorithm 1 in [19], they are
u = u_q1 = (1,1,1,1,1),¢, = %, and A = 0.20. Table 3 reports the numerical results by using the
stopping criterion Dy, = oy — vl < € = 107°.

Table 3. Example 2: Algorithm 1’s numerical comparison with Algorithm 1 in [19].

Number of Iterations CPU Time in Seconds

0 Algl Alg2 Algl Alg2

010 42 8 1.5851 0.2822
015 29 8 1.3148 0.2433
040 28 7 1.1278 0.2662
055 37 8 1.2211 0.2745
070 47 8 1.7188 0.2279
0.85 49 8 1.6188 0.2179

To determine the suitable values of the control parameters, different tests are presented by assuming
the different initial points. The control parameter values for Algorithm 1 are 0 = ﬁ, U = Z%—Cl,
Uy =u_1, A = % 6 = 045,65, =080, ande, = %;for Algorithm 1 in [19], they are uy = u_1,
0 = 045,¢;, = ni and A = 0.18. Table 4 reports the numerical results by using the stopping criterion
Dn:”Pn*UnH 10~
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Table 4. Example 2: Algorithm 1’s numerical comparison with Algorithm 1 in [19].

Number of Iterations CPU Time in Seconds

Uy =u_q Algl Alg?2 Algl Alg?2

(0,0,1,1,0) 22 7 1.0321 0.1634
(1,1,1,1,0) 24 7 1.0945 0.1858
(1,2,0,3,0) 25 7 1.0328 0.2012
(2,2,1,—4,5) 30 7 1.0517 0.2020
(2,-2,2,-4,5) 35 8 1.0919 0.1428

Example 3. Assume that £ = Lz([O 1]) through an inner product (u,v) = fol u(t)v(t)dt and induced
norm ||ul| = \/fo u2(t)dt, Vu,v € &. The set K := {u € L*([0,1]) fo tu(t)dt = 2}. Assume that
f:E€xE %stdeﬁnedby.

f(u/ U) = <G(u)lv - u>/

where G(u fo dsfor every u € L2([0,1]) and t € [0,1]. It is observed that f is monotone, and
Lipschitz- type constants ¢c; = ¢ = }I (see [45]). The projection on set K is computed in the following
manner:

IN tu(dt—2
Joear

The values of the control parameters for Algorithm 1 (Alg2) are o = ﬁ, U = ﬁ, 0 = 045,

Uy = U_1, Ag = %, Bn =090, and e, = %; for Algorithm 1 (Alg1) in [19], they are 6 = 0.45,

uy=1u_1,€;, = %, and A = 0.12. Numerical results are reported in Table 5 by using the stopping criterion
Dy = |lon — vul] < e = 1074

Prc(u)(t) == u(t) — € [0,1).

Table 5. Example 3: Algorithm 1’s numerical comparison with Algorithm 1 in [19].

Number of Iterations CPU Time in Seconds

u_1 = ug Algl Alg2 Algl Alg2
2t 37 4 4.9566 0.5460
242 41 2 5.2378 0.4331
25sin(t) 48 3 6.4556 0.3945
2cos(t) 51 6 6.6756 0.4945
2exp(t) 56 6 6.8713 0.5108

Example 4. Assume that an operator G : R? — R? is defined by:

_ _ 7
Glu) = (0.5u1u2 2y 10)

—4uy — 0.1u3 — 107

onK = {u € R?: (ug —2)%+ (up — 2)® < 1}. We can easily see that G is Lipschitz continuous with

L = 5 and pseudomonotone. Let the bifunction f(u,v) = (G(u),v —u)and c; = co = 3. For these tests,
we used the same initial values as seen in the table below and stepsize A = 0.001, u_q = ug, 8 = 0.45, and
€ = %for Algorithm 1 in [19]. For Algorithm 1, we used o = ﬁ, U = ﬁ, A = %, U_1 = Uy,

0 = 045,ande, = nl—z Figures 1-4 and Table 6 report the numerical results by letting the stopping criterion
Dn - ||p1’l - UTIH S € = 10_6.
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1 1 1 1 1 1

2 4 6 8 10 12 14 16
Number of iterations

Figure 1. Example 4: Algorithm 1’s numerical comparison with Algorithm 1 in [19] by letting
u_1= ug=(17,19).

100 T T T T T T T

101
1072
103
10

10° ¢

10°®

107
2 4 6 8 10 12 14 16 18
Number of iterations

Figure 2. Example 4: Algorithm 1’s numerical comparison with Algorithm 1 in [19] by letting
U_1= Uy = (25, 35)
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102 E T T T T T T T
j —— Algl
- = =Alg?

1 1 1

10-8 i 1 1 1 1
2 4 6 8 10 12 14 16 18

Number of iterations

Figure 3. Example 4: Algorithm 1’s numerical comparison with Algorithm 1 in [19] by letting
u_1= ug=(1.5,2.5).

10%¢ x x w x x x
: —— Algl

101
1072
103
10
10°

10°®

10-7 I 1 1 1 1
2 4 6 8 10 12 14 16

Number of iterations

Figure 4. Example 4: Algorithm 1’s numerical comparison with Algorithm 1 in [19] by letting
U_1= Uy = (27,20)
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Table 6. Figures 1-4: Algorithm 1’s numerical comparison with Algorithm 1 in [19].

Number of Iterations CPU Time in Seconds

u_1 = ug Algl Alg2 Algl Alg2

(1.7,1.9) 17 6 0482301  0.3473423
(25,3.5) 18 8 0.789869  0.5659991
(1.5,2.5) 17 7 0.709038  0.3791612
(2.7,2.0) 15 7 0.585472  0.4401882
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